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Cédric Bonnafé (CNRS, Besançon, France) Mantaci-Reutenauer algebra Groups in Galway, May 2006 1 / 37



Contents
1 Solomon’s descent algebra

2 Mantaci-Reutenauer algebra
Coxeter group of type B
Some reflection subgroups
Definition

3 Representation theory in characteristic zero
Simples
Projectives, Cartan matrix
Restriction morphisms

4 Modular representation theory
Simples, radical
Cartan matrix

5 Loewy length
Character ring
Mantaci-Reutenauer algebra
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Cédric Bonnafé (CNRS, Besançon, France) Mantaci-Reutenauer algebra Groups in Galway, May 2006 2 / 37



Contents
1 Solomon’s descent algebra
2 Mantaci-Reutenauer algebra

Coxeter group of type B
Some reflection subgroups
Definition

3 Representation theory in characteristic zero
Simples
Projectives, Cartan matrix
Restriction morphisms

4 Modular representation theory
Simples, radical
Cartan matrix

5 Loewy length
Character ring
Mantaci-Reutenauer algebra
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Solomon’s descent algebra

Let (W , S) be a finite Coxeter group:

W =< S |∀ s, s ′ ∈ S , s2 = (ss ′)mss′ = 1 >

Length function: ` : W → N

Parabolic subgroups: I ⊂ S , WI =< I >, (WI , I ) is a finite
Coxeter group.

XI = {x ∈ W | ∀ w ∈ WI , `(xw) > `(x)}

XI
∼−→ W /WI

x 7→ xWI
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Cédric Bonnafé (CNRS, Besançon, France) Mantaci-Reutenauer algebra Groups in Galway, May 2006 3 / 37



Solomon’s descent algebra

Let (W , S) be a finite Coxeter group:

W =< S |∀ s, s ′ ∈ S , s2 = (ss ′)mss′ = 1 >

Length function: ` : W → N

Parabolic subgroups: I ⊂ S , WI =< I >, (WI , I ) is a finite
Coxeter group.

XI = {x ∈ W | ∀ w ∈ WI , `(xw) > `(x)}

XI
∼−→ W /WI

x 7→ xWI
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Solomon’s descent algebra

Let XIJ = (XI )
−1 ∩ XJ

XIJ
∼−→ WI\W /WJ

d 7→ WIdWJ

If d ∈ XIJ , then WI ∩ dWJ = WI∩dJ

XJ =
∐

d∈XIJ

X I
I∩dJ .d

Solomon (1976): xI =
∑
w∈XI

w ∈ ZW

Σ(W ) := ⊕
I⊂S

ZxI ⊂ ZW

θ : Σ(W ) −→ Z Irr W
xI 7−→ IndW

WI
1I

xIxJ =
∑
d∈XIJ

xIx
I
I∩dJd =

∑
d∈XIJ

xI∩dJd =
∑
d∈XIJ

xd−1I∩J
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Solomon’s descent algebra

Theorem (Solomon).

Σ(W ) is a subalgebra of ZW .

θ is a morphism of algebras.

Ker θ =
∑
I≡J

Z(xI − xJ).

Q Ker θ is the radical of QΣ(W ).

θ(w0) = ε.

I ≡ J ⇔ WI ∼ WJ .

w0 is the longest element of W
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Solomon’s descent algebra

Further works:

Idempotents (Bergeron-Bergeron-Howlett-Taylor)

Cartan matrix unitriangular (?)

Modular representations (Atkinson-Pfeiffer-Van Willigenburg):
simples, radical...

Lie idempotents (Reutenauer, Erdmann-Schocker)

Symmetry property (Blessenhohl-Hohlweg-Schocker):
θ(xI )(xJ) = θ(xJ)(xI )

Complex reflection groups (Mathas)

Loewy length (B.-Pfeiffer): all cases except type D2n+1

...

