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Multiphase flow problems - g-
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Phaseleld function: C
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Fluid 1| Fluid 2

Sharp-Interface model Phase-Field model
<"#28%*./,%2=#AYS B.C7%./0*./,%2=#4%
).$4-1>17.,3 <+--,"/%$P&YH#P3*=-2* " %-23
?1,%2=#4 #(*4-/).>-F 6-*./,%2=#4.#(*4-/).>-F

@((-9*?/,%2=#4%* , 2H#A AP 2=#4%*4#8,72./0*1:D*%E7
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Thermocaplillary effects
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Cooling

Y

Heating

FOo/#2)&G#2#/0-1.*4-IHY%A>-[*[*+#S$S*, 2#/S=%02*#(-/0*#/* ./, %0 2=#4A%
J7.)$*)7%*,-*$72=#4%* ,%/$.-/*02#).%/ ,K*.[*4#F$%*-=*,%+8*)%8%/) %o/
<72=#4%*,%/$.-/*1$"#28*./,%2=#4%*+-)%(5
L(T)="1o! '1+(T! Tp)
* 0 surface tension at
* T Is the rate of chang® pf surface tension with temperature

I"#$%&'%()*1).C7$%*./, %2 =#4%5H-ZRKA O*P(TQ%4* QRS TS
..




Mass concentration and variable density : &

DUNDEE

We consider a mixture of two fluids in a
domain. We then take a small control volume

V, that moves with the fluid. In the volume, we
assume the two fluids can mix along the
interface, and the volume of the the single Fluid2
fluids does not change after mixing. We
denote the following as :

(
PPPEA- N\\)(\V\g\ \}e

V=V +V,
Fluid 1 M =M+ M;

Actual density for single fluid li= —(=1,2)

Volume average density for single fluid i = — (i = 1,2)

. . M M
Density for mixture | = 'l/I/ — 1;; S S

Volume fraction i =

Mass concentration ¢c=— (1=1,2), ct+c=1
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Mass concentration and variable density : §&
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For mass concentration, we have

M; V k- .
Q:VM:I_ i > =g (|:1’2)
For volume fraction, we have
.+ 15,=1 . .
Vi ViM% 12 b By
lW== = = __ =1.2 | —+ — =1
VA VIRY "i(l ,2) > TREP

By substituting the mass concentration into the above equation, we obtain

T

Cy! Co! 1 Ci Co
I

Taking ¢ = c¢; =1 — c2 as the phase variable, we obtain the variable density
for the mixture

1 C 1! c
T T

Iy




Mass average veloc_ity _and quasi-
Incompressibility

Suppose two fluids move with different velocities Vv ;, we then have the mass
conservation for single fluid component

adk

A (v)=0 (i=1,2

We then introduce the mass average velocity for the mixture
lv=+1vi + +ovy
Having in mind the definition of the variable

=+, ++

We obtain the mass conservation of the mixture

d!
— 4+ 143 (! =
dt+.a(.v) 0




Derivation for the quasi-incompressible gz~
Navier-Stokes Cahn-Hilliard model

We will briefly re-derive the model that obtained by Lowengrub &
Truskinovsky 1998 and show that the system satisfies the energy law.
We first define properties of the mixtures of two incompressible fluids
with different density

Mass M = / I (c) dV (Variable density)

V (t)

Momentum P = / I (v dV
V()

1 2

Total Energy E = / =1 (c)|v]*+ ! (c)gz+ ! (cju |dV

v \2
Entropy S = / 1 (c)s dV

V (t)

Mass Constitution C = / ' (c)c dV
V(1)
e




Gibbs free energy °
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As was done by Lowengrub and Truskinovsky 1998, we employ the pressure
rather than density for the incompressible fluids, and introduce the Gibbs free

energy for our diffuse interface model. We then introduce the internal energy as
u=g(T,p,c,! c)+ Ts" |B

Using the First law of thermodynamics to the internal energy, we have the
relation " " " "

u u u u
du(s,!,c,! ¢) = -—ds+ —d! + .—dc+ —d! c
S ! C I C
p [} u 1 u
= Tds+ —d! + —dc+ d! c
! 2 1 C " I C
Such that we have the relation between and Gibbs free energy and the internal

energy as

1
dg(T,p,c,! ¢g=du(s,!,c,! ¢)" sdT" Tds+ l—dp" .%d!

