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Hassler Whitney (1903 NY - 1989 Princeton)
one of the masters of differential geometry
book (1957) Geometric integration theory

Georges de Rham (1903 Roche - 1990 Lausanne) [Théoréme de de Rham, 1931]
André Weil (1906 Paris - 1998 Princeton) [Sur les théorémes de de Rham, 1952]

When the manifold is a domain © C R3, the decomposition is a simplicial mesh
Whitney forms are finite element “basis functions” for the reconstruction of

differential forms on €2 from suitable dofs on the mesh

The nature of these dofs , flux, circulations, ..., associate them to geometric

objects other than nodes.
FEs of Whitney type : p-forms are reconstructed from their integrals on p-simplices

The key point to understand these FEs : the duality of Whitney's forms
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The Maxwell puzzle

e Michael Faraday (1791-1867)

B
%—t—l—curlE:O

e André-Marie Ampere (1775-1836)
curl H = J

e James Clerk Maxwell (1831-1879) Generalization of Ampére's theorem by adding the
displacement current to explain dielectric materials

_aa—lt) +curlH =J

e Karl Friedrich Gauss (1777-1855)
divD =g
e William Thomson (or Lord Kelvin, 1824-1907)

divB =0
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! __ OB
Faraday's law curl B = — %=

e In integral form, it relates the change rate of the magnetic flux through a surface
A to the electric field circulation along a line , the boundary 0A of the surface A

/ E-t:—g B-n
5A ot J 4

James Clerk Maxwell in “Treatise on Electricity and Magnetism™, 1873
Physical vector quantities may be divided into two classes,

in one of which the quantity is defined with reference to a line ,
while in the other the quantity is defined with reference to an area .
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e We distinguish between field intensities The constitutive relations
(E,H) and flux densities (D,B,J)

D =¢eFk
B =uH

e A field intensity occurs in a path integral
e A flux density occurs in a surface integral J=oF (Ohm's law)

e Field intensities and flux densities do not

depend on the metric

e Field intensities are related to the flux
densities via the constitutive relations which
depend on the metric properties of the
space, on the chosen coordinate system, and .
on the macroscopic material properties. ?Q‘E:_E

dA
Gauss

Faraday

e The constitutive relations are necessary to

close the Maxwell equation system
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“MAXWELL’S HOUSE”
Tonti's diagram (1974)

to find analogies in different physical domains and classify variables

0
: : ot
Each pillar symbolizes the structure
P . y - / 0
made by fields or densities,
linked by grad, curl, div operators \ q div
A
grad a J
Differentiation or integration w.r.t. time ‘4,___9-——7-*“‘
: : : : E
links pair of pillars (front/rear) forming 7e D A\ curl
the sides of the structure curl Y B < H
: i . W grad
Constitutive laws are horizontal beams
div /0
Vertical relations are affine /-Zi
t

Horizontal laws are metric dependent

To preserve structure, metrics must not appear when discretizing along the pillars
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0 The functional framework

1
H \ q div
A
grad a J H(div)
4—-—‘9’*—# 4
H(curl) E >s 5 A curl
curl ¥ B—é H H (curl)
\ H A
H(div) P grad
div 0 H!
v / .
L /’Q
ot

Complex : sequence of spaces and linear maps d, such that d,4+1d, =0

The grad-curl-div sequence is an example of de Rham’s cohomology (1931) to
study topological invariants of smooth manifolds in a form adapted to computation.

To define a correct discretization of pbs, discrete spaces have to form a complex
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Edge elements

e Vector fields (Nédélec 1980, Bossavit & Verité 1982)
e Tangential component continuous across element interfaces

. . _> % . .
e Circulation [ , w* (z)-t» =1 if ' = a and 0 otherwise
_>
e The space Ned; = span{w®, a € £} is the discrete realization of H(curl) .
_>
The electric field F at x is approximated by

— — — —
E ()= ZEa w® (x), where FE, = / E -t (f.e.m )
acl @

The triplet (¢, Ned;(t), {circulations along 6 edges of t}) is a finite element
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Face elements

