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Our guiding example

Laplace problem in mixed form. . .
Find σ ∈ Σ = H(div; Ω) and u ∈ U = L2(Ω) such that{

(σ, τ ) + (div τ , u) = 0 ∀τ ∈ Σ

(divσ, v) = −(f , v) ∀v ∈ U

. . . and its finite element approximation
Find σh ∈ Σh ⊂ Σ and uh ∈ Uh ⊂ U such that{

(σh, τ ) + (div τ , uh) = 0 ∀τ ∈ Σh

(divσh, v) = −(f , v) ∀v ∈ Uh
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Standard error estimates

〈B.–Brezzi–Fortin ’13〉

If the finite element spaces Σh and Uh satisfy the classical
stability assumptions (inf-sup conditions) then

‖σ−σh‖H(div;Ω)+‖u−uh‖L2(Ω) ≤ inf
τ h,vh

(‖σ−τ h‖H(div;Ω)+‖u−vh‖L2(Ω))

For some applications it is useful to obtain an estimate for the
L2-error ‖σ − σh‖L2(Ω) without assuming any extra regularity on
divσ. This is essential for the analysis of eigenvalue problems

〈B. ’10〉
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Finite element approximation of H(div; Ω)
〈B.–Brezzi–Fortin ’13〉

Classical finite elements for the approximation of H(div; Ω) are
Raviart–Thomas elements [RT] or other analogous spaces
(Brezzi–Douglas–Marini [BDM], Brezzi–Douglas–Fortin–Marini
[BDFM])

They are all based on the fact that a piecewise vector
polynomial conforming in H(div; Ω) has the normal component
continuous from one element to the other
A contravariant mapping from the
reference element (Piola transform) is
used for their definitions

σ(x) =
1

J(x̂)
DF(x̂)σ̂(x̂)

Moreover by construction the spaces
satisfy exactly div Σh = Uh
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Consequences of the Piola transform

divσ(x) =
1

J(x̂)
div σ̂(x̂)∫

T
σ · grad v dx =

∫
T̂
σ̂ · grad v̂ dx̂∫

T
v divσ dx =

∫
T̂

v̂ div σ̂ dx̂∫
∂T

σ · nv dx =

∫
∂T̂

σ̂ · n̂v̂ dx̂
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Commuting diagram property

〈Douglas–Roberts ’82〉

A crucial remark for the analysis of the mixed Laplacian is the
following commutativity:

ΠΣ : Σ+ → Σh
ΠU : U → Uh

div ΠΣσ = ΠU divσ

Σ+ div−−−−→ UyΠΣ

yΠU

Σh
div−−−−→ Uh
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L2 estimate {
(σh, τ ) + (div τ , uh) = 0 ∀τ ∈ Σh

(divσh, v) = −(f , v) ∀v ∈ Uh

‖σ − σh‖20 = (σ − σh,σ −ΠΣσ) + (σ − σh,ΠΣσ − σh)

= (σ − σh,σ −ΠΣσ)− (div(ΠΣσ − σh), u− uh)

It can be easily checked that div(ΠΣσ − σh) = 0

Indeed, divσh = ΠU divσ ∈ Uh and, from the commuting
diagram property, div ΠΣσ = ΠU divσ = divσh

‖σ − σh‖20 = (σ − σh,σ −ΠΣσ) ≤ ‖σ − σh‖0‖σ −ΠΣσ‖0
‖σ − σh‖0 ≤ ‖σ −ΠΣσ‖0
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Mixed approximation of Laplace eigenproblem

Find λ ∈ R and u ∈ L2(0, π) such that for some s ∈ H1(0, π){
(s, t) + (t′, u) = 0 ∀t ∈ H1(0, π) s = u′

(s′, v) = −λ(u, v) ∀v ∈ L2(0, π) s′ = −λu

Exact solution
λk = k2, (uk, sk) = (sin(kx), k cos(kx))

After conforming discretization Σh ⊂ Σ = H1(0, π) and
Uh ⊂ U = L2(0, π) the discrete problem has the following matrix
form

[
A B>

B 0

] [
x
y

]
= λ

[
0 0
0 −M

] [
x
y

]
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The good element

P1 − P0 scheme (in general, P`+1 − P`)

Same eigenvalues as for the standard Galerkin P1 scheme

λ
(k)
h =

6
h2 ·

1− cos kh
2 + cos kh

(→ k2)

u(k)
h |]ih,(i+1)h[ =

s(k)
h (ih)− s(k)

h ((i + 1)h)

hλ(k)
h

s(k)
h (ih) = k cos(kih)

i = 0, . . . ,N (N = number of intervals)

k = 1, . . . ,N
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Commuting diagram for the good element

H1(0, π)
d/dx−−−−→ L2(0, π)yΠ1

yΠ0

P1 −−−−→
d/dx

P0

Consequence of

∫ b
a v′(x) dx∫ b

a 1 dx
=

v(b)− v(a)

b− a

Π0(v′) = (Π1v)′
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A troublesome element

P1 − P1 scheme

Computed eigenvalue (rate)

N = 8 N = 16 N = 32 N = 64 N = 128
0 0.0000 -0.0000 -0.0000 -0.0000 -0.0000
1 1.0001 1.0000 (4.1) 1.0000 (4.0) 1.0000 (4.0) 1.0000 (4.0)
4 3.9660 3.9981 (4.2) 3.9999 (4.0) 4.0000 (4.0) 4.0000 (4.0)
9 7.4257 8.5541 (1.8) 8.8854 (2.0) 8.9711 (2.0) 8.9928 (2.0)
9 8.7603 8.9873 (4.2) 8.9992 (4.1) 9.0000 (4.0) 9.0000 (4.0)

16 14.8408 15.9501 (4.5) 15.9971 (4.1) 15.9998 (4.0) 16.0000 (4.0)
25 16.7900 24.5524 (4.2) 24.9780 (4.3) 24.9987 (4.1) 24.9999 (4.0)
36 38.7154 29.7390 (-1.2) 34.2165 (1.8) 35.5415 (2.0) 35.8846 (2.0)
36 39.0906 35.0393 (1.7) 35.9492 (4.2) 35.9970 (4.1) 35.9998 (4.0)
49 46.7793 48.8925 (4.4) 48.9937 (4.1) 48.9996 (4.0)

