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Context: from inompressible to ompressible �owsObjetive � derive a sheme for Euler (or Navier-Stokes) equations:
→֒ whih is a natural extension of an existing sheme for low Mah number �ows: staggereddisretization, upwinding with respet to the material veloity, solution of the internal energybalane . . .
→֒ to preserve the positivity of the internal energy: solution of the internal energy balane.

◮ Euler equations:
∂t̺+ div(̺u) = 0,
∂t(̺u) + div(̺u ⊗ u) + ∇p = 0,
∂t(̺E) + divˆ

(̺E + p)u˜

= 0,p = (γ − 1) ̺e, E =
12 |u|2 + e.

◮ Formally, taking the salar produt of the momentum balane equation by u and usingthe mass balane equation yields the kineti energy balane equation:
∂t(̺E ) + div(̺Eu) + ∇p · u = 0 (≤ 0), E =

12 |u|2.Subtrating to the total energy balane yields the internal energy balane:
∂t(̺e) + div(̺eu) + p divu = 0 (≥ 0),and, from this equation, we get e ≥ 0.(IRSN/I2M�AMU/UCA) Weak onsisteny of F. V. shemes Luminy, may 2019 2 / 28



Context: from inompressible to ompressible �owsObjetive � derive a sheme for Euler (or Navier-Stokes) equations: staggered disretization,upwinding with respet to the material veloity, solution of the internal energy balane . . .
→֒ but how to ensure the onsisteny ?

◮ The sheme must be onsistent with the onservative equations (so, the total energybalane), to ompute the orret shok solutions.
◮ so try to take the reverse ourse ?

◮ take the inner produt of the disrete momentum balane equation by u to obtaina kineti energy balane,
◮ add to the disrete internal energy balane.

◮ Needs a disrete loal kineti energy balane.In the inompressible ase, a global kineti energy balane is also an important feature of thesheme (stability, onvergene analysis, dissipation properties for Large Eddy Simulation ofturbulent �ows. . . ).Staggered shemes for ompressible �ows: Harlow&Amsden, Wesseling and o-workers,Goudon and o-workers, Després and Dakin. . .(IRSN/I2M�AMU/UCA) Weak onsisteny of F. V. shemes Luminy, may 2019 3 / 28
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Spae disretizationSpae disretization (1/2)
K

L
σ = K |L

ǫ = σ|σ
′

DL,σDK ,σ

σ
′

E, E(K): faes of the primal mesh, faes of the ontrol volume K .
Ē, Ē(Dσ): faes of the dual mesh, faes of the ontrol volume Dσ.(IRSN/I2M�AMU/UCA) Weak onsisteny of F. V. shemes Luminy, may 2019 5 / 28



Spae disretizationSpae disretization (2/2)
× ρK × ρL

σ = K |L ×zσ

uσ
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Derivation of a disrete kineti energy balaneDerivation of a disrete kineti energy balane
◮ Mass balane over Dσ, C(z)σ :

Mσ =
|Dσ |

δt (ρn+1Dσ
− ρnDσ

) +
X

ǫ∈Ē(Dσ)

Fσ,ǫ = 0,
Cσz =

|Dσ|

δt (ρn+1Dσ
zn+1
σ − ρnDσ

znσ) +
X

ǫ∈Ē(Dσ)

Fσ,ǫ zn+1
ǫ .

◮ ∂t(ρz) + div(ρzu) = ρ
`

∂tz + u · ∇z´:
Cσz =

|Dσ|

δt ρnDσ
(zn+1

σ − znσ) +
X

ǫ∈Ē(Dσ)

Fσ,ǫ (zn+1
ǫ − zn+1

σ ) + zn+1
σ Mσ.

