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Laplace eigenvalue problem in mixed form

Find A € R and u € L?(Q) with u # 0 such that for o € H(div; Q)

/U-de+/udiv7'dx:0 V7 € H(div; Q)
Q Q

/vdivadx:—)\/ uv dx Vv € 13(Q)
Q Q

a(o,7) = [qo - Tdx
b(r,v) = [o vdivTdx
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Laplace eigenvalue problem in mixed form

Find A € R and u € L?(Q) with u # 0 such that for o € H(div; Q)

/U-de+/udiv7'dx:0 V7 € H(div; Q)
Q Q

/vdivadx:—)\/ uv dx Vv € 13(Q)
Q Q

a(o,7) = [qo - Tdx
b(r,v) = [o vdivTdx

Finite element approximation

Y, C H(div; Q) and M, C L3(Q)
Find Ay, € R and up € My, with up # 0 such that for o, € X4,

/ah-de—l—/uhdiVde:O V1T ey
Q Q

/vdivahdx:—)\h/uhvdx Yv € My
Q Q
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Structure of this talk

Adaptive finite element method for Laplace eigenvalue problem in
mixed form

Convergence of the adaptive scheme with optimal rate
Auxiliary results

Proofs of some auxiliary results
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AFEM for clusters AFEM convergence Auxiliary results Proofs

Clusters of eigenvalues

When multiple eigenvalues are present, a posteriori error indicators
should be based simultaneously on all eigenfunctions belonging to
the corresponding eigenspace
(Solin—Giani 2012)
(B.~Duran—Gardini-Gastaldi 2015)

It is now recognized that an adaptive scheme for the approximation
of eigenvalue problems should be designed taking into account
error indicators based on all eigenmodes belonging to clusters of
eigenvalues

(Gallistl 2014)

page 4



AFEM for clusters AFEM convergence Auxiliary results Proofs
A posteriori analysis for the mixed Laplacian
Let A\pj € R, opj € L, upj € My denote an eigensolution.
We consider the following error indicator
2 2
M (T)" = hr(on; — Vuni)liT 15 equation “o = Vu'"
2
+ ||h curlop || T

+ Z helllonjle - tellz } 2" residual term
EcE(T)
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AFEM for clusters AFEM convergence Auxiliary results Proofs

A posteriori analysis for the mixed Laplacian
Let A\pj € R, opj € L, upj € My denote an eigensolution.
We consider the following error indicator

1hj(T)? = [Ih7(on; — Vun)lF 15 equation “o = Vu'"
+ |7 curlop || %

+ Z helllonjle - tellz } 2" residual term
EcE(T)

2" residual term

Take 7 = curl ¢

(c—0oph,7) = —(op,curlp) = — Z {(curl on )T + /8T(Uh “t)p ds}

T
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AFEM for clusters AFEM convergence Auxiliary results Proofs

Some references for mixed Laplacian
Source problem

(Alonso 1996): 2"¢ residual term
(Carstensen 1997): adds term for 1st equation

(Chen—Holst—Xu 2008): 2" residual term, convergence of the
adaptive scheme

(Braess—Verfiirth 1996, WohImuth—Hoppe 1999, Gatica—Maischak
2005, Lovadina—Stenberg 2006, Larson—-Malqvist 2008, Huang—Xu
2012)

Eigenvalue problem

(Duran—Gastaldi—Padra 1999): 2" residual term, equivalence with
non-conforming scheme

(Gardini 2009): 2" residual term, superconvergence arising from
equivalence with non-conforming scheme
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AFEM for clusters AFEM convergence Auxiliary results Proofs

Adaptive FEM

Parameter 6 € (0,1] and initial triangulation 7

Sequence of meshes {7y}, sol.’s {(Ag, ¢, ug)}, indicators {ny(7T¢)}
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AFEM for clusters AFEM convergence Auxiliary results Proofs

