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Variationally posed eigenproblem (Laplace operator)

Eigenvalue problem

Find A € R such that for some u € V with u Z 0 it holds
a(u,v) = Ab(u,v) Yv eV
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Variationally posed eigenproblem (Laplace operator)

Eigenvalue problem
Find A € R such that for some u € V with u Z 0 it holds
a(u,v) = Ab(u,v) Yv eV

Assumptions
H (=L*(Q) .V (=H(%Q2) CH
Hilbert spaces, V' compactly embedded in H

a(u,v) (= [oVu-Vvdx) VxV—-R
bilinear, continuous, symmetric, coercive

b(u,v) (= (u,v)) HxH—R
bilinear, continuous, symmetric
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Laplace eigenproblem
Strong form

—Au =M u in {2
u=20 on 0Of)
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Laplace eigenproblem
Strong form

—Au =M u in ()
u=20 on 0Of)
Weak form

AeR, ueV,u=D0:
a(u,v) = Ab(u,v) Yv eV

Resolvent operator
T:H— H, T(H)CYV impliesT is compact
a(Tf,v) =b(f,v) YveV

A <A <o <\ <--- (numbered s. t. all have multiplicity one)
FE; = span(u;), normalization b(u;, u;) = 1

©.@)
V = @& E; (orthonormal basis)

i=1
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Laplace eigenproblem: approximation

Vi, C V, dimV, = N(h)

Discrete problem
Find A\, € R such that for some uy € V3, with up Z 0 it holds
a(up,v) = Apb(up,v) Yv € Vy
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Laplace eigenproblem: approximation

Vi, C V, dimV, = N(h)

Discrete problem
Find A\, € R such that for some uy € V3, with up Z 0 it holds
a(up,v) = Apb(up,v) Yv € Vy

Discrete (compact) resolvent operator
T, :H — H
a(Thf,v) =b(f,v) Vv eV,

Ap S Aop < S AR < S A
E; n = span(u; 5, ), normalization b(u; p,u;p) = 1
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Rayleigh quotient

Continuous problem

a(v,v)

A1 = Bfél‘r/l oo, v): R(v), wy = arg grél‘r} R(v)
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Rayleigh quotient

Continuous problem

A= Lrél‘r/l Z((:::j)): R(v), wy = arg irél‘r/l R(v)
A= min R(v), wu;=arg min  R(v)
i—1 + i—1 +
(5 5) (5 m)
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Rayleigh quotient

Continuous problem

A= LIél‘I/l Z((::z)): R(v), wy = arg irél‘r/l R(v)
A= min R(v), wu;=arg min  R(v)
i—1 + i—1 +
(5 5) (5 m)

Discrete problem

A1,h = 51611‘% = R(v), wupp=arg 1{21‘% R(v)

Nih = min R(v), w;p=arg min R(v)

: 1 : 1

1—1 1—1

UE( D Ek,h) UE( S> Ek,h)
k=1 k=1
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Rayleigh quotient (cont’ed)

A first easy consequence

A1 = min R(v), A1 5 = min R(v)
veV veEV),

Vi, CV implies | A1, > Ay
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Rayleigh quotient (cont’ed)

A first easy consequence

A = 2%1‘1’/1 R(v), M = Q])freu‘% R(v)

Vi, CV implies | A1, > Ay

Same argument does not apply to the next eigenvalues

A= min R(v), w;=arg min  R(v)
i—1 + i—1 +
(2, 5) (2 m)
Nih = min R(v), w;p = arg min R(v)

. 1 : L

1—1 1—1

VE (k@ Ek,h) ’UE( D Ek’,h)
=1
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Rayleigh quotient (cont’ed)

An alternative representation

A; = min max R(v)
EcV, veFk

where V; denotes the set of all subspaces E of V with dim E =1
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Rayleigh quotient (cont’ed)

An alternative representation

A; = min max R(v)
EcV, veFk

where V; denotes the set of all subspaces E of V with dim E =1

Proof

?: ,I: = =
min max < A, Take F = kezBl E., v = 1;::1 aU, use orthogonalities

and A\ < \; for all k <1 to get R(v) < \;
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Rayleigh quotient (cont’ed)

An alternative representation

A; = min max R(v)
EcV, veFk

where V; denotes the set of all subspaces E of V' with dim £ = ¢

Proof

?: Z = =
min max < A, Take F = kezBl E., v = 1;::1 aU, use orthogonalities

and )\k<)\ for all k <17 to get R(v) < \;
If & # 6]9 FE. then there exists v € E with v L wug

for all k<z hence R(v) > \;

min max > \;
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Rayleigh quotient (cont’ed)

Continuous min-max

A; = min max R(v)
EcV, veFl

where V; denotes the set of all subspaces E of V with dim E =1

Discrete min-max

Ai.p = min max R(v)
EcV; ) vek

where V; ;, denotes the set of all subspaces E of V}, with dim E =4
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Rayleigh quotient (cont’ed)

Continuous min-max

A; = min max R(v)
EcV, veFl

where V; denotes the set of all subspaces E of V with dim E =1

Discrete min-max

Ai.p = min max R(v)
EcV; ) vek

where V; ;, denotes the set of all subspaces E of V}, with dim E =4

Consequence
Foralli=1,...,N(h) one has | A\; , > \;

9 —_
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Convergence of eigenvalues/eigenfunctions

Some notation
m : N — N such that
)\m(l) < )\m(g) < 0 < )‘m(N) < ...
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Convergence of eigenvalues/eigenfunctions

Some notation
m : N — N such that
>\m(1) < >\m(2) < 0 < )‘m(N) < ...

