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Multiphase flow problems 
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Thermocapillary effects  

     surface tension at 
     is the rate of change of surface tension with temperature 
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Mass concentration and variable density 

We consider a mixture of two fluids in a 
domain. We then take a small control volume 
V, that moves with the fluid. In the volume, we 
assume the two fluids can mix along the 
interface, and the volume of the the single 
fluids does not change after mixing. We 
denote the following as : 

Fluid 2

Fluid 1

V2

V1

M 1

M 2

V = V1 + V2

M = M 1 + M 2

Mixing layer

Volume fraction ! i =
Vi

V
(i = 1 , 2), ! 1 + ! 2 = 1

Volume average density for single fluid 

Actual density for single fluid ! i =
M i

Vi
(i = 1 , 2)

!̃ i =
M i

V
(i = 1, 2)

Mass concentration ci =
M i

M
(i = 1 , 2), c1 + c2 = 1

Density for mixture ! =
M
V

=
M 1 + M 2

V
= !̃ 1 + !̃ 2



Mass concentration and variable density 

For mass concentration, we have 

ci =
M i

V
V
M

=
÷! i

!

For volume fraction, we have 

! i =
Vi

V
=

Vi

M i

M i

V
=

÷" i

" i
(i = 1 , 2)

! 1 + ! 2 = 1 ÷! 1

! 1
+

÷! 2

! 2
= 1

c1!
! 1

+
c2!
! 2

= 1

By substituting the mass concentration into the above equation, we obtain 

Taking                           as the phase variable, we obtain the variable density 
for the mixture 

c = c1 = 1 − c2

1
!

=
c1
! 1

+
c2
! 2

1
!

=
c
! 1

+
1 ! c

! 2

÷! i = ci ! (i = 1 , 2)

( c = 1 ! = ! 1, c = 0 ! = ! 2 )



Mass average velocity and quasi-
incompressibility 

Suppose two fluids move with different velocities      , we then have the mass 
conservation for single fluid component   

v i

We then introduce the mass average velocity for the mixture 

d÷! i

dt
+ ! á (÷! i v i ) = 0 ( i = 1 , 2)

! v = ÷! 1v1 + ÷! 2v2

Having in mind the definition of the variable 

! = ÷! 1 + ÷! 2

We obtain the mass conservation of the mixture 

d!
dt

+ ! á (! v ) = 0



Derivation for the quasi-incompressible 
Navier-Stokes Cahn-Hilliard model 

Mass 

Momentum 

Total Energy 

Entropy 

Mass Constitution 

(Variable density) M =
�

V (t )
! (c) dV

P =
�

V (t )
! (c)v dV

E =
�

V (t )

�
1
2
! (c)|v |2 + ! (c)gz + ! (c)u

�
dV

S =
�

V (t )
! (c)s dV

C =
�

V (t )
! (c)c dV

We will briefly re-derive the model that obtained by Lowengrub & 
Truskinovsky 1998 and show that the system satisfies the energy law. 
We first define properties of the mixtures of two incompressible fluids 
with different density 



Gibbs free energy 

As was done by Lowengrub and Truskinovsky 1998, we employ the pressure 
rather than density for the incompressible fluids, and introduce the Gibbs free 
energy for our diffuse interface model. We then introduce the internal energy as 

Using the First law of thermodynamics to the internal energy, we have the 
relation 

u = g(T, p, c,! c) + T s "
p
!

Such that we have the relation between and Gibbs free energy and the internal 
energy as 

dg(T, p, c,! c) = d u(s, !, c, ! c) " sdT " Tds +
1
!
dp "

p
! 2d!

= " sdT +
1
!
dp +

"u
"c

dc +
"u

" ! c
d! c

du(s, ! , c, ! c) =
" u
" s

ds+
" u
"!

d! +
" u
" c

dc+
" u

" ! c
d! c

= Tds+
p
! 2d! +

" u
" c

dc+
" u

" ! c
d! c



Gibbs free energy 

From the above equation we note the relations 

dg(T, p, c,! c) = d u(s, !, c, ! c) " sdT " Tds +
1
!
dp "

p
! 2d!