◮ zρ`

∂tz + u · ∇z´

= 12 ρ`

∂tz2 + u · ∇z2´:zn+1
σ Cσz =

12 |Dσ|

δt ρnDσ

`

(zn+1
σ )2 − (znσ)2´

+
12 X

ǫ∈Ē(Dσ)

Fσ,ǫ

`

(zn+1
ǫ )2 − (zn+1

σ )2´

+ R.with R ≥ 0 � Tool: 2a(a − b) = a2 − b2 + (a − b)2.
◮

12ρ`

∂tz2 + u · ∇z2´

= 12∂t(ρz2) + 12div(ρz2u):zn+1
σ Cσz =

12 |Dσ|

δt `

ρn+1Dσ
(zn+1

σ )2 − ρnDσ
(znσ)2´

+
12 X

ǫ∈Ē(Dσ)

Fσ,ǫ (zn+1
ǫ )2 + R.(IRSN/I2M�AMU/UCA) Weak onsisteny of F. V. shemes Luminy, may 2019 7 / 28



De�nition of the onvetion operatorDe�nition of the onvetion operator
◮ From the mass balane over the primal ells:

|K |

δt (ρn+1K − ρnK ) +
X

σ∈E(K)

FK ,σ = 0,
◮ de�ne

ρDσ , Fσ,ǫ,

◮ suh as the mass balane over the dual ells holds:
|Dσ|

δt (ρn+1Dσ
− ρnDσ

) +
X

ǫ∈Ē(Dσ)

Fσ,ǫ = 0.
(IRSN/I2M�AMU/UCA) Weak onsisteny of F. V. shemes Luminy, may 2019 8 / 28



De�nition of the onvetion operatorBuilding a disrete mass balane over the dual ells (1/5)Let:
∀σ = K |L ∈ Eint, Dσ = DK ,σ ∪DL,σ , ρDσ =

|DK ,σ|

|Dσ|
| {z }

ξσK ρK +
|DL,σ |

|Dσ|
| {z }

ξσL ρL.
ξσK ≥ 0, and X

σ∈E(K)

ξσK = 1.Assume:(H1) A disrete mass balane over the half-diamond ells is satis�ed, in the followingsense:
∀K ∈ M, ∀σ ∈ E(K), Fσ +

X

ǫ∈Ē(Dσ), ǫ⊂K Fǫ = ξσK h

X

σ′∈E(K)

Fσ′

i

,

L
MK edges of the half-diamond elledges of the primal ell(IRSN/I2M�AMU/UCA) Weak onsisteny of F. V. shemes Luminy, may 2019 9 / 28



De�nition of the onvetion operatorBuilding a disrete mass balane over the dual ells (2/5)If:
∀σ = K |L ∈ Eint, |Dσ| = ξσK |K | + ξσL |L|, |Dσ| ρDσ = ξσK |K | ρK + ξσL |K | ρL.
∀K ∈ M, ∀σ ∈ E(K), Fσ +

X

ǫ∈Ē(Dσ), ǫ⊂K Fǫ = ξσK h

X

σ′∈E(K)

Fσ′

i

.Then:
|Dσ|

δt ˆ

ρDσ − ρ∗Dσ

˜

+
X

ǫ∈Ē(Dσ)

Fǫ =

ξσK |K |

δt ˆ

ρK − ρ∗K ˜

+ Fσ +
X

ǫ∈Ē(Dσ), ǫ⊂K Fǫ + ξσL · · · − Fσ + · · · =

ξσK»

|K |

δt ˆ

ρK − ρ∗K ˜

+
X

σ∈E(K)

Fσ

–

+ ξσL »

. . .

–

= 0.(IRSN/I2M�AMU/UCA) Weak onsisteny of F. V. shemes Luminy, may 2019 10 / 28



De�nition of the onvetion operatorBuilding a disrete mass balane over the dual ells (3/5). . . so we need:
∀σ = K |L ∈ Eint, |Dσ| = ξσK |K | + ξσL |L|, |Dσ| ρDσ = ξσK |K | ρK + ξσL |K | ρL.
∀K ∈ M, ∀σ ∈ E(K), Fσ +

X

ǫ∈Ē(Dσ), ǫ⊂K Fǫ = ξσK h

X

σ′∈E(K)

Fσ′

i

.Let us hoose ξσK = 1/number of faes.
◮ The above system is independent of the ell (in other words, one may hoose a uniqueexpression of the dual mass �uxes as a funtion of the primal ones).
◮ The dual mesh is only viewed through ξσK and the sub-ell onnetivities, so isompletely abstrat, and sometimes neessarily non-polygonal.