%l

(zr)=a +8 ox

e Vector fields (Raviart & Thomas 1975, Nédélec 1980, B. & V. 1982)

e Normal component continuous across element interfaces
—

e Fluxes ff, w! (x)- n_f>/ = 1if f' = f and 0 otherwise

%
e The space RT} = span{w’, f € F} is the discrete realization of H(div) .
_>

The magnetic induction B at x is approximated by

_>
E(ZE)% ZBf w! (), where Bf:/ E}n_} (flux )
feFr f
The triplet (t, RT1(t), {fluxes across 4 faces of t}) is a finite element
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Mesh is defined through nodes’ position
and element connectivity
! An orientation of a p-simplex

is given by an ordering of the vertices
es = |k,m], f3 = [k, m,l], ...

Incidence matrices G, R, D are discrete equivalent of the grad, curl, div op.
Ex. Enforcing Faraday's law in 2 means 0{Bs} +R{E.} ={0}

(-1 0 0 0 -1 1)
[0 -1 0] -1 -1 1.0 0 0
0 1 0 -1 R =
0 011 0 -1
a=| " PPN \ 0 101 -1 0)
-0 D=(1-11—1)
-1 1 0 0
RG=0, DR=0
\ -1 0 1 0

(curlgrad = 0, div curl = 0)
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COMPATIBLE AND STRUCTURE PRESERVING DISCRETIZATIONS

arrays discrete simplicial mesh
of dofs FE spaces N nodes, E edges, F faces, T tetras
r tricti =1 '
R <" poc T fotcomputaton) |4 P 1EMY
> 1 _ . .
Po p, prolongation p, rq->1dent1ty( forh=0)

(FE reconstruction)

G @ grad .
4 4 comm Utﬂthlty

IRE <L Nedch(Cu”) pl(Gu) — grad (pou)

—— _
1% pz(Ru) —curl(plu)
R @ curl p,(Du) =div(p,u)
/\
r G EXN incidence edge-to-node matrix
IR P RTl - H(dIV) R FXE incidence face-to-edge matrix
2
D C div D TxF incidence tetra-to-face matrix
/\
I's IRk arrays of k reals
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The analytic expression of these basis functions remained a mistery for years

—
A — w oL B
w" \r) =«

X or + [ and wf(x):?%—ﬁ@

()

Robert Kotiuga suggests the
connection with Whitney forms on a simplicial decomposition of the manifold

Dechamps, EM and differential forms, IEEE proc. 1981
Kotiuga, Hodge decomposition and computational EM, 1984

Alain Bossavit defines the way
to map the system of Maxwell's equations to a finite-dimensional one
and thus the entire discretization toolkit in EM

Bossavit, Electromagnétisme en vue de la modélisation, 1986

We need to adopt a geometrical point of view
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EM fields are invisible perturbations of the surroundings

The electric ﬁ’e[df a mapying

€ . ORIENTED CURVE — REAL

‘Unit cfimge }ousfiecf

afong c f C
% NI
volts

with a(fcﬁmwty: J;l N [ et e
and continuity (w.r.t. variations of c)

[Bossavit’s slide]
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Testing their presence suggests adopting p-forms

Magnetic induction: a mapping
b : ORIENTED SURFACE — REAL

zformﬂ (—-1- orm

d b 4

o +] e =0 (EF arada )

dt ‘]‘S ‘I(;S | Metric-free expres‘symn. .
or db+de=0, if d defined by fS de =

S ¢

[Bossavit’s slide]
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Some p-forms are twisted [Bossavit’s slide]

Half of them, however, are twisted forms

Current dénsity j: Also a

SURFACE —>REAL map, but

with outer orientation
i s a twisted (or odd, etc.) z-form

(ﬂmjgére: (No metric.)
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Constitutive relations become Hodge operators

Set of nodes Set of edges I | Set of facets I
G R D
> F > F >V
grad rot div

Approximate representation of the field by degrees of
freedom assigned to both kinds of cells

b at faces h at dual edges
N (ie., faces)
at edges ; It
d) fere, R, =1 at dual faces
fluxes m.m.f.'s
b={b,:f€eF}] = U h={h;: 1 F)
e.m.f.'s (cumulated) intensities
8= {e. e E} € » d={d :eE€EE}
Db=0, b=yh, R'"h=j [Bossavit’s slide]
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WHITNEY’S DUALITY