= " sdT +
1
!
dp +

"u
"c

dc +
"u

" ! c
d! c

!g (T, p, c,! c)
!p

=
1

"

As the density for the incompressible does not depend on the pressure,  

the Gibbs free energy is a linear function of pressure, we than assume that 

g(T, p, c,∇c) = f (T, c,∇c) +
p
!

where                 is a free energy, e.g. Anderson, McFadden & Wheeler 2000 f (T, c,! c)

f0(c) =
c2(c ! 1)2

4

f (T, c,! c) = ( u0 " chc T0)(1 "
T
T0

) " chc T ln(
T
T0

) + ! (T)
!
f 0(c) +

"
2
|! c|2

"



Mass conservation 

Momentum conservation 
(NewtonÕs second law) 

Mass constitution conservation 

(Work) (Heat) 

Balance law for the system 
dM
dt

= 0

dE
dt

= ! W + Q

!
Sgen ! 0

"

m general stress tensor qE classical heat flux non-classical heat flux qnc
E

qE /T classical entropy flux qnc
S non-classical entropy flux 

Energy conservation 
(First law of  thermodynamics) 

Entropy conservation  
(Second law of thermodynamics) 

Sgen local entropy generation 
qC mass flux of fluid 1 with velocity  v1 ! v

dP
dt

=
!

∂V (t )
m áön dA !

!

V ( t )
ρgöz dV

dE
dt

=
!

∂V (t )

"
v ám áön ! qE áön ! qnc

E áön
#

dA

dC
dt

= !
!

∂V (t)
qC · ön dA

dS
dt

= !
!

! V (t )

"
qE

T
áön + qnc

S áön
#

dA

+
!

V (t )
Sgen dV



Second law of thermodynamics 

Sgen =
1

T

!
m+ !

"
" u − T" s

#
T

$
: Du +

1

T
# : ∇u +∇

1

T
á
!

!" u
Dc
Dt

∇c

+ qE + qnc
E

$
−∇ á

%
1

T
!
"
" u − T" s

#Dc
Dt

∇c+
1

T
qnc

E −
1

T

&
$f 0

$c

− (" u − T" s)
1

!
∇ á(! ∇c) +

1

3

!
tr m+ !

"
" u − T" s

#
|∇c|2

$
1

! 2

$!
$c

'
qC

− qnc
S

(
− qC á∇

%
1

T

&
$f 0

$c
+

1

3

!
tr m+ !

"
" u − T" s

#
|∇c|2

$
1

! 2

$!
$c

− (" u − T" s)
1

!
∇ á(! ∇c)

'(
! 0



To ensure the non-negative of entropy generation                   (Second law of 
thermodynamics) ,  we specify the unknowns in the term 

Sgen ! 0

Specification with respect to the  
Second law of thermodynamics 

U"%*4"-.4%$*-=*,"%$%*,%2+$*$#>$=3*,"%*L#(.(%#/*./H#2.#/4%*#/)*V/$#0%2W$*
2%4.82-4#(*2%(#>-/*1L7-*M*N./K*OPG*QRST5X**

qE = −k(c)∇T , qnc
E = −!" u

Dc

Dt
+ µC qC ,

qnc
S = −!" s

Dc

Dt
∇c, qC = −mC∇µC ,

µC =
#f0
#c

−
p

! 2

#!
#c

(" u − T " s)
1
!
∇ á(! ∇c), m = −pI − !

!
" u − T " s

"
T,

$ = µ(c)(∇u + ∇uT ) −
2
3
µ(c)(∇ áu)I T = ∇c⊗∇c
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System equations 
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D!
Dt

= −! (∇ áu)

!
Du
Dt

= −∇p−∇ á
!
! (" u − T" s)T

"
+ ∇ á# − ! göz

!
Dc
Dt

= mC ! µC

µC =
$f 0

$c
−

p
! 2

$!
$c

− (" u − T" s)
1
!
∇ á(! ∇c)

!
D÷u
Dt

= " u∇ á(! ∇c)
Dc
Dt

+ ( −pI + ! T" sT + #) : ∇u

+ ∇ á(k(c)∇T + mC µC∇µC )

!
D÷s
Dt

= " s∇ á(! ∇c)
Dc
Dt

+
1
T

(! T" sT + #) : ∇u

+
1
T
∇ á(k(c)∇T) +

mC

T
|∇µC |2



The equations of system we derived above satisfies :  

