ON THE DOUBLE OF A BRAIDED HOPF ALGEBRA

ALAIN BRUGUIERES AND ALEXIS VIRELIZIER

ABSTRACT. In 2011, S. Lack and the authors defined the double D(A) of a
Hopf algebra A in a braided category B with duals and a coend; D(A) is a
quasitriangular Hopf algebra in B whose category of modules is isomorphic to
the center of the category of A-modules as a braided category. Here, qua-
sitriangular means endowed with a R-matrix; however this involves a notion
of R-matrix different from that introduced by Majid in 1993. If A is a Hopf
algebra in a braided category B, we show that the center of the category of
A-modules can be described as the category of Yetter-Drinfeld modules for A
viewed as a Hopf algebra in the center Z(B) of B, but it cannot be described, in
general, as a the category of modules of a Hopf algebra in (the center of) Z(B).
However, we show that the center of the category of A- modules is the category
of modules of a quasitriangular Hopf monad d4 on Z(B), which we describe
explicitly. As an endofunctor of Z(B), d4 it is given by X — X ® A ® YA,
but, in general, d4 is not the Hopf monad associated with a Hopf algebra in
(the center of) Z(B). If B has a coend C, then D(A) is the cross product of
the Hopf monad d4 by the coend C. Equivalently, d4 is the cross quotient
of D(A) by C. This illustrates the fact that the cross-quotient of two Hopf
algebras is not representable by a Hopf algebra in general.
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INTRODUCTION

The notion of Hopf algebra extends naturally to the context of braided categories.
Hopf algebras in braided categories, also called braided Hopf algebras, have been
studied by many authors and it has been shown that several aspects of the theory
of Hopf algebras can be extended to this setting. This paper is devoted to the study
of the double of a braided Hopf algebra. In [BV2], the authors defined the double
D(A) of a Hopf algebra in a rigid braided category admitting a coend C. As an
object, D(A) = A®YA®C, it is a quasitriangular Hopf algebra in B, whose category
of modules is isomorphic to the categorical center of the category of A- modules in B
as braided categories. A quasitriangular Hopf algebra is a Hopf algebra A endowed
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2 A. BRUGUIERES AND A. VIRELIZIER

with an R-matrix, that is a morphism t: C ® C — A® A satisfying certain axioms.
R-matrixes are in one-to-one correspondance with braidings on the category of
A-modules. This notion of R-matrix is different from that previously introduced
by Majid in [Ma3], which did not involve the coend, and did not have this property.

If Ais a Hopf algebra in a braided category B, there is a canonical strict monoidal
functor U from the center of the category of A- modules to the center of 5. It would
seem reasonable to try to describe the center of the category of A-modules as the
category of modules of a Hopf algebra in Z(B), whose underlying object would be
A® VA. However, in general this is not possible.

We do show that the center of the category of A- modules can be described as a
category of Yetter-Drinfeld modules for A, viewed as a Hopf algebra in the center
of B. (Actually for this result B needs not be braided, if we assume that A is a
Hopf algebra in the center of B). We also show that, in general, the center of the
category of A- modules cannot be described as the category of modules over a Hopf
algebra in the center of 5.

In fact, the center of the category of A-modules is the category of modules of
a quasitriangular Hopf monad da on Z(B) which we describe explicitly. As an
endofunctor of Z(B), d4 is defined by X +— X ® A ® "A.

Hopf monads, which were introduced in [BV1] and further studied in [BLV],
are algebraic objects which generalize Hopf algebras in braided categories to the
setting of monoidal categories. A Hopf algebra in the center of a monoidal category
C defines a Hopf monad on C; a Hopf monad T on C can be obtained from a
Hopf algebra of the center of C if and only if 7" admits an augmentation, that is a
Hopf monad morphism 7" — id¢. In [BLV], the notions of cross-product and cross-
quotient of Hopf monads were introduced. It turns out that the cross-quotient of
two Hopf monads representable by Hopf algebras is not always representable by a
Hopf algebra. The present situation is an illustration of this fact: the Hopf monad
d4 is the cross-quotient of the double of A, D(A) by the coend C' (both viewed
as Hopf monads); but this cross-quotient is not representable by a Hopf algebra in
general.

1. PRELIMINARIES ON CATEGORIES

1.1. Monoidal categories and (co-)monoidal functors. Given an object X of
a monoidal category C, we denote by X ®7 the endofunctor of C defined on objects
by Y — X ® Y and on morphisms by f+— X ® f =idx ® f. Similarly one defines
the endofunctor ? ® X of C.
Let (C,®,1) and (D, ®, 1) be two monoidal categories. A monoidal functor from
C to D is a triple (F, Fy, Fy), where F': C — D is a functor, Fo: FQ F — F® is a
natural transformation, and Fy: 1 — F(1) is a morphism in D, such that:
F(X,Y @ Z)(idpx) © Fo(Y, Z)) = F(X ®Y, Z)(F2(X,Y) @ idp(z));
Fy(X,1)(idpx) ® Fo) = idpx) = F2(1, X)(Fo @ idp(x));
for all objects X,Y, Z of C.
A monoidal functor (F, Fy, Fp) is said to be strong (resp. strict) if F5 and Fy are
isomorphisms (resp. identities).
A natural transformation ¢: F' — G between comonoidal functors is monoidal
if it satisfies:

oxey Fa(X,Y) = Go(X,Y)(ox @ py) and Go = p1Fp.
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1.2. Comonoidal functors. Let (C,®,1) and (D,®,1) be two monoidal cate-
gories. A comonoidal functor (also called opmonoidal functor) from C to D is a
triple (F, Fz, Fp), where F: C — D is a functor, F5: F® — F ® F is a natural
transformation, and Fy: F(1) — 1 is a morphism in D, such that:

(idpx) ® Bo(Y,2)) (XY ® Z) = (F(X,Y) ®idpz) ) Fo(X ® Y, 2);
(idF(X) ® FO)FQ(X7 1) = idF(X) = (FO & idF(X))FQ(]l, X);

for all objects X,Y, Z of C.