1 "u "u
= "sdT + -dp+ —dc+ —d! c
! C I c




Gibbs free energy °
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1
dg(T,p,c,! ¢g=du(s,!,c,! ¢)" sdT" Tds+ l—dp" .%d!

1 u u
= "sdT + —dp+ —dc+ —d! c
! C I C
From the above equation we note the relations

g (T,p,clc) 1
Ip "
As the density for the incompressible does not depend on the pressure,

the Gibbs free energy is a linear function of pressure, we than assume that
o(T,p,c,Vc)= f(T,c,Ve) + IE
wheref (T,c,! ¢)is a free energy, e.g. Anderson, McFadden & Wheeler 2000

F(T,c.l g=(uo" CrcTo)(1" Tlo) " CheT In(Tlo) + | (T)!fo(C) + %“ C|2I

2 |12
Jo(e) = C(C4 )
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Balance law for the system
. dM DUNDEE
Mass conservation T =0
t
Momentum conservation dP '
~ - = I 7
(NewtonOs second layv  dt oV (1) m ad dA | V() pga dv
de L —
Energy conservation g v vam ao} Ge ao! Qg an dA

(First law of thermodynamics) (E ' '

T 'W (Work) +Q (Heat)

Entropy conservation  dS _ OE ... nc 2w
(Second law of thermodynamics)  d¢ V() a0t OsTao d4
!
+ Sgen dV Sgen ! O
V(1)

Mass constitution conservation d_C = | qc - 0 dA

dt oV (%)
m general stress tensor ¢e classical heat flux g non-classical heat flux

O /T classical entropy flux g2 non-classical entropy flux Syenlocal entropy generation
gc mass flux of fluid 1 with velocity vi! v




Second law of thermodynamicsg-
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1 # T 1 1, Dc
+0g +0g Va 01'"" T" #DCVC+ e $f0

de T AE T ”I Dt TIE 7T 3¢ |

. N 1 o H 1 $!
~ (e = TU) VAl Ve 45 trml T s |Vcl? 7ge A

0 I

nC( % & $fo 1 - oy 2$ 1§

— Qs —(c av ?$—'(+§ trm—+! ", —T"g |V(] 1230

_ (" u — T"s)l—v é.(' VC) 10




Specification with respect to the e
Second law of thermodynamics

To ensure the non-negative of entropy generation Sgen ! 0 (Second law of
thermodynamics) , we specify the unknowns in the term

qe = —k(o)VT, qgge = V" UB—§+ fcqc
nc — _ | D_Cv s v
ds Y C, dc mc Vv uc,
#fo p#! 1 ! y
He = 5o I—Q#—C(u — 1" s)!—v a(!Ve), m= —pl-1 ", =T"s T,
$= u(c)(Vu+ Vu') — g,u(c)(v au)| T=Ve® Ve

U"%*4"-.4%%$*-=*,"%3$%*,%2+3*$#>$=3*,"%*L#(.(Yo#/*.|H#2 #/4%*#/)*VI$#0%
2%4.82-4#(* 2% (#eA*IM*N./K*OPG*@RST




System equations
@*1"H#$%& Yo ()*+-)%(*=-2*,9-&8" #$%*J-9$*9., " HH#2 #Y (96*)%/$
"002+-A#8.(#23*%C%4,$* 1L 7-*M*N./K*OPG*QRST®

DI

- —= —I(Vau)
6#H.%28*"" | ,,
Du | ) )
<-A%$ | S-= —Vp-Val('u —T")T + Va#—!gb
De "062-+-448.(#23*%C%4,F
. —=mc! Hc
;#"/&* Dt
$f $! 1
D.((#2) pc = $é’— !p2$c_("u — TV & Vo)
D& ) Dc i}
D%#, lﬁ: uVa(!VC)ﬁ+(—pl+!T s + #):Vu
+ Vak(c)VT + mc e Vie)
'D—Sz "sVa(! VC)E:+ 1(IT" T+ #): Vu
Z/,2-83 “pt- TV Vbt TV |