Remark
The eigenvalues are not always approximated from above
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First spurious eigenfunction
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Higher order spurious eigenfunctions
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An intriguing element

P2 − P0 scheme

Computed eigenvalue (rate with respect to 6λ )

n = 8 n = 16 n = 32 n = 64 n = 128
1 5.7061 5.9238 (1.9) 5.9808 (2.0) 5.9952 (2.0) 5.9988 (2.0)
4 19.8800 22.8245 (1.8) 23.6953 (1.9) 23.9231 (2.0) 23.9807 (2.0)
9 36.7065 48.3798 (1.6) 52.4809 (1.9) 53.6123 (2.0) 53.9026 (2.0)

16 51.8764 79.5201 (1.4) 91.2978 (1.8) 94.7814 (1.9) 95.6925 (2.0)
25 63.6140 113.1819 (1.2) 138.8165 (1.7) 147.0451 (1.9) 149.2506 (2.0)
36 71.6666 146.8261 (1.1) 193.5192 (1.6) 209.9235 (1.9) 214.4494 (2.0)
49 76.3051 178.6404 (0.9) 253.8044 (1.5) 282.8515 (1.9) 291.1344 (2.0)
64 77.8147 207.5058 (0.8) 318.0804 (1.4) 365.1912 (1.8) 379.1255 (1.9)
81 232.8461 384.8425 (1.3) 456.2445 (1.8) 478.2172 (1.9)

100 254.4561 452.7277 (1.2) 555.2659 (1.7) 588.1806 (1.9)
# 8 16 32 64 128

page 14



Eigenfunctions for the P2 − P0 element
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Another intriguing example in 2D

Neumann eigenvalue problem for the Laplacian

Find λ ∈ R and u ∈ L2
0(Ω) such that for some σ ∈ H0(div; Ω){

(σ, τ ) + (div τ , u) = 0 ∀τ ∈ H0(div; Ω)

(divσ, v) = −λ(u, v) ∀v ∈ L2
0(Ω)

Exact solution
λm,n = m2 + n2

um,n = cos(mx) cos(ny)
σm,n = −(m sin(mx) cos(ny),n cos(mx) sin(ny))

Criss-cross mesh sequence, P1 − div(P1) scheme
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Computed eigenvalue (rate)

N = 2 N = 4 N = 8 N = 16 N = 32
1 1.0662 1.0170 (2.0) 1.0043 (2.0) 1.0011 (2.0) 1.0003 (2.0)
1 1.0662 1.0170 (2.0) 1.0043 (2.0) 1.0011 (2.0) 1.0003 (2.0)
2 2.2035 2.0678 (1.6) 2.0171 (2.0) 2.0043 (2.0) 2.0011 (2.0)
4 4.8634 4.2647 (1.7) 4.0680 (2.0) 4.0171 (2.0) 4.0043 (2.0)
4 4.8634 4.2647 (1.7) 4.0680 (2.0) 4.0171 (2.0) 4.0043 (2.0)
5 6.1338 5.3971 (1.5) 5.1063 (1.9) 5.0267 (2.0) 5.0067 (2.0)
5 6.4846 5.3971 (1.9) 5.1063 (1.9) 5.0267 (2.0) 5.0067 (2.0)
6 6.4846 5.6712 (0.6) 5.9229 (2.1) 5.9807 (2.0) 5.9952 (2.0)
8 11.0924 8.8141 (1.9) 8.2713 (1.6) 8.0685 (2.0) 8.0171 (2.0)
9 11.0924 10.2540 (0.7) 9.3408 (1.9) 9.0864 (2.0) 9.0217 (2.0)
9 11.1164 10.2540 (0.8) 9.3408 (1.9) 9.0864 (2.0) 9.0217 (2.0)

10 10.9539 10.4193 (1.2) 10.1067 (2.0) 10.0268 (2.0)
10 10.9539 10.4193 (1.2) 10.1067 (2.0) 10.0268 (2.0)
13 11.1347 13.7027 (1.4) 13.1804 (2.0) 13.0452 (2.0)
13 11.1347 13.7027 (1.4) 13.1804 (2.0) 13.0452 (2.0)
15 9.4537 13.9639 (2.1) 14.7166 (1.9) 14.9272 (2.0)
15 19.4537 13.9639 (2.1) 14.7166 (1.9) 14.9272 (2.0)
16 19.7860 17.0588 (1.8) 16.2722 (2.0) 16.0684 (2.0)
16 19.7860 17.0588 (1.8) 16.2722 (2.0) 16.0684 (2.0)
17 20.9907 18.1813 (1.8) 17.3073 (1.9) 17.0773 (2.0)

dof 11 47 191 767 3071
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Spurious modes
7 8

9
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More spurious modes
15 16

17 18
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Source vs. eigenvalue problem in mixed form

〈B.–Brezzi–Gastaldi ’00〉

N.B.
The criss-cross P1 − div(P1) element is a good element for the
source problem (inf-sup condition OK!)
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The Q1 − P0 scheme

〈B.–Durán–Gastaldi ’99〉

The discrete eigenvalues can be explicitly computed:

λ
(mn)
h =

4
h2

sin2(mh
2 ) + sin2(nh

2 )− 2 sin2(mh
2 ) sin2(nh

2 )

1− 2
3(sin2(mh

2 ) + sin2(nh
2 )) + 4

9 sin2(mh
2 ) sin2(nh

2 )

σ
(mn)
h = (σ

(mn)
1 , σ

(mn)
2 )

σ
(mn)
1 (xi, yj) =

2
h

sin
(mh

2

)
cos
(nh

2

)
sin(mxi) cos(nyj)

σ
(mn)
2 (xi, yj) =

2
h

cos
(mh

2

)
sin
(nh

2

)
cos(mxi) sin(nyj)
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Does it converge?