Adaptive FEM

Parameter 6 € (0,1] and initial triangulation 7

| SOLVE, ESTIMATE, MARK, REFINE |

Solve: Compute discrete solution (Ag, og, ug) on Ty
Estimate: Compute local contributions of the error estimator
{”zg(T)}TeTe
Mark: Choose minimal subset M, C 7, such that
O (To) <mf(Me) - (0< 0 <1)
Refine: Generate new triangulation as the smallest

refinement of 7y satisfying My N Tpyp1 =0

Sequence of meshes {7y}, sol.’s {(Ag, ¢, ug)}, indicators {ny(7T¢)}
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AFEM for clusters AFEM convergence

AFEM for clusters of eigenvalues

Auxiliary results Proofs

Cluster of length N

Antls-- s ApgN
J={n+1,...,n+N}

Corresponding combination of eigenspaces

W = span{u; | j € J}
Wr, = Wy = span{u; | j € J}
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AFEM for clusters AFEM convergence Auxiliary results Proofs

AFEM for clusters of eigenvalues

Cluster of length N

Andls- s ApgN
J={n+1,...,n+N}

Corresponding combination of eigenspaces

W = span{u; | j € J}
W, = W, = span{up; | j € J}

How to implement the AFEM scheme

Consider contribution of all elements in W, simultaneously

0> nei(T)? <D mej(Me)?

Jjed Jjed
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AFEM for clusters AFEM convergence Auxiliary results Proofs

AFEM for clusters of eigenvalues

Cluster of length N

Andls- s ApgN
J={n+1,...,n+N}

Corresponding combination of eigenspaces

W = span{u; | j € J}
Wr, = Wy = span{u; | j € J}

How to implement the AFEM scheme

Consider contribution of all elements in W, simultaneously

0> nei(T)? <D mej(Me)?

Jjed Jjed

Remark: notation Ty or Th, Ty
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AFEM for clusters AFEM convergence Auxiliary results Proofs
Error quantity
Let us introduce the gradient G and the discrete gradient Gy,
G(w) € H(div; Q) is the solution to
a(G(w),7) + b(r,w) =0 for all 7 € H(div; Q)
Gp(wp) € Xy is the solution to

a(Gh(Wh),Th) + b(Th, Wh) =0 forall 7, € X).
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AFEM for clusters AFEM convergence Auxiliary results Proofs
Error quantity
Let us introduce the gradient G and the discrete gradient Gy,
G(w) € H(div; Q) is the solution to
a(G(w),7) + b(r,w) =0 for all 7 € H(div; Q)
Gp(wp) € Xy is the solution to

a(Gh(Wh),Th) + b(Th, Wh) =0 forall 7, € X).

Error quantity

d(v,w) = \/Hv — w[Z+[IG(v) — G(w)|]?

N.B: when v (resp. w) belongs to My, then Gp(v) (resp. Gp(w))
should be used

(W, Wp) = sup inf d(u,vp)
UEHWI VhEWh
llull=

page 9



AFEM for clusters AFEM convergence Auxiliary results Proofs

Theoretical error indicator

Seminorm
\gnl2 7 = Ih7(Gh(gn) — Ven)lIF
+ |[hr curl Ga(gn) |17
+ ) helllGalen)le - tellZ,
EcE(T)
so that

nhj(T) = |upjly, T

Let (A, o, u) be an eigensolution to the continuous problem, then

pr(u; T) = [Apuly, T

where Ay = PV o T} (see next page)
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AFEM for clusters AFEM convergence Auxiliary results Proofs

Useful operators

P,‘fv is the L2-projection onto W}

T : L% — My, is defined by

a(Gh(T3g), 7h) + b(7h, Thg) =0 Y7h € Ty
b(Gh(Tl?\g)a Vh) = _()\ga Vh) vVh S Mh
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AFEM for clusters AFEM convergence Auxiliary results Proofs