1_ Mc ,
+ ?V ak(cVT) + ?|vuc|
..
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Thermodynamic consistency of the model °
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The equations of system we derived above satisfies :

First law of thermodynamics

Z—E: %/\/ (!u+%!v-v+!gZ)dX
:/(! ML) (T o c))
v Dt

Second law of thermodynamics

! T|2 Mc
77+ ?u ucl?! O

1
Sgen = f! 1 v+ Kk(C)
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Sharp-interface limit (asymptotic) -
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! " #$% &' % () *_|_ _) % (******Jc*!**79**7;******************< " #2 8 & . /

21*,"%*Y 7(A*8"#$%PK*-72*8"#$%& ' % () *+-)%(*2%) 74%$*,-*,"%
$"#288&./,%2=#4%*+-)%(*UET7#>-/F

' av=0

Dv | " )
ige T Poprhau vl v') " ligd
'CthD-,I[-:! aki! I+ (' v+! v):l v

¢ <T2=HAY Yol$.-*=-2%"H28& .| Yo2=HAY*+-) Yo (* LHSST+./0*(/Y6H2* I*(., Y624,
1(T)= 1! 11(T! To)
2 1-00[4. %) *-=* "Yo* ST 2=HAY* %o/B.-1*, Yo 2+* 8" HEY6& Vo ()*+-) Yo (*
L(T) = "#(T)
-




Sharp-interface limit
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! " #$% &' % () *_|_ _) % (******7{‘*!**7&*#;******************< " # 2 8 & . /

@(-10%,"%* .| %2=HA%K* "Vo* A(HSPS. A (N\T+8*4-]) . >-[*AH/*Y Y%o*) Y%
=2-+*-72*8"#$%& % () *+-) %o
GHSS*Y #(#1A%
v] &t =0
G-+%/,7+*Y#(#/4%5
pl & + — (Vv +*vT) &D, = Vk+ "ED,

Z1%203*Y #(#/4Y%%5

k! T & =(plav]" [u( v+! FHyavDan "! cakEv,)" "ko, av,
<T2=HAY%* %/$.-1*2% (#>-1*Y Y%,0%%/*,9-*+-) % (F

= +Il

HT) =" (T)lim #$(C)(g—0(;32d°/0= (1)




System for isothermal case . Quasi- Incompress|b|ey»
NSCH system with variable density
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Lowengrub & Truskinovsky 1998
1 Ill

Vau = ———V am(c)Vue)
er- | T "
Navier-Stokes { = —Vp+ Vap(©(Vu+ VTu) + 2V p(e)(V au)
— 1 gz — #$W A(! Ve Vo)

&= V& m(c)Vic
Cahn-Hilliard " "

I
IO #$|3v a(1 Vo)

Hc =

"C cl?
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First law of thermodynamics for the zero temperature case
c Isothermal dE
= IW+Q s N —=1W
dt Ignore the heat dt

transfer and
temperature field

The equations of quasi-incompressible NSCH system satisfies the First law
of thermodynamics (energy law)

Numerical method: developing energy law preserving
continuous finite element method (Guo, Lin & Lowengrub JCP
2014)




Non-dimensional system and the
energy law
la u= ! !
pe "

n o’ " 1!| +C|'("| #l )"+|,(1| )+I! 1(I, )"
ul = — ra P CH: C ra (— u o —_¢*ada u
Mo P Re 3Re
1 [ 1] 1 1 o)

Ilf C |l! C
= O 2P S

"C "cl2 |

Pe --—--- the diffusional Peclet number measuring the relative strengths of
(chemical) diffusion and advection

M - Mach number measuring the relative strength of the surface tension
and chemical energies

C - the capillary number measuring the thickness of the interface

Re ----- Reynolds number

Fro-—- Froude number measuring the relative strengths of inertial and

gravitational forces
..




Non-dimensional system and the
energy law
14 u= Pe! L
=" i!| p+ Clé("l C#! C)"+|é(i| u) + | !i(léu)u
vl 14 ("1 c#! & (o !