λ
(mn)
h =

4
h2

sin2(mh
2 ) + sin2(nh

2 )− 2 sin2(mh
2 ) sin2(nh

2 )

1− 2
3(sin2(mh

2 ) + sin2(nh
2 )) + 4

9 sin2(mh
2 ) sin2(nh

2 )y
m2 + n2

(as h goes to 0)
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Computed eigenvalue (rate)

N = 4 N = 8 N = 16 N = 32 N = 64
1 1.0524 1.0129 (2.0) 1.0032 (2.0) 1.0008 (2.0) 1.0002 (2.0)
1 1.0524 1.0129 (2.0) 1.0032 (2.0) 1.0008 (2.0) 1.0002 (2.0)
2 1.9909 1.9995 (4.1) 2.0000 (4.0) 2.0000 (4.0) 2.0000 (4.0)
4 4.8634 4.2095 (2.0) 4.0517 (2.0) 4.0129 (2.0) 4.0032 (2.0)
4 4.8634 4.2095 (2.0) 4.0517 (2.0) 4.0129 (2.0) 4.0032 (2.0)
5 5.3896 5.1129 (1.8) 5.0288 (2.0) 5.0072 (2.0) 5.0018 (2.0)
5 5.3896 5.1129 (1.8) 5.0288 (2.0) 5.0072 (2.0) 5.0018 (2.0)
8 7.2951 7.9636 (4.3) 7.9978 (4.1) 7.9999 (4.0) 8.0000 (4.0)
9 8.7285 10.0803 (-2.0) 9.2631 (2.0) 9.0652 (2.0) 9.0163 (2.0)
9 11.2850 10.0803 (1.1) 9.2631 (2.0) 9.0652 (2.0) 9.0163 (2.0)

10 11.2850 10.8308 (0.6) 10.2066 (2.0) 10.0515 (2.0) 10.0129 (2.0)
10 12.5059 10.8308 (1.6) 10.2066 (2.0) 10.0515 (2.0) 10.0129 (2.0)
13 12.5059 13.1992 (1.3) 13.0736 (1.4) 13.0197 (1.9) 13.0050 (2.0)
13 12.8431 13.1992 (-0.3) 13.0736 (1.4) 13.0197 (1.9) 13.0050 (2.0)
16 12.8431 14.7608 (1.3) 16.8382 (0.6) 16.2067 (2.0) 16.0515 (2.0)
16 17.5489 16.8382 (0.9) 16.2067 (2.0) 16.0515 (2.0)
17 19.4537 17.1062 (4.5) 17.1814 (-0.8) 17.0452 (2.0)
17 19.4537 17.7329 (1.7) 17.1814 (2.0) 17.0452 (2.0)
18 19.9601 17.7329 (2.9) 17.7707 (0.2) 17.9423 (2.0)
18 19.9601 17.9749 (6.3) 17.9985 (4.0) 17.9999 (4.0)
20 21.5584 20.4515 (1.8) 20.1151 (2.0) 20.0289 (2.0)
20 21.5584 20.4515 (1.8) 20.1151 (2.0) 20.0289 (2.0)
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Wrong proof?

λ
(mn)
h =

4
h2

sin2(mh
2 ) + sin2(nh

2 )− 2 sin2(mh
2 ) sin2(nh

2 )

1− 2
3(sin2(mh

2 ) + sin2(nh
2 )) + 4

9 sin2(mh
2 ) sin2(nh

2 )

Indeed, if h = π/N, we have:

lim
N→∞

λ
(N−1,N−1)
h = 18

page 24
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Pointwise vs. uniform convergence
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Pointwise vs. uniform convergence
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Pointwise vs. uniform convergence
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Pointwise vs. uniform convergence
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Pointwise vs. uniform convergence

0 10 20 30 40 50 60
0

1000

2000

3000

4000

5000

6000

7000

8000

9000

10000
N=10

 

 
exact

computed

page 26



Pointwise vs. uniform convergence
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Pointwise vs. uniform convergence
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Pointwise vs. uniform convergence
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Pointwise vs. uniform convergence
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Pointwise vs. uniform convergence
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Pointwise vs. uniform convergence
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Pointwise vs. uniform convergence
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Pointwise vs. uniform convergence
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Pointwise vs. uniform convergence
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Pointwise vs. uniform convergence
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Pointwise vs. uniform convergence
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Pointwise vs. uniform convergence
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Pointwise vs. uniform convergence
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Pointwise vs. uniform convergence
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Pointwise vs. uniform convergence
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Pointwise vs. uniform convergence
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Pointwise vs. uniform convergence

0 10 20 30 40 50 60
0

1000

2000

3000

4000

5000

6000

7000

8000

9000

10000
N=44

 

 
exact

computed

page 26



Pointwise vs. uniform convergence
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Pointwise vs. uniform convergence
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Pointwise vs. uniform convergence
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Pointwise vs. uniform convergence
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Pointwise vs. uniform convergence
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Pointwise vs. uniform convergence
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Pointwise vs. uniform convergence
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Pointwise vs. uniform convergence
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Uniform convergence

Convergence in norm

||T − Th||L(H,H) → 0

Theorem
If T is selfadjoint and compact
Uniform convergence ⇐⇒ Eigenmodes convergence

Strategy
1) prove uniform convergence,
2) estimate the order of convergence
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Definition of the solution operator
〈B.–Brezzi–Gastaldi ’97〉

T : L2(Ω)→ L2(Ω)

σ ∈ H(div; Ω), Tg ∈ L2(Ω) such that{
(σ, τ ) + (div τ ,Tg) = 0 ∀τ ∈ H(div; Ω)
(divσ, v) = −(g, v) ∀v ∈ L2(Ω)

Operator is compact; standard mixed estimates don’t help

||σ − σh||div + ||u− uh||0 ≤ C inf
τ h,vh

(||σ − τ h||div

O(1)

+ ||u− vh||0
O(h)

)

inf
τ h
‖σ − τ h‖div ≤ Chk(‖σ‖k + ‖ divσ‖k)

inf
τ h
‖σ − τ h‖0 ≤ Chk‖σ‖k

Fundamental comment
We need an estimate for uh which does not involve divσ
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Uniform convergence ‖T − Th‖ → 0

The following refined error estimate can be obtained
〈Falk–Osborn ’90〉

Theorem

||u− uh||0 ≤ C
(

inf
vh∈Uh

||u− vh||0 + ||σ − σh||L2

)