A comonoidal functor (F, Fy, Fy) is said to be strong (resp. strict) if F» and Fj
are isomorphisms (resp. identities). In that case, (F,F, ', F; ') is a strong (resp.
strict) monoidal functor.

A natural transformation ¢: F' — G between monoidal functors is comonoidal
if it satisfies:

G2(X,Y)oxey = (px ® ¢y)2(X,Y) and Gops = Fo.

Note that the notions of comonoidal functor and comonoidal natural transfor-
mation are dual to the notions of monoidal functor and monoidal natural transfor-
madtion.

1.3. Graphical conventions. We represent morphisms in a category by diagrams

to be read from bottom to top. Thus we draw the identity idx of an object X, a

morphism f: X — Y, and its composition with a morphism g: Y — Z as follows:
z

X Y
idxz‘7 f=7 and gf:.
X e
X
In a monoidal category, we represent the monoidal product of two morphisms

f: X =Y and g: U — V by juxtaposition:

Y vV

X U
1.4. Duals and rigid categories. Let C be a monoidal category. Recall that a left
dual of an object X of C is an object VX of C endowed with morphisms evy: "X ®

X — 1 (the left evaluation) and coevx: 1 — X ® VX (the left coevaluation) such
that

(evx ®idvy)(idvx ® coevy) =idvxy and (idx ® evy)(coevy ®idx) = idx.

Likewise, a right dual of an object X of C is an object XV of C endowed with
morphisms évyx: X ® XV — 1 (the right evaluation) and coevx: 1 — XV @ X (the
right coevaluation) such that

(&/X@)idx)(idx(g)c/(_)\e/\lx):idx and (idxv®&/X)(C6\&Ix®idxv):idxv.

Left and right duals, if they exist, are unique up to unique isomorphisms preserving
the evaluation and coevaluation morphisms.
A rigid category is a monoidal category where every objects admits both a left

dual and a right dual. The duality morphisms of a rigid category are depicted as:
X VX —~— XVX
evy = m , Coevy = U , €vx = m , and coevy = U .

X X X XV
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1.5. Braided categories. A braiding of a monoidal category B is a natural iso-
morphism 7 ={7xy: X ®Y - Y ® X}x yven such that
Txyvez = (dy @ 7x,2)(Txy ®idz) and 7xgv,z = (Tx,z ®idy)(idx ® 7v,z)

for all X,Y,Z € Ob(B). These conditions imply that 7x 3 = 7 x = idx.
A braided category is a monoidal category endowed with a braiding.
The braiding 7 of a braided category, and its inverse, are depicted as

Y X Y X

-1
TX,yzA and TY’X:X.
X Y X Y

If B is a braided category, then its braiding 7 defines a fully faithful braided

functor
B — Z(B)
{ X = (X, TX7,)

which is a monoidal section of the forgetful functor Z(B) — B.

If B is a braided category with braiding 7, then the mirror of B is the braided
category which coincides with B as a monoidal category and equipped with the
braiding 7 defined by Tx,y = T;;,

1.6. The center of a monoidal category. Let C be a monoidal category. A half
braiding of C is a pair (A, o), where A is an object of C and
o={ox: A®X - X ®A}xec
is a natural isomorphism such that
(1) oXQy = (idx@dy)(ax ®idy)
for all X, Y € Ob(C). This implies that o3 = id 4.

The center of C is the braided category Z(C) defined as follows. The objects
of Z(C) are half braidings of C. A morphism (4, 0) — (A4’,¢’) in Z(C) is a morphism
f: A— A’ in C such that (idx ® f)ox = % (f ® idx) for any object X of C. The
unit object of Z(C) is 1z(¢) = (1, {idx } xec) and the monoidal product is

(A,0) © (B,p) = (A® B, (0 ®@idp)(ida @ p)).
The braiding 7 in Z(C) is defined by
T(4,0),(B,p) = 0B (A,0) ® (B,p) = (B,p) ® (A,0).
If C is rigid, then so is Z(C).
The forgetful functorU: Z(C) — C, (A,0) — A, is strict monoidal.

1.7. Coends. Let C and D be categories. A dinatural transformation from a func-
tor F': D°P x D — C to an object A of C is a family of morphisms in C

d={dy: F(Y,Y) = A}yep
such that for every morphism f: X — Y in D, we have
dxF(f,idx) = dy F(idy, f): F(Y,X) — A.
A coend of F is a pair (C, p) consisting in an object C of C and a dinatural trans-
formation p from F' to C satisfying the following universality condition: for each

dinatural transformation d from F' to an object ¢ of C, there exists a unique mor-
phism d : C' — ¢ such that dy = dpy for any Y in D. Thus if F has a coend (C, p),
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then it is unique up to unique isomorphism. One writes C = f Yeb

more details on coends, see [Mac].

F(Y,Y). For

2. HOPF ALGEBRAS IN BRAIDED CATEGORIES

2.1. Hopf algebras. Let C be a monoidal category. Recall that an algebra in C
is an object A of C endowed with morphisms m: A ® A — A (the product) and
u: 1 — A (the unit) such that

m(m®ida) =m(ida ®m) and m(idsa @ u) =ida = m(u®ida).

A coalgebra in C is an object C of C endowed with morphisms A: C — C® C (the
coproduct) and £: C'— 1 (the counit) such that

(A ® idc)A = (idc (9 A)A and (idc & E)A =id¢g = (E ® idc)A.