, 1 R

la=1a (P—e! ") 72
"fo(c) "I C .
= ,,OC()" ,,C!%" a0

The above non-dimensional system satisfies the following energy law :

dE d 1

C | #1 $
= 2 pulld, + —I” 2" I, + — +
At dt 2” pul|7 2M” p" g M,Ofo(c) Frzpy dx

|
= # oA il # A il # Tl
" Re iz 3Re Hlrz M Pe Hil L2




Introduction of the reference density
for computation of rising bubbles
14 u= PeAp
" =" i!| p+Cla ("! c#! C)" 113 (il u) +! !L(Ié u)"
vl 14 ("1 c#! & (o (!
" ol

Reference density

In the example of the rising bubbles, where the light bubble is located in a denser
medium, a reference density is usually introduced for convenience,
‘o0 — '2, where '2 is the density of denser medium. However, it may not be
thermodynamically consistent.




New system °
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Specifying those unknown terms with the similar way, we then obtain the new
equations of the quasi-incompressible NSCH system

14 @,
v Pe a
=1 (" p+C"a (1" cH" ) +"4 (" U)+" (——("4 u))
M Re 3Re
1 .
1 b ——(! o)
6= 1A (5 W) Fre
fo(c)l " C e o M
Ic =~ Ic"2’ alth ol ey

After we re-derive the system, a new term is obtained in the Cahn-Hilliard
equations to maintain the thermodynamic consistency.




Phase Field Models with Matched (or identical)
Densities (Hua, Lin, Liu and Wang JCP20 1)
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(pu)e + (u-V)(pu) =V -vD(u) + Vp+ AV - (Vo @ Vo) = pgj

V.-u=0
Coupled with the phase equation

et (ual)l =710 " £(1))  cahn-Hilliard
or

¢t + (u-V)o =v(A¢ — f(¢)) Allen-Cahn
where

f(Y=@/r?(2r 1) = F'(1)
F()=(|'|?! 1)%/4"2

Interface: = {z € Q|¢(z,-) = 0}.




Motivation of using energy law preserving method
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Another motivation: example of a
hydrodynamic liquid crystal model
u; + (wV)ju—vV-D(u)+ Vp+ AV (Vd® Vd) =0,
V-u=0,

d¢+(u-V)d -~ (Ad - f(d)) =0

with initial and boundary conditions!
ult=0 = ug, d|t=0 = do, ulpn = uolspn = 8u, d|spq = dolan = &4.

Here !

D(u) = (1/2) (Va+ (Vu)7)
(Vd);; =d; ; = S’Td;

f(d) = (1/e2)(|d|? — 1)d

(Ericksen-Leslie theory, FH Lin and C Liu 1995)!




Example

t=20!
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Initial director Peldd(x) = d(x)/,/|d(x)|2 + €2, where!

d(x) = (7 + 23 — a?,2ax5), a = 0.5, At = 0.001 and
Re= 1.

t=0.73!
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2. Effect of Reynolds number or viscosity!
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=1, t=0.206!
1=1/10, t=0.24!
1=1/100, t=0.23!
1=1/1000, t=0.225!

Need Pner mesh for !
high Reynolds numbe
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RIS
N 4:»3&11@0}'5:7&5“%%%“%1
R et

When viscosity!
decreases, the !
defect point moves!
faster and the !
annihilation occurs!
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Weak form and energy law 8
! .. DUNDEE
! ualqg" P—e! nalgq dx=0 =! Energy law
~tuau fo(c) !C(tcalc) p (1" to)y
L Y Y R L
/ !Uév+ivé!p' C('lc#' C) : 'v+ilu Vv
! M M Re
1 | | 4 1 1" 1) &av ldx = 0
+3?e(au)(.av)+ﬁ(. .O)Jav> X = V=u

. )
@ + —1 pal" dx=0
pe P X

Q
| H (#! #O)y #u au #fo(c)l #C(" cé"c) P
- o(C) P, P L IR " s M#o$
/(H c' "c#2+#( #a"c)l ! C"ca"!l + =z Y
I

<l W




Weak form and energy law °

DUNDEE

dE C _—_ #1|f | | $d

IVl -

3Re| MP

We see that when deriving the energy law, the second order of derivative is
mvolved We then need to reformulate the system, in order that we can use
C? finite element method.

