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Preliminaries
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m Let Q c R be an open connected polytopal domain
m We focus on the Poisson problem: Given f: Q — R, find u : Q — R s.t.

—Au=f inQ,
u=0 on0Q

m A possible weak formulation reads: Find u € Hé(Q) s.t.
a(u,v) = / Vu-Vv = / fv Vve Hé(Q)
Q Q
where H(Q) = {v € L*(Q) : Vv € L2(Q)?} and H}(Q) is its

zero-trace subspace
m The well-posedness of this problem hinges on the Poincaré inequality

Vllz2@) < CallVVliLz()a
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Local polynomial spaces and L?-orthogonal projector

Denote by ]P’f; the space of d-variate polynomials of total degree < ¢
m Let ¥ ¢ R? and denote by P! (Y) the restriction of P/, to ¥
Given v € L2(Y), its L?-orthogonal projection on P{(Y) is s.t.

/(v —TpryyIw =0 Yw € PLY)
Y

B 7pe(y)v optimally approximates v in all Sobolev seminorms under mild
assumptions on Y; see [DP and Droniou, 2020, Chapter 1] for details

5/36



Raviart—=Thomas—Nédélec and Crouzeix—Raviart elements |

Denote by T a d-simplex
Let RTNN(T) = PO(T)? + xPO(T)
Define the degrees of freedom o = (0F)res; S-t.

1
o'F:Hl(T)davr—>— v-nrr €R
IF| JF

(T,RTN(T),o) is a FE [Raviart and Thomas, 1977, Nédélec, 1980]
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Raviart—=Thomas—Nédélec and Crouzeix—Raviart elements Il

m Let now P1(T) be the space of affine functions on T

m Define the degrees of freedom o = (0F)Fes; s.t.
oF : Hl(T)BV}—)—/VGR

m (T,PY(T),0) is a FE [Crouzeix and Raviart, 1973]
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Outline
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A non-conforming finite element scheme |

m Let 7, be a conforming simplicial mesh of Q
m Let CR(7;,) € H'(7;,) be the Crouzeix—Raviart space on 7;, and set

CR()((];,) = {vh S CR(?;,) D Tpo(p)V = 0 for all F € ?Thb }

m With V;, broken gradient, the scheme reads: Find u;, € CRy(7r) s.t.

anp(up, vp) = /Qthh “Vivp = /vah Vv € CRo(Th)
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Stability analysis |

Lemma (Discrete Poincaré inequality in the Crouzeix—Raviart space)

For all vi, € CRy(Th),

allLz@) S IVavallp)a

m For each T € 7}, the Poincaré-Wirtinger inequality gives
Willez(ry S llwporyvliLz(ry + hrllVvrll Lz (rya
m Hence, letting vy, == mpo(q;) vy, it suffices to prove that
VallL2@) S IVavallp2()ya

m Since div : RTNY(T5) — PO(T5) is surjective, there is 7, € RTN(T5)
s.t.
divty, =vp, and |ITallm(aivie) S IVRllz(Q)
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Stability analysis I

m We write, letting vy := (vp,)|r for all T € 7y,

”Vh”iz(g)=‘/9VhdiVTh=_‘/Vth Th+ Z Z /VT(Th'nTF)

TeT, FeFr

=3

m Since 13, - nyr € PO(F), we can replace vy « mpo(pyvT = VF in the
boundary term. Rearranging the sums, we have

T= Z Z/VF(Th'nTF)"' Z /FVF(Th'nF)=0

FeF TeTr FeFp

by single-valuedness of vg for F € #,l and vp =0 for F € Tb
m We conclude using Cauchy-Schwarz inequalities to write

||\7h||iz(g) < WVavallz@alltnllz@e S IVivallpz @) llvallz (@)
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Limitations of the finite element approach

&

m Approach limited to conforming meshes with standard elements

= local refinement requires to trade mesh size for mesh quality
= complex geometries may require a large number of elements
= the element shape cannot be adapted to the solution

m Treating more general meshes in the FE spirit would significantly
increase the space dimension [Droniou et al., 2021]

m The extension to high-order is not straightforward
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Fully discrete polytopal approach

m Key idea: replace both spaces and operators by discrete counterparts
m Support of polyhedral meshes and high-order
m Several strategies to reduce the number of unknowns on general shapes

m Elegant analysis framework available
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A few key references