Let B be a braided category, with braiding 7. A bialgebra in B is an object A
of B endowed with an algebra structure (in B) and a coalgebra structure (in B)
such that its coproduct A and counit ¢ are algebra morphisms (or equivalently,
such that it product m and unit u are coalgebra morphisms), that is,

Am=(m@m)(ids @ 74,4 ®ida)(A R A), Au=u®u,

Em=€c®e¢, eu = idy.

An antipode for a bialgebra A is a morphism S: A — A in B such that
m(S ®idg)A =ue = m(ida ® S)A.

If it exists, an antipode is unique. A Hopf algebra in B is a bialgebra in B which
admits an invertible antipode.

Given a Hopf algebra A in a braided category, we depict its product m, unit u,
coproduct A, counit ¢, antipode S, and S~! as follows:

A 4 A A A A
N NS I SVARE S
A A A 4 A A

Remark 2.1. Let A be a bialgebra in a braided category B. Then A is a Hopf
algebra if and only if its left left fusion operator

A A
H = (ida @ m)(A ®ids) = m:A@)A%A@A

A A
and its right fusion operator
A A

[H,-Z(m@idA)(idA(@TA,A)(A@idA):Cy\ZA®A—)A®A

A A
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are invertible. If such is the case, the inverses of the fusion operators and the
antipode S of A and its inverse are related by

A A
/ O O
Hll\f\7 |H771: ) S = ) = r
O O
A A /( A A A

2.2. Modules in categories. Let (A,m,u) be an algebra in a monoidal cate-
gory C. A left A-module (in C) is a pair (M, r), where M is an object of C and
r: A® M — M is a morphism in C, such that

r(m®idy) =r(ida®r) and ru®idy) =idy.

An A- linear morphism between two left A- modules (M, r) and (N, s) is a morphism
f: M — N such that fr = s(ida ® f). Hence the category 4C of left A- modules.
Likewise, one defines the category C4 of right A- modules.

Let A be a bialgebra in a braided category B. Then the category 4B is monoidal,
with unit object (1,e) and monoidal product

(M,r)® (N,s) = (r®s)(ida ® 74, ®@idn)(A @ idypen),

where A and € are the coproduct and counit of A, and 7 is the braiding of B.
Likewise the category B4 is monoidal, with unit object (1, ) and monoidal product:

(M,r)® (N,s) =(r®s)(idy ® TN, A ® ida)(A ® idpen)-

Assume B is rigid. Then 4B is rigid if and only if B4 is rigid, if and only if A
is a Hopf algebra. If A is a Hopf algebra, with antipode S, then the duals of a left
A-module (M, r) are:

Y(M,r) = (YM, (evar @ idvay) (idvar @ (S @ idar) @ idvar) (Tavar @ coevar)),

(M,r)" = (MY, (idyv ® 6var)(idarv @ 77y @ idagv)(coevay @ ST @ idarv)),
and the duals of a right A-module (M, r) are:

(M, r) = (YM, (evy ®idvag)(idvar ® 17t @ idvar)(idvay ® ST @ coevay)),

(M,r)" = (MY, (idyv ® 6var)(idav @ riday ® S) @ idav ) (Coevas @ Tarv,a)).

Remark 2.2. Let A be a Hopf algebra in a braided category B, with braiding 7.
The functor Fua: aB — Ba, defined by Fa(M,r) = (M,TTM,A(idM ® S)) and
Fa(f) = f, gives rise to a monoidal isomorphism of categories:

Fa= (FA,T,]l): (AB)®OP — By.

Therefore braidings on 4B are in bijection with braidings on B4. More precisely,
if ¢ is a braiding on B4, then:

/ o —1
C(M,r),(N,s) = TM,N CFa(N,s),Fa(M,r) TN, M

is a braiding on 4B (making F4 braided), and the correspondence ¢ — ¢ is bijective.
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2.3. The coend of a braided rigid category. Let B be braided rigid category.

The coend
YeB
C = / Y @Y,

if it exists, is called the coend of B.

Assume B has a coend C and denote by iy: 'Y ® Y — C the corresponding
universal dinatural transformation. The universal coaction of C' on the objects of
B is the natural transformation § defined by:

~
Q

(2) dy = (idy ®iy)(coevy ®idy): Y =Y ®C, depicted as dy =

~

As shown by Majid [Ma2], C' is a Hopf algebra in B. Its coproduct A, product m,
counit &, unit u, and antipode S with inverse S~! are characterized by the following
equalities, where X,Y € B:

Yy ¢ C Yy ¢ C Yy «¢C X®Yy C

y v X
ISR
:) :) :7
y v Yy Y  y i

Furthermore, the morphism w: C' ® C' — 1 defined by

X v X Y
X
A
X v X Y
is a Hopf pairing for C, called the canonical pairing. This means that

w(m®idc) Zw(idc®w®idc)(idc®2 ®A), w(u®idc) =g,
w(ide ®m) = w(ide ® w ®ide) (A ® idge2), w(ide ®u) = e.

These axioms imply: w(S ® id¢) = w(ide ® S). Moreover the canonical pairing w
satisfies the self-duality condition: wre (S ® S) = w.

In this section, the structural morphisms of C are drawn in grey and the Hopf
pairing w: C ® C' — 1 is depicted as:

w= .
Cc C

Remark 2.3. The category B is symmetric if and only if w = € ® €. Such is the
case if C = 1.
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Remark 2.4. The universal coaction of the coend on itself can be expressed in
terms of its Hopf algebra structure as follows:

cc cc
oo =+ =
c c

)i C
oc = \\ CRX - X®C.
C X

Then (C, o), endowed with the coproduct and counit of C, is a coalgebra in Z(C)
which is cocomutative. Indeed its coproduct A¢ satisfies ccAc = Ac.