Useful operators

P,‘fv is the L2-projection onto W}

T : L% — My, is defined by

a(Gh(T3g), 7h) + b(7h, Thg) =0 Y7h € Ty
b(Gh(Tl?\g)a Vh) = _()\ga Vh) vVh S Mh

Then, we have
Ay=PpoTp=TroPY
that is,

a(Gh(/\hu),Th) + b(Th,/\hu) =0 Ve Xy
b(Gh(Apu), vi) = —(APY u,vi) Vv, € My,
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AFEM for clusters AFEM convergence Auxiliary results Proofs

Main theorem (convergence and optimal rate)

Nonlinear approximation classes (Binev—Dahmen—DeVore 2004)
(Cascon—Kreuzer—Nochetto—Siebert 2008)

Best convergence rate s € (0, +00) characterized in terms of

|W|a, = sup m* (W, Wr).

inf ¢
meN  TET(m)

In particular, |W|4, < oo if §(W, Wr) = O(m~*) for the optimal
triangulations in T(m), that is, with card(7) — card(7p) < m
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AFEM for clusters AFEM convergence Auxiliary results Proofs

Main theorem (convergence and optimal rate)

Nonlinear approximation classes (Binev—Dahmen—DeVore 2004)
(Cascon—Kreuzer—Nochetto—Siebert 2008)

Best convergence rate s € (0, +00) characterized in terms of

|W|a, = sup m* (W, Wr).

inf ¢
meN  TET(m)
In particular, |W|4, < oo if §(W, Wr) = O(m~*) for the optimal
triangulations in T(m), that is, with card(7) — card(7p) < m
Theorem

Provided the initial mesh-size and the bulk parameter 6 are small
enough, if for the eigenvalue cluster W it holds |W| 4, < oo, then
the sequence of discrete clusters W, computed on the mesh Ty
satisfies the optimal estimate

S(W, Wy)(card(Tp) — card(To))* < C|W|4,
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AFEM for clusters AFEM convergence Auxiliary results

Convergence of the eigenvalues

Proofs

The previous theorem implies that the eigenfunctions in the cluster
are optimally approximated. The next theorem shows that the
eigenvalues are well approximated as well

Theorem

Let J denote the set of indices corresponding to the eigenvalues in
the cluster W. Then

suplnf I\ — Aejl < CS(W, Wp)?
i€ JE
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AFEM for clusters AFEM convergence Auxiliary results Proofs

Numerical results (non-symmetric slit domain)

Convergence plot for the second eigenfunction (indicator based on
both eigenvalues in the cluster)

10’ : ‘ -
—adaptive
—uniform
10°
210™
(]
107}
1
-3
10
10° 10° ¢ 10°
dofs
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AFEM for clusters AFEM convergence Auxiliary results Proofs

Superconvergence

Let Iy denote the orthogonal projection onto M,

Proposition (Superconvergence for the eigenvalue problem)

Any eigensolution (A, o, u) in the cluster satisfies
IMhu = Apull < p(h)lo — Gi(T7 u)laiv

with p(h) tending to zero as h goes to zero

page 15



AFEM for clusters AFEM convergence Auxiliary results

Superconvergence

Proofs

Let Iy denote the orthogonal projection onto M,

Proposition (Superconvergence for the eigenvalue problem)

Any eigensolution (A, o, u) in the cluster satisfies
IMhu — Apull < p(h)]lo = Gp( T u)ldiv

with p(h) tending to zero as h goes to zero

Lemma (Bound for the H(div) norm)

Any eigensolution (\,o,u) € R x ¥ x M satisfies

llo = Ga(Anu)llaiv S llo = Gr(Anu)|| + (14 A)[[u = Apul.
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AFEM for clusters AFEM convergence Auxiliary results Proofs

Efficiency and reliability

Proposition (Efficiency)

wn(u; Tp) < Cegrd(u, Apu)

Proposition (Discrete reliability)
Provided the mesh-size of Ty is sufficiently small, we have

1Gh(Anu) = GH(Anu)|| + [[Anu — Anull
< Caralpi(u; T \ Tn) + Cp(H)(d(u, Apu) + d(u, Ayu))

Corollary (Reliability)