(The Loewy length of an algebra A is the minimal natural number
k > 1 such that (Rad A)k = 0)
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Solomon’s descent algebra

Theorem (B.-Pfeiffer, 2005). Let σ denote the automorphism
of W induced by conjugacy by w0. Then the Loewy length of
QΣ(W )σ is d|S |/2e.
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Solomon’s descent algebra

Problem: θ is surjective if and only if W is a product of symmetric
groups.
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Mantaci-Reutenauer algebra Coxeter group of type B
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Mantaci-Reutenauer algebra Coxeter group of type B

Let (Wn, Sn) be a Coxeter group of type Bn.

i i i · · · it s1 s2 sn−1

t1 = t, ti+1 = si tisi

In = {1, 2, . . . , n} ∪ {−1,−2, . . . ,−n}

Wn = {σ : In
∼−→ In | ∀ i ∈ In, σ(−i) = −σ(i)}

si = (i , i + 1)(−i ,−i − 1) ti = (i ,−i)

Let Tn : ZWn → Z: canonical symmetrizing form
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Mantaci-Reutenauer algebra Some reflection subgroups
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Mantaci-Reutenauer algebra Some reflection subgroups

S−n = {s1, . . . , sn−1}, W−n =< S−n >' Sn

S ′n = Sn ∪ {t1, . . . , tn}

Wn = Snn < t1, . . . , tn >

Comp(n) = {signed compositions of n}

|Comp(n)| = 2.3n−1

C = (c1, . . . , cr ), |c1|+ · · ·+ |cr | = n

WC ' Wc1 × · · · ×Wcr ⊂ Wn

S ′C = S ′n ∩WC ⇒ WC =< S ′C >
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Mantaci-Reutenauer algebra Definition
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Mantaci-Reutenauer algebra Definition

XC = {x ∈ Wn | ∀ w ∈ WC , `(xw) > `(x)}

XC
∼−→ Wn/WC

x 7→ xWC

XCD = (XC )−1 ∩ XD

XCD
∼−→ WC\Wn/WD

d 7→ WCdWD

If d ∈ XCD , then WC ∩ dWD = WC∩dD

BUT (in general)

XD 6=
∐

d∈XCD

XC
C∩dD .d
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Mantaci-Reutenauer algebra Definition

Let xC =
∑

w∈XC

w ∈ ZWn

Let Σ′(Wn) := ⊕
C∈Comp(n)

ZxC ⊂ ZWn

Let
θ′ : Σ′(Wn) −→ Z Irr Wn

xC 7−→ IndWn
WC

1C

Theorem (B.-Hohlweg, 2004).

Σ′(Wn) is a subalgebra of ZWn.

θ′ is a surjective morphism of algebras.

Ker θ′ =
∑
C≡D

Z(xC − xD).

Q Ker θ′ is the radical of QΣ′(Wn).

Σ′(Wn) ' Mantaci-Reutenauer algebra.

Tn(xy) = 〈θ′(x), θ′(y)〉.
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Mantaci-Reutenauer algebra Definition

x−1,1x−2 = 2x−1,−1 + 2(x−1,1 − x1,−1)

If C is parabolic (i.e. ci < 0 if i > 2) or if D is almost
positive (i.e. di > −1), then

XD =
∐

d∈XCD

XC
C∩dD .d

Σ(Wn) ⊂ Σ′(Wn)

Σ(Sn) ' ⊕
C∈Comp+(n)

ZxC ⊂ Σ′(Wn)

Notation: C ⊂ D ⇔ WC ⊂ WD

Σ′(WD) = ⊕
C⊂D

ZxD
C

If D = (d1, . . . , dr ), then Σ′(WD) ' Σ′(Wd1)⊗Z · · · ⊗Z Σ′(Wdr ) ,

where Σ′(Sn) = Σ(Sn).

Remark: xDxD
C = xC .
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Representation theory in characteristic zero Simples
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Representation theory in characteristic zero Simples

coxC : Coxeter element of WC

λ : Comp(n) −→ Bip(n) (Example:
λ(3,−1,−3, 1,−2,−2, 4) = (431; 3221))

coxC ∼ coxD ⇔ WC ' WD ⇔ C ≡ D ⇔ λ(C ) = λ(D)

Cλ: conjugacy class of coxC if λ(C ) = λ; coxλ ∈ Cλ.

Bip(n)
∼−→ Wn/∼

λ 7→ Cλ

w =

(
4 5 11 12
−11 12 −5 −4

)
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Representation theory in characteristic zero Simples

Let
πλ : Σ′(Wn) −→ Z

x 7−→ θ′(x)(coxλ)

This is a morphism of algebras.

If R is a commutative ring, πR
λ : RΣ′(Wn) → R and DR

λ is the
RΣ′(Wn)-module which is R-free of rank 1 and on which
RΣ′(Wn) acts through πR

λ .

Irr QΣ′(Wn) = {πQ
λ | λ ∈ Bip(n)}

Example: character table of
QΣ′(W2)

x2 x2̄ x1,1 x1,1̄ x1̄,1̄

πQ
2;∅ 1 . . . .

πQ
∅;2 1 2 . . .