2.4. R-matrices: Majid’s approach. Let A be a Hopf algebra in braided cate-
gory B, with braiding 7. By extending Drinfeld’s axioms, Majid ([Ma3]) defines an
R-matrix for A to be as a convolution-invertible morphism v: 1 — A ® A satisfying

Here t convolution-invertible means that there exists a (necessarily unique) mor-
phism v': 1 — A ® A such that

A A A A
A A
b4

Note that if B is rigid, then t is convolution-invertible if and only if it satisfies

514

Majid remarks that such a morphism t does not define a braiding on the category
B4 of A-modules braided, but only on the full subcategory O 4 of B4 whose objects
are right A-modules (M, r) such that

A M

'
[
M A

M A
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This braiding on Q4 is given by

C(M,r),(N,s) =

Note that in general O # Ba; equality occurs only when the Hopf algebra A is
transparent, that is, 74, x = T);}A for any object X of B.

2.5. R-matrices revisited. Recall that a key feature of R-matrices for Hopf al-
gebras over a field is the following (see [Dri90]): if H is finite-dimensional Hopf
algebra H over a field k, then R-matrices for H are in natural bijection with braid-
ings on the category of finite-dimensional H-modules. As noted above, this bijective
correspondance is lost with Majid’s definition.

In [BV2], using the theories of Hopf monads and coends, we extended the notion
of an R-matrix to a Hopf algebra A in braided rigid category admitting a coend,
so as to preserve this bijective correspondence.

Let B be a braided rigid category admitting a coend C, and A be a Hopf algebra
in B. An R-matriz for A is a morphism

t:O0RC—-ARA

in B, which satisfies
A

A A A A A A A A A A A A A A A
(L \
@ y.@ Y s
= \ ) = [1&]. H :
L
C C A Alj

cC C A c CC ccc c Ccc ccc

A A A
® (L O
- ° - .
C C C
Note that for finite-dimensional Hopf algebras over a field k, our definition of an

R-matrix coincides with Drinfeld’s definition, as in that case C' = k.

Theorem 2.6 ([BV2, Section 8.6]). Any R-matriz ¢t for A defines a braiding ¢ on
Ba as follows: for right A-modules (M,r), (N, s),

C(M,r),(N,s) =
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Furthermore, the map v — c is a bijection between R-matrices for A and braidings
on Ba

Remark 2.7. R-matrices also encode braiding on the category 4B of left A-
modules. Indeed, since braidings on 48 are in bijective correspondence with braid-
ings on B4 (see Remark 2.2), an R-matrix v for A defines a braiding ¢’ on 4B as
follows: for left A-modules (M, r), (N, s),

M) (N,s) = ®

M N
Furthermore, the map t — ¢’ is a bijection between R-matrices for A and braidings
on 4B.

2.6. Quasitriangular Hopf algebras. Let B be a braided rigid category admit-
ting a coend. A quasitriangular Hopf algebra in B is a Hopf algebra in B endowed
with an R-matrix.

By Theorem 2.6 and Remark 2.7, if A is a quasitriangular Hopf algebra in B,
then the rigid categories B4 and 4B are braided.

Remark 2.8. If A is a quasitriangular Hopf algebra in B, then 453 and B4 are iso-
morphic as braided categories. Indeed, the monoidal functor (1,5, ¢’,idg): 4B®P —
AB is a braided isomorphism (where ¢’ is the braiding of 48), and by construction
the monoidal isomorphism Fly : (AB)®OP — B4 of Remark 2.2 is braided.

Example 2.9. The coend C of B is a quasitriangular Hopf algebra in B with

R-matrix
C C

T = s

[ee

and so the category Be of right C-modules is braided. For any right C-module
(M,r) and any C-linear morphism f, set I(M,r) = (M, o) and I(f) = f with

X M
\

ox = .
\

M X

This defines a functor I: Bc — Z(B) which is a braided strict monoidal isomor-
phism.

2.7. The double of a Hopf algebra. Let B be a braided rigid category admitting
a coend C, and let A be a Hopf algebra in B. Set

DA =ARVA®C
and define the product mp(a), the unit up4), the coproduct Ap(a), the counit
€p(A), the antipode Sp(4), and the R-matrix tp4) as in Figure 1.
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A YA C

A VA

C
AYA C
UpA)y = @ ) EDA) = T )

AYA ©

A VA © , ,
A VA C AVAC

Spay = % ; tpa) = U
A VA C e

FIGURE 1. Structural morphisms of the double D(A) of A

Theorem 2.10 ([BV2, Theorem 8.13]). In the above notation, D(A) is a quasitri-
angular Hopf algebra in B, and we have isomorphisms of braided categories

Z(BA) ~ BD(A) >~ D(A)B >~ Z(AB)
Remark 2.11. When B = vecty is the category of finite-dimensional vector spaces
over a field k, whose coend is k, we recover the usual Drinfeld double and the
interpretation of its category of modules in terms of the center. More precisely, let
H be a finite-dimensional Hopf algebra over k and (e;) be a basis of H with dual
basis (e!). Then D(H) = H @ (H*)°P is a quasitriangular Hopf algebra over k,
with R-matrix vt =), e; ® ¢ @ 1y ® e;, such that

Z((vecti)m) = (vect) p(ay = ppry(vecti) = Z((vecty))
as braided categories.

Remark 2.12. The coend C' is nothing but the quasitriangular Hopf algebra D(1)
(see Example 2.9).

2.8. Yetter-Drinfeld modules. In the previous section, we have seen that, given
a Hopf algebra A in a braided category B, the center of the category of A- modules
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in B can be described as the category of modules of a Hopf algebra in B under
certain assumptions (viz. B is rigid and has a coend).
However we also have a natural monoidal functor

U:Z(4B) = 2(B),

defined by U((M,r),0) = (M, s), where s is the half-braiding of B given by sy =
O(v,ey), € being the counit of A.

