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Introduction

@ Many different methods to solve PDEs on polygonal meshes: Virtual
Elements, Hybrid High-Order and Discontinuous Galerkin methods,
Mimetic Finite Differences, Mixed/Hybrid Finite Volumes, ...

@ Here we focus on the Virtual Element Method (VEM)
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Introduction

@ Many different methods to solve PDEs on polygonal meshes: Virtual
Elements, Hybrid High-Order and Discontinuous Galerkin methods,
Mimetic Finite Differences, Mixed/Hybrid Finite Volumes, ...

@ Here we focus on the Virtual Element Method (VEM)
Idea of VEM: The explicit knowledge of the basis functions on polygons
is not needed to assemble the algebraic problem (only DOFS needed)

° Cl—conforming VEM for Biharmonic Problem:[Brezzi, Marini, 2013],
[Chinosi, Marini, 2016]

° Co—nonconforming VEM for Biharmonic Problem: [Zhao, Chen, Zhang,
2016]

Goal: Design a "weaker” nonconforming Virtual Element Method (VEM)
for the discretization of the biharmonic problem on polygonal meshes.
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The continuous problem
Let Q C R? convex polygonal domain and f € L2(Q)
DA’u = f inQ
u=0u = 0 on [ =090Q

D= 12(%—) bending rigidity, t thickness, E Young modulus, v Poisson’s

ratio.
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The continuous problem
Let Q C R? convex polygonal domain and f € L2(Q)

DA’y = f in Q
u=0u = 0 on [ =090Q

D= 12(%—) bending rigidity, t thickness, E Young modulus, v Poisson’s

ratio.
Weak formulation: Find u€ V = {v € H*(Q): v=0,u=00n T} st.

a(u,v) = F(v) YveV
where

a(u,v) = D/QI/AUAV + (1 =v)(ujvj)dx  F(v)= /Q fudx.
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The continuous problem
Let Q C R? convex polygonal domain and f € L2(Q)
DA’y = f inQ
u=0u = 0 on [ =090Q
D= ﬁiﬂ) bending rigidity, t thickness, E Young modulus, v Poisson’s

ratio.
Weak formulation: Find u€ V = {v € H*(Q): v=0,u=00n T} st.

a(u,v) = F(v) VveV

where
a(u,v) = D/ vAulAv + (1 —v)(ujjv,;j)dx F(v)= / fvdx.
Q Q
Setting || - ||v :=| - |2,q there exist a, M > 0 such that

a(v,v) > a|lv|} VveV
a(u,)] < Mllulvlvly  Vu,ve V.

Hence, there exists a unique solution u € V.
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Let ojj(u) = Mu1 + u22)d + pujj with Lamé parameters A = Dv,
p=D(1—r). We set:

Mpn(u) = ZO’UI’I,'I‘IJ' (normal bending moment)
iJ
Mpe(u) = Z ojjn;tj (twisting moment)
ij
T(u) = ojjjni+ M (normal shear force).
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Let K C R? be a polygonal domain and set

a(u,v) = D/ vAulv + (1 = v)(ujv,j)dx.
K
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Let K C R? be a polygonal domain and set
a(u,v) = D/ vAulAv + (1 —v)(ujjv,j)dx.
K
Integrations by parts yield the following useful equalities
a*(u,v) = D {/ Azuvdx—l-/ (Au— (1 —v)u)vads
K oK
—/ (On(Au)v — (1 = v)upevye) ds}
K

= D{/ A2uvdx+/ M,,,,(u)@,,v—/ T(u)vds
K oK oK

- Z (Mnt Vnae) e} .

ecoK

where Je is the boundary of the edge e, nge is the outwards normal to Je.
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Towards nonconforming VEM discretization

@ 7T, decomposition of 2 into polygons K

@ hy is the diameter of K, i.e., the maximum distance between any two
vertices of K.
@ On T, we make the following assumptions (for analysis only):

there exists a fixed number pg > 0 independent of 7y, such that for
every element K (with diameter hy) it holds

@ K is star-shaped with respect to all the points of a ball of radius pohx
@ every edge e € &, has length |e| > pohxk
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Low-order nonconforming VEM

Local nonconforming VEM space:

VIS = {vh € H*(K) : A2v) = 0, Man(vh) e € PO(e), T(vh)le =0 Ve € OK}
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Local nonconforming VEM space:
VIS = {vh € H*(K) : A2v) = 0, Man(vh) e € PO(e), T(vh)le =0 Ve € OK}

The DOFs of V,i(z are chosen as follows:
(d1) wvp(v;) for any vertex v; of K;
(d2) [ dpvpds for any edge e of OK.
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Low-order nonconforming VEM

Local nonconforming VEM space:
Vi = {vi € H*(K) : A%V, = 0, Mpn(vh) (e € P(e), T(vh)je =0 Ve € 0K}

The DOFs of V;fz are chosen as follows:
(d1) vp(v;) for any vertex v; of K;
(d2) [ dpvpds for any edge e of OK.