A formula which is used In variable density case

al't c"! o=1"1 4! o! c+ %!! (! cal ¢
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Reformulation of the momentum equation &
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Multiplying the mass conservation equation by u/ 2

1 |
—!tu+§!a (Twu =0

2
Multiplying the chemical potential equation by ! V¢/M
1| "1|f()+ 1p| +Clé(| #1 )
jqp(m jgp olc Nhfp V3 pl cH#H! c
[ 1] Z po& —
mp! (! cale)+ F—rzyp! c=0

And introducing a new pressure

) C )
o= p+ !If o(c)+ E!|! C|

We then obtain a new formulation of the momentum equation

L] , 1, 1 0 1
TC Tu);+!(ua")u+ é"a ('u)u = #M! " (|—)+ m!u" C

11 S .

PR W (A oy o (1 # 1)
Re 3Re Frelt ©7 ezt o




Reformulated system for C° finite element. g
method

V-u=

I
pe M

V(U + (U - V) + %V ("u)u = —Mi"V(?)"‘ Mi"UVC

+ V 1V ) + V! ! (V )"+ LMRVER v/ 1 (" —"o)f
(ReV W™V grel VW T Ve El
. 1
C= v‘(F,—evli)
#o(d) #"rj+ #"f C) + me Vc-Ve) —CV - ("Vc Mot




Weak form and energy law B

=! Energy law

! .. "
—qu+P—eV|JVq dx =0 q:m

L, , ) 1 , 1 P 1
/ o( pu)fav+ p(ua")uav+ ="a (pu)uav+ —p(v a")g)+ —"u:"v
| 2 M p Re

r L eaneav Sovanyet Pl ater S (ot po)av )de =0
3Re M M LU T A v=

V = U
Wy .
| @ 1Al dx=0 = ( -Frg)#y! o
" —! #0(0), + L ﬂfo(c)" — ﬂE(VC'VC)" —C!Vce- V"
O #HC #c! #C #c 2
- M O$y!" #dx:o I = %
Fr2




Weak form and energy law 8
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We can still obtain the energy law with the reformulated system

dE C o2 #1 L8
= JIVIUIR: + VT Velfe + o o(0) + 2ty o

— —||Vul[t, —
Re|| L 3ReHv Iz

Note that, only first order derivatives are involved when deriving the energy
law, so that we can use the finite element methods.
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Numerical method and discrete energy. g °
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\ .. _ Discrete
' T A#g+ —#u"t 2?2 4#g dx =0 energy law
! ( u), q Pe W, ° a#q dx s iz
q: ph i ('h : O)y
M Fr2
[ (vt et R Rt o) TR
1 + 1 ”+%
n n+1
+§V'( 2(\/TU)““) Jruntt. V+Wlh 2 (v - V) -
'y
1
VW up v 3Re(v (VTR ™)) (V)
1 1 n"’ n—I— ' ! n_l_l
M A R T B U
h h

1 1 .
+ (1 _!O)P'v)dxzo v=( Ut
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Numerical method and discrete energy. g °

n+1 IaW DUNDEE
| : " n+% CB+1#+ ” +L ( n+1) ( u)n+1 a#c”+1
! o ) o
nny2 ) m N+l 4 n$ 1 n+% A —
+("R)TC Tu)pT AdCy #+ S A, T ad dx=0
" +1/2 n LN+1/2 +1/2
|:|(E ! o)#yl#l%n +IJE
Fr2 ' M M
re*™,d)) nei, netl 1 n+ 1
———— TR B (A E mr(cﬂ“,cﬂ)pﬂ”#
! " "
(@) o) TS
C
! Z(" atatgt +raqantg)r(att, 4
%
1 1 cqtt
| C"E+2" CE+2 a"#! n+ lCﬂ) rZy# dx =0 X = Cg-'-l
"h ’ M




fo(cy™) ! folcp) = g(cy™, )™ ! cp)

L(G™) ! ) = r(e ™ ) (e ™ ! )

In+l yn+l . 7 Toagyn
" on ' h
( ]—u)n+1 _ h h

|

n
“h “h
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Numerical method and discrete energy. g °
IaW DUNDEE

Our finite element method satisfies the following discrete energy law

1 C
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Example of kissing bubble
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#1:1,#2:1
# =1,#2=10

1
| | | | | | L L L L L T
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time

Energy of the system for BubblesO volumes for both
both cases cases

The left figure shows how the energy of the system is dissipated. The left one
shows that the volume of the bubbles for both cases are preserved well
through our numerical method.