Is there an algebraic description of the centrer of the category of A- modules in
terms of the center of B? Is the center of the category of A- modules the category
of modules of a Hopf algebra in the center of B?

We will show in this section that the answer to the first question is positive:
Z(4B) can be described as the category of Yetter-Drinfeld modules of A viewed as
a Hopf algebra of B, but the answer to the second question is negative. However,
we will see in Section 4 that the center of the category of A- modules is the category
of modules of a quasitriangular Hopf monad on the center of 5.

Let A be a bialgebra in a braided category B with braiding 7. A Yetter-Drinfeld
of A in B is a an object M of B, endowed with a left A-action r: A® X — M and
a left A-coaction §: A ® X — M, such that

(MM (AR Ta,A)(0r@M)(ARTAM)ARM)=(mr)(AR®Tas@M)(A®YH),

where m is the product of A and A its coproduct.

These Yetter-Drinfeld modules are the objects of a category 4YD(B), whose
morphisms are morphisms in B which are A-linear and A- colinear. This category
is monoidal, the tensor product of two Yetter-Drinfeld modules being the usual
tensor product as left A-modules and as left A-comodules.

Now let C be a monoidal category, and let A = (A, o) be a Hopf algebra in the
center Z(C) of C. The category 4C of left A-modules in C has a monoidal structure,
denoted by C, with monoidal product (M,r) ® (N,s) = (M ® N,w), where

M N

A M N

and monoidal unit (1,¢), where € is the counit of A.

Theorem 2.13. Let C be a monoidal category and let A be a Hopf algebra in the
center Z(C) of C. There exists an isomorphism of monoidal categories

¢: aVD(Z(C)) = Z(0),

defined by ((X,s),r,8) — ((X,r),0), where o is a half-braiding of ,C given by
ont={tR@M)(A®sn)(d @ N).

Proof. By straightforward computation. The inverse of ¢ is given by ((M,r),0) —
(M, s),r,0), with sy = oy,cgy for Y object of C, and § = 04, m)(M ® u), where u
is the unit, and ¢ the counit, of A. Il

In particular, let B be a braided category and A be a Hopf algebra in B. Via
the canonical braided embedding B — Z(B), x + (x, 75, _), we may view A as a
Hopf algebra in Z(B). Applying Theorem 2.13, we see that Z(4B) is isomorphic
to AYD(Z(B)).
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Proposition 2.14. Let G be a non-trivial finite commutative group, let B be
the category of G-graded vector spaces over a field k, endowed with its canoni-
cal structure of monoidal symmetric category, and let A = Kk[G|, viewed as a Hopf
algebra in B with the obvious G-graduation. Then the natural monoidal functor
U : Z(aB) — Z(B) is not essentially surjective. In particular, it is impossi-
ble to find a Hopf algebra B in Z(B), or its center, and a monoidal equivalence
F: pZ(B) — Z(aB) such that the diagram

Z(aB)

commutes up to monoidal isomorphism.

Proof. The ‘in particular’ assertion follows from the observation that if A is a Hopf
algebra in the center of a monoidal category C, then the forgetful functor ,C — C
admits a strict monoidal section, given by ¢ — (¢,& ® ¢), where ¢ is the counit of
A, and it is therefore essentially surjective.

For the main assertion, by Theorem 2.13 it is enough to show that the forgetful
functor 4YD(Z(B)) — Z(B) is not essentially surjective. Let g be an element
of G, and let (g,s) be a half-braiding of B. Such half-braidings are in one-to-
one correspondance with characters of G. Let ((¢',s'),r,0) be a Yetter-Drinfeld
module on A above (g,s). We may assume (¢’,s’) = (g, s). Note that all A-actions
or coactions on g are trival, that is, we have § = u® g and r = € ® g, where u is the
unit, and € the counit of A. In that case, the Yetter-Drinfeld compatibility axiom
implies that s is induced by the symmetry. Thus, if the character defining s is not
trivial (g, s) doesn’t belong to the essential image of the forgetful functor. O

3. HOPF MONADS

In this section we recall the definition of Hopf monads, and we list several results.
See [BLV] for more a more detailed discussion, and for the proofs.

3.1. Hopf monads and their modules. Let C be a category. A monad on C is
a monoid in the category of endofunctors of C, that is, a triple (T, u,n) consisting
of a functor T: C — C and two natural transformations

p={px: T*(X) = T(X)}xec and n={nx: X = T(X)}xec
called the product and the unit of T, such that for any object X of C,

pxT(px) = pxprx) and  pxnrx) = idrx) = pxT(x).

Given a monad T = (T, u,n) on C, a T-module in C is a pair (M, r) where M is
an object of C and r: T(M) — M is a morphism in C such that rT'(r) = rum
and rny; = idps. A morphism from a T-module (M, r) to a T-module (N, s) is a
morphism f: M — N in C such that fr = sT(f). This defines the category CT
of T-modules in C with composition induced by that in C. We define a forgetful
functor Ur: CT — C by Up(M,r) = M and Ur(f) = f. The forgetful functor
Ur has a left adjoint Fr: C — C7, called the free module functor, defined by
Fr(X) = (T'(X),px) and Fr(f) = T(f). Note that if C is k-additive and T is
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k-linear (that is, 7" induces k-linear maps on Hom spaces), then the category C7 is
k-additive and the functors Ur and Fp are k-linear.