Remarks:
o Dofs (d1)-(d2) are unisolvent for V5,
o P2(K) C Vl:,<2'
@ In case of a triangular mesh, we recover Morley's DOFs.

@ The solution of the biharmonic problem appearing in the definition of
V,f<2 is uniquely defined up to a linear function (which is however
filtered by fixing, e.g., the values of the function in three non-aligned
vertexes).
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We now prove that dofs (d1)-(d2) are unisolvent for V<.
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We now prove that dofs (d1)-(d2) are unisolvent for V<. Employing
integration by parts, for any v, € V[ there holds (D = 1 for simplicity)

aK(v,,, Vh) = / AZVthdX_ Z (M,,t(vh), thae)ae-i-/ I\/I,,,,(vh)a,,vhds
K ecoK 9K
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aK(vh, Vh) = / szhvhdx— Z (I\/l,,t(vh), thae)ae+/ I\/I,,,,(vh)a,,vhds
K ecOK 9K

Observing that A2v, = 0 and Myn(v) is constant on each edge, by
setting to zero the degrees of freedom, we get aK(vj, v;,) = 0.
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We now prove that dofs (d1)-(d2) are unisolvent for V<. Employing
integration by parts, for any v, € V[ there holds (D = 1 for simplicity)

aK(vh, V/.,) = / szhvhdx— Z (I\/l,,t(vh), thae)ae+/ I\/I,,,,(vh)a,,vhds
K ecOK 9K

Observing that A2v, = 0 and Myn(v) is constant on each edge, by
setting to zero the degrees of freedom, we get aK(vj, v;,) = 0.

Coercivity gives v, = 0 (note that setting to zero the nodal values of vj
filters the linear polynomials)
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The global non-conforming low-order VEM space is defined as
Vipo = {vh D Vplk € V,ffz, vy continuous at internal vertexes,
/[anvh]ds =0Vec &,
e

/8,,vhds =0Vee &, vu(vi)=0Wy € v,f} :

where [-] is the usual jump operator.
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The global non-conforming low-order VEM space is defined as
Vipo = {vh D Vplk € V,ffz, vy continuous at internal vertexes,
/[anvh]ds =0Vecé&,
e
/8,,vhds =0Vee &, v(vi) =0V € v,f} :
e
where [-] is the usual jump operator.

Note that functions in V}, are not continuous.
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High-order nonconforming VEM
For ¢ > 2, the local VEM space is defined as follows:

VI, = {vi € H3(K) : A%vy € PH(K), Man(vi) e € P2 (e),
T(vy) € P“3(e) Ve € 0K}
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High-order nonconforming VEM

For ¢ > 2, the local VEM space is defined as follows:

)

T(vy) € P“3(e) Ve € 0K}

The local DOFs are chosen as follows:
(D1) vh(y,) for any vertex v; of K;
(D2) |K‘ [« vapds for any p € P“=4(K);
(D3) f Onvhqds for any g € P“~2(e) and any edge e of 9K;
(D4) el J. vaqds for any q € P‘~3(e) and any edge e of IK.
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High-order nonconforming VEM

For £ > 2, the local VEM space is defined as follows:

VE, = {vp € HA(K) : A2y, € P4(K), Mpn(vi),e € P2(e),

T(v) € P'3(e) Ve € 0K}

The local DOFs are chosen as follows:
(D1) vh(y,-) for any vertex v; of K;
(D2) |K‘ [« vapds for any p € P“=4(K);
(D3) f Onvhqds for any g € P“~2(e) and any edge e of 9K;
(D4) el J. vaqds for any q € P‘~3(e) and any edge e of IK.

Remarks:
o Dofs (D1)-(D4) are unisolvent for V/;

o P/(K) C V.
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The global non-conforming VEM space is defined as

Vhe = {vh D Vhlk € V,f(, v, continuous at internal vertexes,
va(vi) =0V, € V,:
/[8,,vh]qu =0 Vg € P“2(e), /[vh]pds =0VpeP3(e) Ve &l

/8,,vhqu =0Vqe Pl_z(e), / vppds =0 Vp € P€_3(e) Ve € 52} .
e e
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Local discrete bilinear form

We build a discrete local bilinear form af(-,-) : » — R such that

o ((-consistency) Vp € P*(K) Vv, € Vh,K

afc((pv Vh) = aK(p7 Vh)

*

o (stability) There exist positive constants ., a* independent of h and

K such that
aa (v, vi) < alf (v, viy) < a*a(vi,vi) Vv, € V,f,(é.
o (computability) Yup, v, € V,fg the local bilinear form

ay (up, vi)

is computable using only the DOFs of V,ﬁ,.
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Discrete VEM problem

Assemble in the usual way the global discrete bilinear form aj(-, ), i.e.

an(+ ") = Z 3;1(('7 ).

