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Rayleigh quotient

A <A@ << K <Ll

a(ulm, uM) = p(u(™ u(M)y =0 fm#n

A = min a(v, v) u® = arg min av, v)
veV b(v,v) vev v, V)
AR — min 2(v, v) u®) = argmin a(v, v)

ko1 N+ b(v,v) ) 1 b(v,v)
vE( D E(l)) v6< ® E(i))
i=1
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Rayleigh quotient (discrete)

L2 A < AR

a(u,(f"), u,&")) = b( (m) (")) =0 ifm#n
(ny _ . a(V7 V) 1 _ . a(v7 V)
Ah' = \/ne]l\r/1h b(v,v) Yh = al;ger\r)hln b(v,v)
N . a(v,v) (k) _ . a(v,v)
kriln([) ) up, argmin b(v. )
v€< ® E ) < 5 el LG ))
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Rayleigh quotient (discrete)

A < )\f) <...< /\(k) < )\(N(h)
a(u,(f"), u,&")) = b( (m) (")) =0 ifm#n

)\(1) o a(v,v) (1 _ . a(v,v)
h vne“\r/L b(v,v) U arvger\r)hln (v,v)
)\Ef) = min 2(v, v) ugk) = argmin a(v, v)
)T b(v,v) k=1 2\ * b(v,v)
v€< o E, ) v€< © E,(,’))
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The k-th eigenvalue \(K) satisfies

a(v,v)

MK — min max
Eev( veE b(v,v)

V(k) set of all subspaces of V with dim(V(k)) = k
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Minmax characterization

The k-th eigenvalue \(K) satisfies

a(v,v)

MK — min max
Eev( veE b(v,v)

V(k) set of all subspaces of V with dim(V(k)) = k

Proof.

k . k .
AK) > minmax| take E= @& E(), so that v = > aju®
i=1 i=1

Then a(v, v)/b(v, v) < XK thanks to orthogonalities
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Minmax characterization

The k-th eigenvalue \(K) satisfies

a(v,v)

MK — min max
Eev( veE b(v,v)

V(k) set of all subspaces of V with dim(V(k)) = k

Proof.

k ) k .
AK) > minmax|: take E = @ E(), so that v = 3 a;ul?)

i=1 i=1
Then a(v, v)/b(v, v) < XK thanks to orthogonalities

k .
() < min max|. minimum AK) attained for E = @ E() and
i=1

the choice v = u(k). Otherwise, there exists v € E orthogonal
to ul’) for all i < k and hence a(v, v)/b(v,v) > XK

O
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Minmax characterization
(continuous and discrete)

A9 = min max a(v, v)

Ecv®) veE b(v,v)
V(k) set of all subspaces of V with dim(V(k)) = k
O min ?ww

Eye v vEE (v,v)

V,Sk) set of all subspaces of V}, with dim(V,Sk)) =k

= A0 <A vk
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Laplace's eigenvalues
We need the upper bound
k
AW < AR 4 (h)

with e(h) tending to zero as h goes to zero
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Laplace's eigenvalues

We need the upper bound
AW < AR 4 (h)

with e(h) tending to zero as h goes to zero
We are going to use
Ep = My VK

in the minmax characterization of the discrete eigenvalues,
where

vk — & g
i=1

and I}, : V — V,, denotes the elliptic projection

(V(U — U), v Vh) =0 Vv,e V.
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We need to check that the dimension of Ej is equal to k

Take h small enough so that
lv =T vllz@) < 3lviiz@ Yve VR

Then || My vl 2@) = [IVlz@) — Ilv = Th vz Vv eV
implies that M}, is injective from V(¥ to Ej,
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Taking Ej in the discrete minmax equation gives

9 < o Y M 1 V(M) s
= X~ =
weEE, ”WHL2 Q) veVvk thVH%z(Q)
19 vl 1V V2 VI

S MaxX —— s = >
VEV H My V||L2(Q) ve Vi) ||VHL2(Q) H My VHL2(Q)
V11T,

v H”hVH
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sy IVl R .