Let C be a monoidal category. A bimonad on C is a monoid in the category
of comonoidal endofunctors of C. In other words, a bimonad on C is a monad
(T, 1,m) on C such that the functor T: C — C and the natural transformations
and 7 are comonoidal, that is, T' comes equipped with a natural transformation
T ={X,Y): T(X®Y) > T(X)®T(Y)}x yec and a morphism Ty: T'(1) — 1
such that

(idrx) @ To(Y, 2))To(X,Y @ Z) = (To(X,Y) @ idrz)) T2(X @Y, Z);
(idp(x) ® To)T2(X, 1) = idpxy = (To ® idpx)) Ta(1, X);
L(X,Y)pxey = (px @ py ) T2(T(X), T(Y))T(T2(X, Y));
T2(X,Y)nxey =nx @ny.
For any bimonad 7" on C, the category of T-modules C” has a monoidal structure
with unit object (1,7)) and with tensor product

(M,7)® (N,s) = (M ®N, (r®s)T2(M,N)).

Note that the forgetful functor Ur: CT — C is strict monoidal.
A quasitriangular bimonad on C is a bimonad T' on C equipped with an R-matrix,
that is, a natural transformation

R={Rxy: XQY =>TY)®T(X)}xyvec
satisfying appropriate axioms which ensure that the natural transformation 7 =
{T(0.0).(N ) } (0.7 (N, 9)eer defined by
T(M,r),(Ns) = (8@ T)Rurn: (M,1) @ (N, s) = (N, s) @ (M, 1)

form a braiding in the category CT of T-modules, see [BV1].
Given a bimonad (T, ,) on C and objects X,Y € C, one defines the left fusion
operator

Hyy = (T(X) ® uy )Io(X, T(Y)): T(X 9 T(Y)) = T(X) @ T(Y)
and the right fusion operator
Hyy = (ux @ T(Y))To(T(X),Y): T(T(X)®Y) — T(X) @ T(Y).

A Hopf monad on C is a bimonad on C whose left and right fusion operators are
isomorphisms for all objects X, Y of C. When C is a rigid category, a bimonad T
on C is a Hopf monad if and only if the category CT is rigid. The structure of a
rigid category in CT can then be encoded in terms of natural transformations

st={sh: T("T(X)) = YX}xec and s" = {s%: T(T(X)V) = XV} xec
called the left and right antipodes. They are computed from the fusion operators:
s’y = (ToT (evrx)) (Hipxy x) ™ © Vnx) (idrevrix)) © coevrx));
s = (nx @ ToT(&Vr(x)) (Hy pxyv) ') (C08vr(x) @ idrr(x)v))-
The left and right duals of any T-module (M, r) are then defined by
V(M) = (YM,sh,T(Vr) and (M,r)Y = (MY, sh,T(r").
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3.2. Centralizers. Let T be a Hopf monad on a rigid category C. We say that T'
is centralizable if, for any object X of C, the coend

Zr(X) = /YGC TV XY

exists (see [BV2]). In that case, the assignment X — Z7(X) is a Hopf monad on
C, called the centralizer of T and denoted by Zp. In particular, we say that C is
centralizable if the identity functor id¢ is centralizable. In that case, its central-
izer Z = Ziqc is a quasi-triangular Hopf monad on C, called the centralizer of C.
Moreover, there is a canonical isomorphism of braided categories C% — Z(C), see

7).

3.3. Hopf algebras of the center define Hopf monads. Let C be a monoidal
category. Any bialgebra A = (A4, o) of the center Z(C) of C gives rise to a bimonad
on C, denoted by A®,?. It is defined by A®? as a functor, with the monad structure
defined by

A X A X

,uX=m®X=/J\ ‘ and nX=u®X:J> ‘,

AAX b'e
where m and u are the product and unit of A, and endowed with the comonoidal

structure:
A X A Y

, (AR, =¢e= T,

A

(A®,7)2(X,Y) = (ARox)(A®X)®Y =

A XY
where A and e denote the coproduct and counit of (A, o).
The monoidal category CA®-” is the monoidal category oC encountered previ-
ously.
Given a bialgebra (A,o) of Z(C), The left and right fusion operators of the
monad A®,7 are:

A X A

Hé(7y:(A@X@m)(A@UX®A)(A®X®A)®Y: ,

Hy = (m®X®A)(A®aA®X)(A®A®X)®Y:

A A X Y

Proposition 3.1. Let (A,0) be a bialgebra in Z(C). Then the corresponding bi-
monad A®,? is a Hopf monad if and only if (A, o) is a Hopf algebra.

3.4. Characterization of representable Hopf monads. Let C be a monoidal
category. A bimonad T on C is augmented if it is endowed with an augmentation,
that is, a bimonad morphism e: T" — 1¢.

Augmented bimonads on C form a category BiMon(C)/1¢, whose objects are
augmented bimonads on C, and morphisms between two augmented bimonads (7', e)
and (T, e') are morphisms of bimonads f: T — T” such that ¢/ f = e.



16 A. BRUGUIERES AND A. VIRELIZIER

If (A, 0) is a bialgebra of the center Z(C) of C, the bimonad A®,? is augmented,
with augmentation e = e®?: A®R,? — l¢, where € is the counit of (A, o). Hence
a functor BiAlg(Z2'"*(C)) — BiMon(C)/1¢ which, according to Proposition 3.1,
induces by restriction a functor

e HopfAlg(Z(C)) — HopfMon(C)/1¢
: { (A, o) = (AR.7,e®7)

where HopfMon(C)/1¢ denotes the category of augmented Hopf monads on C.
Theorem 3.2. The functor R is an equivalence of categories.

In other words, Hopf monads representable by Hopf algebras of the center are
nothing but augmented Hopf monads. Not all Hopf monads are of this kind:

Remark 3.3. Let C be a centralizable rigid category, and let Z = Zq, be its
centralizer, which is a quasitriangular Hopf monad on C. Then augmentations of
Z are in one-to-one correspondance with braidings on C. In particular if C is not
braided, then Z is not representable by a Hopf algebra of the center of C. For
example, let C = G-vect be the category of finite-dimensional G-graded vector
spaces over a field k for some finite group G. It is centralisable, and its centralizer
is representable by a Hopf algebra of the center of C if and only if G is abelian
(see [BV2, Remark 9.2]).