KeTh

The VEM discrete problem reads as follows: find uj € V}, ¢ such that

ap(up, va) = (fn, vh)

for any vi, € Vi o, where (fp, viy) =~ F(vp).
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Theorem (Antonietti, Manzini, V. 2016)

Under regularity assumptions on the mesh, there exists a unique solution

up € Vg Moreover, it holds

|U — uh|2 h < /’)Z_1 + sup —<f _ fh? Vh> = N_(u’ Vh)
Y VhEVhe ’Vh‘Z,h VhEVhe |Vh

2,h

where

N(u,vy) = D KZE:T,, {/aK(Au — (1 = V) Uzt ) Vi ods

_ /aK (On(Au)viy — (1 — v)upeVh ¢) ds} '
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Under regularity assumption on the mesh, the unique solution up € Vj
satisfies the following error estimate, for £ > 2

|U — Uh|2,h S hl_l.
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Numerical results

e Exact solution: u(x,y) = x?(1 — x)2y?(1 — y)?

@ Examples of employed polygonal meshes
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Case / =2

8 DOFs for each polygon

F#dofs

Resid Eabs (up)

Erel (uh)

Rate

9.600 10"
3.410102
1.281103
4.961103
1.95210%
7.74410%
3.08510°

DU W = O3

3.823107"% | 6.67110~ 7
4.663107'% | 3.89710~2
7.007107 1% | 2.05310 2
1.636 10717 | 1.03810~2
3.69410717 | 5224103
7.05210717 | 2.616 103
1.771107' | 1.30910~*

0.3641071
4969101
2.559101
1.28710!
6.467 1072
3.2371072
1.6201072

0.999

1.002

1.015

1.004

1.004
1
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Case / =3

16 DOFs for each polygon

#dofs

Resid

Eabs {Urh,)

Erel {Uh)

Rate

2.160 10°
7.81010?
2.96110°
1.15210%
4.54410*
1.805 10°
7.19410°

DU W~ O S

5.022107 1%
9.850101#
2.350 10717
461010717
1.02810716
2.12210716
5.766 10710

2.2531072
7.419107*
2.008 103
5214107
1.322107%
3.330107°
8.34110°°

2.8071071
9.1851072
2.4851072
6.4521073
1.636102
41211074
1.03210~*

1.738
1.961
1.985
2
1.998
2.002
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Case / =4

25 DOFs for each polygon

#dofs

Resid Eabs (Un)

Erel (Uh)

Rate

3.610102
1.32110%
5.041103
1.116 10*
1.968 10*
3.060 10*
4.39210*
5.064 10*

O U R W = O S

530110718 | 35891073
5.05410717 | 6.77610~*
244510717 | 1.12510~%
5.48510°17 | 3.60310°°
5.24010717 | 1.63810~5
850610717 | 8.63310°°
7.66010717 | 5.08910°6
1.076 10716 | 3.24510°°

44411072
8.3851072
1.3921073
4569010 %
2.02710~%
1.068 10~
6.207107°
4.01610~°

2.570
2.681
2.802
2.865
2.902
2.925
2.940
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Case / =5

35 DOFs for each polygon

#dofs Resid Eabs (Un) Erel (un) Rate
5.31010% | 2.115107 ™ | 1.60510=° 1.9851072 ——
1.96110% | 542810717 | 1.37210~* 1.698102 3.764
7.52110% | 1.077107'7 | 8.90410~¢ 1.10210~* 4.069
1.66810% | 836110717 | 1.76510~° 2.18410~5 4.063
2044104 | 2.37410717 | 5595107 6.92410% 4.044
4.58010% | 1.14610716 | 2206107 2.84210°% 4.030
6.576 10* | 3.491107'7 | 1.10910~7 1.37310°% 4.023
8.93210% | 1.64810716 | 6.14210~% 7.60010~7 3.860

-1 U W~ OS
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Conclusions

We presented:

@ Nonconforming VEM based discretization for a biharmonic problem
on polygonal meshes

@ Energy norm a priori error estimates
@ Numerical results
Future work:

@ Build an efficient preconditioner
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