Second law of thermodynamics 

Thermodynamic consistency of the model 

 
First law of thermodynamics 

dE
dt

=
d
dt

�

V

�
! u +

1
2
! v · v + ! gz

�
dx

=
�

V

�
! · (m · v) + ! · (k! T) + ! ·

�
" (T)

Dc
Dt

! c
��

Sgen =
1
T

! : ! v + k(c)
|! T |2

T2 +
mC

T
|! µC |2 ! 0



Sharp-interface limit (asymptotic) 
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Sharp-interface limit 
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!
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"
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!
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�
Navier-Stokes 

�
Cahn-Hilliard 

System for isothermal case : Quasi-incompressible 
NSCH system with variable density 

Lowengrub & Truskinovsky 1998  

∇ áu = −
1
! 2

"!
" c

∇ á(m(c)∇µC )

! úu = −∇p + ∇ á
!
µ(c)(∇u + ∇T u)

"
+

1
3
∇

!
µ(c)(∇ áu)

"

− ! gz − #$%∇ á(! ∇c⊗∇c)

! úc = ∇ á
!
m(c)∇µC

"

µC =
" f 0(c)

" c
−

"!
" c

p
! 2 − #$

1
!
∇ á(! ∇c)



dE
dt

= ! W + Q
dE
dt

= ! W

Isothermal 
case 

The equations of quasi-incompressible NSCH system satisfies the First law 
of thermodynamics (energy law) 

Ignore the heat 
transfer and 

temperature field 

First law of thermodynamics for the zero temperature case 

Numerical method: developing energy law preserving 
continuous finite element method (Guo, Lin & Lowengrub JCP 
2014) 



----- the capillary number measuring the thickness of the interface C

----- the diffusional Peclet number measuring the relative strengths of 
      (chemical) diffusion and advection  

Pe

----- Mach number measuring the relative strength of the surface tension 
       and chemical energies 

M

----- Reynolds number Re

----- Froude number measuring the relative strengths of inertial and  
       gravitational forces 

F r

! á u =
!

P e
! µ

" úu = "
1

M

!
! p + C! á (" ! c # ! c)

"
+ ! á (

1
Re

! u) + !
! 1

3Re
(! á u)

"

"
1

F r 2"öj

Non-dimensional system and the  
energy law 

! úc = ! á (
1

Pe
! µ)

µ =
"f 0(c)

"c
"

"!
"c

p
! 2 "

C
!

! á (! ! c)



! á u =
!

P e
! µ

" úu = "
1

M

!
! p + C! á (" ! c # ! c)

"
+ ! á (

1
Re

! u) + !
! 1

3Re
(! á u)

"

"
1

F r 2"öj

Non-dimensional system and the  
energy law 

The above non-dimensional system satisfies the following energy law : 

! úc = ! á (
1

Pe
! µ)

µ =
"f 0(c)

"c
"

"!
"c

p
! 2 "

C
!

! á (! ! c)

dE

dt
=

d

dt

!
1
2
||
!
ρu||2L2 +

C

2M
||
!
ρ " c||2L2 +

"

!

# 1
M

ρf0(c) +
1

Fr2ρy
$
dx

%

= #
1
Re

||" u||2L2 #
1

3Re
||" á u||2L2 #

1
MPe

||" µ||2L2



Introduction of the reference density 
for computation of rising bubbles 

In the example of the rising bubbles, where the light bubble is located in a denser 
medium, a reference density is usually introduced for convenience,           
asdfsdfsa, where     is the density of denser medium. However, it may not be 
thermodynamically consistent. 
! 0 = ! 2

! á u =
!

P e
∆µ

" u̇ = "
1

M

!
! p+ C! á (" ! c # ! c)

"
+ ! á (

1

Re
! u) + !

! 1

3Re
(! á u)

"

"
1

F r 2
(" " " 0)̂j

! 2

Reference density 



Specifying those unknown terms with the similar way, we then obtain the new 
equations of the quasi-incompressible NSCH system 

After we re-derive the system, a new term is obtained in the Cahn-Hilliard 
equations to maintain the thermodynamic consistency.  