3.5. Functoriality of categories of modules. Let C be a category. If T is a
monad on C, then (CT,Ur) is a category over C, that is, an object of Cat/C. Any
morphism f: T — P of monads on C induces a functor
s ck = CT
(M,r) — (M,rfnm)
over C, that is, Ur f* = Up. Moreover, any functor F': C* — CT over C is of this
form. This construction defines a fully faithful functor
Mon(C)°* —  Cat/C
T — (CT, UT)
If f: T — P is a morphism of bimonads on a monoidal category C, then
f*: CP — CT is a strict monoidal functor over C, and any strong monoidal functor

F:CcP =T over C (that is, such that UrF = Up as monoidal functors) is of this
form (see [BV1, Lemma 2.9]). Hence a fully faithful functor

BiMon(C)°? — MonCat/C.

3.6. Cross products. Let T be a monad on a category C. If @ is a monad on the
category CT of T-modules, the monad of the composite adjunction

0 Uq Ur
€ 2o e
FQ Fr

is called the cross product of T by @ and denoted by @ x T (see [BV2, Section 3.7]).
As an endofunctor of C, Q x T = UrQFrp. The product p and unit e of Q) x T are:

p=qr,Q(egr,) and e=uvp,7,

where ¢ and v are the product and the unit of @, and 7 and ¢ are the unit and
counit of the adjunction (Fr,Ur).
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Note that the composition of two monadic functors is not monadic in general.
However:

Proposition 3.4. If T is a monad on a category C and Q is a monad on CT which
preserves reflexive coequalizers, then the forgetful functor UrUqg is monadic with
monad Q X T. Moreover the comparison functor

K: (19 - conT
is an isomorphism of categories.

If T is a bimonad on a monoidal category C and @ is a bimonad on C?, then
QxT = UrQFr is a bimonad on C (since a composition of comonoidal adjunctions
is a comonoidal adjunction), with comonoidal structure given by:

(@ T)2X,Y) = Qa(Fr(X), Fr(Y)) Q((Fr)2(X,Y)),
(@ T)o=QoQ((Fr)o)-

In that case the comparison functor K: (CT)? — C9*T is strict monoidal.
The cross product is functorial in ): the assignment QQ — @Q xT defines a functor
? x T': BiMon(CT) — BiMon(C).

Proposition 3.5. The cross product of two Hopf monads is a Hopf monad.

Example 3.6. Let H be a bialgebra over a field k and A be a H-module algebra,
that is, an algebra in the monoidal category yMod of left H-modules. In this
situation, we may form the cross product A x H, which is a k-algebra (see [Ma2]).
Recall that H®? is a monad on Vect, and A®? is a monad on gMod. Then:

(A®?) x (H®?) = (A x H)®?

as monads. Moreover, if H is a quasitriangular Hopf algebra and A is a H-module
Hopf algebra, that is, a Hopf algebra in the braided category yMod, then A x H
is a Hopf algebra over k, and (A®7?) x (H®?) = (A x H)®? as Hopf monads.

3.7. Cross quotients. Let f: T — P be a morphism of monads on a category C.
We say that f is cross quotientable if the functor f*: C¥ — CT is monadic. In that
case, the monad of f* (on C7) is called the cross quotient of f and is denoted by
P ;T or simply P+T. Note that the comparison functor

cP__K (CTPHT

fx %P#T
cT '

is then an isomorphism of categories.

A morphism f: T — P of monads on C is cross quotientable whenever C admits
coequalizers of reflexive pairs and P preserve them.

A cross quotient of bimonads is a bimonad: let f: T'— P be a cross quotientable
morphism of bimonads on a monoidal category C. Since f* is strong monoidal,
P ;T is a bimonad on CT and the comparison functor K: C¥ — (CT)P s T is an
isomorphism of monoidal categories.

The cross quotient is inverse to the cross product in the following sense:

Proposition 3.7. Let T be a (bi)monad on a (monoidal) category C.
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(a) If T — P is a cross quotientable morphism of (bi)monads on C, then
(PHT)«T ~P
as (bi)monads.

(b) Let Q be a (bi)monad on CT such that UrUgq is monadic. Then the unit of
Q defines a cross quotientable morphism of (bi)monads T — Q X T and

(@nT) 4T ~Q
as (bi)monads.

Remark 3.8. Let T be a bimonad on a monoidal category C. Let BiMon(CT),, be
the full subcategory of BiMon(CT) whose objects are monads @ on CT such that
UrUg is monadic. Let T\BiMon(C), be the full subcategory of T\BiMon(C) whose
objects are quotientable morphisms of bimonads from 7. Then the functor

BiMon(CT) — T\BiMon(C)
Q = (Q,T —QxT)

induces an equivalence of categories BiMon(C?),, ~ T\BiMon(C),, with quasi-
inverse given by (I’ — P) — (P HT).

Proposition 3.9. Let C be a monoidal category admitting reflexive coequalizers,
and whose monoidal product preserves reflerive coequalizers. Let T and P be two
Hopf monads on C which preserve reflexive coequalizers. Then any morphism of
bimonads T — P is cross quotientable and P 4T is a Hopf monad.