A

O(FE,F) =max(6(F, F),0(F, F)), where E, I' subspaces of H

S(E,F) = sup inf ||u—vl||g
u€E, [Ju|lp=1"<"
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Convergence of eigenvalues/eigenfunctions

Some notation
m : N — N such that
>\m(1) < >\m(2) < 0 < )‘m(N) < ...

0(E,F) = max(6(E, F),8(F,E)), where E, F subspaces of H
S(E,F) = sup inf ||u—vl||g
u€E, |lullg=1"<"

Definition of convergence <Comments>
Ve >0, VN € N, dhg > 0 such that Vh < hg

> max ‘)\z — )"i,hl <e
i=1,....m(N)

~ (m(N) m(N)
»5 EB Eia @ Ei,h SE

1=1 1=1
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Convergence of eigenmodes (cont’ed)

Remark: from the monotonicity property, the problem we are studying
cannot present spurious eigenvalues
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Convergence of eigenmodes (cont’ed)

Remark: from the monotonicity property, the problem we are studying
cannot present spurious eigenvalues
Uniform convergence

T —Th|| £,y — O
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Convergence of eigenmodes (cont’ed)

Remark: from the monotonicity property, the problem we are studying
cannot present spurious eigenvalues
Uniform convergence

T —Th|| £,y — O

Theorem
If T" is selfadjoint and compact

Uniform convergence | <= | Eigenmodes convergence

D. Boffi — waiting for EFEF, Luminy — =711 10



Convergence of eigenmodes (cont’ed)

Remark: from the monotonicity property, the problem we are studying
cannot present spurious eigenvalues
Uniform convergence

T —Th|| £,y — O

Theorem
If T" is selfadjoint and compact

Uniform convergence | <= | Eigenmodes convergence

Strategy

1) prove uniform convergence,
2) estimate the order of convergence
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Galerkin approximation of compact operators

Bramble—Osborn '73
Osborn '75
Kolata '78
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Céa’'s Lemma
1y, = P,/T, with Py, projection w.r.t. bilinear form a
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Galerkin approximation of compact operators

Bramble—Osborn '73
Osborn '75
Kolata '78

Céa’'s Lemma
1y, = P,/T, with Py, projection w.r.t. bilinear form a

T—T,=I—P,)T

If I — P, converges to zero pointwise and 1" is compact, then
T —T}, converges to zero uniformly (consequence of Banach—Steinhaus
uniform boundedness theorem)

<Proof>
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Estimating the order of convergence

Kolata '78
Babuska—Osborn '91
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Estimating the order of convergence

If
Kolata '78

T —Thl|lzevvy = €(h) Babuska—Osborn '91
T = Tyl eqvvy = €7 (h)

then

(N — Nin] < C(e(h)e*(h)Y %  a; ascent of AT — T

A

5(Ez, Ei,h) < Cg(h)
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Estimating the order of convergence

If
Kolata '78

T —Thl|lzevvy = €(h) Babuska—Osborn '91
1T = T3l evvy = €7(h)

then

N — Ain| < C(e(h)e*(h)Y/ % q; ascent of \;J — T

5(EiaEi,h) < Cg(h)
If T° symmetric then

’)\z — )\i,h‘ < C€(h)2

A

5(Ei7Ei,h) < CE(h)
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Piecewise linear FEs for Laplace eigenproblem

Simple proof that for h < hg

Ai < Xin <X+ Ch?
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Take £ = EB Ey, Py elliptic projection, and Ej, = P, E.
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D. Boffi — waiting for EFEF, Luminy — =11

13



Piecewise linear FEs for Laplace eigenproblem

Simple proof that for h < hg

Ai < Xin <X+ Ch?

Take E = @ E,, P, elliptic projection, and Ej, = P,E.
k=1
If h small enough, then dim E} =1

2 P 2
Ai.n < sup | VUZH = su IV hUQH
veE), [v]] veb || Prvl]
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Piecewise linear FEs for Laplace eigenproblem

Simple proof that for h < hg

Ai < Xin <X+ Ch?

Take E = @ E,, P, elliptic projection, and Ej, = P,E.
k=1
If h small enough, then dim E} =1

|V v]? |V Proll? |V v]?
Ai.n < sup = su sup
T ver, NP ver [1Pwv]?
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Piecewise linears for Laplace (cont’ed)
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Piecewise linears for Laplace (cont’ed)

>\’i,h < Sup 2
veEE ” hv”

|Prol| = [v]] = | Pav — o]
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Piecewise linears for Laplace (cont’ed)

>\’i,h < Sup 2
veEE ” hv”

|Pav]| 2 J|o|| = [| Pro — o
| Prhv = vf| < CR*|| Ao
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Piecewise linears for Laplace (cont’ed)

>\’i,h S Sup 2
veE ” hv”

|Pav]| 2 J|o|| = [| Pro — o
| Prhv = vf| < CR*[|Av|| < Ch2Aq|v]]
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Piecewise linears for Laplace (cont’ed)

>\’i,h S Sup 2
veE ” hv”

Proll = [[vl] = [[Prv — |
Ppv —v|| < Ch?||Av|| < Ch\|v]|
Pl = ||v]|(1 — Ch?)

D. Boffi — waiting for EFEF, Luminy — =11

14



Piecewise linears for Laplace (cont’ed)

Aih < SUp 5
veEE ” hv”

Proll = [[vl] = [[Prv — |
Ppv —v|| < Ch?||Av|| < Ch\|v]|
Pl = ||v]|(1 — Ch?)