πQ
11;∅ 1 . 2 . .

πQ
1;1 1 . 2 2 .

πQ
∅;11 1 4 2 4 8
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Cédric Bonnafé (CNRS, Besançon, France) Mantaci-Reutenauer algebra Groups in Galway, May 2006 19 / 37



Representation theory in characteristic zero Simples

Let
πλ : Σ′(Wn) −→ Z

x 7−→ θ′(x)(coxλ)

This is a morphism of algebras.

If R is a commutative ring, πR
λ : RΣ′(Wn) → R and DR

λ is the
RΣ′(Wn)-module which is R-free of rank 1 and on which
RΣ′(Wn) acts through πR

λ .

Irr QΣ′(Wn) = {πQ
λ | λ ∈ Bip(n)}

Example: character table of
QΣ′(W2)

x2 x2̄ x1,1 x1,1̄ x1̄,1̄

πQ
2;∅ 1 . . . .

πQ
∅;2 1 2 . . .

πQ
11;∅ 1 . 2 . .

πQ
1;1 1 . 2 2 .

πQ
∅;11 1 4 2 4 8
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Representation theory in characteristic zero Projectives, Cartan matrix
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Representation theory in characteristic zero Projectives, Cartan matrix

xn = 1 =
∑

λ∈Bip(n)

Eλ

(EλEµ = δλµEλ)

such that PQ
λ := QΣ′(Wn)Eλ is the projective cover of DQ

λ

Note that
θ′(Eλ) is the characteristic function of Cλ

Moreover,
dimQ QWnEλ = |Cλ|

(Indeed, dimQ QWnEλ = |Wn|Tn(Eλ) = |Wn|〈θ′(Eλ), θ
′(1)〉)

Question: QWnEλ ' IndWn

CWn (coxλ) ξλ for some linear character ξλ of

CWn(coxλ)? (true for n 6 5)
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Representation theory in characteristic zero Projectives, Cartan matrix

DQ
3;∅ DQ

21;∅ DQ
∅;21 DQ

1;12 DQ
∅;3 DQ

2;1 DQ
1;2 DQ

12;1 DQ
13;∅ DQ

∅;13

PQ
3;∅ 1 1 1 1 . . . . . .

PQ
21;∅ . 1 . . . . . . . .

PQ
∅;21 . . 1 1 . . . . . .

PQ
1;12 . . . 1 . . . . . .

PQ
∅;3 . . . . 1 1 1 1 . .

PQ
2;1 . . . . . 1 . . . .

PQ
1;2 . . . . . . 1 1 . .

PQ
12;1 . . . . . . . 1 . .

PQ
13;∅ . . . . . . . . 1 .

PQ
∅;13 . . . . . . . . . 1
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Representation theory in characteristic zero Projectives, Cartan matrix

4 31 ∅ ∅ 212 2 1 12 ∅ 3 1 2 21 12 ∅ 1 13 22 14 ∅
∅ ∅ 31 22 ∅ 12 21 12 4 1 3 2 1 2 212 13 1 ∅ ∅ 14

4; ∅ 1 1 1 . 1 1 2 1 . . . . . . . . . . . .

31; ∅ . 1 . . 1 . 1 1 . . . . . . . . . . . .

∅; 31 . . 1 . . 1 1 1 . . . . . . . . . . . .

∅; 22 . . . 1 . . 1 1 . . . . . . . . . . . .

212; ∅ . . . . 1 . . . . . . . . . . . . . . .

2; 12 . . . . . 1 . . . . . . . . . . . . . .

1; 21 . . . . . . 1 1 . . . . . . . . . . . .

12; 12 . . . . . . . 1 . . . . . . . . . . . .

∅; 4 . . . . . . . . 1 1 1 1 2 1 1 1 1 . . .

3; 1 . . . . . . . . . 1 . . 1 . 1 1 . . . .

1; 3 . . . . . . . . . . 1 . 1 1 . . 1 . . .

2; 2 . . . . . . . . . . . 1 1 . . . . . . .

21; 1 . . . . . . . . . . . . 1 . . . . . . .

12; 2 . . . . . . . . . . . . . 1 . . 1 . . .

∅; 212 . . . . . . . . . . . . . . 1 1 . . . .

1; 13 . . . . . . . . . . . . . . . 1 . . . .

13; 1 . . . . . . . . . . . . . . . . 1 . . .

22; ∅ . . . . . . . . . . . . . . . . . 1 . .

14; ∅ . . . . . . . . . . . . . . . . . . 1 .