Example 3.10. Let f: L — H be a morphism of Hopf algebras over a field k, so
that H becomes a L- bimodule by setting ¢ - h - ¢ = f({)hf(¢"). The morphism f
induces a morphism of Hopf monads on Vecty:

f@k?Z Ly? — HRy?

which is cross quotientable, and (H®?) H(L®?) is a k-linear Hopf monad on the
monoidal category Mod given by N — H ®, N. (Note that in general this cross
quotient is not representable by a Hopf algebra of the center of the category of
left L-modules, see Remark 3.12). This construction defines an equivalence of
categories
L\HopfAlg, — HopfMon, (rMod),

where L\HopfAlg, is the category of Hopf k-algebras under L and HopfMon, (;,Mod)
is the category of k-linear Hopf monads on ;Mod.

3.8. Bosonization. Let C be a monoidal category. Given a Hopf monad (T, i, n)
on C and a central Hopf algebra (A, o) of CT (that is, a Hopf algebra in the center
Z(CT) of CT), set:

Ax,T=(A®,7) xT.
As a cross product of Hopf monads, A x, T is a Hopf monad on C (see Proposi-
tion 3.5). Set A = (A,a), where A = Ur(A) and a is the T-action on A. As an
endofunctor of C; A X, T'= A ® T. The product p and unit v of A x, T are:

A TX
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The comonoidal structure of A x, T is given by:

A TX A TY

A T(X®Y)

Denoting by u and ¢ the unit and counit of (A, o), the morphisms
t=uRT:T—=Ax,T and 7m=eRT: Ax,T —=T

are Hopf monads morphisms such that m = idp. Hence T is a retract of A x, T in
the category HopfMon(C) of Hopf monads on C.

Conversely, under exactness assumptions, a Hopf monad which admits T as a
retract is of the form A x, T for some central Hopf algebra (A, o) of CT.

Theorem 3.11. Let P and T be Hopf monads on a monoidal category C such that
T is a retract of P. Assume that reflexive coequalizers exist in C and are preserved
by P and the monoidal product of C. Then there exists a central Hopf algebra
(A, o) of CT and an isomorphism of Hopf monads P ~ A x, T such that we have a
commutative diagram of Hopf monads:

~

P — Ax,T

=t

Remark 3.12. Let H be a Hopf algebra over a field k, and A a Hopf algebra in
the braided category of Yetter-Drinfeld modules ZYD. In that situation, Radford
constructed a Hopf algebra A# H, known as Radford’s biproduct, or Radford-Magjid
bosonization. Radford [Rad85] (see also [Ma3]) showed that if K is a Hopf algebra
on a field k and p is a projection of K, that is, an idempotent endomorphism of the
Hopf algebra K, then K may be described as a biproduct as follows. Denote by H
the image of p, which is a Hopf subalgebra of K. Then there exists a Hopf algebra
A in YD such that K = A#H. Corollary 3.11 generalizes Radford’s theorem.
Indeed, in the situation of the theorem, the Hopf monad H®? is a retract of the
Hopf monad K®? on Vecty. Hence, by Corollary 3.11, there exists a Hopf algebra
(A,0) in Z(gMod) such that K® = A x, (H®?). Identifying the center of yMod
with the category of Yetter-Drinfeld modules, we view (A, o) as a Hopf algebra A
in #YD. Then K®? = A x, (H®?) = A#H®? as Hopf monad, and so K = A#H.

4. MONADICITY OF THE CANONICAL FUNCTOR Z(Ba) — Z(B)

Let A be a Hopf algebra in a braided rigid category B. Remark that any object
X of B has a trivial right A-action given by idx ® e: X ® A — X, where ¢ is the
counit of A. This defines a functor

U: Z(Ba) — Z(B),

by setting U((M,r),7) = (M,0 = {0x = Y(x,idx®ea)}XcOb(B)) On objects and
U(f) = f on morphisms. Then U is a strict monoidal functor. In this section, we
prove that U is monadic and we explicit its associated quasitriangular Hopf monad.
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M A VA

WMoy =

M A VA A VA

M A VYA N A VA

|
(dA)Q((MaU)v(va)) = \\ \?L@ ) (dA)O = T (})7
A VA

M N A VA

N A VYA M AVA

UL
RM,o),(Nw) = ~

M N

FIGURE 2. Structural morphisms of d4

For any object (M, o) of Z(B), set
X M AYA

da(M,0) = (M ®A® " A ¢ ={sx}xeonm) with ¢x = X //
(7

M AVA X

For any morphism f in Z(B), set da(f) = f ® idagva. Then da is clearly an
endofunctor of Z(B).

Theorem 4.1. The endofunctor da is a quasitriangular Hopf monad on Z(B),
with product p, unit n, comonoidal structure, and R-matriz R given in Figure 2.
Furthermore the functor

Z(B)dr  —
((M,O’),p) = ((Mar)a'Y)
f >
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where

M N
is a braided strict monoidal isomorphism, with inverse given by

M
N M (}) ‘ 4 ‘A
I

I V(A®VA,a)
ox = | V(X.idx®ea) and p = U  where a =

l l

M N

AVA A
M AVA
Proof. By direct computation; one constructs d4 as the cross-quotient of the Hopf

monad ? ® D(A) by the Hopf monad ? ® C. O

Remark 4.2. From Proposition 2.14, we see that the Hopf monad d4 is not rep-
resentable by a Hopf algebra in general. This can also be verified by hand, showing
that, with the same category B and algebra A as in the Proposition, the Hopf
monad d4 admits no augmentation.

Corollary 4.3. If B has a coend C, then
?T@D(A)=dax (T C)
as quasi-triangular Hopf monads. In particular, da = D(A)+C.

Proof. The Hopf monads ?® C, ? ® D(A), and d4 are respectively the monads of
the forgetful functor U: Z(B) — B, the forgetful functor U’': Z(B4) — B, and the
functor U : Z(B4) — Z(B). Since U' = U olU, ? ® D(A) is the cross-product of d4
by ?® C. This can be restated by saying that d4 is the cross-quotient of ? ® D(A)
by ?® C, or in short, dy = D(A)+ C. O
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