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Optimal a posteriori error estimate

Guaranteed upper bound

© [[u—upl%q < Yker, nk(Un)?
@ no undetermined constant: error control
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Optimal a posteriori error estimate

Guaranteed upper bound
2 2
© [|u—unllfq < ket k(Un)
@ no undetermined constant: error control
Local efficiency

° nK(Uh) < CeffHU - UhH?,neighbors of K
@ local error lower bound (optimal space mesh refinement)
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Optimal a posteriori error estimate

Guaranteed upper bound

° |lu— Uh||?2,Q < D keT; 1k (Un)?

@ no undetermined constant: error control
Local efficiency

@ 1 (Un) < Cetel|u — Unl|2 neighbors of k

@ local error lower bound (optimal space mesh refinement)
Robustness
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Optimal a posteriori error estimate

Guaranteed upper bound
© [[u—upl%q < Yker, nk(Un)?
@ no undetermined constant: error control
Local efficiency
® ni(Un) < Cetel|u — Unl|7 neighbors of K
@ local error lower bound (optimal space mesh refinement)
Robustness
@ C. independent of data, domain 2, meshes, solution u,
polynomial degree of up
Asymptotic exactness
® Y ke Mk(Un)?/|lu— unll? o N 1
@ overestimation factor goes to one with meshes size
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Optimal a posteriori error estimate

Guaranteed upper bound

° |lu— Uh”?Z,Q < X ke 1k (Un)?

@ no undetermined constant: error control
Local efficiency

@ 1k (Up) < Cettl|u — Unl|2 neighbors of K

@ local error lower bound (optimal space mesh refinement)
Robustness

@ C. independent of data, domain 2, meshes, solution u,

polynomial degree of uy

Asymptotic exactness

0 Y er mk(Un)?/[[u— unlZ g N 1

@ overestimation factor goes to one with meshes size
Small evaluation cost

@ estimators can be evaluated cheaply (locally)
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Optimal a posteriori error estimate

Guaranteed upper bound

° |lu— Uh”?%g < X ke 1k (Un)?

@ no undetermined constant: error control
Local efficiency

® 1k (Un) < Cerll

@ local error lower bound (optimal space mesh refinement)
Robustness

@ C. independent of data, domain 2, meshes, solution u,

polynomial degree of uy

Asymptotic exactness

© Yxer; Mk (Un)?/llu— unlZ g\ 1

@ overestimation factor goes to one with meshes size
Small evaluation cost

@ estimators can be evaluated cheaply (locally)
Error components identification

@ nx(up) can distinguish the different error c@@
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Outline

e A posteriori estimates based on potential & flux reconstruction
@ Guaranteed upper bound in a unified framework
@ Potential and flux reconstructions
@ Polynomial-degree-robust local efficiency
@ Applications
@ Numerical illustration

v d

: informatics #Pmathematics

M. Vohralik A posteriori estimates: Laplace equation 3 /43




_ Upper bound Recs Efficiency Applications Numerics
Laplace model problem

Model problem
—Au=f in Q,
u=20 on 90Q

@ Q c RY d = 2,3 polygon/polyhedron
e fel?(Q)
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Laplace model problem

Model problem

“Au=f inQ,
u=20 on 09
@ Q C RY, d = 2,3 polygon/polyhedron
e fel?(Q)
Weak formulation
Find u € H} () such that

(Vu,Vv) = (f,v)  VYveHI(Q)
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Laplace model problem

Model problem
—Au=f in Q,
u=0 on 90Q

@ Q c RY d = 2,3 polygon/polyhedron
e fel?(Q)

Weak formulation

Find u € H} () such that

(Vu,Vv) = (f,v)  VYveHI(Q)

Properties of the weak solution

@ u e Hl(Q) (primal variable constraint)

@ o := —Vu (constitutive relation)

@ V.o = f (equilibrium)

@ o € H(div, Q) (dual variable constraint) &’1/71
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@ A posteriori estimates based on potential & flux reconstruction
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Bounds on the algebraic error
Bounds on the total error
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Guaranteed a posteriori error estimate

Theorem (A guaranteed a posteriori error estimate, prager and synge

(1947), Dari, Duran, Padra, and Vampa (1996), Ainsworth (2005), Kim (2007), Vohralik (2007), )

@ Letu € H}(Q) be the weak solution;

...............
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Guaranteed a posteriori error estimate