Corollary
If the finite element scheme fulfills the commuting diagram
property, then the uniform convergence is satisfied

‖σ − σh‖0 ≤ ‖σ −ΠΣσ‖0
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Main references

Douglas N. Arnold, Richard S. Falk, and Ragnar Winther. Finite
element exterior calculus, homological techniques, and
applications. Acta Numer., 15:1–155, 2006

Douglas N. Arnold, Richard S. Falk, and Ragnar Winther. Finite
element exterior calculus: from Hodge theory to numerical
stability. Bull. Amer. Math. Soc. (N.S.), 47:281–354, 2010
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Differential forms

Algebraic k-forms
Skew-symmetric k-linear form F : (Rn)k → R
(v1, . . . , vk) 7→ F(v1, . . . , vk)

For instance, for n = 3, u = (u1, u2, u3), v = (v1, v2, v3)

dx(u) = u1 is a 1-form
dx ∧ dy(u, v) = u1v2 − u2v1 is a 2-form

Differential k-forms
Given Ω ⊂ Rn, a differential k-form is a field of algebraic k-forms
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The de Rham complex

1D

0→ C∞(Ω)
d/dx−−−−→ C∞(Ω)→ 0

2D

0→ C∞(Ω)
grad−−−−→ C∞(Ω;R2)

rot−−−−→ C∞(Ω)→ 0

3D

0→ C∞(Ω)
grad−−−−→ C∞(Ω;R3)

curl−−−−→ C∞(Ω;R3)
div−−−−→ C∞(Ω)→ 0

n-D

0→ Λ0(Ω)
d0

−−−−→ Λ1(Ω)
d1

−−−−→ Λ2(Ω) · · · · · · dn−1

−−−−→ Λn(Ω)→ 0

Λk(Ω) = C∞(Ω, (Rn)k
skw) is the space of smooth differential

k-forms on Ω

dk : Λk(Ω)→ Λk+1(Ω) is the exterior derivative
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Hilbert complex

A Hilbert complex is a sequence of Hilbert spaces Wk and closed
linear operators dk : Wk → Wk+1 such that the range of dk is
contained in the kernel of dk+1

Vk = D(dk) with graph norm ‖v‖2Vk = ‖v‖2Wk + ‖dkv‖2Wk+1 gives
rise to the domain (cochain) complex

0→ V0 d0

−−−−→ V1 d2

−−−−→ · · · dn−1

−−−−→ Vn → 0

If d∗k : V∗k ⊂ Wk → Wk−1 is the adjoint of dk−1 then we have the
domain (chain) dual complex

0→ V∗n
d∗n−−−−→ V∗n−1

d∗n−1−−−−→ · · ·
d∗1−−−−→ V∗0 → 0

Standard terminology
Range Bk: (co)boundaries; kernel Ck: (co)cycles
Hk = Ck/Bk: (co)homology
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Closed range theorem

Theorem
T : X → Y. If the range of T is closed in Y then the range of T∗ is
closed in X

Example: Ω ⊂ R3 smooth so that trace theorem holds
Closed operators and their adjoints

grad : H1(Ω)→ L2(Ω) − div : H1
0(Ω)→ L2(Ω)

curl : H(curl)→ L2(Ω) curl : H0(curl)→ L2(Ω)

div : H(div; Ω)→ L2(Ω) − grad : H1
0(Ω)→ L2(Ω)

Consequence for Hilbert complexes
(W, d) is closed iff (W, d∗) is closed

[closed means that the (co)boundaries are closed]
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Hodge decomposition and Poincaré inequality

Closed Hilbert complex (W, d)

Hodge (orthogonal) decomposition

Wk = (Bk ⊕ hk)⊕ B∗k = Zk ⊕Zk⊥

Vk = (Bk ⊕ hk)⊕Zk⊥V

Poincaré inequality

‖z‖V ≤ C‖dz‖W ∀z ∈ Zk⊥V

Examples:
‖v‖H1 ≤ C‖ grad v‖L2 ∀v ∈ H1(Ω) ∩ L2

0(Ω)
‖v‖H(curl) ≤ C‖v‖L2 ∀v ∈ H0(curl) : (v, gradφ) = 0 ∀φ ∈ H1

0
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Abstract Hodge Laplacian

d∗d + dd∗ : Wk → Wk f ∈ Wk given

Primal formulation
Find u ∈ Vk ∩ V∗k ∩ hk⊥:

(du, dv) + (d∗u, d∗v) = (f − Phf , v) ∀v ∈ Vk ∩ V∗k ∩ hk⊥

Mixed formulation
Find (σ, u, p) ∈ Vk−1 × Vk × hk:

(σ, τ) + (dτ, u) = 0 ∀τ ∈ Vk−1

(dσ, v)− (du, dv)− (p, v) = −(f , v) ∀v ∈ Vk

(u, q) = 0 ∀q ∈ hk

[σ = −d∗u, p = Phu]

‖u‖W + ‖du‖W + ‖d∗u‖W + ‖dd∗u‖W + ‖d∗du‖W ≤ C‖f − Phf‖W
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n = 3, k = 0,1,2,3

(Courtesy of D. Arnold)
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Discrete k-forms

Vk
h ⊂ Vk

Approximation property

lim
h→0

inf
v∈Vk

h

‖w− v‖V = 0 ∀w ∈ Vk

Discrete subcomplex property

0→ V0
h

d0

−−−−→ V1
h

d2

−−−−→ · · · dn−1

−−−−→ Vn
h → 0

Coboundaries, cocycles, harmonic forms

Bk
h ⊂ B

k, Ck
h ⊂ C

k, hk
h 6⊂ hk
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Approximation of Hodge Laplacian

Find (σh, uh, ph) ∈ Vk−1
h × Vk

h × hk
h:

(σh, τ) + (dτ, uh) = 0 ∀τ ∈ Vk−1
h

(dσh, v)− (duh, dv)− (ph, v) = −(f , v) ∀v ∈ Vk
h

(uh, q) = 0 ∀q ∈ hk
h

Bounded cochain projection (‖πhv‖V ≤ C‖v‖V)