T

€ C fce C

e

AT THE DISCRET LEVEL

an oriented curve is described by a 1-chain c~Plc= ZSEE Cs S
(formal sum of mesh edges with real coefficients)

/eN / €:E CS/QZE Cs€g = C- €
cC Plec s

se& se&

If we have a map w® :c — ¢® = fc w?®  such that [, w® =0, 5 , then

cre=Y ce=Y [we = [(Cue)= [P ~ [

se& secE V€ ¢ sc&
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How could one represent a p-manifold by a p-chain ? ¢, 7

ldea : express points, lines, surfaces, ..., as weighted sum of mesh
nodes, edges, faces, ...
I

d

For nodes, x =Plz =) _ w™(x)n=> _\ ()",

and thus p = Po = >\ p,w" for w" = A,

w" = A\, Whitney O-form associated to n,
(w™, x) = \,(x) weight of n in the O-chain P'x
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Whitney's elements : a geometrical point of view

For a segment xy oriented from x to y

Pty = Z (W, y) n = Play = Z (w", y) Ptan

neN neN

There is a unique way to express xn as Plxn, weighted sum of sides

Plan = Ap(2)[m,n] — N(2)[n, 1] — M\ (2)[n, k] = Z Gun Aa_n(x)a
. and for an oriented face ....

Ptz Va) = N(x)[l,m,n] + \p(2)[k, m,n] Z Rio Af_a(x)f
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Play = Z Ganda—n(x){(W", y)a = Z(wa,azy>a
neN,acA acA

Do some steps and use (e, P'xy) = (Pe, xy)

w* =) - Ganra—pndw™  Whitney 1-form
(w, ry) weight of a in Ptay

Duality of Whitney's forms w®
they represent a differential form e from a vector of dofs e, (this is P)

they represent a p-manifold ¢ by a p-chain (this is P?)

-chai -cochai
a p-chains p-Cochains d

C,, - C, c’ — » P!
IR"" < IR" IR —» IR™
BT 1 arrays B .
P- of dofs P |nC|d_ence
matrix
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WHITNEY p-FORMS OF POLYNOMIAL DEGREE 1 FOR A p-SIMPLEX s C t

Recursive definition [Bossavit IEEE Trans. Magn. 2002]

w®(x) = Z Do As—o () du”
oc{(p—1)-simplices}

Oso entry of the incidence matrix which links the (p — 1)-simplex o to the p-simplex s
d is the exterior derivative op. WP~1 — WP dual of the boundary op. 8 in the sense of

Stokes’ theorem (1850) in Cartan's form (1945): [, w = [ dw, Vc € Cp et Yw € WP~

W1 (t) = span{w?®, s € {p-simplices of t}}

w :>\n,
e S
w :ZneNGanAa—ndwn — w? =X VA, = AV =a X or + B
wf = > acARfaAf_gdw* = wl =21 Vm X Vi + (two terms) — o + B or

w? Zng]:thAt—fdwf — wt =62 VA X VAL -V, + (threeterms)lel|
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(GEOMETRICAL INTERPRETATION OF WEIGHTS

T = [n,m,k,l] a tetrahedron, s C T a p-simplex, S a p-face of T

(w”,s) = [ w" s the weight of s w.r.t. S,
S
it doesn’t depend on the shape of s, S,
but on their relative position and orientation

k k K
| | 1
n = n y 7 n y . Z
i X
@ m m 2 m

/ w® = £vol [(T'\ S) U s]/vol (T)

S

Weights correspond to volumes, computable determinants (recursivity again !!)
[R., CRAS 2004]
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Pr_/\k k=0 k =1 k=2 k=3
r=:1 o e i e
n— 1 =5 Z(—) Ai dXoA - AdAA - - - Ad Ak
=
= Whitney '57
0 =2 f =2
Lagrange
r=3
r=1
n=3 F—i2
E=:3

D.N.Arnold, Periodic table of FEs
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HiGH ORDER FES ON SIMPLICES
Ainsworth, Arnold, Christiansen, Coyle, Demkowicz, Brezzi, Falk, Gerritsma,
Gopalakrishnan, Graglia, Hiptmair, Marini, Nédélec, Nilssen, Schdberl, Teixeira,

Webb, Winther, Zaglmayr ... and many many others

There are different bases for the spaces below

W2 (t) =Pria(t)
Wh () =Pr®))? @ {ae Pri1(t)?:ax)-x=0, xct}
W2, =P-)3®{qge Pry1(t)?:qx) xx=0, x€t}
W2 (t) =Pr(t)

Nédélec’s first family, Numer.Math. 1980

High order finite element spaces of differential forms seem to lack natural choices
of bases. But they do have natural spanning families.