Introduction of Hybrid High-Order (HHO) methods [DP et al., 2014]
Fully discrete analysis framework [DP and Droniou, 2018]

A monograph on HHO methods [DP and Droniou, 2020]

Introduction of Discrete de Rham (DDR) methods [DP et al., 2020]
DDR for the de Rham complex of differential forms [Bonaldi et al., 2023]
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An Hybrid High-Order scheme on polytopal meshes
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A paradigm shift

m Let vy € P1(T) and set vy = mpo(pyv|p for all F € Fr
= We have, for all 7 € PO(T)4,

/VVT'Tz_/VTdiVT+ Z /VT(T'nTF)= Z /VF(T-nTF)
T T Fegp v F Ferr ?F
m Moreover, with Xy center of mass of Y € {T'} U 7,
@) = —— > v(Er) = 7 v
= =— v(x
pomy = viaT card(Fr) F card(?—}) |F|

Fefr

m These formulas remain valid when T is a general polytope!
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Generalization to polytopes

m Let V) = {v, == (vp)resy : vi € PO(F) forall F € F7 }

m Let v, € V9. The gradient reconstruction G : V9. — PO(T)? is s.t.
‘/G%KT-T= Z /VF(T-nTF) vr e PU(T)?
T Fegp U F
T

m A potential reconstruction r1. : V9. — P(T) is defined enforcing

IFI/

Vr%KT = G%ZT and ”?“(T)(r%ﬁr) card(ﬁ)

Fe¥r
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Extension to arbitrary-order |
k=0 k=1 k=2

m Let k > 0 and define the Hybrid High-Order (HHO) space

K§ ={v; = (vr. VF)Fer) :
vr € PXUT) and vp € PH(F) for all F e 77 }

m Let v.. € VK. We define G% : V& — PK(T)4 sit.
T T T =T

‘/TG§KT-T=—/TVT-diVT+ Z /vF(T-nTF) vr e PH(T)4

Fe¥r F
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Extension to arbitrary-order Il

= The potential reconstruction r&*1 : VK — P*1(T) is s.t.
/Vr;‘flvT Vw = /G’}KT - Vw for all w € P*H(T)
T T

and
npo(r) (rpvy) = Tpo(ryvr,

where

= if k=
v card(%) |F|/ v itk=0
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Discrete Poincaré inequality in HHO spaces |

m Given a polytopal mesh 7;, of Q, V{ is the global HHO space and

k
h

Vio=1{vy = (vDres, VP)Fesy) € V) + ve=0forall F e 7 }

m We define on th the norm
2 . 2
[ = [
TeT,

where ”KT”?,T = ||VVT”§,2(T)d + h}l Z lve — VT”iz(F) forall T € 75,
Fe¥r
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Discrete Poincaré inequality in HHO spaces |l

Lemma (Poincaré inequality in HHO spaces)

letting vy, € PRxK-LO)(7.) be s.t. (vy)r = vr for all

k
For any v, €V, .,

T € Ty, it holds
Vallzz@) < v, 116,

hence || - |1, is a norm on V% .
m Since div : H'(Q)? — L?(Q) is surjective, there is T € H (Q)4 s.t.
divr =vy and [|7llg1 (@) S VallLz @)

m Notice that here we cannot seek 7 in RTN**1(7,) since 75, is not
conforming simplicial!
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Discrete Poincaré inequality in HHO spaces Il

m We go on writing

”thiz(g) = vpdivr
Q

= Z (—/TVV;,-T+ Z /F(VT_VF)(T'nTF))

TeT;, FeFr
1
2
2 -1 2
<| 2] (uwhan(T)d +hrt Y vy - anLz(F))l
TeT, Fefr
3
2 2
x| D (17l rye + Bl o)
TeT,
m Recalling the definition of || - ||1., and using trace inequalities along with

hr < hg S 1, we get

2
villz2 @) S lvpllinlltllz e < lvyllualvalie @)
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An HHO scheme

We consider the following scheme: Find u,, € Zﬁ o St

an(uy,,vy,) = Z aT(’iT,KT)szVh Yy, €Vi,

T<7;, Q

where, for all T € 7,
— [ Gku...Gk
ar(up,vy) = | Grug - Gryy +sr(ug. vy)
T
and the symmetric semi-definite bilinear form s satisfies

1
v llir < ar(vpvp)? S llvpllir Vv, € VE (ST1)
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Stability analysis

Lemma (Well-posedness of the HHO discrete problem)

The HHO problem admits a unique solution that satisfies

Ny llen < 11120

m Squaring and summing (ST1) over T € 7, we have
Mealit s < an(yevy) Vo, € Vo0

which expresses the coercivity of ay,

m Using the Cauchy-Schwarz and discrete Poincaré inequalities,

/vah <N fllez@vallzz) < If 2@ v, lln
m Letting v, = U, above, the conclusion follows
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Error analysis |

m Let I} : HY(Q) - V) bes.t.