0 −−−−→ V0 d0

−−−−→ V1 d2

−−−−→ · · · dn−1

−−−−→ Vn −−−−→ 0

π0
h

y π1
h

y yπn
h

0 −−−−→ V0
h

d0

−−−−→ V1
h

d2

−−−−→ · · · dn−1

−−−−→ Vn
h −−−−→ 0
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Consequences of bounded cochain projection
Discrete (orthogonal) Hodge decomposition

Vk
h = Bk

h ⊕ hk
h ⊕ B

∗
k,h

Discrete Poincaré inequality

‖z‖V ≤ C‖dz‖W ∀z ∈ Zk⊥V
h

Quasi-optimal error estimates

‖σ − σh‖V + ‖u− uh‖V + ‖p− ph‖V ≤
C inf
τh,vh,qh

(‖σ − τh‖V + ‖u− vh‖V + ‖p− qh‖V)+

C sup
r∈hk,‖r‖=1

‖(I − πh)r‖ inf
vh
‖PBu− vh‖V
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k       

0
1

0
1
2

0
1
2
3

0
1
2
3
4

k       

0
1

0
1
2

0
1
2
3

0
1
2
3
4

k       

0
1

0
1
2

0
1
2
3

0
1
2
3
4

k       

0
1

0
1
2

0
1
2
3

0
1
2
3
4

r = 1

2
2

3
6
3

4
12
12
4

5
20
30
20
5

r = 1

2
1

3
3
1

4
6
4
1

5
10
10
5
1

r = 1

2
1

4
4
1

8
12
6
1

16
32
24
8
1

r = 1

2
2

4
8
3

8
24
18
4

16
64
72
32
5

2

3
3

6
12
6

10
30
30
10

15
60
90
60
15

2

3
2

6
8
3

10
20
15
4

15
40
45
24
5

2

3
2

9
12
4

27
54
36
8

81
216
216
96
16

2

3
3

8
14
6

20
48
39
10

48
144
168
84
15

3

4
4

10
20
10

20
60
60
20

35
140
210
140
35

3

4
3

10
15
6

20
45
36
10

35
105
126
70
15

3

4
3

16
24
9

64
144
108
27

256
768
864
432
81

3

4
4

12
22
10

32
84
72
20

80
272
336
180
35

4

5
5

15
30
15

35
105
105
35

70
280
420
280
70

4

5
4

15
24
10

35
84
70
20

70
224
280
160
35

4

5
4

25
40
16

125
300
240
64

625
2000
2400
1280
256

4

5
5

17
32
15

50
135
120
35

136
472
606
340
70

5

6
6

21
42
21

56
168
168
56

126
504
756
504
126

5

6
5

21
35
15

56
140
120
35

126
420
540
315
70

5

6
5

36
60
25

216
540
450
125

1296
4320
5400
3000
625

5

6
6

23
44
21

74
204
186
56

216
768

1014
588
126

6

7
7

28
56
28

84
252
252
84

210
840

1260
840
210

6

7
6

28
48
21

84
216
189
56

210
720
945
560
126

6

7
6

49
84
36

343
882
756
216

2401
8232

10584
6048
1296

6

7
7

30
58
28

105
294
273
84

328
1188
1602
952
210

7

8
8

36
72
36

120
360
360
120

330
1320
1980
1320
330

7

8
7

36
63
28

120
315
280
84

330
1155
1540
924
210

7

8
7

64
112
49

512
1344
1176
343

4096
14336
18816
10976
2401

7

8
8

38
74
36

144
408
384
120

480
1764
2418
1464
330

2
2

3
3

4
4

5
5

6
6

7
7

8
8

2
1

3
2

4
3

5
4

6
5

7
6

8
7

2
1

3
2

4
3

5
4

6
5

7
6

8
7

2
2

3
3

4
4

5
5

6
6

7
7

8
8

3
6
3

6
12
6

10
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15
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42
21
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3
3
1

6
8
3
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15
6
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24
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15

28
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4
4
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9
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40
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4
8
3

8
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4
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4
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30
30
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84
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120
360
360
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4
6
4
1

10
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4

20
45
36
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56
140
120
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84
216
189
56
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84

8
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6
1

27
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8
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125
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8
24
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4
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20
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56
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5
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5

15
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15

35
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140
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126
504
756
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126

210
840
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840
210

330
1320
1980
1320
330

5
10
10
5
1

15
40
45
24
5

35
105
126
70
15

70
224
280
160
35

126
420
540
315
70

210
720
945
560
126

330
1155
1540
924
210

16
32
24
8
1

81
216
216
96
16

256
768
864
432
81

625
2000
2400
1280
256

1296
4320
5400
3000
625

2401
8232

10584
6048
1296

4096
14336
18816
10976
2401

16
64
72
32
5

48
144
168
84
15

80
272
336
180
35

136
472
606
340
70

216
768

1014
588
126

328
1188
1602
952
210

480
1764
2418
1464
330

Periodic Table of the Finite Elements
k = 0 k = 0 k = 0 k = 0

r = 1

r = 1

r = 1

n = 1

n = 2

n = 3

r = 2

r = 2

r = 2

r = 3

r = 3

r = 3

k = 1 k = 1 k = 1 k = 1k = 2 k = 2 k = 2 k = 2k = 3 k = 3 k = 3 k = 3

The table presents the primary spaces of finite elements for the 
discretization of the fundamental operators of vector calculus: the 
gradient, curl, and divergence. A finite element space is a space of 
piecewise polynomial functions on a domain determined by: (1) a 
mesh of the domain into polyhedral cells called elements, (2) a finite 
dimensional space of polynomial functions on each element called 
the shape functions, and (3) a unisolvent set of functionals on the 
shape functions of each element called degrees of freedom (DOFs), 
each DOF being associated to a (generalized) face of the element, 
and specifying a quantity which takes a single value for all elements 
sharing the face. The element diagrams depict the DOFs and their 
association to faces.