∅; 14 . . . . . . . . . . . . . . . . . . . 1
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Representation theory in characteristic zero Projectives, Cartan matrix

Theorem (B., 2005). Let λ, µ ∈ Bip(n).

[PQ
λ : DQ

λ ] = 1

If λ 6= µ and [PQ
λ : DQ

µ ] 6= 0, then
I lg(λ) > lg(µ)
I lg(λ−) ≡ lg(µ−) mod 2

(Note that πλ(w0) = (−1)n−lg(λ−))
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Cédric Bonnafé (CNRS, Besançon, France) Mantaci-Reutenauer algebra Groups in Galway, May 2006 24 / 37



Representation theory in characteristic zero Restriction morphisms
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Representation theory in characteristic zero Restriction morphisms

Let D be almost positive and let

ResD xC :=
∑

d∈XCD

xD
d−1C∩D

∈ Σ′(WD) = ⊕
C⊂D

ZxD
C

Then xxD = xD ResD(x).
(Note that the map ZWD → ZWn, a 7→ xDa is injective)

Theorem (B., 2005).

ResD is a morphism of algebras.

θ′D ◦ ResD = ResWn
WD

◦θ′

QΣ′(Wn) = Ker(ResQ
D)⊕QΣ′(Wn)xD
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Representation theory in characteristic zero Restriction morphisms
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Representation theory in characteristic zero Restriction morphisms

DQ
3;∅ DQ

21;∅ DQ
∅;21 DQ

1;12 DQ
∅;3 DQ

2;1 DQ
1;2 DQ

12;1 DQ
13;∅ DQ

∅;13

PQ
3;∅ 1 1 1 1 . . . . . .

PQ
21;∅ . 1 . . . . . . . .

PQ
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Representation theory in characteristic zero Restriction morphisms

The natural map Wn−1 ↪→ Wn induces an injective map
τn : Bip(n − 1) → Bip(n). In fact:

τn((λ
+
1 , . . . , λ+

r ), (λ−1 , . . . , λ−s )) = ((λ+
1 , . . . , λ+

r ), (λ−1 , . . . , λ−s , 1)).

Theorem (B., 2006).
Resn−1,−1 : QΣ′(Wn) → QΣ′(Wn−1) is
surjective.

It is probable that Resn−1,−1 : Σ′(Wn) → Σ′(Wn−1) is also surjective
(this is true for n 6 5). Note that ResWn

Wn−1
: Z Irr Wn → Z Irr Wn−1

is surjective.

”Corollary”. If λ, µ ∈ Bip(n − 1), then
[PQ

λ ,DQ
µ ] = [Pτn(λ),DQ

τn(µ)].
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Modular representation theory Simples, radical
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Modular representation theory Simples, radical

Let Bipp′(n) be the set of bipartitions λ such that coxλ is p-regular.

If λ ∈ Bip(n), let λp′ denote the unique bipartition in Bipp′(n) such
that coxλp′

is conjugate to the p′-part of coxλ.

Let Compp(n) := {C ∈ Comp(n) | p divides |NWn(WC )/WC |}.

Theorem (B., 2005).

π
Fp

λ = π
Fp
µ ⇔ λp′ = µp′

Irr FpΣ
′(Wn) = {πFp

λ | λ ∈ Bipp′(n)}

Rad FpΣ
′(Wn) =

∑
C≡D

Fp(xC − xD) +
∑

C∈Compp(n)

FpxC
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Modular representation theory Cartan matrix
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Modular representation theory Cartan matrix

Let ∆n(p) denote the matrix (δλp′ ,µ
)λ∈Bip(n),µ∈Bipp′ (n). This is the

decomposition matrix from QΣ′(Wn) to FpΣ
′(Wn).

By a general result of Geck and Rouquier, we have

Cartan(FpΣ
′(Wn)) = t∆n(p)× Cartan(QΣ′(Wn))×∆n(p)
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Loewy length Character ring
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Loewy length Character ring

Theorem (B., 2006). Let K be a field of characteristic p > 0.
Then the Loewy length of K Irr Wn is equal to

1, if p = 0;

n + 1, if p = 2;

[n/p] + 1, if p > 2.
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Loewy length Mantaci-Reutenauer algebra
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Loewy length Mantaci-Reutenauer algebra

Theorem (B., 2006). Let K be a field of characteristic p > 0.
Then the Loewy length of KΣ′(Wn) is equal to

n, if p 6= 2;

2, if p = 2 and n = 1;

2n − 1 ?, if p = 2 and n > 2.
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