Theorem (A guaranteed a posteriori error estimate, prager and synge

(1947), Dari, Duran, Padra, and Vampa (1996), Ainsworth (2005), Kim (2007), Vohralik (2007), )

@ Letu € H}(Q) be the weak solution;

o uye H'(Th) == {v e L2(Q), v|x € H'(K) VK € Tp) be
arbitrary (thus up ¢ H1(Q2) and —Vuy, € H(div, Q) in gen.);
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Guaranteed a posteriori error estimate

Theorem (A guaranteed a posteriori error estimate, prager and synge

(1947), Dari, Duran, Padra, and Vampa (1996), Ainsworth (2005), Kim (2007), Vohralik (2007), )

@ Letu € H}(Q) be the weak solution;
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Guaranteed a posteriori error estimate

Theorem (A guaranteed a posteriori error estimate, prager and synge

(1947), Dari, Duran, Padra, and Vampa (1996), Ainsworth (2005), Kim (2007), Vohralik (2007), )

@ Letu € H}(Q) be the weak solution;

o uye H'(Th) == {v e L2(Q), v|x € H'(K) VK € Tp) be
arbitrary (thus up ¢ H1(Q2) and —Vuy, € H(div, Q) in gen.);
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Guaranteed a posteriori error estimate

Theorem (A guaranteed a posteriori error estimate, prager and synge

(1947), Dari, Duran, Padra, and Vampa (1996), Ainsworth (2005), Kim (2007), Vohralik (2007), )

@ Letu € H}(Q) be the weak solution;

o uye H'(Th) == {v e L2(Q), v|x € H'(K) VK € Tp) be
arbitrary (thus up ¢ H1(Q2) and —Vuy, € H(div, Q) in gen.);

® s, € H}(Q) and o, € H(div, Q) be such that

(Veonp 1)k = (f,1)k forall K € Th.
Then
h 2
19— w2 < 3 (IVun + ol + 2 = V-onlli)
I e g ™

KeTh constitutive relation

+ ) IV(un — sn)llx -
~———

KeTn primal constraint rc

equilibrium

...............
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Proof |

o define s € H{(Q) by
(Vs,Vv) = (Vuy, Vv)

Vv € HI(Q)

'rc

Y )
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Proof |

o define s € H{(Q) by
(Vs,Vv) = (Vuy, Vv)
@ develop (Pythagoras)

IV (u — up)l® = [V (u— s)II? + V(s — un)|I?

Vv € HI(Q)

'rc

Y )
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Proof |

o define s € H{(Q) by
(Vs,Vv) = (Vup, Vv) Vv e HI(Q)
@ develop (Pythagoras)
IV (u = un)? = IV (u = 8)II” + V(s — un)|?
@ projection definition of s:

V(s = un)ll = min_[[V(v—up)
veH; ()

-~

distance of uj to H} ()

'rc
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Proof |

o define s € H{(Q) by
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Proof |

o define s € H{(Q) by
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@ develop (Pythagoras)
IV (u = un)? = IV (u = 8)II” + V(s — un)|?
@ projection definition of s:

V(s = un)ll = min_[[V(v—up)
veH; ()

-~

distance of uj to H} ()
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Proof |

Upper bound Recs Efficiency Applications Numerics

o define s € H{(Q) by
(Vs,Vv) = (Vuy, Vv)
@ develop (Pythagoras)

IV (u — up)l® = [V (u— s)II? + V(s — un)|I?

@ projection definition of s:

IV(s—up)| = min

veH}(Q)

Vv € HI(Q)

V(v = un)ll

distance of uj to H} ()

@ dual norm characterization, defin

ition of s, definition of u:

irc

IV(u—s)| = sup {(f,¢) = (Vun, Vo)}
PEHG(Q); IVl =1
dual norm of the residual
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Proof Il

Proof (continuation).

@ nonconformity upper bound:

min [[V(v — up)[| < [[V(up — sp)]l
veHl(Q)

h.nﬂ;ﬂm’mmmm
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Proof Il

Proof (continuation).

@ nonconformity upper bound:

min_|[V(v — un)ll < [IV(un = sp)l
veH}(Q)

@ adding and subtracting equilibrated flux, Green theorem:
(f,0) = (Vun, Vo) = (f = V-opn, ) = (Vup + p, V)
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Proof Il

Proof (continuation).