The spaces  and  depicted on the left half of the table 
are the two primary families of finite element spaces for meshes of 
simplices, and the spaces 
are the two primary families of finite element spaces for meshes of 

 and 
are the two primary families of finite element spaces for meshes of 

 on the right side are for 
meshes of cubes or boxes. Each is defined in any dimension n ≥1 
for each value of the polynomial degree r ≥1, and each value of 
0 ≤ k ≤ n. The parameter k refers to the operator: the spaces consist 
of differential k-forms which belong to the domain of the k th exterior 

derivative. Thus for k = 0, the spaces discretize the Sobolev space H 1, 
the domain of the gradient operator; for k = 1, they discretize H (curl), 
the domain of the curl; for k = n – 1 they discretize H (div), the domain 
of the divergence; and for k = n, they discretize L 2.
The spaces  and , which coincide, are the earliest finite 
elements, going back in the case r = 1 of linear elements to Cou-
rant ,1 and collectively referred to as the Lagrange elements. The 
spaces  and , which also coincide, are the disconti-
nuous Galerkin elements, consisting of piecewise polynomials with 
no interelement continuity imposed, first introduced by Reed and 
Hill. 2 The space  in 2 dimensions was introduced by Raviart 
and Thomas 3 and generalized to the 3-dimensional spaces  
and  by Nédélec, 4 while  is due to Brezzi, Douglas and 
Marini 5 in 2 dimensions, its generalization to 3 dimensions again 
due to Nédélec. 6 The unified treatment and notation of the 

 in 2 dimensions, its generalization to 3 dimensions again 
 

and  families is due to Arnold, Falk and Winther as part of finite 
element exterior calculus, 7 extending earlier work of Hiptmair  for the 

 family. 8 The space  is the span of the elementary forms 
introduced by Whitney. 9 

R. Courant, Bulletin of the American Mathematical Society 49, 1943.
W. H. Reed and T. R. Hill, Los Alamos report LA-UR-73-479, 1973.
P. A. Raviart and J. M. Thomas, Lecture Notes in Mathematics 606, Springer, 1977.
J. C. Nédélec, Numerische Mathematik 35, 1980.
F. Brezzi, J. Douglas Jr., and L. D. Marini, Numerische Mathematik 47, 1985.
J. C. Nédélec, Numerische Mathematik 50, 1986.
D. N. Arnold, R.S. Falk, and R. Winther, Acta Numerica 15, 2006.
R. Hiptmair, Mathematics of Computation 68, 1999.
H. Whitney, Geometric Integration Theory, 1957.
D. N. Arnold, D. Boffi, and F. Bonizzoni, Numerische Mathematik, 2014.
D. N. Arnold and G. Awanou, Mathematics of Computation, 2013.
A. Logg, K.-A. Mardal, and G. N. Wells (eds.), Automated Solution of Differential 
Equations by the Finite Element Method, Springer, 2012.
R. C. Kirby, ACM Transactions on Mathematical Software 30, 2004.
A. Logg and G. N. Wells, ACM Transactions on Mathematical Software 37, 2010.
M. Alnæs, A. Logg, K. B. Ølgaard, M. E. Rognes, and G. N. Wells, ACM Transactions 
on Mathematical Software 40, 2014.

1.
2.
3.
4.
5.
6.
7.
8.
9.

10.
11.
12.

13.
14.
15.

The family  of cubical elements can be derived from the 1-di-
mensional Lagrange and discontinuous Galerkin elements by a tensor 
product construction detailed by Arnold, Boffi and Bonizzoni, 10 but for 
the most part were presented individually along with the correspon-
ding simplicial elements in the papers mentioned. The second cubical 
family  is due to Arnold and Awanou. 11 

The finite elements in this table have been implemented as part of 
the FEniCS Project.12, 13, 14 Each may be referenced in the Unified Form 
Language (UFL) 15 by giving its family, shape, and degree, with the 
family as shown on the table. For example, the space 

 by giving its family, shape, and degree, with the 
 may 

be referred to in UFL as:
FiniteElement("N2E", tetrahedron, 3) 

Alternatively, the elements may be accessed in a uniform fashion as:
FiniteElement("P-", shape, r, k)
FiniteElement("P", shape, r, k)
FiniteElement("Q-", shape, r, k)
FiniteElement("S", shape, r, k)

for 
FiniteElement("S", shape, r, k)

, 
FiniteElement("S", shape, r, k)

, 
FiniteElement("S", shape, r, k)

, and 
FiniteElement("S", shape, r, k)

, respectively.

("P", interval, 1) ("P", interval, 1)("DP", interval, 0) ("DP", interval, 1)

("P", interval, 2) ("P", interval, 2)("DP", interval, 1) ("DP", interval, 2)

("P", interval, 3) ("P", interval, 3)("DP", interval, 2) ("DP", interval, 3)

2 21 2

3 32 3

4 43 4

P1 P1dP0 dP1

P2 P2dP1 dP2

P3 P3dP2 dP3

3 3 4 44 81 3

9 812 144 6

16 12 229 10

8 812 246 181 4

27 2054 4836 398 10

64 32144 84108 7227 20

1 3

4

4

44 12

6 63 6

10 1015 30

10 106 10

20 2036 60

3 6

6 121 4

8 12

20 304 10

15 20

45 6010 20

("P", triangle, 1) ("P", triangle, 1) ("Q", quadrilateral, 1) ("S", quadrilateral, 1)("RTC[E,F]", quadrilateral, 1) ("BDMC[E,F]", quadrilateral, 1)("DQ", quadrilateral, 0) ("DPC", quadrilateral, 1)

("Q", quadrilateral, 2) ("S", quadrilateral, 2)("RTC[E,F]", quadrilateral, 2) ("BDMC[E,F]", quadrilateral, 2)("DQ", quadrilateral, 1) ("DPC", quadrilateral, 2)

("Q", quadrilateral, 3) ("S", quadrilateral, 3)("RTC[E,F]", quadrilateral, 3) ("BDMC[E,F]", quadrilateral, 3)("DQ", quadrilateral, 2) ("DPC", quadrilateral, 3)

("Q", hexahedron, 1) ("S", hexahedron, 1)("NCE", hexahedron, 1) ("AAE", hexahedron, 1)("NCF", hexahedron, 1) ("AAF", hexahedron, 1)("DQ", hexahedron, 0) ("DPC", hexahedron, 1)