2
AL
vel HUH

(1+ Ch*) < \; + ChR?

D. Boffi — waiting for EFEF, Luminy — =11
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Computed eigenvalues: [0, 7] 1D interval, piecewise linear FEs

n =2~

n = 16

n = 32

O H =

16
25

1.0129160450588
4.20954744381529
10.0802909335883
19.4536672593233
33.2628304890884

1.0032168743567
4.05166413802355
9.2631305555446
16.8381397926113
27.0649225609802

1.0008034482562
4.0128674974272
9.0652448637285
16.2066567209423
25.5059230069702
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Computed eigenvalues: [0, 7] 1D interval, piecewise linear FEs

n =2~

n = 16

n = 32

25

25.1257489536113

25.0313903532369

1| 1.0129160450588 | 1.0032168743567 | 1.0008034482562
4 | 4.2095474481529 | 4.0516641802355 | 4.0128674974272
0 | 10.0802909335883 | 9.2631305555446 | 9.0652448637285
16 | 19.4536672593288 | 16.8381897926118 | 16.2066567209423
25 | 33.2628304890884 | 27.0649225609802 | 25.5059230069702
n = 64 n = 128 n = 256
1| 1.0002008137390 | 1.0000502004122 | 1.0000125499161
4 |1 4.0032137930241 | 4.0008032549556 | 4.0002008016414
9| 9.0162763381719 | 9.0040668861371 | 9.0010165838380
16 | 16.0514699897078 | 16.0128551720960 | 16.0032130198251

25.0078446408520

D. Boffi — waiting for EFEF, Luminy
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Conclusions on standard Galerkin approximation

Any finite element choice which provides a (pointwise) convergent
scheme for the approximation of a problem with compact resolvent
can be successfully applied to the approximation of the corresponding
eigenvalue problem (uniform convergence).

No extra compatibility!
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The curl curl operator

Let's consider the time harmonic model for Maxwell’s system

0 0
<5a—|—0)5—cu1’17—l—j, ,uaH+cur15—O.
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The curl curl operator

Let's consider the time harmonic model for Maxwell’s system

0 0
(5a—|—0)5—cu1’17—[—\7, ,uaH+cur18—O.

Time-harmonic model

E(x,t) = e “WE(x), H(w,t) = e "“'H(z)

— W (6 + iz> E—culH=J —wuH+curl b =0.
W

Eliminating H

curl (,u_l curl E) — w? (6 + iz) E=—iwJ
W

D. Boffi — waiting for EFEF, Luminy — =11
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The curl curl operator (cont’ed)

Change of notationu = FE, f = —iwwJ
+o0=0
+ B.C.

curl (,uf1 curl u) —w?cu=f inQ
uxn=20 on 0f)

D. Boffi — waiting for EFEF, Luminy — =11

18



The curl curl operator (cont’ed)

Change of notationu = FE, f = —iwwJ
+o0=0
+ B.C.

curl (,u_l curl u) —w?eu="f inQ
uxn=20 on 0f)

The problem is well-posed if w is not an interior Maxwell eigenvalue
(otherwise LHS = 0 for u eigenfunction)
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The curl curl operator (cont’ed)

Variational formulation...
V = Hy(curl; ), find u € V s.t.

(p~teurlu,curlv) — w?(eu,v) = (f,v) VveV
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The curl curl operator (cont’ed)

Variational formulation...
V = Hy(curl; ), find u € V s.t.
(p~teurlu,curlv) — w?(eu,v) = (f,v) VveV

Note: divf=0 implies diveu=20
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The curl curl operator (cont’ed)

Variational formulation...

V = Hy(curl; ), find u € V s.t.
(p~teurlu,curlv) — w?(eu,v) = (f,v) VveV
Note: divf=0 implies diveu=20

...and its numerical approximation

Vi, C V, find u,, € V}, s.t.

(ptcurluy, curl v) — w?(eup, v) = (f,v) Vv e,

D. Boffi — waiting for EFEF, Luminy — =11
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The curl curl operator (cont’ed)

Time-harmonic Maxwell:

(p~teurlu, curlv) — w?(eu,v) = (f,v) VveV

D. Boffi — waiting for EFEF, Luminy — =11
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The curl curl operator (cont’ed)

Time-harmonic Maxwell:
(p~teurlu, curlv) — w?(eu,v) = (f,v) VveV
Maxwell interior eigenvalues:

(pteurlu,curlv) = N(eu,v) VweV

D. Boffi — waiting for EFEF, Luminy — =11
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The curl curl operator (cont’ed)

Time-harmonic Maxwell:

(p~teurlu, curlv) — w?(eu,v) = (f,v) VveV
Maxwell interior eigenvalues:

(pteurlu,curlv) = N(eu,v) VweV

The good approximation of the eigenvalues is clearly necessary for the
well-posedness of the approximation to the time harmonic equations.
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The curl curl operator (cont’ed)

Time-harmonic Maxwell:

(p~teurlu, curlv) — w?(eu,v) = (f,v) VveV
Maxwell interior eigenvalues:

(,LL_l curl u, curlv) = \(eu,v) VeV

The good approximation of the eigenvalues is clearly necessary for the
well-posedness of the approximation to the time harmonic equations.

Indeed, it might be proved that this is also sufficient
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The curl curl operator (cont’ed)

Time-harmonic Maxwell:

(p~teurlu, curlv) — w?(eu,v) = (f,v) VveV
Maxwell interior eigenvalues:

(pteurlu,curlv) = N(eu,v) VweV

The good approximation of the eigenvalues is clearly necessary for the
well-posedness of the approximation to the time harmonic equations.