Provided the initial mesh-size is sufficiently fine, we have

> d(uy M) < G Y pn(uj, Th)?
jed jed
page 16



AFEM for clusters AFEM convergence Auxiliary results Proofs

Quasi-orthogonality

Proposition (Quasi-orthogonality)

There exists a constant Cyo such that

d(Apu, Ayu)? < d(u, Ayu)? — d(u, Apu)?
+ Coo p(h)(d(u, Apu)? + d(u, Anu)?)
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AFEM for clusters AFEM convergence Auxiliary results Proofs

Equivalence of estimators and contraction property
N eigenvalues contained in [A, B]

Lemma (Local comparison of the error estimators)

Provided the initial mesh-size is small enough, for any T € Ty

2 2
N"2> " pn(uy; T)? < (i) D mm(T) < (i) (2N+4N2) > pup (s T)?

Jjed jed Jjed
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AFEM for clusters AFEM convergence Auxiliary results Proofs

Equivalence of estimators and contraction property
N eigenvalues contained in [A, B]
Lemma (Local comparison of the error estimators)
Provided the initial mesh-size is small enough, for any T € Ty

2 2
N"2> " pn(uy; T)? < (i) D mm(T) < (i) (2N+4N2) > pup (s T)?

Jjed jed Jjed

Proposition (Contraction property)
Set & = peu;, Te)* + B ) d(uj, Aew)
jed jed
Provided the initial mesh-size is sufficiently small, there exist
p2 € (0,1) and B € (0, +00) such that

§f+1 < pat2 forallf € N
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Outline

Proofs of some auxiliary results



AFEM for clusters AFEM convergence Auxiliary results Proofs

List of proofs

v

Su perconvergence

v

Discrete reliability

v

Quasi-orthogonality

v

Convergence of the eigenvalues

»Last chance to skip proofs
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AFEM for clusters AFEM convergence Auxiliary results Proofs

Superconvergence

Lemma (Superconvergence for the source problem)

There exist p(h) tending to zero as h goes to zero such that

1My = TRl < p(h)llo — Gu(TR0) i
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AFEM for clusters AFEM convergence Auxiliary results Proofs

Superconvergence

Lemma (Superconvergence for the source problem)

There exist p(h) tending to zero as h goes to zero such that
1My = TRl < p(h)llo — Gu(TR0) i

Proposition (Superconvergence for the eigenvalue problem)

Any eigensolution (\,o,u) € R x ¥ x W in the cluster satisfies

IMhu = Anull < p(h)lo — Gi(Tju)llaiv
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AFEM for clusters AFEM convergence Auxiliary results Proofs

Superconvergence

Lemma (Superconvergence for the source problem)

There exist p(h) tending to zero as h goes to zero such that
1My = Tull < p(B)llo — Gr(TR0)

Proposition (Superconvergence for the eigenvalue problem)

Any eigensolution (\,o,u) € R x ¥ x W in the cluster satisfies

IMhu = Apull < p(h)lo — Gi(T7 u)la

Proof.
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AFEM for clusters AFEM convergence Auxiliary results Proofs

Superconvergence (cont'ed)

Lemma

Any eigensolution (A, o,u) € R x ¥ x W in the cluster satisfies
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AFEM for clusters AFEM convergence Auxiliary results Proofs

Superconvergence (cont'ed)

Lemma

Any eigensolution (A, o,u) € R x ¥ x W in the cluster satisfies

< KMy — Tu
Proof.

Tru—Nu= Y ajupj, > af = || Tu — Apul?
jeJe jeJe

A
I Tiu = Apull> = aj(Tu,unj) = Oéj)\_i)\h,(ThAU — N, up)
jeJe jeJe J

1/2
<(2)
jeJc
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AFEM for clusters AFEM convergence Auxiliary results Proofs

Discrete reliability
Proposition (Discrete reliability)
Provided the mesh-size of Ty is sufficiently small, we have

1Gh(Anu) — GH(An )| + [Apu — Apul|
S Cd,e|,uH(u; TH \ 77;) + Cp(H)(d(U, /\hU) + d(u,/\Hu))
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AFEM for clusters AFEM convergence Auxiliary results Proofs