("Q", hexahedron, 2) ("S", hexahedron, 2)("NCE", hexahedron, 2) ("AAE", hexahedron, 2)("NCF", hexahedron, 2) ("AAF", hexahedron, 2)("DQ", hexahedron, 1) ("DPC", hexahedron, 2)

("Q", hexahedron, 3) ("S", hexahedron, 3)("NCE", hexahedron, 3) ("AAE", hexahedron, 3)("NCF", hexahedron, 3) ("AAF", hexahedron, 3)("DQ", hexahedron, 2) ("DPC", hexahedron, 3)

("DP", triangle, 0) ("DP", triangle, 1)

("P", tetrahedron, 1)

("P", tetrahedron, 1)

("P", tetrahedron, 1)

("P", triangle, 2) ("P", triangle, 2)("DP", triangle, 1) ("DP", triangle, 2)

("P", tetrahedron, 2) ("P", tetrahedron, 2)

("P", triangle, 3) ("P", triangle, 3)("DP", triangle, 2) ("DP", triangle, 3)

("P", tetrahedron, 3) ("P", tetrahedron, 3)

("RT[E,F]", triangle, 1) ("BDM[E,F]", triangle, 1)

("N1E", tetrahedron, 1) ("N2E", tetrahedron, 1)("N1F", tetrahedron, 1) ("N2F", tetrahedron, 1)("DP", tetrahedron, 0) ("DP", tetrahedron, 1)

("RT[E,F]", triangle, 2) ("BDM[E,F]", triangle, 2)

("N1E", tetrahedron, 2) ("N2E", tetrahedron, 2)("N1F", tetrahedron, 2) ("N2F", tetrahedron, 2)("DP", tetrahedron, 1) ("DP", tetrahedron, 2)

("RT[E,F]", triangle, 3) ("BDM[E,F]", triangle, 3)

("N1E", tetrahedron, 3) ("N2E", tetrahedron, 3)("N1F", tetrahedron, 3) ("N2F", tetrahedron, 3)("DP", tetrahedron, 2) ("DP", tetrahedron, 3)

P1 P1 Q1 S1dQ0 dPc1

Q2 S2dQ1 dPc2

Q3 S3dQ2 dPc3

Q1 S1dQ0 dPc1

Q2 S2dQ1 dPc2

Q3 S3dQ2 dPc3

dP0 dP1

P1

P1

P1

P2 P2dP1 dP2

P2 P2

P3 P3dP2 dP3

P3 P3

N11 N21 N21N11

N12 N12

N13 N13

dP0 dP1

dP1 dP2

dP2 dP3

N1e N1f

N1e N1f

N1e N1f

("Q", interval, 1) ("S", interval, 1)("DQ", interval, 0) ("DPC", interval, 1)

("Q", interval, 2) ("S", interval, 2)("DQ", interval, 1) ("DPC", interval, 2)

("Q", interval, 3) ("S", interval, 3)("DQ", interval, 2) ("DPC", interval, 3)

2 21 2

3 32 3

4 43 4

Q1 S1dQ0 dPc1

Q2 S2dQ1 dPc2

Q3 S3dQ2 dPc3

n = 1n = 1 n = 1 n = 1

n = 2n = 2 n = 2 n = 2

n = 3n = 3 n = 3 n = 3

n = 4n = 4 n = 4 n = 4
Weight functions 
for DOFs

Symbol of element

Element with degrees 
of freedom (DOFs)

Legend Finite elements References

Dimension of element 
function space

Finite element exterior 
calculus notation

Element specification 
in FEniCS
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[e/f]

RT[e/f]RT1

RT[e/f]RT2

RT[e/f]RT3

BDM[e/f] BDMc[e/f]

BDMc[e/f]

BDMc[e/f]

BDM1 BDMc1

BDMc2

BDMc3

BDM[e/f]BDM2

BDM[e/f]BDM3

N2e Nce AAe AAf

AAe AAf

AAe AAf

Ncf

Nce Ncf

Nce Ncf

N2 f

N2e N2fN22 N22

N2e N2fN23

RTc[e/f]

RTc[e/f]

RTc[e/f]

N23

RTc1

RTc2

RTc3

Nc1 AA1 AA1

AA2 AA2

AA3 AA3

Nc1

Nc2 Nc2

Nc3 Nc3
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Periodic table of the finite elements

page 42



Periodic table of the finite elements
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Periodic table of the finite elements
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Back to the L2(Ω) estimate

Improved error estimates (in the norm of W instead of V) follow
from the W-boundedness of the cochain projections (stronger
requirement than the V-boundedness)

‖πhv‖W ≤ C‖v‖W

Remark
The V-boundedness of the cochain projections is related to the
inf-sup condition and to the estimates in the energy norm; the
W-boundedness of the cochain projection is related to the
commuting diagram property, to the optimal estimates in L2(Ω),
and to the eigenvalue problems
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Some connection with the standard theory
We said:
A contravariant mapping from the reference element (Piola
transform) is used for their definitions

σ(x) =
1

J(x̂)
DF(x̂)σ̂(x̂)

Moreover by construction the spaces satisfy exactly div Σh = Uh

Mapping of discrete differential forms:

x : K̂ → Rn

x̂ 7→ x(x̂)

K = x(K̂)

V̂k
h reference space, Vk

h mapped space:

V̂k
h = x∗Vk

h
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Pullbacks

Pullback of 0-forms

v̂(x̂) = v (x(x̂))

Pullbacks of generic constant
1-forms dxi (i ∈ {1, . . . ,n})
2-forms dxi ∧ dxj (i, j ∈ {1, . . . ,n})
k-forms dxi1 ∧ · · · ∧ dxik (i1, . . . , ik ∈ {1, . . . ,n})

x∗(dxi) =
∂xi

∂x̂j dx̂j

x∗(dxi ∧ dxj) =
∂xi

∂x̂k

∂xj

∂x̂l dx̂k ∧ dx̂l

x∗(dxi1 ∧ · · · ∧ dxik) =
∑

j1,...,jk

∂xi1
∂x̂j1
· · ·

∂xik
∂x̂jk

dx̂j1 ∧ · · · ∧ dx̂jk
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The Maxwell eigenvalue problem

Ampère and Faraday’s laws: find resonance frequencies ω ∈ R
(with ω 6= 0) and electromagnetic fields (E,H) 6= (0,0) such that

curl E = iωµH in Ω

curl H = −iωεE in Ω

E× n = 0 on ∂Ω

H · n = 0 on ∂Ω

ω 6= 0 gives divergence conditions

div εE = 0 in Ω

divµH = 0 on Ω

It is then standard to eliminate one field and to obtain the
curl curl problem
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Eliminate H and take u = E, λ = ω2


curl(µ−1 curl u) = λεu in Ω

div(εu) = 0 in Ω

u× n = 0 on ∂Ω

Well-known and intensively studied problem. Special (edge)
finite elements required for its approximation.