L
MK edges of the half-diamond elledges of the primal ell(IRSN/I2M�AMU/UCA) Weak onsisteny of F. V. shemes Luminy, may 2019 11 / 28



De�nition of the onvetion operatorBuilding a disrete mass balane over the dual ells (4/5)FW FEFN
FS Fǫ

◮ Let wK be suh that:div(wK ) = ste, Z

σ

wK · nK ,σ = FK ,σ , ∀σ ∈ E(K).Example (1D, and on retangular (2D and 3D) meshes):wK =
xσ′ − xxσ′ − xσ

FK ,σ +
x − xσxσ′ − xσ

FK ,σ′ .Let: Fσ,ǫ =

Z

ǫ

wK · nσ,ǫ, ∀ǫ ∈ Ē(DK ,σ).Then
X

ǫ∈Ē(DK,σ)

Fσ,ǫ =

ZDK,σ

divwK =
|DK ,σ|

|K |

ZK divwK =
|DK ,σ|

|K |

X

σ∈E(K)

FK ,σ .(IRSN/I2M�AMU/UCA) Weak onsisteny of F. V. shemes Luminy, may 2019 12 / 28



De�nition of the onvetion operatorBuilding a disrete mass balane over the dual ells (4/5)
FW FEFN

FS Fǫ

◮ For Crouzeix-Raviart elements, and for Rannaher-Turek elements on retangular (2Dand 3D) meshes, the onstrution of mass �uxes uses a onstant divergene momentumfuntion having the primal mass �uxes as traes (previous omputation).This yields expressions of the form:Fǫ = αǫW FW + αǫNFN + αǫEFE + αǫSFS .with onstant oe�ients αǫ
σ (bounded would be su�ient for onsisteny).

◮ For general quadrangles, keep the same expression (leads to ξσK = 1/4 for d = 2 and
ξσK = 1/6 for d = 3) . . .. . . even if the diamond ells may no longer be hosen as ones (it is not possible to splita general quadrangle in four ones of equal volume having the edges as basis).(IRSN/I2M�AMU/UCA) Weak onsisteny of F. V. shemes Luminy, may 2019 13 / 28



De�nition of the onvetion operatorBuilding a disrete mass balane over the dual ells (5/5)
DσDσ′

σ
′=K |MK σ

=K
|L L

M
ǫ=D

σ |D
σ′

◮ For loally re�ned mesh, �nd a solution to the system (H1):
∀K ∈ M, ∀σ ∈ E(K), Fσ +

X

ǫ∈Ē(Dσ), ǫ⊂K Fǫ = ξσK h

X

σ′∈E(K)

Fσ′

i

.whih will lead to the same type of relation, still with onstant (for eah "topology")oe�ients.(IRSN/I2M�AMU/UCA) Weak onsisteny of F. V. shemes Luminy, may 2019 14 / 28



A derived onvetion operator on the primal meshReturning to the primal mesh
◮ A new mass �ux through primal ells:

K ǫ1−Fσ,ǫ1
ǫ2 −F

σ
,ǫ2

ǫ3 Fσ,ǫ3ǫ4F
σ,ǫ4

σ GK ,σ = 12 (−Fσ,ǫ1 − Fσ,ǫ2 + Fσ,ǫ3 + Fσ,ǫ4)
(IRSN/I2M�AMU/UCA) Weak onsisteny of F. V. shemes Luminy, may 2019 15 / 28



A derived onvetion operator on the primal meshReturning to the primal meshFor K ∈ M, let us sum the onvetion terms over the faes of K and divide by 2 theresulting equation, to get:
Cn+1K z =

1
δt X

σ∈E(K)

|Dσ|2 (ρn+1Dσ
zn+1
σ − ρnDσ

znσ) +
12 X

σ∈E(K)

X

ǫ∈E(Dσ)