We follow Whitney's approach to have explicit expression of spanning functions

and weights on p-chains
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INTERPOLATION OF A SCALAR FUNCTION ON A d-SIMPLEX t

The triplet (t, P.(t), {values at points in T}.(t)}) is a finite element

Z(d+1,7) = {k = (ko, ..., kq) € Nt k| =1},
T,(t) = {(X5 o kjx;)/k, k € I(d+1,7)}  (x; vertex of t)
P, (t) = span{\¥, k € Z(d + 1,7)} with A = TI9_(X;)"

{NYeez(dr1m is a spanning family in  P.(¢)
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WITH p-SIMPLICES, p > 0

Starting from the principal lattice T;.(¢) used for nodal FEs ...

AVZAN

. we define a set of p-subsimplices in t , the small p-simplices [solid line] ...

. and we get rid of the "holes” [dashed line]
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Small p-simplices in ¢ [R. and Bossavit, SINUMO9]

To each k € Z(d+ 1, r) corresponds a homothety k where %Z(Az(x)) — Q@) ki

r+1
The small p-simplices {k, S} are the images k(.5) of (big) p-simplices S
{k, S} is oriented as S

J

e

- VAN
: NUPZ /A§f¥76x2

111 N L4k L4k L4ks
(d=2)  Ga=(33.3) = Ga)=C 11 5
((2,0,0),1} (Ieft) and {(2,0,1),1} (right)
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Whitney p-forms of polynomial degree r +1 on ¢ |[R. and Bossavit, SINUMO9]

Whitney p-forms of polynomial degree r 4+ 1 on ¢ read P
for all the small p-simplices {k, S}
w” is the Whitney p-form of polynomial degree 1 associated with S

WP | (t) = span{\*w®} (explicit formula )
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Examples of small edges, small faces, discrete space generators

Degree 2 in 3D:
Small edges {(1,0,0,0), [vi,vs]}, {(0,0,1,0),[vo,v2]} . This gives A\o w'? and Ay w"?

Small faces sharing the red line {(1,0,0,0), [vo,vi,vs]}, {(1,0,0,0),[vi,va,v3]}
013 123

and )\0 %%

This gives \o w

0 1 0 1

Degree 3 in 2D:
Small edges {(2707 1)7 [V17V2]} ' 1 {(Oa 3, O)a [V17V2]} :
This gives )\% Ao W2 and )\51)’ wi?

Small face close to the red line {(2,0, 1), [vo, v1, va]} that gives A3 Ay w'!?
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New dofs for high-order Whitney p-forms are the small p-weights , that are integrals
on the small p-simplices {k, S} C ¢ [R. and Bossavit, SINUM 2009]

0¢ = 0{k,S} - u—)/
k,S}

Small weights are unisolvent in W/, (%) [Christiansen, R., Math.Comp.2016]
The triplet (¢, W7, (t), {weights on small p-simplices}) is a finite element

Rk 1) Some \¥w?® are redundant if k varies in Z(d + 1,7) to keep symmetry
(i.e., the set {\Xw">} does not change if we permutate the order of the barycentric coord.)