Indeed, it might be proved that this is also sufficient

N.B.: from now on we take y =¢ =1
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2D numerical tests (curl

Piecewise linear FEs on general meshes
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The curl curl operator (cont’ed)

What is the difference with respect to previous abstract setting?
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The curl curl operator (cont’ed)

What is the difference with respect to previous abstract setting?

H = L? V = Hy(curl) N H(div"), inclusion is compact

D. Boffi — waiting for EFEF, Luminy — =711
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The curl curl operator (cont’ed)

What is the difference with respect to previous abstract setting?
H = L? V = Hy(curl) N H(div"), inclusion is compact

a(u,v) = (curlu, curl v) is coercive on V' (Friedrichs inequality)
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The curl curl operator (cont’ed)

What is the difference with respect to previous abstract setting?
H = L? V = Hy(curl) N H(div"), inclusion is compact
a(u,v) = (curlu, curl v) is coercive on V' (Friedrichs inequality)

But. .. in this case V} is not contained in V (divergence free
constraint)
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The curl curl operator (cont’ed)

What is the difference with respect to previous abstract setting?
H = L? V = Hy(curl) N H(div"), inclusion is compact
a(u,v) = (curlu, curl v) is coercive on V' (Friedrichs inequality)

But. .. in this case V} is not contained in V (divergence free
constraint)

At least our theory was not wrong. . .
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The curl curl operator (cont’ed)

Let's drop the divergence free constraint in the definition of our
problem ans see what happens

D. Boffi — waiting for EFEF, Luminy — =711 23



The curl curl operator (cont’ed)

Let's drop the divergence free constraint in the definition of our
problem ans see what happens
V = Ho(CllI‘l)

Find A € R such that for some u € V with u £ 0 it holds

(curlu,curlv) = A(u,v) Vv eV
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The curl curl operator (cont’ed)

Let's drop the divergence free constraint in the definition of our
problem ans see what happens

V = Ho(CllI‘l)
Find A € R such that for some u € V with u £ 0 it holds
(curlu,curlv) = A(u,v) Vv eV

Remark: positive eigenvalues are the same as before. Eigenvalue
A = 0 is added to the spectrum with infinite dimensional eigenspace
V Hj. Consequence of Helmholz decomposition which implies

V = [Ho(curl) N H(div")] @ v H]
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The curl curl operator (cont’ed)

Let's try to use unconstrained formulation and consider finite element
spaces which mimic at discrete level the Helmholz decomposition.
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The curl curl operator (cont’ed)

Let's try to use unconstrained formulation and consider finite element
spaces which mimic at discrete level the Helmholz decomposition.
In particular, we want gradients to be well represented (so that zero

frequency is well approximated).
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The curl curl operator (cont’ed)

Let's try to use unconstrained formulation and consider finite element
spaces which mimic at discrete level the Helmholz decomposition.
In particular, we want gradients to be well represented (so that zero

frequency is well approximated).

Piecewise linear elements on criss-cross mesh have this property.

D. Boffi — waiting for EFEF, Luminy — =11 24



Results on criss-cross mesh

Mode n=8 | n=16 | n =32
(1,0) | 1 | 1.00428 | 1.00107 | 1.00027
(0,1) | 1| 1.00428 | 1.00107 | 1.00027
(1,1) | 2 | 2.01711 | 2.00428 | 2.00107
(2,0) | 4 | 4.06804 | 4.01710 | 4.00428
(0,2) | 4 | 4.06804 | 4.01710 | 4.00428
(2,1) | 5| 5.10634 | 5.02674 | 5.00669
(1,2) | 5| 5.10634 | 5.02674 | 5.00669

7?7 16 |5.92293 | 5.98074 | 5.99518
(2,2) | 8| 8.27128 | 8.06845 | 8.01713
(3,0) | 9 | 9.34085 | 9.08640 | 9.02166
(0,3) | 9 | 9.34085 | 9.08640 | 9.02166
+# zeros 63 255 1023

D. Boffi — waiting for EFEF, Luminy
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Spurious eigenmodes

1st spurious eigenfunction
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value

Numerical results: edge elements

EDGE ELEMENTS
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Numerical results: edge elements (cont’ed)

Mode n=8 | n=106 | n =32
(1,0) | 1| 0.99232 | 0.99806 | 0.99951
(0,1) | 1| 0.99914 | 0.99979 | 0.99994
(1,1) | 2 | 2.00823 | 2.00212 | 2.00053
(2,0) | 4 | 3.93162 | 3.98288 | 3.99572
(0,2) | 4 | 3.93250 | 3.98294 | 3.99572
(2,1) | 5| 4.93116 | 4.98260 | 4.99564
(1,2) | 5| 5.05757 | 5.01511 | 5.00382
(2,2) | 8 | 8.10159 | 8.03218 | 8.00844
(3,0) | 9 | 8.62920 | 8.90607 | 8.97640
(0,3) | 9 | 8.68245 | 8.92111 | 8.98027
+# zeros 49 225 1023
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Mixed formulations for curl curl eigenproblem

Kikuchi’s formulation Kikuchi '89
Find A € Rs.t. forsomeuecV withu#0and pe H}(Q)=Q

(curlu, curlv) + (v, Vp) = A(u,v) VveV

) (4 vq) =0 Vg€ Q
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Mixed formulations for curl curl eigenproblem