New system 

! á u =
α

Pe
! µ

! u̇ = !
1

M

�
" p+ C" á (! " c # " c)

�
+ " á (

1

Re
" u) + "

� 1

3Re
(" á u)

�

!
1

F r 2(! ! ! 0 )̂j
! úc = ! á (

1
Pe

! µ)

µ =
!f 0(c)

!c
!

!"
!c

p
" 2

!
C
"

" á (" " c) !
M" 0#
F r 2

y



Phase Field Models with Matched (or identical) 
Densities (Hua, Lin, Liu and Wang JCP20��1) 

Coupled with the phase equation 

or 

����

where 

Interface:  

∇ · u = 0

! t + ( u á ! )! = " " !(! ! " f (! )) Cahn-Hilliard 

Allen-Cahn 

F (! ) = ( |! |2 ! 1)2/ 4"2

f (! ) = (1 /" 2)( ! 2 ! 1)! = F !(! )



t = 40! t

t = 200! t

Velocity field  
(energy law preserving method) 

Velocity field  
(method without preserving energy law) 

Motivation of using energy law preserving method 



Another motivation: example of a 
hydrodynamic liquid crystal model  

with initial and boundary conditions!

Here !

(Ericksen-Leslie theory, FH Lin and C Liu 1995)!



Example  

Initial director Þeld! , where!

t = 0! t = 0.75!



2. Effect of Reynolds number or viscosity!

! =1, t=0.26!
!=1/ 10, t=0.24!
!=1/ 100, t=0.23!
!=1/ 1000, t=0.225!

When viscosity!
decreases, the !
defect point moves!
faster and the !
annihilation occurs!
sooner.!

Need Þner mesh for !
high Reynolds numbers!



Re=100 Re=1000 

Re=10 



Weak form and energy law 

!

Ω

"
! úc" +

1
Pe

! µ á ! "
#

dx = 0

! =
" úc
M

v = u

!

!

"
u á ! q "

!
Pe

! µ á ! q
#

dx = 0

�

!

�
! u̇ áv +

1

M
v á ! p "

C
M

(! ! c # ! c) : ! v +
1

Re
! u : ! v

+
1

3Re
(! á u)(! á v ) +

1

F r 2(! " ! 0 )̂j áv
�

dx = 0

Energy law =!

q =
! u áu

2
+

!f 0(c)
M

+
!C (! c á ! c)

2M
+

p
M

+
(! " ! 0)y

F r 2

! =
µ
M

! "
�

(# ! #0)y
F r 2 !

#u áu
2

!
#f 0(c)

M
!

#C(" c á " c)
2M

!
p

M

�

�

!

�
µ! !

"f 0(c)
"c

! +
"#
"c

p
#2! +

C
#

(" # á " c)! ! C" c á " ! +
M#0$
F r 2 y!

�
dx = 0



Weak form and energy law 

We see that when deriving the energy law, the second order of derivative is 
involved. We then need to reformulate the system, in order that we can use  
      finite element method. C0

dE
dt

=
d
dt

!
1

2
||√! u||2L 2 +

C
2M

||√! ∇c||2L 2 +

"

!

# 1

M
!f 0(c) +

1

F r 2!y
$
dx

%

=−
1

Re
||∇u||2L 2 −

1

3Re
||∇ · u||2L 2 −

1

MP e
||∇µ||2L 2

A formula which is used In variable density case 

! á(! ! c " ! c) = ! á(! ! c)! c +
1
2

! ! (! c á! c)



Reformulation of the momentum equation 

Multiplying the mass conservation equation by u/ 2
1

2
! t u +

1

2
! á (! u)u = 0

Multiplying the chemical potential equation by ! ∇c/M

And introducing a new pressure 

We then obtain a new formulation of the momentum equation 
!

! (
!

! u)t + ! (u á " )u +
1
2
" á (! u)u = #

1
M

! " (
öp
!
) +

1
M

!µ " c

+ " á (
1

Re
" u) + "

! 1
3Re

(" á u)
"

+
! 0"
F r 2

y! " c #
1

F r 2
(! # ! 0)öj .

1
M

ρ! cµ "
1
M

ρ! f0(c) +
1
M

p

ρ
! ρ +

C

M
! á (ρ! c # ! c)

"
C

2M
ρ! (! c á ! c) +

ρ0α

Fr2yρ! c = 0

öp = p + !f 0(c) +
C
2

! |! c|2



Reformulated system for       finite element 
method 

C0

∇ · u =
!