Discrete reliability

1Gh(Aru) = GH(Anu)|l + [[Anu — Anull
< Carelppr(u; T \ Th) + Cp(H)(d(u, Apu) + d(u, Ayu))
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AFEM for clusters AFEM convergence Auxiliary results Proofs

Discrete reliability

|Gh(Anu) — Gr(Anu)|l

+ ||/\hu — /\HUH

< Carelptr(u; T \ Tr) + Cp(H)(d(u, Apu) + d(u, Aqu))

Gh(Apu) — GH(Aqu) = +

page 23



AFEM for clusters AFEM convergence Auxiliary results Proofs

Discrete reliability

|Gh(Anu) — Gr(Anu)|l

+ ||/\hu — /\HUH

< Carelptr(u; T \ Tr) + Cp(H)(d(u, Apu) + d(u, Aqu))

Gh(/\hU) — GH(/\HU) = Gh(ah) +
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AFEM for clusters AFEM convergence Auxiliary results Proofs

Discrete reliability

IGh(Aru) = GH(Anu)ll |+ [[Anu — Anull
< Carelppr(u; T \ Th) + Cp(H)(d(u, Apu) + d(u, Ayu))

| curl 8|12 = a(Gp(Apu) — Gr(Ayu), curl )
= —a(Gy(Ayu),curl(By — By))

- (/T(ﬁh—ﬂ,_,)curlGH(/\Hu)dx

TeTu\Th

- / (Br — Br)GH(Apu) - t ds)

oT

Here 3, is the Scott-Zhang interpolant of 3;, on Ty

| curl Bu|| < Cpr(u; Tr \ Th)-
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AFEM for clusters AFEM convergence Auxiliary results Proofs

Discrete reliability

|Gh(Anu) — Gr(Anu)|l

+ ||/\hu — /\HUH

< Carelptr(u; T \ Tr) + Cp(H)(d(u, Apu) + d(u, Aqu))

Gh(Apu) — GH(Aqu) = +
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AFEM for clusters AFEM convergence Auxiliary results Proofs

Discrete reliability

|Gh(Anu) — Gr(Anu)|l

+ ||/\hu — /\HUH

< Carelptr(u; T \ Tr) + Cp(H)(d(u, Apu) + d(u, Aqu))

Gh(/\hu) — GH(/\HU) = + curl 5/,
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AFEM for clusters AFEM convergence Auxiliary results Proofs

Discrete reliability

IGh(Aru) = GH(Anu)ll |+ [[Anu — Anull
< Carelppr(u; T \ Th) + Cp(H)(d(u, Apu) + d(u, Ayu))

IGh(an)l? = a(Gh(Ant) — Gu(Anu), Gh(an))
=XPYu—PYu, o)
= )\((P,‘,/Vu — Mpu, ap)
+ (Mpu — Nyu, ap — Nyap)
+ (Nyu — P,'_/,Vu,och))
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AFEM for clusters

Discrete reliability

AFEM convergence Auxiliary results Proofs

IGh(Aru) — GH(Anu)|| |+ [IApu — Apul|

< Carelptr(u; T \ Tr) + Cp(H)(d(u, Apu) + d(u, Aqu))

(P,‘,/Vu — MNpu, ap)

-+ (ﬂhu —MNyu,ap — I'IHa;,) + (I'IHu— Pl‘_/lvu, ah)

(P,L/Vu — Mpu,ap) + (Myu — P,‘_/,Vu, ap)
< C(IIPY u = Nyl + [Ny — PY ull) [Ghlcn)l|
< p(H)(d(u, Apu) + d(u, Ayu))||Ga(an)||
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AFEM for clusters AFEM convergence Auxiliary results Proofs

Discrete reliability

|Gh(Anu) — Gr(Anu)|l

+ ||/\hu — /\HUH

< Carelptr(u; T \ Tr) + Cp(H)(d(u, Apu) + d(u, Aqu))