Kikuchi’s formulation Kikuchi '89
Find A € Rs.t. forsomeuecV withu#0and pe H}(Q)=Q

(curlu, curlv) + (v, Vp) = A(u,v) VveV

) (4 vq) =0 Vg€ Q

Alternative mixed formulation B.—Fernandes—Gastaldi—Perugia '99
Find A € Rs.t. forsomeu € curlV=U withu#0and o eV

(o,7)+ (curlT,u) =0 VreV o= —curlu

(M) (curlo,v) = =X u,v) YvelU  curlo =—Au
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Discrete mixed formulations

Kikuchi’s formulation
Find A\, € R s.t. for some uy € V}, with up, Z 0 and p;, € @),

(curlup, curl v) + (v, Vpr) = An(up,v) Vv € V4

(M1.1) (up,Vaq) =0 Vg € Qp
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Discrete mixed formulations

Kikuchi’s formulation
Find A\, € R s.t. for some uy € V}, with up, Z 0 and p;, € @),

(curlup, curl v) + (v, Vpr) = An(up,v) Vv € V4

(M1.1) (up,Vaq) =0 Vg € Qp

Alternative mixed formulation
Find \j, € R s.t. for some uj, € U, with u;, 0 and oj, € X,

(oh,T) + (curl T,up) =0 V7 € Xy

(M,0) (curlop,v) = =Ap(un,v) Vo € Up
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Discrete mixed formulations

Kikuchi’s formulation
Find A\, € R s.t. for some uy € V}, with up, Z 0 and p;, € @),

(curlup, curl v) + (v, Vpr) = An(up,v) Vv € V4

(M1.1) (up,Vaq) =0 Vg € Qn

Alternative mixed formulation
Find \j, € R s.t. for some uj, € U, with u;, 0 and oj, € X,

(oh,T) + (curl T,up) =0 V7 € Xy

(M,0) (curlop,v) = —Ap(up,v) Vo € Uy

Theorem
M, <= M} and equiv. to original problem (A # 0) provided

VvV Qn CVy, and curl vV, C Uy,
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In 2D this is simply rotated mixed Laplace

Find \j, € R s.t. for some uj, € U, with u;, 2 0 and o, € X,

(on,7) + (curlT,up) =0 V7 ey,

(M,0) (curlop,v) = =Ap(up,v) Vo € Uy

D. Boffi — waiting for EFEF, Luminy — =711
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In 2D this is simply rotated mixed Laplace

Find \j, € R s.t. for some uj, € U, with u;, 2 0 and o, € X,

(on,T) + (curl Tyup) =0 V7 e Xy,

(M,0) (curlop,v) = =Ap(up,v) Vo € Uy

(oh, )+ (divr,up) =0 V7 €y
(diV ah,v) — —)\h(uh,v) Yv € Uy,

D. Boffi — waiting for EFEF, Luminy — =711
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Eigenproblems in mixed form

Mercier—Osborn—Rappaz—Raviart '81
B.—Brezzi—Gastaldi '97-'00
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Eigenproblems in mixed form

Mercier—Osborn—Rappaz—Raviart '81
B.—Brezzi—Gastaldi '97-'00

Let’s start with Laplace problem —Au = g

Source problem
o€ H(div;Q)=%, ue L*(Q)=U

{(0,7)+(div¢,u)=0 Vred (c=Vu)
(dive,v) = —(g,v) YvelU (—=dive =g)

D. Boffi — waiting for EFEF, Luminy — =11
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Eigenproblems in mixed form

Mercier—Osborn—Rappaz—Raviart '81
B.—Brezzi—Gastaldi '97-'00

Let’s start with Laplace problem —Au = g

Source problem
o€ H(div;Q)=%, ue L*(Q)=U

{(0,7)+(div¢,u)=0 Vred (c=Vu)
(dive,v) = —(g,v) YvelU (—=dive =g)

Matrix form (3, C 3, U, C U)

(5 0)(2)-(5)

D. Boffi — waiting for EFEF, Luminy — =11
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Laplace eigenproblem in mixed form
Find A € R such that for some (o,u) € ¥ x U with u Z 0

{ (o,7)+ (divr,u) =0 Vr el (—Au = \u)

(divo,v) = =A(u,v) YveU

D. Boffi — waiting for EFEF, Luminy — =11
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Laplace eigenproblem in mixed form

Find A € R such that for some (o,u) € ¥ x U with u Z 0

{ (o,7) 4+ (divr,u) =0 VreX

(divo,v) = —Au,v) YoeU (—Au = Au)

Matrix form (3, C X, U, C U)

(50 (5) =00 ) (7)

D. Boffi — waiting for EFEF, Luminy — =11
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Laplace eigenproblem in mixed form

Find A € R such that for some (o,u) € ¥ x U with u Z 0

{ (o,7)+ (divr,u) =0 Vr el (—Au = \u)

(divo,v) = =A(u,v) YveU

Matrix form (3, C X, U, C U)

A Bt o\ 5 0 O o
B 0 w ) 0 My U
Remark. Similarly, one can deal with problems of the type

(5 0)(2) = 0) (%)

D. Boffi — waiting for EFEF, Luminy — =11
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Definition of the resolvent operator

A first natural (but wrong) definition
T1 U — X xU

1 (g) — (07 u)

One would like to compute eigenvalues. . .

D. Boffi — waiting for EFEF, Luminy — =11
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Definition of the resolvent operator

A first natural (but wrong) definition
T1 U — X xU

Ti(g) = (o,u)
One would like to compute eigenvalues. . .