P e
! µ

√
" (
√

" u)t + " (u · ∇)u +
1
2
∇ · (" u)u = −

1
M

"∇(
öp
"
) +

1
M

"µ ∇c

+ ∇ · (
1

Re
∇u) + ∇

! 1
3Re

(∇ · u)
"

+
" 0!
F r 2y"∇c−

1
F r 2(" − " 0)öj

" úc = ∇ · (
1

P e
∇µ)

"µ = "
#f 0(c)

#c
−

#"
#c

öp
"

+
#"
#c

f 0(c) +
#"
#c

C
2

(∇c · ∇c) − C∇ · ("∇c) −
M" 0!
F r 2 y"



Weak form and energy law 

!

!

"
− u · ∇q +

!
Pe

∇µ · ∇q
#

dx = 0
�

!

�
!
ρ(

!
ρu)t áv + ρ(u á " )u áv +

1
2
" á (ρu)u áv +

1
M

ρ(v á " )
öp
ρ

+
1
Re

" u : " v

+
1

3Re
(" á u)( " á v ) #

1
M

ρ(v á " )cµ #
ρ0α

Fr2yρv á " c +
1

Fr2(ρ # ρ0)öj áv
�
dx = 0

!

!

"
! úc" +

1
Pe

! µ á ! "
#

dx = 0

v = u

! =
µ
M

!
(" ! " 0)#y

F r 2 !
# öp
M

! =
ct

M

q =
öp

M

Energy law =!

!

Ω

"
!µ" − !

#f 0(c)
#c

" +
#!
#c

öp
!
" −

#!
#c

f 0(c)" −
#!
#c

C
2

(∇c · ∇c)" − C! ∇c · ∇"
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Weak form and energy law 
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Note that, only first order derivatives are involved when deriving the energy 
law, so that we can use the finite element methods. 

We can still obtain the energy law with the reformulated system 



Numerical method and discrete energy 
law 
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Numerical method and discrete energy 
law !
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Numerical method and discrete energy 
law 

Our finite element method satisfies the following discrete energy law 
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Example of kissing bubble 

Density ratio 1 : 10 interface & velocity field 

Density ratio 1 : 1   Interface & velocity field 
t = 0 .01 t = 40 t = 260

t = 0 .05 t = 13.5 t = 70



Example of kissing bubble 
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The left figure shows how the energy of the system is dissipated. The left one 
shows that the volume of the bubbles for both cases are preserved well 
through our numerical method. 

Energy of the system for 
both cases 

BubblesÕ volumes for both 
cases 



Example of rising bubble (density ratio 1 : 2) 

t = 0 t = 0 .9t = 0 .7

t = 1 .1 t = 1.7 t = 1 .9

t = 0 .4

t = 1 .4

Interface &  ! á u



Example of rising bubble (density ratio 1 : 2) 

Interface with velocity (left) & vorticity (right)  

t = 0

t = 0 .7

t = 0 .4

t = 0 .9
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Example of rising bubble (density ratio 1 : 2) 

Interface with velocity (left) & vorticity (right)  
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Example of rising bubble (density ratio 1:50) 

t = 0 t = 0 .3 t = 0.4 t = 0 .7

t = 0 .825 t = 0 .85 t = 0 .875 t = 0 .915

Interface &  ! á u



Example of rising bubble (density ratio 1:50) 

t = 0 t = 0 .3

t = 0 .7 t = 0 .825 t = 0 .85
Adaptive mesh, minimum size of the edge equals to width of the 

interface, so that at least one mesh can cross the interface 

t = 0.5



Example of rising bubble (density ratio 1:50) 
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Example of rising bubble (density ratio 1:50) 
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Example of rising bubble (density ratio 1:50) 
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Summary and other related work 
 
¥! Derive a phase field model with variable density and temperature field  
    - Thermodynamically consistent (satisfying the first and the second laws 
of thermodynamics Ð energy law and entropy law) 
    - Constant density case Ð the model reduces to the established phase 
field model with constant density - Model H (e.g. Hohenberg & Halperin 
1977, etc.) 
    - Isothermal case Ð the model reduces to the quasi-incompressible 
NSCH model with variable density (e.g. Lowengrub & Truskinovsky 1998) 
 