Edge elements are discrete 1-forms

For ease of presentation, we take µ = ε = 1 and simple topology
from now on.
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Standard formulation

The standard variational formulation reads

λ ∈ R, u ∈ H0(curl) :

(curl u, curl v) = λ(u, v) ∀v ∈ H0(curl)

(u, gradφ) = 0 ∀φ ∈ H1
0

The most commonly used variational formulation is based on
the replacement of the divergence free constraint by the
condition λ 6= 0

λ ∈ R \ 0, u ∈ H0(curl) :

(curl u, curl v) = λ(u, v) ∀v ∈ H0(curl)

The kernel λ = 0 corresponds to the infinite dimensional space
grad H1

0 (N.B.: Helmholtz decomposition)
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Mixed formulations

〈Kikuchi ’89〉

Divergence free constraint imposed via Lagrange multiplier ψ

λ ∈ R, u ∈ H0(curl), ψ ∈ H1
0 :{

(curl u, curl v) + (v, gradψ) = λ(u, v) ∀v ∈ H0(curl)

(u, gradφ) = 0 ∀φ ∈ H1
0

〈B.–Fernandes–Gastaldi–Perugia ’99〉
Second mixed formulation (H0(div0) = curl(H0(curl)))

λ ∈ R, σ ∈ H0(curl), σ ∈ H0(div0) :{
(σ, τ ) + (curl τ ,σ) = 0 ∀τ ∈ H0(curl)

(curlσ, τ ) = −λ(σ, τ ) ∀τ ∈ H0(div0)
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The “standard” language of FEM

Let’s see how the problem can be analyzed within the
framework of “standard” finite elements
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Commuting diagram property (de Rham complex)

〈Douglas–Roberts ’82〉
〈Bossavit ’88〉
〈Arnold ’02〉

Q ⊂ H1
0, V ⊂ H0(curl), U ⊂ H0(div), S ⊂ L2/R

0→ Q
grad−−−→ V curl−−→ U div−−→ S → 0

↓ ΠQ
h ↓ ΠV

h ↓ ΠU
h ↓ ΠS

h

0→ Qh
grad−−−→ Vh

curl−−→ Uh
div−−→ Sh → 0

I Kikuchi formulation uses Q and V
I Alternative formulation uses V and U
I U and S are used for Darcy flow or mixed Laplacian
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Finite elements

See also: FEEC (Finite Element Exterior Calculus)
〈Arnold–Falk–Winther ’10〉
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Kikuchi resolvent operators: continuous. . .{
(curl u, curl v) + (grad p, v) = (f, v) ∀v ∈ H0(curl)
(grad q,u) = 0 ∀q ∈ H1

0

TKi ∈ L(L2): TKi(f) = u

. . . and discrete one{
(curl uh, curl v) + (grad ph, v) = (f, v) ∀v ∈ Vh

(grad q,uh) = 0 ∀q ∈ Qh

TKi
h ∈ L(L2): TKi

h (f) = uh
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〈B.–Brezzi–Gastaldi ’97〉

Theorem
If the ellipticity in the discrete kernel [ELKER], the weak
approximability of Q [WA1], and the strong approximability of V0
[SA1] are satisfied, then the following convergence in norm holds
true

‖TKi − TKi
h ‖L(L2) → 0

Remark
Convergence in norm allows us to use the classical
Babuška–Osborn theory for eigenmode convergence
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Alternative resolvent operators: continuous. . .{
(σ, τ ) + (curl τ , z) = 0 ∀τ ∈ H0(curl)
(curlσ,w) = −(g,w) ∀w ∈ curl(H0(curl))

TM2 ∈ L(L2): TM2(g) = z

. . . and discrete one{
(σh, τ ) + (curl τ , zh) = 0 ∀τ ∈ Vh

(curlσh,w) = −(g,w) ∀w ∈ Zh

TM2
h ∈ L(L2): TM2

h (g) = zh
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〈B.–Brezzi–Gastaldi ’97〉

Theorem
If the weak approximability of Z0 [WA2] and the strong
approximability of Z0 [SA2] are satisfied, and if there exists a
Fortin operator satisfying the Fortid property [FORTID], then the
following convergence in norm holds true

‖TM2 − TM2
h ‖L(L2) → 0

Remark
In the language of FEEC, all these conditions boil down to the
existence of W-bounded cochain projectors.

page 59



Outline

Mixed Laplace

Eigenvalues problems in mixed form

Differential forms and de Rham complex

Discretization of differential forms

Time harmonic Maxwell’s equations

Mixed finite elements for linear elasticity



Linear elasticity

The approximation of linear elasticity is an example where the
language of FEEC made it possible to design new elements that
would have been difficult to invent using the standard
framework

N.B.
Slides on FEEC courtesy of D. Arnold
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Standard analysis

〈B–Brezzi–Fortin ’09〉

The elements by Arnold Falk and Winther can be analyzed by
standard techniques but it would have been difficult to figure
out how to construct them without the
Bernstein–Gelfand–Gelfand complex

(BDMk)3 − (Pk−1)3 − S3(Pk−1)3
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Conclusions

The FEEC is a mathematical framework that uses the calculus of
differential forms for the formulation of the finite element
method

I Rigorous and elegant mathematical setting
I “Standard” finite element analysis of problems in mixed

form fits this framework very well
I FEEC allows the design of new finite element schemes
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