TQ:(ZXU)/—)ZXU
T2(fag) — (07 U) with

(o,7) + (divr,u) =< f,o> VreX
(divo,v) = —(g,v) YVveU
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Definition of the resolvent operator

A first natural (but wrong) definition
T1 U — X xU

1 (g) — (07 u)

One would like to compute eigenvalues. . .

TQI(ZXU)/%ZXU
TZ(fag) — (07 U) with

(o,7) + (divr,u) =< f,o> VreX
(divo,v) = —(g,v) YVveU

cutoff To

(f,9) — (0,9) — (o, u)

T
=v I?2x 12 —I12xL>?

IS compact

D. Boffi — waiting for EFEF, Luminy — =11
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Uniform convergence?

Let's try to follow Kolata's argument
Tsoy—Tsun=U —Qn)lxu

D. Boffi — waiting for EFEF, Luminy — =711
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Uniform convergence?

Let's try to follow Kolata's argument
Tsoy—Tsun=U —Qn)lxu

/T — Qn)o,w)||sw — 0 for all (o,u) €% x U
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Uniform convergence?

Let's try to follow Kolata's argument
Tsoy—Tsun=U —Qn)lxu

/T — Qn)o,w)||sw — 0 for all (o,u) €% x U

X Ty L? x L? — 3 x U is not compact
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Uniform convergence?

Let's try to follow Kolata's argument
Tsoy—Tsun=U —Qn)lxu

/T — Qn)o,w)||sw — 0 for all (o,u) €% x U

X Ty L? x L? — 3 x U is not compact

X Ts 2 x U — 2 x U is not compact either
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Uniform convergence?

Let's try to follow Kolata's argument
Tsoy—Tsun=U —Qn)lxu

/T — Qn)o,w)||sw — 0 for all (o,u) €% x U

X Ty L? x L? — 3 x U is not compact

X Ts 2 x U — 2 x U is not compact either

Remark: standard mixed estimates don't help

o —onlls + ||u — up|ly < C inf (||lo — 7||s + ||u — vnl|v)
" O(1) O(h)

D. Boffi — waiting for EFEF, Luminy — =711
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Definition of the resolvent operator (cont’ed)

A better definition
TU U —-U
o € 2, Tyg € U such that

(o,7)+ (divr,Tyg) =0 Vr e X
(divo,v) = —(g,v) VveU

D. Boffi — waiting for EFEF, Luminy — =711
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Definition of the resolvent operator (cont’ed)

A better definition
TU U —-U
o € 2, Tyg € U such that

(o,7)+ (divr,Tyg) =0 Vr e X
(divo,v) = —(g,v) VveU

Remark: operator is now compact, but standard mixed estimates
don’t help again

o —onlls + ||u — up|ly < C inf (||lo — 7||s + ||u — vnl|v)
Tt o) O(h)
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Definition of the resolvent operator (cont’ed)

A better definition
TU U —-U
o € 2, Tyg € U such that

(o,7)+ (divr,Tyg) =0 Vr e X
(divo,v) = —(g,v) VveU

Remark: operator is now compact, but standard mixed estimates
don’'t help again
lo = onlls + [lu—up|lv < C inf ([lo — 7|5 + [|u — vp||v)

Tth T o) O(h)

Remark: we need an estimate for u; which does not involve div o
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Uniform convergence ||1y — Ty || — O

» Ellipticity in the kernel
HThH2L2 > al|lm,||3 for all 7, € ¥y, s.t. {(div Ty, v) =0, Vv € Uy}
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Uniform convergence ||1y — Ty || — O

» Ellipticity in the kernel
HThH2L2 > al|lm,||3 for all 7, € ¥y, s.t. {(div Ty, v) =0, Vv € Uy}

» Fortin operator I}, : X7 — X, s.t.
(div(c — IIpo),v) =0 Vv e Uy
Hpolls < Cllo|[s+
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Uniform convergence ||1y — Ty || — O

» Ellipticity in the kernel
HThH2L2 > al|lm,||3 for all 7, € ¥y, s.t. {(div Ty, v) =0, Vv € Uy}

» Fortin operator I}, : X7 — X, s.t.
(div(c — IIpo),v) =0 Vv e Uy
Hpolls < Cllo|[s+

o = anllzz < € (1lo = ol + (1/va) inf flu—onlo )
Uh h

Wwﬂmmr30<iﬁ\W—WMw+H0—me)
v,eUy,

<Proof>
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Fortid condition

Definition
The spaces Xj, U}, satisfy the Fortid condition if there exists a Fortin
operator which converges strongly to the identity operator, namely

I, - YT — > S.t.

(div(c — o), v) =0 Yov € Uy
[rolls < Cllofs+

| — ||zt 12y — 0
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Final convergence result

Theorem
Assume ellipticity in the kernel and Fortid condition

For any N € N define pn(h) :]0,1] — R as

pn(h) = sup  (inf flu—wnllo + ||V u = 1 V|2
m Yh

1

Then ||Ty — Ty nl|c(v,v) — 0 and the following estimates hold true

m(N)

Z X — Ainl < Clon(h))?