@ nonconformity upper bound:

min_[|V(v — up)[| < [[V(up = sp)]|
veHl(Q)

@ adding and subtracting equilibrated flux, Green theorem:
(f,0) = (Vun, V) = (f = V-opn, ) = (Vup + op, Vi)

— (VUh = O'h,Vgo) = — Z (VUh +oh, VSO)K
KeTh
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Proof Il

Proof (continuation).

@ nonconformity upper bound:

min_[|V(v — up)[| < [[V(up = sp)]|
veHl(Q)

@ adding and subtracting equilibrated flux, Green theorem:
(f,9) = (Vun, Vo) = (f = V-opn,¢) — (Vup +op, V)
@ Cauchy-Schwarz inequalities

— (VUn+ 05, Ve) < > [IVUn + aallx| Vel
KETh
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Proof Il

Proof (continuation).

@ nonconformity upper bound:

min_[|V(v — up)[| < [[V(up = sp)]|
veHl(Q)

@ adding and subtracting equilibrated flux, Green theorem:
(f,0) = (Vun, V) = (f = V-opn, ) = (Vup + op, Vi)

@ Cauchy—Schwarz inequalities
— (VUn+ 05, Ve) < > [IVUn + aallx| Vel
KeTh
(f=Veonp)= > (f=V-one )k
KeTh
e
pe—
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Proof Il

Proof (continuation).

@ nonconformity upper bound:

min_[|V(v — up)[| < [[V(up = sp)]|
veHl(Q)

@ adding and subtracting equilibrated flux, Green theorem:
(f,0) = (Vun, V) = (f = V-opn, ) = (Vup + op, Vi)

@ Cauchy-Schwarz inequalities, equilibration:
— (Vun+0n, Vo) < > [[Vun+ onllkl Vel
KeTh
(f - V'O'h, 90) = Z (f - V'O'h, "2 S‘DK)K
KeTh
e
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Proof Il

Proof (continuation).

@ nonconformity upper bound:

min_[|V(v — up)[| < [[V(up = sp)]|
veHl(Q)

@ adding and subtracting equilibrated flux, Green theorem:
(f,9) = (Vun, Vo) = (f = V-opn,¢) — (Vup +op, V)

@ Cauchy—Schwarz and Poincaré inequalities, equilibration:
— (Vun+0n, Vo) < > [[Vun+ onllkl Vel

KeTh
(f - V'O'h, 90) = Z (f - V'O'h, Y — S‘DK)K
KeTh h
K
<Y —f = VeanlkVelk
KeTh irc
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@ A posteriori estimates based on potential & flux reconstruction
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Guaranteed upper bound in a unified framework
Potential and flux reconstructions
Polynomial-degree-robust local efficiency
Applications

Numerical illustration

Bounds on the algebraic error
Bounds on the total error
Stopping criteria

Numerical illustration
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Global potential and flux reconstructions

Ideally

op:=arg min IV up + v
VhE ,V-ththf

Sn 1= arg min [[V(up — va)|
h

@ V, C H(div,Q), Qy C L3(Q), V4 C H}(Q)
@ too expensive, problems (the
hypercircle method .. .)
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Local potential and flux reconstructions

Definition (ConS’[r. of O h, Destuynder and Métivet (1999) & Braess and Schéber (2008))
For each a € V), solve the local mixed FE problem

ol =ar min 1aVUp + Vpllo. -
h=G e Gy [aVup + Vhll.
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Local potential and flux reconstructions

Definition (ConS’[r. of O h, Destuynder and Métivet (1999) & Braess and Schéber (2008))
For each a € V), solve the local mixed FE problem

op=arg min 11aVup + Vallw,-
Vhevh,V~Vh:noﬁ(waf_v¢a'vuh)
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Local potential and flux reconstructions

Definition (ConStr. of O h, Destuynder and Métivet (1999) & Braess and Schéber (2008))
For each a € V), solve the local mixed FE problem

op=arg min |aVup + Va|w,-
VhEVE VVh=Tga (yar—vya-vuy)

Definition (ConStrUCtion of Sh, ~ Carstensen and Merdon (2013), EV (2015))
For each a € V, solve the local conforming FE problem

s :=arg min [|[V(vVatp — Va)|lws-
V/7€\/;7i
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Local potential and flux reconstructions

Definition (Constr. of O h, Destuynder and Métivet (1999) & Braess and Schéber (2008))
For each a € V), solve the local mixed FE problem

op=arg min 11aVup + Vallw,-
Vhevh,V~Vh:n0’a7(waf7v¢a'vuh)