F nσ,ǫ zn+1
ǫ .De�ne:

|K | (ρz)nK =
X

σ∈E(K)

|Dσ |2 ρnDσ
znσ, (1)Gn+1K ,σ

= −
12 X

ǫ∈E(Dσ),ǫ⊂K F nσ,ǫ zn+1
ǫ +

12 X

ǫ∈E(Dσ),ǫ6⊂K F nσ,ǫ zn+1
ǫ . (2)Reordering of the summations:

Cn+1K z =
|K |

δt `

(ρz)n+1K − (ρz)nK ´

+
X

σ∈E(K)

Gn+1K ,σ
.(IRSN/I2M�AMU/UCA) Weak onsisteny of F. V. shemes Luminy, may 2019 16 / 28



A derived onvetion operator on the primal meshReturning to the primal mesh

K ǫ1
ǫ2

ǫ3ǫ4
σ GK ,σ = 12 (Fǫ1 + Fǫ2 + Fǫ3 + Fǫ4)

(IRSN/I2M�AMU/UCA) Weak onsisteny of F. V. shemes Luminy, may 2019 17 / 28



Weak onsistenyWeak onsistenyWe now suppose given a sequene of meshes (M(m))m∈N and time disretizations
(T (m))m∈N, with hM(m) and δtT (m) tending to zero as m tends to +∞.For m ∈ N, let ρ(m), u(m) and z(m) be disrete funtions orresponding to the approximationon the mesh M(m) and with the time disretization T (m) of the density, the veloity and zrespetively, de�ned by:

ρ(m)(x , t) =

N(m)−1
Xn=0 XK∈M(m)

ρnK XK X[tn ,tn+1),u(m)(x , t) =

N(m)−1
Xn=0 X

σ∈E(m)

unσ XDσ
X[tn ,tn+1),z(m)(x , t) =

N(m)−1
Xn=0 X

σ∈E(m)

znσ XDσ
X[tn ,tn+1),with XK , XDσ

and X[tn ,tn+1) the harateristi funtion of K , Dσ and the interval [tn, tn+1).We suppose that
ρ(m) → ρ̄, u(m) → ū, z(m) → z̄in L1(Ω × (0,T )), and that these sequenes are uniformly bounded in L∞(Ω × (0,T )).(IRSN/I2M�AMU/UCA) Weak onsisteny of F. V. shemes Luminy, may 2019 18 / 28



Weak onsistenyWeak onsistenyLet ϕ ∈ C∞ (Ω × [0,T )) and let us de�ne ϕnK by
ϕnK = ϕ(xK , tn), for K ∈ M(m) and 0 ≤ n ≤ N(m),where xK stands for an arbitrary point of K .Let N(m)−1

Xn=0 δt XK∈M(m)

Cn+1K z ϕnK = T (m)
∂t + T (m)div ,T (m)

∂t =

N(m)−1
Xn=0 XK∈M(m)

|K |
`

(ρz)n+1K − (ρz)nK ´

ϕnKT (m)div =

N(m)−1
Xn=0 δt XK∈M(m)

ϕnK X

σ∈E(K)

Gn+1K ,σ
.ThenT (m)

∂t → −

Z T0 Z

Ω
ρ̄ z̄ ∂tϕdx dt − Z

Ω
ρ0(x) z0(x)ϕ(x , 0) dx , T (m)div → −

Z T0 Z

Ω
ρ̄ z̄ ū · ∇ϕ dx dt.(IRSN/I2M�AMU/UCA) Weak onsisteny of F. V. shemes Luminy, may 2019 19 / 28



Weak onsisteny The time-derivative termWeak onsisteny of the time derivative termLemma (Consisteny of the time derivative term)T (m)
∂t → −

Z T0 Z

Ω
ρ̄ z̄ ∂tϕdx dt − Z

Ω
ρ0(x) z0(x)ϕ(x , 0)dx .Sketh of proof

(ρz)K =
1
|K |

X

σ∈E(K)

|Dσ|2 ρDσ
zσ ,Sine X

σ∈E(K)

|Dσ|2 6= |K |, the funtion (ρz) osillates, and don't onverge (strongly) to ρ̄z̄.However, (ρz) weakly onverges to ρ̄z̄ in L1. Indeed:
XK∈M