[Christiansen, R., Math.Comp.2016], [Alonso Rodriguez, R., CAMWA 2019]

Rk 2) The association between functions and weights is not as obvious as in the
case of lower degree Whitney forms [Bonazzoli, R., Numer. Algor. 2017]
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PROPERTIES OF WHITNEY p-FORMS OF DEGREE 7 + 1 FOR ANY 1 > (

e explicit formula and new dofs (weights on small p-chains)
e they verify global continuity for p = 0 or partial continuity for p = 1, 2 properties

curl div

e the sequence {0} — W7, grad Wh,— W2, — W2, —{0}isexactint

0

— dual-based

- ot i arrays of dofs
straight forms twisted forms
primal-based 0 .
arrays of dofs IR

WO
Wl
1
R d Y b
i@ﬂ i £ < h IR"
W2
;\/3
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hr Convergence and conditioning

curlcurlu +u = f on Q = [0.5,1.5] x [0.25,0.75] with u = (27 sin(7 x) cos(2m y), —m cos(w x) sin(27y))?

10 10
1 1t ]
0.1 0.1 f E
01 01 1
e 0.0 e 0.0
2 o001 2 o001} 1
x x
© ©
€  0.0001 €  0.0001 E
§ L §
(m 1e-05 | .-~ (m 1e-05 b
1e-06 1e-06 E
1le-07 1le-07 E
h=1/12 -x
leOB| , | ‘ ‘ O(h"5) 1 1e08 | h=1/15 ——x-- ‘ | e
1/15 1/12  1/9 1/6 1/3 1 2 3 4 5
h N
0.1 ; ;
N=1 —»—
i N=2 x|
0.01 N=3 —x
[ N=4
0.001 | N=5 e
0.0001 | . .
- 1le05 | e 1 =
c ~Keme c
g 1e-06 e 13
1e-08 | S ) . i
;-N‘—"“«x-__
1e-09 Tl 1
Lo 4r - h=1/15 --*-- ]
1e-10 ‘ ‘ ‘ ‘ ‘ E 2 | ‘ , O(exp(3.1509274*N)) -~~~ ‘
3 6 9 12 15 1 2 3 4 5
1/h N

R., M2AN 2007
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SMALL WEIGHTS verify the following properties

v’ invariance w.r.t. the selection of the reference simplex
v' locality : local dofs provide sufficient “cement” between
adjacent elements to enforce conformity in the FE space
v" unisolvence : dofs’ values determine a unique function in the FE space
v’ geom. interpretation : Small weights are volumes of suitable simplices too !
[Christiansen, R., Math.Comp.2016]

1-to-1 relation between generators w; and dofs o in matrix terms would read

V =1 where (V)y; := o¢(w;) (generalised Vandermonde weight matrix )
Vik s {51 = f{k, 51 MNewS £1d si k=k =r>0 (9,5 p-simplices)

f{k/,S/} News = f{k’,S’} w? f{k’,S’} A¥ /vol{k’, S’}
= (volume) (magic formula) / (volume)

Volume of a p-simplex from its sides is given by Cayley-Menger determinant
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RESTORING 1-TO-1 DOF/GENERATOR RELATION (with high order FEs)

Input data

{1}, a spanning family of the FE space

{o;}, a set of dofs which are “reasonable” and thus the matrix (V); ; = 0;(¢;)
Output data

{¢:;}, THE CARDINAL basis for THE selected dofs: oy (¢;) = ks

N, N,
up = Zui¢i = sz%' = Vz=u and V'{¢;} = {4}
i=1 j=1

¢Z<$) = Z;\le C@ﬂﬁj(%) with c; = (Cil,cfi2, ...,CZ’N)t the i-th column of V1,

The forms AXw® are in 1-to-1 correspondence with subdomains of dimension p
such that the coefficients 2y g are integrals over them of ), o zk,s)\kws.

These subdomains are small p-chains, linear combinations of small p-simplices with

coefficients given by columns of V1.
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PoAR(t) = span{\™w”, {m,S} small k-simplex, |m|=r—1}




REVISITATION OF CLASSICAL DOFS IN TETRAHEDRA FOR EDGE FES

[Nédélec, Numer.Math. 1980]
Moments in tetrahedra for w € P-AY(T), r > 1

Tc ' W — ﬁfe(w-te)q VgeP._1(e), Vee &ET)
af:w1—>|—}|ff(w><nf)-q Vqe (P_o(f)?, VfeFT)
or W — |%| Jrw-q Vqe (P_3(T))°

vector te ( vector ny ) has norm |e| ( norm 1), it is tangent to e (it is normal to f)