(P,‘,/Vu — Npu,ap) H (Mpu — Ngu, ap — Nyag) + (Mo — P,Zvu,ah)

1€l = Nl — Muan|| < CH|Gh(an) (Huang—Xu 2012)

(I_Ihu - nHuaé) = (rlhu - /\Huvf)
= (I_IhU - /\huaé) + (/\hU - AH“)&)
< CH(p(H)d(u, Apu) + [|[Apu — Ay ul)[|Gh(an)|]

page 23



AFEM for clusters AFEM convergence Auxiliary results Proofs

Discrete reliability

|Gh(Anu) — Gr(Anu)ll

+ ||/\hu — /\HUH

< Carelptr(u; T \ Tr) + Cp(H)(d(u, Apu) + d(u, Aqu))

|Gha(Anu) = Gr(Anu)ll

< Cpn(u; T\ Th)

+ p(H)(d(u, Apu) + d(u, Ayu)) + H||Apu — Apul|
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AFEM for clusters AFEM convergence Auxiliary results Proofs

Discrete reliability

1Gh(Aru) = GH(Anu)|l +| [[Anu — Arnull
< Carelppr(u; T \ Th) + Cp(H)(d(u, Apu) + d(u, Ayu))

Let Z be the gradient of the solution  of the problem

A

Ap = Ayu—Agu in Q
$=0 on 99

z € HY(Q) such that (Pasciak—Zhao, 2002)
(Gatica—Oyarzua—Sayas, 2011)

Z2=2z+curly

divz =
Il + 1V 2] < € |[Ans = Ara|

so that



AFEM for clusters AFEM convergence Auxiliary results Proofs

Discrete reliability

1Gh(Aru) = GH(Anu)|l +| [[Anu — Arnull
< Carelppr(u; T \ Th) + Cp(H)(d(u, Apu) + d(u, Ayu))

|IApu — /\HuH2 = b(z, ANpu — Nyu)
= b(l_l,’;_z, Apu) — b(ﬂ’,:_,z,/\Hu)
= —a(Gp(Apu), I'Iﬁz) + a(Gp(Ayu), I'If,z)
= a(Gy(Anu) — Gu(Apu), N 2)
+a(Gp(Ayu), (N —NE)z)
< [GH(AHu) = Gh(Apu) [T 2]
+ a(GH(Ayu) — V(Ayu), (N5 = N5)z2)

N.B.: a(Vu(Ayu), (N5 —NH)z) =0
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AFEM for clusters AFEM convergence Auxiliary results Proofs

Discrete reliability

1Gh(Aru) = Gr(Anu)|l +| [[Anu — Anull
< Carelppr(u; T \ Th) + Cp(H)(d(u, Apu) + d(u, Ayu))

IAhu — Apul]? < [|Gr(Anu) — Gu(Apu)|[|INf 2]
+a(GH(Anu) — Vi(Anu), (N = NE)z)

< |GH(AHu) = Gh(Apu)[[INE ]

+ [H(GH(Au) = Vi(Ayu) |77 IH (M z = N 2)
< C||[Apu — Npul]

(IGH(AHu) — Gr(Anu)l| + pH(AnY; TH \ Th))

Recall: ||z|| + || Vz|| < C||/Apu— Agul| and NEz — MLz vanishes on
unrefined elements Ty N Tp O
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AFEM for clusters AFEM convergence Auxiliary results Proofs

Quasi-orthogonality
Proposition (Quasi-orthogonality)
There exists a constant Cyo such that

d(Apu, Au)? < d(u, Ayu)? — d(u, Ayu)?
+ qu p(h)(d(ua Ahu)2 + d(uvAHu)2)
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AFEM for clusters AFEM convergence Auxiliary results Proofs

Quasi-orthogonality

d(Apu, Apu)? < d(u, Ayu)? — d(u, Apu)?

+ Caop(h)(d(u, Apu)? + d(u, Ayu)?)
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AFEM for clusters AFEM convergence Auxiliary results Proofs

Quasi-orthogonality

d(Apu, Apu)? < | d(u, Ayu)? — d(u, Aju)?