(ρz)KψK =
X

σ∈E

(|DK ,σ| ρK + |DL,σ | ρL) zσ
ψK + ψL2 ,and, with ψK ,σ the mean value of ψ over DK ,σ,

X

σ∈E

(|DK ,σ| ρK ψK ,σ + |DL,σ | ρL ψL,σ) zσ =

Z

Ω
ρ(m)z(m)ψ dx ,so, by regularity of ψ . . .Then, integrating by parts in time make a disrete time derivative of ϕ appear whihonverges to ∂tϕ in L∞(Ω × (0,T )) . . .(IRSN/I2M�AMU/UCA) Weak onsisteny of F. V. shemes Luminy, may 2019 20 / 28



Weak onsisteny The time-derivative term
K DK ,σ

σ

over DK ,σ, ρ = ρK , z = zσ(IRSN/I2M�AMU/UCA) Weak onsisteny of F. V. shemes Luminy, may 2019 21 / 28



Weak onsisteny The divergene termA weakly onvergent gradient (1/2)De�ne
∇ϕnσ =

|σ|

|Dσ |
(ϕnL − ϕnK )nK ,σ , ∇E,T ϕ(x , t) =

N(m)−1
Xn=0 X

σ∈E(m)

∇ϕnσ XDσ
X[tn ,tn+1)(Eymard & Gallouët, SINUM, 2000))

σ

∇
ϕ

σ

(IRSN/I2M�AMU/UCA) Weak onsisteny of F. V. shemes Luminy, may 2019 22 / 28



Weak onsisteny The divergene termA weakly onvergent gradient (2/2)
σ

xL
xK

θ∇M de�ned by
θ∇M = max

σ∈Eint, σ=K |L |σ| |xL − xK |

|Dσ|
.(haraterization of the regularity of the mesh)Lemma

(M(m))m∈N sequene of meshes, θ∇
M(m) ≤ θ∇ for m ∈ N.Then the sequene (∇E(m),T (m) ϕ)m∈N is bounded in L∞(Ω × (0,T ))d uniformly withrespet to m and onverges to ∇ϕ in L∞(Ω × (0,T ))d weak ⋆.(IRSN/I2M�AMU/UCA) Weak onsisteny of F. V. shemes Luminy, may 2019 23 / 28



Weak onsisteny The divergene termHow to use this weakly onvergent gradient. . .
◮ Let G̃K ,σ = |σ|

h |DK ,σ|

|Dσ|
ρK +

|DL,σ|

|Dσ|
ρLi zσ uσ · nK ,σ.Then

XK∈M

ϕK X

σ∈E(K)

G̃K ,σ =
X

σ∈E

h

|DK ,σ| ρK + |DL,σ |ρLi zσ uσ ·
|σ|

|Dσ|
(ϕK − ϕL) nK ,σ

=

Z

Ω
ρ z u · ∇Eϕ dx .

◮ Unfortunately GK ,σ 6= G̃K ,σ. K DK ,σ

σ

over DK ,σ, ρ = ρK , z = zσ, u = uσ(IRSN/I2M�AMU/UCA) Weak onsisteny of F. V. shemes Luminy, may 2019 24 / 28



Weak onsisteny The divergene termConvergene to zero of "disrete jumps"For u ∈ L1(Ω × (0,T )), un+1K mean value of u over K × (tn , tn+1), [un]σ = |unK − unL |,
[uK ]n = |un+1K − unK |.TM,T u de�ned by:TM,T u =