Definition (ConStrUCtion of Sh, ~ Carstensen and Merdon (2013), EV (2015))
For each a € V, solve the local conforming FE problem

s :=arg min [|[V(vVatp — Va)|lws-
V/7€V;7i

Key ideas
@ local minimizations
@ cut-off by hat basis functions 5
@ V&: homogeneous Neumann BC on dwa
& V2: homogeneous Dirichlet BC on dwa

o a o a "
°opi=) of shi=) e
ach, acv Crsia—
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Potential reconstruction

02

05" s

Potential up Potential reconstruction sy,
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Equilibrated flux reconstruction

N

Flux —Vup, Flux reconstruction o

v d
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H(div, )-conformity
@ o c H(div,Q) = op =3 50y, 0f € H(div, Q)
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Comments

H(div, )-conformity

@ o} € H(div,Q) = op = ) 5cy, 0% € H(div, Q)
Neumann compatibility condition

e fora € Vi, one needs (Yaf — Vba-Vup, 1), =0

v d

h&,mnm
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Comments

H(div, )-conformity

@ o} € H(div,Q) = op = ) 5cy, 0% € H(div, Q)
Neumann compatibility condition

e fora € V™, one needs (Yaf — Viba-Vup, 1)u, =0 =

Assumption A (Galerkin orthogonality wrt hat functions)

There holds 4
(VUun, Vpa)w, = (f, Ya)w, va e V.

&tmﬂ;m’m.mm E
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Comments

H(div, )-conformity

@ o} € H(div,Q) = op = ) 5cy, 0% € H(div, Q)
Neumann compatibility condition

e fora € V™, one needs (Yaf — Vipa-Vup, 1), =0 =

Assumption A (Galerkin orthogonality wrt hat functions)

There holds 4
(VUh, V1/’a)wa = (f7 wa)wa va € V;Im‘

Divergence
@ Neumann compatibility condition gives
V-oflk = No,(Yaf = Vipa-Vup)lk YK € Th

@ the fact that op|x = Zaew o8|k and the partition of unity
> acy, VK = 1|k vield

V-anlk = Na,flx YK € Tofyssms=
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@ A posteriori estimates based on potential & flux reconstruction
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Guaranteed upper bound in a unified framework
Potential and flux reconstructions
Polynomial-degree-robust local efficiency
Applications

Numerical illustration

Bounds on the algebraic error
Bounds on the total error
Stopping criteria

Numerical illustration
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Continuous-level patch problems

Definition (Continuous-level flux reconstruction)

For each a € Vy, set

o? = arg

iy 14V Up + V|w,-
VEH(div,wg), V. V= (Yl ~ViaVip) w

’V-Ny, =0 0N dwa (\0NQ)

v d
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Continuous-level patch problems

Definition (Continuous-level flux reconstruction)

For each a € V, set

o? = arg

min |vaVUup + V||w,-
veH(div,wa) V-v=(vaf—=Via-Vup)

’V-Ny, =0 0N dwa (\02)

Definition (Continuous-level potential reconstruction)

For each a € Vy, set

s?:=arg min [|[V(¥atp — V)|lw,-
VEH&(wa)

v d

h&,mnm
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Assumptions for efficiency

Assumption B (Weak continuity)

There holds ([up, Ve =0 Ve € &,

v d
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Assumptions for efficiency

Assumption B (Weak continuity)

There holds ([up, Ve =0 Ve € &,

Assumption C (Piecewise polynomials, data, and meshes)

The approximation uy, and the datum | are piecewise
polynomial. The degrees of the MFE reconstructions o, and sy,
are chosen correspondingly. The meshes 7T;, are shape-regular.
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Polynomial-degree-robust efficiency

Theorem (Polynomial-degree-robust efficiency via MFE / FE /

continuous Stablllty Braess, Pillwein, and Schéberl (2009); Costabel and Mclntosh (2010);

Demkowicz, Gopalakrishnan, and Schéberl (2012), EV (2015))

Let u be the weak solution and let Assumptions A~ and C
hold. Then there exists constants C.; > 0 only
depending on the shape-regularity parameter r+ such that

lo5+aV tnllwe < Citll o +4baV Un|l g :
IV ($atin—57)llwa < Cstl|V (atin—5)|q

v d

h;/mnm
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Polynomial-degree-robust efficiency

Theorem (Polynomial-degree-robust efficiency via MFE / FE /

continuous Stablllty Braess, Pillwein, and Schéberl (2009); Costabel and Mclntosh (2010);