[flv = ((Mpr-1(r)V)Tem, (Mpr(p)V)Fes,) YV E HY(Q)
m We aim at estimating the error
e =u, ~LueVy,

= It holds, for all v, € VX |
an(epsvy) = an(uy,v,) —an(lyu,v,) = / fvn=an(Lyu,v,) = E5(v,)
Q

m A straightforward modification of the stability proof gives

ah(‘_’h)
llepllin < sup
vt oy 12 lln
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Error analysis Il

We reformulate the components of the consistency error &,,(v,,):

/fvh— Z /Auvh— (‘/TVM-VVT+FE¢/(VM nTF)(vF—vT))

TeT, TeT,
ol = 3 | [ G585 Ghup +sr(thuvy)
TeT, T

>

TeT;,

+ > sr(thu,vy)

TeT,

/Gl;(liu) -Vvr + /(GT(ITM) nrr) (Ve - VT))
T

Fefr
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Error analysis Ill

Gathering the above results, we get

En(y,) = / [Vu - G?(I u)] -Vvr
TeT;,
+ Z Z / [Vu - (Gr(L5u) - nrp)| (vE = vr)
TeT, FeFr

- Z sr(u,vy) = Ty + Ty + T
TeTn
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Approximation properties of the discrete gradient |

m By definition, for all T € 75, all v € H'(T), and all T € PX(T")¢,

‘/YZGI]("(!I](‘V)-T:—Lﬂpk—1(T)VdiVT+ Z /nPk(F)V(T'nTF)

Fe¥r F

= Noticing that divr € P*"(T) and 7 - nyr € P¥(F), we can remove the
projectors and integrate by parts to obtain

/G’}(liv) ST = / Vu-t VrePKm)?
T T
= This shows that G o I} = mpi (710 0V, ie,,

HY(T) —— L*(T)*

l!? l”?kmd
Gk

Vi —— P
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Approximation properties of the discrete gradient Il

= Noticing that Vv € PX(T)4,

/T [Vu - G’}(Eu)] -Vvr = /T [Vu - npk(T)d(Vu)] -Vvr =0
we infer
T, =0
m Using Cauchy-Schwarz inequalities and the definition of || - ||1,p,

1

2
> ||VM—n?k(T>d(Vu)||§T) (AP
TeTn

Ty <

= If, additionally, u € H"*?(7},) for some r € {0, ..., k},

To < W ulgre g 1v, ln
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Polynomial consistency of the stabilization |

m To have T3 scale as To, we further assume polynomial consistency:
st(lsw,v,) =0 Y(w,v,) € PHHT) x VE (ST2)

m For all w € H™(T), setting | - |s.7 = s7(-, ~)%, we have

(ST2)

IKw = min I5(w—v
|_T |s,1 ephH( )|—T( )|s,1
(S<1) . ||Ik( )“ < r+1| |
< min w—=v T<Sh w 2
vepiiy 1T 1, T H"+2(T)

hence, by Cauchy—Schwarz inequalities and again (ST1),

1
Ts < W ulgre (g 1y, s
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Polynomial consistency of the stabilization |l

Example
Let, for all T € 7, and all v, € VX,

(85vp (S5 pvp)res) = vy — Le(r§Hlvy).

The stabilization bilinear form

=2 [ sk <k il k k
sT(Wy»vy) = hy /5TET Opvy +hr Z / O7FWr OTFVr
T Fe¥Fr F

satisfies properties (ST1)-(ST2).
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Error estimate for smooth solutions

Theorem (Error estimate for the HHO scheme)

Denote by u € Hé(Q) the solution to the Poisson problem and by u, € Z';l its
HHO approximation. Then, under (ST1)<(ST2), and further assuming
u € H™*2(7,) for some r € {0,...,k}, it holds

k 1
Nu), = Lyullin < 27 |ulgre (7).
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Numerical exa

mple
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