N−1
Xn=0 (tn+1 − tn) X

σ∈Eint,σ=K |L |Dσ|[un+1]σ +

N−1
Xn=1 (tn+1 − tn) XK∈M

|K |[uK ]n.
θM de�ned by

θM = maxK∈M
max

σ∈EK |Dσ|

|K |
.Lemma

(M(m))m∈N a sequene of meshes suh that θM(m) ≤ θ for all m ∈ N. We suppose that thenumber of faes of a ell K ∈ M(m) is bounded by NE , for all m ∈ N.
(up)p∈N a sequene of funtions of L1(Ω × (0,T )) suh that up → u in L1(Ω × (0,T )) asp → +∞.Then TM(m),T (m)up tends to zero when m tends to +∞ uniformly with respet to p ∈ N.(IRSN/I2M�AMU/UCA) Weak onsisteny of F. V. shemes Luminy, may 2019 25 / 28



Weak onsisteny The divergene termWeak onsisteny of the divergene termLemma (Consisteny of the divergene term)T (m)div → −

Z T0 Z

Ω
ρ̄ z̄ ū · ∇ϕ dx dt.Sketh of proof � By a disrete integration by parts with respet to the spae, we getsomething of the form:T (m)div =

N(m)−1
Xn=0 δt X

σ∈E
(m)int , σ=K |L |Dσ | Gn+1K ,σ

1
|Dσ|

(ϕnK − ϕnL)
=

N(m)−1
Xn=0 δt X

σ∈E
(m)int , σ=K |L |Dσ | Gn+1

σ ·
|σ|

|Dσ|
(ϕnK − ϕnL) nK ,σ.The last term weakly onverge to ∇ϕ. Then, struggle with uniform boudedness and the fatthat the spae translates tend to zero to show thatG (m)(x , t) =

N(m)−1
Xn=0 X

σ∈E(m)

Gn+1
σ XDσ

X[tn ,tn+1),onverges to ρ̄ z̄ ū in L1(Ω × (0,T )).(IRSN/I2M�AMU/UCA) Weak onsisteny of F. V. shemes Luminy, may 2019 26 / 28



Weak onsisteny The divergene termWeak onsisteny of the divergene termSketh of proof (ontinued)To this purpose, exploit the linear system de�ning the dual mass �uxes.
∀K ∈ M, ∀σ ∈ E(K), Fσ +

X

ǫ∈Ē(DK,σ)\{σ}

Fǫ = ξσK h

X

σ′∈E(K)

Fσ′

i

.A simple subase, the steady ase � In this spei� situation,
X

ǫ∈Ē(DK,σ)\{σ}

Fσ,ǫ = −FK ,σ = −|σ| ρσuσ · nK ,σ,so GK ,σ = |σ| ρσuσ · nK ,σ

“zσ −
X

ǫ∈Ē(Dσ)

zǫ − zσ

”

,and Gσ = ρσuσ

“zσ−
X

ǫ∈Ē(Dσ)

zǫ − zσ

”

.

L
MK edges of the half-diamond elledges of the primal ell(IRSN/I2M�AMU/UCA) Weak onsisteny of F. V. shemes Luminy, may 2019 27 / 28



Weak onsisteny The divergene termConlusion
◮ We derived a onsistent veloity onvetion operator whih yields a loal kineti energybalane, for staggered disretizations based on (rather) general meshes.
◮ To obtain a onsistent sheme for Euler equations:

◮ ollet the dissipation terms appearing in the kineti energy balane,
|Dσ |

δt (un+1i,σ − uni,σ) un+1i,σ =
|Dσ|

δt h

(un+1i,σ )2 − (uni,σ )2 + (un+1i,σ − uni,σ)2i(when re�ning the mesh, these dissipation terms at as measure born by shoks)
◮ ompensate them in the internal energy balane.

◮ Provided that these dissipation terms are non-negative (impliit disretization or expliitdisretization under a CFL ondition), the sheme preserves the positivity of the internalenergy (the density is positive by a simple upwinding of the mass balane).
◮ Even if solving the internal energy balane, the sheme yields a "onservation equation"for the total energy on the primal mesh.
◮ Pressure orretion or expliit variants.
◮ Entropy estimates are satis�ed by these shemes.(IRSN/I2M�AMU/UCA) Weak onsisteny of F. V. shemes Luminy, may 2019 28 / 28
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