1

~ 7 m(N) m(N)
5( E, © Ei,h) < Cpn(h)
=1 =1
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Back to the criss-cross example
Crisscross mesh

Y5, = {continuous p.w. linears (componentwise)}
Up = div ¥, C {p.w. constants}
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40



Back to the criss-cross example
Crisscross mesh

Y5, = {continuous p.w. linears (componentwise)}
Up = div ¥, C {p.w. constants}

Theorem

With the above choice of spaces, there exist a sequence {g,} C U
with ||gn|o = 1 s.t.

|lu —unllo 7 0

) 70

that is HTU — TU,h
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Back to the criss-cross example
Crisscross mesh

Y5, = {continuous p.w. linears (componentwise)}
Up = div ¥, C {p.w. constants}

Theorem

With the above choice of spaces, there exist a sequence {g,} C U
with ||gn|o = 1 s.t.

|lu —unllo 7 0

) 70

that is HTU — TU,h
Proof

Use inequality by Qin '94 based on idea of Boland—Nicolaides '85
<More detail>
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A positive example

General mesh (triangles, parallelograms, tetrahedrons, parallelepipeds)
>2p, - Raviart—=Thomas space of order k
Uy, © Pr_1 or tensor product polynomials Qp_1
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A positive example

General mesh (triangles, parallelograms, tetrahedrons, parallelepipeds)
>2p, - Raviart—=Thomas space of order k
Uy, © Pr_1 or tensor product polynomials Qp_1

Fortid: the interpolant is a Fortin operator.

See also Falk—Osborn '80
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A positive example

General mesh (triangles, parallelograms, tetrahedrons, parallelepipeds)
>2p, - Raviart—=Thomas space of order k
Uy, © Pr_1 or tensor product polynomials Qp_1

Fortid: the interpolant is a Fortin operator.

See also Falk—Osborn '80

Convergence: O(h?*) eigenvalues, O(h*) eigenfunctions.
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A positive example

General mesh (triangles, parallelograms, tetrahedrons, parallelepipeds)
>2p, - Raviart—=Thomas space of order k
Uy, © Pr_1 or tensor product polynomials Qp_1

Fortid: the interpolant is a Fortin operator.
See also Falk—Osborn 80
Convergence: O(h?*) eigenvalues, O(h*) eigenfunctions.

Remark: in 2D edge elements can be chosen as rotated Raviart—
Thomas spaces
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General theory

0
( )-type problems
g

(20 ) () =00 )

Laplace, biharmonic, Maxwell (1), . ..

D. Boffi — waiting for EFEF, Luminy — =11

42



General theory

0
( )-type problems
g

ABYN(aY__ (0 0 G
B 0 o ) 0 My U
Laplace, biharmonic, Maxwell (1), . ..

f
(O) -type problems

ABN\(\_, (M 0\(5
B 0 ) 0 0 U
Stokes, Laplace with Lagrange multipliers, Maxwell (2), . . .
<More detail>
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Conclusions

& Standard Galerkin approximation of eigenvalue problems is
straightforward extension of usual theory
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The end
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Examples of good or bad convergence

2 g — ° 2 g —  ° 2 g —  °
- ) - __ (_) _______ - )
I o - * I o - ® I o - ®
7 @
3 o || 3 o || 3 o
° %:/: ° %:/: ° %:/:
Good Bad (missing) Bad (spurious)
<Back>
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T — Th|| ey — O

(= Pp)(u)l[g — 0 forany ucV
Banach-Steinhaus thm. implies ||/ — P|| .y ) < C
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T — Thl| e,y — O

(= Pp)(u)l[g — 0 forany ucV
Banach-Steinhaus thm. implies ||/ — P|| .y ) < C

By contradiction ||(I — P,)T'|| 2.y 7+ 0
Then (up to subsequences) ||(I — Pn)T frllmg # 0 with || ful|z < 1
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T — Thl| e,y — O

(= Pp)(u)l[g — 0 forany ucV
Banach-Steinhaus thm. implies ||/ — P|| .y ) < C

By contradiction ||(I — P,)T'|| 2.y 7+ 0
Then (up to subsequences) ||(I — Pn)T frllmg # 0 with || ful|z < 1

If T": H — V is compact then T'f;, — w in V
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T — Thl| e,y — O

(= Pp)(u)l[g — 0 forany ucV
Banach-Steinhaus thm. implies ||/ — P|| .y ) < C

By contradiction ||(I — P,)T'|| 2.y 7+ 0
Then (up to subsequences) ||(I — Pn)T frllmg # 0 with || ful|z < 1

If T": H — V is compact then T'f;, — w in V

Take h small enough s.t. ||T'f, — w||v + ||({ — Pp)w||g < ¢
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T — Thl| e,y — O

(= Pp)(u)l[g — 0 forany ucV
Banach-Steinhaus thm. implies ||/ — P|| .y ) < C

By contradiction ||(I — P,)T'|| 2.y 7+ 0
Then (up to subsequences) ||(I — Pn)T frllmg # 0 with || ful|z < 1

If T": H — V is compact then T'f;, — w in V

Take h small enough s.t. ||T'f;, — wl||v + [|(I — Py)w||z < ¢, then
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T — Thl| e,y — O

(= Pp)(u)l[g — 0 forany ucV
Banach-Steinhaus thm. implies ||/ — P|| .y ) < C

By contradiction ||(I — P,)T'|| 2.y 7+ 0
Then (up to subsequences) ||(I — Pn)T frllmg # 0 with || ful|z < 1

If T": H — V is compact then T'f;, — w in V

Take h small enough s.t. ||T'f;, — wl||v + [|(I — Py)w||z < ¢, then
(I =Pn)T follg < ||(I=Pp)(T frn—w)||g+||(I—Pr)w||g < (C+1)e

Remark. Same argument shows ||1" — T}||,(1 1) — O under the
hypotheses 1" : V' — V' compact and || — P||z(vv) < C
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|T — Thl| g,y — O (cont’ed)