+ Caop(h)(d(u, Apu)? + d(u, Ayu)?)

d(/\hu, /\HU)2 = H/\hu — /\HUH2 aF ||Gh(/\hu) — GH(/\HU)||2

IAhu — Apul|? = lu = Agul? — [|lu = Apul?

—2(ﬂhu — /\hu, /\hu — /\Hu)

|Gh(Anu) — Gr(Apu)|* =

lo — Gr(Aw)| — llo — G(Apu)|

—28(0’ — Gh(/\hu), Gh(/\hu) — GH(/\HU))
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AFEM for clusters AFEM convergence Auxiliary results Proofs

Quasi-orthogonality

d(Apu, Apu)? < d(u, Ayu)? — d(u, Apu)?

+ qop( )(d(u Ahu)2 +d(u AHU)2)

d(/\hu, /\HU)2 = H/\hu — /\HU”2 + HGh(/\hu) — GH(/\HU)”2

1Ay — Apul|? = [lu = Apul® = [|lu = Apul|?

IGh(Anu) — Gr(Anu)|? = |lo — GH(Anu)|?> = llo — Ga(Apu)|?

@(/\hu), Gh(Anu) — Gr(Anu))
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AFEM for clusters AFEM convergence Auxiliary results Proofs

Quasi-orthogonality

d(Apu, Apu)? < d(u, Ayu)? — d(u, Apu)?

+ qop( )(d(u Ahu) +d(u7AHu)2)

a(a — Gh(/\hu), Gh(/\hu) — GH(/\HU))
= —b(Gp(Apu) — GH(AHU), u — Apu)
= XPYu—PY u,Nyu— Apu)

|a(a — Gh(/\hu), Gh(/\hu) — GH(/\HU))‘ + ](I'Ihu — /\hu,/\hu — /\Hu)\
< IMhu = Anull (1A — Amull + APy u — Py ul])
<| Cp(h)(d(u, ANpu)? + d(u, Ayu)?)

page 24



AFEM for clusters AFEM convergence Auxiliary results Proofs

Convergence of the eigenvalues — sketch

T and T, solution operators

E : 2 — L2 orthogonal projection onto W
E, : L? — L2 orthogonal projection onto W,

Fe = Eolw
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AFEM for clusters AFEM convergence Auxiliary results Proofs

Convergence of the eigenvalues — sketch

T and T, solution operators

E : 2 — L2 orthogonal projection onto W
E, : L? — L2 orthogonal projection onto W,

Fe = Eolw

Proposition

For ¢ large enough Fy is a bijection from W to W,
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AFEM for clusters AFEM convergence Auxiliary results Proofs

Convergence of the eigenvalues — sketch

T and T, solution operators

E : 2 — L2 orthogonal projection onto W
E, : L? — L2 orthogonal projection onto W,

Fe = Eolw

Proposition

For ¢ large enough Fy is a bijection from W to W,

Some useful estimates

(T = Te)x|| < Co(W, W)
[(A— Ag)x]laiv < C(W, Wp)

page 25



AFEM for clusters AFEM convergence Auxiliary results Proofs

Convergence of the eigenvalues (cont’ed)
Define the following operators
T=Tw, Ti=F'TF

so that the eigenvalues of T ('IA'g, resp.) are equal to pj = 1/);
(ej =1/ Apj resp.), jeJ
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AFEM for clusters AFEM convergence Auxiliary results

Convergence of the eigenvalues (cont’ed)

Proofs

Define the following operators
T=Tw, Ti=F'TF

so that the eigenvalues of T ('IA'g, resp.) are equal to pj = 1/);
(pej =1/ Xgjresp.), j € J

Proposition

The following estimate holds true

1T = Teleowy < CS(W, Wy)?
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AFEM for clusters AFEM convergence Auxiliary results

Convergence of the eigenvalues (cont’ed)

Proofs

Define the following operators
T=Tw, Ti=F'TF

so that the eigenvalues of T ('IA'g, resp.) are equal to pj = 1/);
(pej =1/ Xgjresp.), j € J

Proposition

The following estimate holds true

1T = Teleowy < CS(W, Wy)?