S mMaX ——5—— =

weEE, ”WHL2 Q) veVvk H My VH%z(Q)
1V VB, IV Ve VI3

Direct proof of =~ ma I—Ii - (k) I‘I 2
convergence VEV || h V||[_2(Q) veV ||VHL2(Q) || h VHL2(Q)

SOV I

=0k [, V||

Take Q convex (for simplicity). Then

v — M vl 2y < CRAV] 2@) < CAPR?| v 12(0)
C(k)h[vlliz(@)
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Taking Ej in the discrete minmax equation gives

oblem
sy IVl 19 () g

S mMaX ——5—— =

weEE, ”WHL2 Q) veVvk H My VH%z(Q)
1V Vi, IV gy VB

Direct proof of =~ ma I—Ii = (k) I‘I 2
convergence VEV || h V||[_2(Q) veV ||VHL2(Q) || h VHL2(Q)

o VI

ma
=0, V||

Take Q convex (for simplicity). Then
lv = Mh vy < CRAV]12@) < CARR?|v]| 120
Chh vz

Hence
1T viiz@) = [Iviliz) (1 — C(k)h?)
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convergence

2
AWSAW<1—SMMJ ~ XK (1+ C(k)h?)?

~ MK(1 4 2C(k)h?)
In general

k
MO < A9 (14 (k) sup [Iv = Mo vl
Vev(k)
[Ivil=1
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of eigenvalues k)
p\(
Direct proof of p(k) = MmMaX ——=—,
convergence h i:,ék |>\(k) _ )\(’)|
h
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Let’s start with a simple eigenvalue A(K)
s AT
convergence Ph = ,¢k IA(K) )\511')|’

W,Sk) = (Ny u(k), u,(Tk))u,gk)

149 — 62y < 4 = 1y w9

+ ] nh u“‘) - (“H
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[P o® = w2 = (0 0, 00
i#k
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Ny, ul®) — W,Ek) = Z(ﬂh ulk), U/(Ti))ui(j)
ik

Direct proof of
convergence

1 ) — w2 = 3 (M i), u)?
i#k

1 i
(VM u®), v ol

A
1 ; )\(k) i
= W(V o), v o)) = W(U(k)v uf)
h h
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Third term

We are going to show that
k k k
) — w < u® — wi
so that

168 — W < ut® = 1y w4 | Ty 0t

(k)

—wy
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We are going to show that
k k k
luy = will < 1u® — wy|

Direct proof of SO that

convergence
k k k
) — W < ul® = 1y ) 4 ] T u® — W)
k k k K
u,(7 ) W,S ) — u,(7 )(1 — (M u(k), u,(1 )))
k k k
a0 = = wfL < Ol < (|a | + u® - wi|

1 (| — Wi < (6, )] < 14 ) — w9

(M o), )] = 1] < Jlu® — i
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Direct proof of

convergence (I—Ih u(k)7 ng)) Z 0

Then ||(My ulk) u,(7k))| —1| = ||W,(7k) — u,(1k)||
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Simple eigenfunction estimate

Sign choice for ugk) such that

(M u(k)7 ugk)) >0

Then ||(My ulk) u,(7k))| —1| = ||W,(7k) — u,(1k)H
Final estimate

14 = 6 zgy < 201+ )6 = My o



Laplace
eigenvalue

probler Eigenfunction estimate in H!

Daniele Boffi

Direct proof of

Cllu® — v < 11V (® — uif )Hm)
— | V92 =2V R v i) 4 | v )2
= A — 2K (k) utk )) + )\(k)
= Ak oK) (k) u,(7 )) + A0 — (AW )x%k))
= A = iz — (A = X°)

k
”u(k) — U;, )||H1(Q) S C(k) Supvev(k) HV - rlh VHHl(Q)
llvii=1
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of eigenvalues . = max —_—,
;. mt ‘f f A £ XKD for j £k, k+1 Ph i#k k1 | \(K) — )\57:)|
irect proof o
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A0 — \(k+1) @ NG

i k) . ,Oh =  max 7(1,)’

Direct proof of >\( ) # )\( for ! 7& k? k + 1 I7ék’k+1 |)\(k) - )\h |
convergence

W,(,k) = ozhugk) + Bhu2k+1)

ap = (M, u(k), ugk)), B = (M u(k)’ uf,kﬂ))
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A0 — y\(k+1) @ NG
i k) . ,Oh =  max 7(1,)’
Direct proof of >\( ) # )\( for ! 7& k? k + 1 I¢k’k+1 |)\(k) — )\h |
convergence
W,(,k) = ozhugk) + Bhu2k+1)

Op = (rlh u(k)v ng))a Bn = (nh U( ) ugk—i_l))
1 = wi iz < (@ + ) [ = 1y a2

k
||u(k) _ W/S )”HI(Q) < C(k) sup |v—T V||H1(Q)
vev(k+l)
[Ivil=1
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