A direct proof using a priori estimates

(T —Tn) fllg = ||u—un||lg < CRY||f||u

<Back>
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P = L?-projection onto Uy,

o — onll52 = (o — 0,110 — o) + (00 — op, Hpo — o)
= (Ilpo — 0,110 — op) — (div(Illpo — op), u — Pu)
< |MTho = ol r2||[lTho — onl|r2 + || div(ITho — on)||2|ju — Pully
< |[Mho = onlle (IMho — ollz2 + (1/vVa)|lu — Pul|v)
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P = L?-projection onto Uy,

0o —onll2 = (o — 0,10 — o) + (0 — op, o — o)
= (Ilpo — 0,110 — op) — (div(Illpo — op), u — Pu)
< |MTho = ol r2||[lTho — onl|r2 + || div(ITho — on)||2|ju — Pully
< |[Mho = onlle (IMho — ollz2 + (1/vVa)|lu — Pul|v)

(Pu — up, div )

|Pu— upl|[u < Csup

™ 7nlls
< Csup (Pu — u,div ) + (u — up, div )
h 70 l]5
< C(HPU — ul|r + sup Gl Uh’Th)>
oo | 7ells

< C(||Pu—ully + [lo = onl|12)

<Back>
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Inf-sup condition for our problem

nf sup (div 7, v)

> 5>0
velUy, TES, HTHH(diV)HUHL2
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Inf-sup condition for our problem

i
inf sup (div7, 0) > >0
veUy, TEX, HTHH(diV)HUHL2

cannot be improved: there exists e sequence (properly chosen linear
combination of checkerboards on the macroelements) {0} such that

|(div 7, 0n)| < C|7|p2[[On]] 2

D. Boffi — waiting for EFEF, Luminy — =T 53



Inf-sup condition for our problem

i
inf sup (div7, 0) > 3>0
veUy, TEX, HTHH(diV)HUHL2

cannot be improved: there exists e sequence (properly chosen linear
combination of checkerboards on the macroelements) {0} such that

|(div 7, 0n)| < C|7|p2[[On]] 2

Take agn — ?7h/H’(7hHL2, then gn — 0 Weakly in L? and Tgh — 0
strongly in L?.

Let's prove that ||7,,9x|/;2 is bounded below away from zero
(uniformly).
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(oh,T) + (divr,up) =0 V71 €3y
(div op,v) = —(gpn,v) Vv e Uy,
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(op, 7))+ (divr,up) =0 V7 € Xy
(div op,v) = —(gpn,v) Vv e Uy,

[(div on, un)| = [(gn, un)| < ||unl 2
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(oh,T) + (divr,up) =0 V71 €3y

(div op,v) = —(gpn,v) Yv € Uy

(diV Oh, uh)

(diV Oh, uh)

(gn> un)| < [lun[ 2

onll7e
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(op, 7))+ (divr,up) =0 V7 € Xy
(div op,v) = —(gpn,v) Vv e Uy,

(div on, un)| = |(gn, un)| < [|unll 12
(divah,uh) — ‘O‘}LH%Q
gnllr2llonllzz > Gl(divon, gn)
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(op, 7))+ (divr,up) =0 V7 € Xy
(div op,v) = —(gpn,v) Vv e Uy,

(div op, un)| = [(gh, un)| < llunllp2
(divah,uh) — ‘O‘}LH%Q
’thLQ”O-hHL2 > %’(dlv O_hagh)’ — %(ghagh) — %
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(oh,T) + (divr,up) =0 V71 €3y
(div op,v) = —(gpn,v) Vv e Uy,

(div on, un)| = |(gn, un)| < ||lunl 2

(diV Oh, uh) — ‘O‘}LH%Q

grll r2llonll Lz = &1(div on, gn)| = &g 9n) = &

unl g2 = é

<Back>
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UcH~H cU’

(g) case
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(g) case

UcH~H cU’

Weak approximability of U}y, with respect to af(-,-).

b(mh,u) < P(h)HUHU%HThHa Vu € U?[, V1, € kery(B)
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(g) case

UcH~H cU’

Weak approximability of U¥; with respect to af(-,-).
b(mh,u) < p(h)HuHU%HThHa Yu € Uy, V1, € kerp,(B)

Strong approximability of U
For each u € UY, there exists u! € Uy, such that

Ju— |l < p(h)|lullyo
H
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(g) case

UcH~H cU’

Weak approximability of U¥; with respect to af(-,-).
b(mh,u) < p(h)HuHU%HThHa Yu € Uy, V1, € kerp,(B)

Strong approximability of U
For each u € UY, there exists u! € Uy, such that

Ju— |l < p(h)|lullyo
H

+ Fortid
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SCH~H Y

) case

D. Boffi — waiting for EFEF, Luminy

——1l

56



SCH~H Y

(;) case

Weak approximability of U#!.

b(Th, u)
sup <
T1,Ekery, (B) HThHE

< p(h)HUHUgf
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(;) case

SCH~H Y

Weak approximability of U#!.

b(Th, u)
sup < p(R)||ullyn
T1,Ekery, (B) HThHE 0

Strong approximability of 7.
For each o € X there exists 0! € ker,(B) such that

lo —a'lls < p(h)llollsn
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(;) case

SCH~H Y

Weak approximability of U#!.

b(Th, u)
sup < p(h)||ul[ym
T1,Ekery, (B) HThHE 0

Strong approximability of 7.
For each o € X there exists 0! € ker,(B) such that

lo —a'lls < p(h)llollsn

+ DEK
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