Example of rising bubble (density ratio 1 : 2)
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Example of rising bubble (density ratio 1 : 2)
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Interface with velocity (left) & vorticity (right)
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Example of rising bubble (density ratio 1 : 2) &
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Interface with velocity (left) & vorticity (right)
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Example of rising bubble (density ratio 1:50)’0 1
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Example of rising bubble (density ratio 1:50)0
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t=0 t=0.3 t=0.5

t=0.7 t =0.82¢ t =0.8&
Adaptive mesh, minimum size of the edge equals to width of the
interface, so that at least one mesh can cross the interface
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Example of rising bubble (density ratio 1:50)’0 &
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Interface with velocity (left) & vorticity (right)
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Example of rising bubble (density ratio 1:50) &
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Interface with velocity (left) & vorticity (right)
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Example of rising bubble (density ratio 1:50)

Interface with velocity (left) & vorticity (right)
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Summary and other related work

¥ Derive a phase field model with variable density and temperatufe field

- Thermodynamically consistent (satisfying the first and the second laws
of thermodynamics b energy law and entropy law)

- Constant density case b the model reduces to the established phase
field model with constant density - Model H (e.g. Hohenberg & Halperin
1977, etc.)

- Isothermal case b the model reduces to the quasi-incompressible
NSCH model with variable density (e.g. Lowengrub & Truskinovsky 1998)

¥ Derive continuous energy laws

¥ Design energy law preserving continuous finite element schemes for
constant density and isothermal variable density cases (Guo, Lin &
Lowengrub JCP. 2014)

¥ Validate the full model through examples for thermocapillary convection
and migration B comparing to analytical solutions (Guo & Lin JFM 2015)

¥ Generalise the idea to moving contact line problem (Jiang, Lin & Guo
CiCP 2015)




Comparison with sharp-interface °
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Density ratio 1:10
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Comparison with sharp-interface g
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Phase-field models for multi-phase
incompressible flows et
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Mass average veloc_ity _and quasi-
Incompressibility

DUNDEE

From mass conservation of the mixture, we have

dp . Dp
E+!a(pv)=0 | > D—t=—p(V'V)
1D! 1"! Dc
lav="—-—— | > lav="—-———%#0
I Dt l "c Dt

Where we see that, due to the variation of the phase variable c, the mass
average velocity for binary incompressible fluids does not satisfy the
divergence free condition, this introduces the quasi-incompressibility to
the model, it is termed as the quasi-incompressible fluids by Lowengrub &

Truskinovsky (1998). Another way is to use the volume fraction and
introduce the volume average velocity of the mixture

V =11V +1avo
which satisfies the divergence free condition for the binary incompressible
fluids L
la v =0

See Boyer (2002), Ding et al (2007), Abels et al (2012).
..




NERSIT
< PO

Moving Contact Line -
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Navier — Stokes — Cahn — Hilliard
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Boundary Conditions (Top and Bottom), General Navier Boundary
Conditions (Qian, Wang & Sheng CiCP 2006)

lI/

Tu® =% %u, H{ ) Ho ﬁ+ux"xl=#H§LL(/)9 u,=0 ! u=0

Boundary Conditions (Left and Right)
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Energy Law (Continuous)

dE i 2 2 2, %1 i & |
ol LM o I T
— 1 usllp(ushp + qN) (¢)|2 ds
fionl i \
where (Total Free Energy)
Re, 2 B 2 1 ) c
E =7”u”|—2 +?”( ||L2+ Z( 2) 1) +CM_ B-O/OT,%;#Wf ( ) d‘
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Energy Law (Discrete) UNDEE
n+— ? n+— n+— 2 n+l 2 %
E™ ( E'=() tg, u 2|+ BL|l/, > ¢, 2| +# |p 2| ( GF G
L2 L2 LZ +
# 1| slipn+ B et et °$
S G = uh,x, 2 | U ¥ 4,2 &s
'r o8 P/(LS Vs +&
i, _Rey 2 Be i]|? 1 i ’ i
E =7Huh 2t [V, L2+Bfg(z((¢h) -1) )dx+B rT,r/Wf(%)dS
i1 #1 sipke:t  $
G =* 4 %&f uh,: 2u,, "ds work done to the wall