[Bonazzoli, R., Numer. Algorithms 2016]
Equivalent moments in tetrahedra for w € P-ANT), r > 1

T ' W — ﬁfe(w-te)q VgeP._1(e), Ve e &E(T)
O'fiWHﬁff(W-tf,i)q VgeP._o(f), VfeF(T), 1=1,2
o T W — fﬁfv(w-tT,j)q VqgeP,_3(T), j=1,2,3

te the vector tangent to the edge e, t¢; 2 indep. sides of f, t ; 3 indep. sides of T’
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REVISITATION OF CLASSICAL MOMENTS IN TETRAHEDRA FOR FACE FES

[Nédélec, Numer.Math. 1980]
Moments in tetrahedra for w € P A?(T), r > 1

af:vvl—)ﬁff(w-nf)q VgeP._1(f), VfeF(T) (1)
Oy @ W |—71ﬂ| Jrw-q Vqe (P_(T))° (2)

vector n has norm 1, it is normal to f

[Bonazzoli, R., Numer. Algorithms 2016]
Equivalent moments in tetrahedra for w € P-A%*(T), r > 1

Jf:WHﬁff(w-nf)q VgeP._1(f), VfeFT)
JU:W|—>|—%|fv(w-nT,j)q VgeP. o(T), j=1,2,3

n; the vector normal to the face f, ny ; normals to 3 indep. faces of T
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PROPERTIES OF V WITH MOMENTS AND GENERATORS \¥w®

V does not depend on the metric
it is indep of the triangle/tetrahedron ¢ (up to a renumbering of its vertices)
so V! is computed only ONCE for all ¢
V is block lower triangular easy to invert (diagonal blocks are Toeplitz matrices)
V! has INTEGER numbers as entries : this yields the computation of
basis functions in duality with moments with no round-off errors
as linear combination of \Xw* with integer coefficients !
Example with edge elements on a triangle, for degree 2

4 -2 0 0 0 0

—2 4 0 0 0 0

0 0 —2 0 0 0 0

1.—1 0o —2 0 0 0 0
(V) =~ =

0 4 =2 0 0

0 —2 4 0 0

—4 -2 —2 2 8 —4

2 -2 -4 -2 —4 -2 —4 8

V! techn. has been implemented in FreeFEM-++ for edge FEs of degrees 2,3
[Bonazzoli et al., IJNM 2017, CAMWA 2018]
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Application “Time is brain I " (ANR grant MEDIMAX 2013-2017)

Brain imaging for strokes detection and monitoring

Microwave imaging system prototype (EMTensor GmbH):
cylindrical chamber with 5 rings of 32 antennas (rectangular waveguides)

| —» out

H ﬂ H |—| |—| Membrane

LIS

N cporn
Dl __
” O J—H]%S R LI L aotemnas

rectangular
waveguide

The measured data are used as input for an inverse problem to determine the
complex electric permittivity of the medium.

With degree 2, computer runs on 5 M unks in 62 s and rel. error ~ 0.1 on measurements.
DD precond. and FreeFEM++  http://www.freefem.org/ (Imaging time < 15 min)
Collaboration between LJLL & MAPS5 in Paris, LEAT & LJAD in Nice, EMTensor in Vienna.
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CONCLUSIONS

Whitney's duality has given the key to high order

* A spanning family for each FE space W, | on simplicial meshes

* Spectral accuracy in r and algebraic in h

*x Low grid dissipation/dispersion error for wave propagation problems
[Venturini et al., AMC 2018]

* Flexible in terms of dofs and easy to be defined

* 1-to-1 dof/generator relation easy to restore with the matrix V

* Straightforward extention of approches based on algebraic topology and graph
theory, such as tree-cotree constructions [Alonso Rodriguez et al., CALCOLO 2018]

* Approach computationally feasible
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A new way to look at finite elements (not only in EM) !

Thank you very much, Professor Whitney |
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VARIETY OF REFERENCES
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. N. Arnold

. Boffi, F. Brezzi, M. Fortin

. Bossavit
Ciarlet Jr, C. Dunkl, S. Sauter
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. Frankel
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My webpage https://math.unice.fr/~frapetti/
Thank you for the attention !
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