¥! Derive continuous energy laws 
¥! Design energy law preserving continuous finite element schemes for 

constant density and isothermal variable density cases (Guo, Lin & 
Lowengrub JCP. 2014) 

¥! Validate the full model through examples for thermocapillary convection 
and migration Ð comparing to analytical solutions (Guo & Lin JFM 2015) 

¥! Generalise the idea to moving contact line problem (Jiang, Lin & Guo 
CiCP 2015) 



Comparison with sharp-interface 

Interface at  t=3.0                                    Rising velocity��
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Comparison with sharp-interface 

Interface at  t=3.0                                    Rising velocity��
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Phase-field models for multi-phase 
incompressible flows 
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Mass average velocity and quasi-
incompressibility 

Where we see that, due to the variation of the phase variable c, the mass 
average velocity for binary incompressible fluids does not satisfy the 
divergence free condition, this introduces the quasi-incompressibility to 
the model, it is termed as the quasi-incompressible fluids by Lowengrub & 
Truskinovsky (1998). Another way is to use the volume fraction and 
introduce the volume average velocity of the mixture 

From mass conservation of the mixture, we have 

dρ
dt

+ ! á (ρv) = 0
Dρ

Dt
= −ρ(∇ · v)

! á v = "
1
!

D!
Dt

! á v = "
1
!

"!
"c

Dc
Dt

#= 0

ṽ = ! 1v1 + ! 2v2

which satisfies the divergence free condition for the binary incompressible 
fluids 

! á ÷v = 0
See Boyer (2002), Ding et al (2007), Abels et al (2012). 



Moving Contact Line��
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Energy Law (Continuous)��
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Validation of the full model : example of 
Thermocapillary convection in two-layer fluid 

system 

Fluid A

Fluid B

Heating

Cooling

! ermocapillary
e" ects

! ermocapillary
convection

Ta(x, ! b) = Th + T0 cos(!x )

T a(x, a) = Tc



Full model : example of Thermocapillary 
convection in two-layer fluid system 

Analytical solutions (B. Pendse & A. Esmaeeli 2010)   

For fluid A : 

For fluid B : 

TB (x, y) =
÷k(Tc ! Th )y + ÷kTcb+ Th a

a + ÷kb
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Temperature 

Stream function 
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Stream function 



Comparison between the numerical and 
analytical solutions 
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Temperature field 

Streamlines 

  Numerical solutions                                     Analytical solutions 
                                                          (B. Pendse & A. Esmaeeli 2010) 



Full model : example of Thermocapillary 
migration 

Heating

Cooling

! ermocapillary
e" ects

VYGB
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Theoretical prediction for the rising velocity (YGB velocity 
Young et al 1959)  

 
3D bubble in an infinite domain 

Rising velocity computed for our numerical simulations 
(Volume-average rising velocity) 

 
2D bubble in a finite domain 

vr =

!
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Comparison between the numerical result and 
theoretical prediction 

Bubble rising velocity 
(numerical result for 2D bubble & 

theoretical prediction for 3D 
bubble ÒYGB velocityÓ) 
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Bubble interface and the 
streamlines 
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Our numerical result converge to a value                                .  
The same result was obtained by Herrmann et. al., 2008 (level set method) 

vr = 80% VY GB



Classical Phase field model is for the binary incompressible fluid with identical 
(matched) densities, it dates back to 
 
Model H (derived by Hohenberg & Halperin 1977) Ð a number of different 
derivations available (e.g. Liu & Shen 2003, etc.) 
 
Several extensions of Model H for the case of variable density were presented 
by, e.g., 
 
1  Lowengrub & Truskinovsky 1998 (quasi-incompressible NSCH) 
2  Boyer 2001 
3  Ding, Spelt & Shu. 2007 
4  Shen & Yang 2010 
5  Abels, Garcke & Grun 2012 
 
where the models 1, 4, 5 have an energy law. We recently developed a 
thermodynamic phase field model !  model 1 in the isothermal case. 

Phase field models with matched (or 
identical) densities or variable density 

and with temperature field 


