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+ exponential convergence

@ Model : Linear or non-linear drift-diffusion systems
@ Scheme : Backward Euler in time + Finite volume in space

+ (extended) Scharfetter-Gummel numerical fluxes
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@ About the drift-diffusion systems



Drift-diffusion systems

l

; Unknowns
P regioni @ N, P : densities of charge carriers
' o U : electrical potential
Data
N region @ Doping profile : C

@ Initial and boundary conditions

The equations
N +div(Jy) = =R(N,P), Jy=-Vr(N)+ NV,
O P +div(Jp) = —R(N,P), Jp=-Vr(P)—PVVY,
~ MNAU=P—-N+C.

A 1 Debye length



Linear/non-linear diffusion
N +div(Jy) = —R(N,P), Jy=—-Vr(N)+ NV,
O P +div(Jp) = —R(N,P), Jp=-Vr(P)—PVVY,
—~MAU=P—-N+C.
Van Roosbroeck model (1950)

@ Boltzmann statistics
—r(s)=s

o different choices for the recombination-generation terms R :
R(N,P) = Ry(N,P)(1 - NP).
Non-linear diffusion
@ other statistics than Boltzmann (Fermi-Dirac for instance)
—> r(s) =57, avec vy > 1 (v =5/3)

@ recombination-generation ?



Known results

Assumptions
e Ny, Py e L™(Q), C e L>*(N),
o NP PP e L>nHY(Q), ¥’ e H(Q),
e dm >0, M > 0 such that

m < Ny, Py, NP, PP < M a.e. in Q.

e 7(s) =sand R(N,P) = Ry(NP —1)
or r(s) =s” and R = 0.

Existence of a weak solution
O GAJEWSKI, 1985
O GAJEWSKI, GROGER, 1986
3 JUNGEL, 1994



The thermal equilibrium
Definition
~Vr(N) + NV¥ =0=—N V(h(N) - 0)
—Vr(P) — PVU =0=—P V(h(P)+ ¥)

~NAV=P-N+C (h'(s) = H@)

+ Dirichlet/Neumann boundary conditions

Existence and uniqueness (under conditions)

O MARKOWICH, UNTERREITER, 1993
(J UNTERREITER, 1994

g : generalized inverse of h,
N¢ =g(any + ¥°¢), P¢=g(ap — V°)
NAVC = g(ay + ¥¢) —glap —¥¢) —C  +b.c
an = h(NP) - TP ap = h(PP) + TP



Convergence in large time to the thermal equilibrium

O GaJEWSKI, GROGER, 1986, 1990
O GAJEWSKI, GARTNER, 1996
0 JUNGEL, 1995

Relative energy and energy dissipation

H(u) :/1 h(s)ds, convex
Mﬂ::[XH@U—HWﬂ—MNWN—N%+W
+)\22\V(\IJ - \If€)|2> >0
It = A(mvmmm_mﬁ+mvmwyuwﬁ >0

Keypoint : an energy/energy dissipation equality

dE
CO+1(1) =0
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© Numerical scheme for the drift-diffusion systems



Schemes for the evolutive drift-diffusion equation
From the equation...
{8tu+divJ =0, J=-Vu+uVV, inQ

u(-,0) = up >0 + Neumann boundary conditions

.. to the scheme

( )u7IL{+1_u?(+ +1 0
m(K)—=——= g Fit =
At = K,o
oeeir

]-}’éj;l ~ /(—Vu’”rl +u"'V) ng, L
ag

o 7 : control volumes, K € T
@ £ :edges, 0 €&
o At : time step



Scharfetter-Gummel fluxes

U SCHARFETTER, GUMMEL, 1969

Definition

Fro = H:S)<B(—\I/L +U)uk — B(¥, — \I/K)uL>
where B is the Bernoulli function : B(z) = exx_ 1 (B(0) =1).
Properties

@ Existence, uniqueness of the solution to the scheme
@ Preservation of positivity, conservation of mass

@ Preservation of the thermal equilibrium :

ug =exp(Vg) = Fk, =0.



Generalization to nonlinear diffusion
J=-Vr(u)+uV¥ = —r'(u)Vu +uVV¥ = —uV(h(u) — ¥).