Validation of the full model : example of
Thermocapillary convection in two-layer fluid oo
system

Cooling 7%(z,a) = T¢

I ermocapillary @ :
convection ; .
- Fluid A
I ermocapillary '

€' ects !
@ © ' Fluid B

Heating T&(x,! b) = Tn + To cos(x )




Full model : example of Thermocaplllary
convection in two-layer fluid system
Analytical solutions (B. Pendse & A. Esmaeeli 2010)
For fluid A :
Temperature TA(X,Y) = (Te Th);/: :JCM Tha, Tof (I,", K) sinh(! ! #y) cos(#x)
Umax 1 '

Stream function  $4(x,y) = " #y sinh?(! )cosh(#y)

# sinh?(1)! 12

%

1, # , &
! 5 2 “+ #y sinh(2!')! 2! sinh(#y) sin(#x)

For fluid B :
Temperature T (x,y) = 1 ED + Tof (1,", K) sinh(! )cosh{#y)

I Ksinh(#y)cosh( ) cos#x)

H B —_ Umax 1 # H 2/n
Stream function $°(x,y) = —— — #y sinh”(" )cosh(#y)
# sinh“(")! "2
1,3 %" &
! 5 2" <1 #y sinh(2")! 2" sinh(#y) sin(#x)




Comparison between the numerical and
analytical solutions

I"HS%8 1"H#8%&!(

lllll
77777
/-

_— _— — —~—_
— — ~—

Temperature field

Numerical solutions Analytical solutions
(B. Pendse & A. Esmaeeli 2010)




Full model : example of Thermocaplllary
migration

Theoretical prediction for the rising velocity (YGB velocity
Young et al 1959)

Heating
3D bubble in an infinite domain
v _ 2U
YGB = :
(2+ K)(2 +34)
Us Kp 1B
 ermocapiliary Rising velocity computed for our numerical simulations
(Volume-average rising velocity)
Cooling 2D bubble in a finite domain
T & dx
r . C dX
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Comparison between the numerical result and

%

L L L]
theoretical predlctlon DUNDEE
0
#< ----------------------------------------------------------------------

1 F\ - — 1"H$%8(
el 1 B
o m),+.20*2()/0
—

o
= m2+2/34,()/1
w.+4/433()/0

& -,+-1231%/o

W4+4413.0)/0
W3+2,.3-0/0
—— 67,-/+89:0/-7:%0<=/0$>0?/=@:-* :%I?‘Sé%%B
" T R mO0+220()/0
I'$ - 4 m1+0312%)/0
-=== AB-=/-*+89:0@/-?+8*+=C0<=/0%>07?/F@:-  W*+4-2-()
] L L L L L L L L L
N " #! #" $! $" %! %" &! &" "l
.

Bubble rising velocity
(numerical result for 2D bubble &
theoretical prediction for 3D Bubble interface and the

bubble OYGB velocityO) streamlines

Our numerical result converge to a value v, = 80% Vv g
The same result was obtained by Herrmann et. al., 2008 (level set method)
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Phase field models with matched (or B
identical) densities or variable density oo
and with temperature field

Classical Phase field model is for the binary incompressible fluid with identical
(matched) densities, it dates back to

Model H (derived by Hohenberg & Halperin 1977) B a number of different
derivations available (e.g. Liu & Shen 2003, etc.)

Several extensions of Model H for the case of variable density were presented
by, e.g.,

1 Lowengrub & Truskinovsky 1998 (quasi-incompressible NSCH)
2 Boyer 2001

3 Ding, Spelt & Shu. 2007

4 Shen & Yang 2010

5 Abels, Garcke & Grun 2012

where the models 1, 4, 5 have an energy law. We recently developed a
thermodynamic phase field model! model 1 in the isothermal case.