The operators 7 and Ty can be represented by symmetric positive
definite matrices of dimension N x N (N being the dimension of W)
Standard matrix perturbation theory gives the final result
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AFEM for clusters AFEM convergence Auxiliary results Proofs

Convergence of the eigenvalues (cont’ed)

Theorem

Let J denote the set of indices corresponding to the eigenvalues in
the cluster W. Then

suplnf I\ — Aej| < CS(W, W)?
ieyjed
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AFEM for clusters AFEM convergence Auxiliary results Proofs

Multiple eigenvalues: the square ring

)\2 )\3 = )\2

Question

What is the best adaptive strategy for the approximation of the
multiple eigenvalue?

1. Indicator based on (Ap2, up2)
2. Indicator based on (Ap3, up3)

3. Indicator based on both (Ap2, up2) and (Ap 3, Up3) 28



AFEM for clusters AFEM convergence Auxiliary results Proofs

Refinement based on A3
(B.—Durdn—Gardini—Gastaldi 2015)

Remark: here we are using a nonconforming discretization which
provides eigenvalue approximation from below

85 T T T T T T T T T
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AFEM for clusters AFEM convergence Auxiliary results Proofs

Refinement based on Ap3 (eigenfunction up3)

09| 09
08| 08
07| 07
06| 06
05| 05
0.4] 04
03] 03
02| 02
0.1 01
[ 02 04 08 08 1 o 02 04 06 08 1
1 1
09| 09
08| 08
07| 07
06| 06
05| 05
0.4] 04
03] 03
02| 02
01 01
0 02 04 06 08 1 0 02 04 06 08 1
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AFEM for clusters AFEM convergence Auxiliary results Proofs

Refinement based on Ay

85 T T T T T T T
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AFEM for clusters AFEM convergence Auxiliary results Proofs

Refinement based on A, (eigenfunction up )

09| 09
08| 08
07| 07
06| 06
05| 05
0.4] 04
03] 03
02| 02
0.1 01
[ 02 04 08 08 1 o 02 04 06 08 1
1 1
09| 09
08| 08
07| 07
06| 06
05| 05
0.4] 04
03] 03
02| 02
01 01
0 02 04 06 08 1 0 02 04 06 08 1
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AFEM for clusters AFEM convergence Auxiliary results Proofs

Refinement based on Ap» and A, 3 (eigenvalues)

85
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AFEM for clusters AFEM convergence Auxiliary results Proofs

Refinement based on Ap» and A, 3 (eigenfunction up )

1 1
09 09
08 08
o7 07
06 08
05 05
04 04
03 03
02 02
01 01

[ 02 04 06 08 1 o 02 04 06 08 1
1 1
09 09
08 08
o7 07
06 06
05 05
04 04
03 03
02 02
o1 01

o 02 04 06 08 1 o 02 04 06 08 1
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AFEM for clusters AFEM convergence Auxiliary results Proofs

Cluster of eigenvalues

(Gallist| '14)

A slightly non-symmetric domain

I 1
I |
! I
1 J :
| !
-t - - - - y=0.501
I 1
I 1
| ]

1 I
I I
I 1
-t — 4t} ---y=-05
I 1
I ] I
| |
I 1
I 1
I 1

x=—0.499 x = 0.5005

Now A» < A3z but they are very close to each other
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AFEM for clusters

Non-symmetric slit domain

AFEM convergence Auxiliary results Proofs

—+— g,
—A— Ay
—6— Mg,
—— g,
—k— Ap,
—6— g,

2= A3
2= A2
2= A2
3= A3
3= A3
323

adapt J={2}
adapt J={2,3}
uniform

adapt J={3}
adapt J={2,3}

uniform

10t

10°

10t

1072

1073

10* 10? 10° 10% 10° 10°
ndof
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