Extended SG fluxes

D\IIK,O':\PL_\I/K (and Da—\Il:’\IJL—\IfL’)
Fro = m(g)dr(uK,uL)
—DVk » DV,
B(—————— _ B(———22
( (dr(uK,uL))uK (dr(uK,uL))uL)

Definition of dr Vg = h(ug) = Fro =0

h(b) — h(a)
dr(a,b) = logéb—i)_;log(a)
r( 5

ifa,b>0, a#b

) elsewhere



Overview of the schemes for the drift-diffusion system

Scheme for the drift-diffusion system

4 N;?Ll Nn 1
m(K) e > Fril=o,
o€efk
P?’H—l
m(K) _|_ Z gn—H _
oc€lk
- ) TUD\II’};; = m(K) (Pt — NP+ Ck).
\ O'ESK

Scheme for the thermal equilibrium

-2 37 DU, = m(K) (glar — B) — glax + ¥5) + Crc )

ocelk
Ni =glay + V%), Pi=glap—T%).



Crucial property of the SG fluxes
At the continuous level
J = —uV(h(u) — )
_ [ _3. ) — YL
]I_/Q 3-V(h(u) — ©) /Quywh(u) )|

At the discrete level

—Fr.aD(h(u) — O)y > m(0)

min(ug, ur,) (Do (h(u) — \p))Z }

g

Definition of the discrete dissipation

" — Zg m;:) (min(N}é,Nf)<Da(h(N") — \Il”)>2

+ min(Pg, PT) (DU ((P") + \pn)>2>



Discrete energy/dissipation inequality

Definition of the discrete energy

E" = ) m(K)(H(NE) — H(Ng) = h(Nf)(Nfg = Ni) + ..
KeT

+ ’\;Gzeg md(:) <D(,(\I/" - \I!e))Z.

Proposition

If the scheme has a solution which satisfies
0< Ng,Pg <M, VKecT,Vn>0,

then,
0 <E" 4 A" <E", Wn > 0.
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© Exponential decay to the thermal equilibrium



How to get the exponential decay ?

0 <E" 4+ At < E", Vn > 0.

If we prove
E" < Cg/I"
then A
]En+1 _ En < _ En+1,
— Cgr
and
At
> E'<(1-—-—-)"E° Vn>0,
CEer

n —anAt 10 . e_Atmaz
2> E'"<e EY Vn >0, with a =
EI




Relation between energy and dissipation

Proposition

Let assume some hypotheses on the data, including :

@ boundary conditions at thermal equilibrium.
If moreover the scheme has a solution which satisfies
0<m< Ng, P <M, VKe&T,Vn>0.

Then,
E" < CppF" < CpI",

where,

)\2
F" = |N} — N%[g + || P7 — P[5 + 5 V7~ Tt

= exponential decay of F" as a by-product.



About the existence and the uniform bounds

@ The scheme leads to a nonlinear system of equations at each
time step.

o Existence is obtained via a fixed point theorem :

- linearization of the scheme :
Ty : (N7, Pr) — (Y7 =) (N7, Pr),
T} based on the resolution of 3 linear systems of eq.
- proof of L*-estimates :
T}} preserves the set cntl = {m”+1 < Nk, Py < M”+1}

- application of Brouwer's fixed point theorem.



Existence and L°°-estimates

Proposition

Under some hypotheses on the data, including :
e 0 <m< Ny, Py, NP, PP < M.

If the time step verifies
)\2

At <
100

Then, the scheme has a solution, which satisfies the following L°°-
estimates on the approximate densities :

m" < N, Pp < M",
where

n At -n n At -n
m" =m(l+ 35 [Cllo)™,  M" =M1~ 15Cllx)




Comments

o If the doping profile vanishes (C' = 0)
= uniform L estimates on the discrete densities,

- without any assumption on the time step,

- exponential decay is established.

@ What happens when the doping profile does not vanish ?

eq
IN(O-N I

10—]0

10 0 5 10



Conclusion and perspectives

For the drift-diffusion systems

@ At the discrete level,the exponential decay towards the
thermal equilibrium is established,...

@ ...provided that uniform bounds on the densities are satisfied.

o OK when C = 0.

Uniform estimates when C' # 0

O GaJEWSKI, GROGER, 1986

@ Moser iterations process...
@ ... to be adapted at the discrete level

@ Ongoing work with M. Bessemoulin-Chatard and A. Jiingel
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