Demkowicz, Gopalakrishnan, and Schéberl (2012), EV (2015))

Let u be the weak solution and let Assumptions A, B, and C

hold. Then there exists constants Cy, Ceonipr, Ceontopr > 0 only

depending on the shape-regularity parameter -+ such that

HUeribaVUhHwa < CstHO'a—i-anUh”wa < Csthont,PF”v(U* Uh) ”wa;
IV (¥ath—57)lwa < CstllV(hatih—5%)|wa < Ct Ceont,bpE ||V (U — Un) ||ivar

v d
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Demkowicz, Gopalakrishnan, and Schéberl (2012), EV (2015))

Let u be the weak solution and let Assumptions A, B, and C

hold. Then there exists constants Cy, Ceonipr, Ceontopr > 0 only

depending on the shape-regularity parameter -+ such that

HUeribaVUhHwa < CstHO'a—i-anUh”wa < Csthont,PF”v(U* Uh) ”wa;
IV (thatin— 57)llwa < CutllV (thatin = %) [lwa < Cst Ceont,pEl|V (U~ Un) [lue

Remarks

@ C, can be bounded by solving the local Neumann
problems by conforming FEs

@ = maximal overestimation factor guaranteed
v d

h;/mnm
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_ Upper bound Recs Efficiency Applications Numerics
Conforming finite elements

Conforming finite elements
Find u, € Vj, such that

(Vuh, VVh) = (f, Vh) Yvh € V.
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Conforming finite elements

Conforming finite elements
Find u, € V}, such that

(Vup, Vvp) = (f,vp) Yvp € Vp.

@ V= Pp(75) N H)(Q), p> 1

@ Assumption A: take v, = 94

® Vi, C HY(Q): sp := up, no need for Assumption B
@ Assumption C: technical, always satisfied
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_ Upper bound Recs Efficiency Applications Numerics
Nonconforming finite elements

Nonconforming finite elements
Find u, € Vj, such that

(Vunp, Vvp) = (f,vn) Yvp € Vp.
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Nonconforming finite elements

Nonconforming finite elements
Find up € Vj, such that

(VUh,VVh) = (f, Vh) Yvp € Vp.

@ Vp:=Pu(Th), p>1, vy € V) satisfy
(Ivel,gn)e =0 Van € Pp_1(€), Ve € &,

@ Assumption A: take vy = 13
@ Assumption B: building requirement for the space Vj,

M. Vohralik A posteriori estimates: Laplace equation 17 /43
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Discontinuous Galerkin finite elements

Discontinuous Galerkin finite elements
Find u, € Vj, such that

Y (Vun Vvi)k— Y {{{Vun}ne, [vil)e+6({VVn} e, [unl)e}

KeTh ecéy
+ ) {ahg upl, [valde = (f.vh) Vv € Vi
ecéy
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Discontinuous Galerkin finite elements

Discontinuous Galerkin finite elements
Find u, € Vj, such that

Y (Vun Vvi)k— Y {{{Vun}ne, [vil)e+6({VVn} e, [unl)e}

KeTh ecéy
+ ) {ahg upl, [valde = (f.vh) Vv € Vi
ecéy

© Vyi=Fp(7h), p> 1
@ Assumption A: take v, = 15 for 6 = 0,
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Discontinuous Galerkin finite elements

Discontinuous Galerkin finite elements
Find u, € Vj, such that

> (Vun, V)= Y {{{Vun}ne, [Val)e+-0({VVn}-Ne, [unl)e}

KeTh ecéy
+ ) {ahg upl, [valde = (f.vh) Vv € Vi
ecéy

@ Assumption A: take v, = 15 for 8 = 0, otherwise:
e estimates for the discrete gradient
Vduh = VUh —0 Z [e(IIUh]])
ecéy
e jumps lifting operator le : L2(€) — [Po(Te)]?
(te(Tunl). va) = ({vn} e, [url)e VA € [Po(Te))?
e = modified Galerkin orthogonality
(vd Uhv V@Z}a)wa - (fv ¢a)wa v

M. Vohralik A posteriori estimates: Laplace equation 18/43
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Discontinuous Galerkin finite elements: Assumption B

Nonsymmetric and incomplete versions
@ broken Poincarée—Friedrichs inequality with jumps:

||V(¢3(L~I - Uh))Hwa §(1 + CbPF,oJahUJavaaHOO,wa)”v(u - Uh)”wa

1/2
+ CoPF,wa s [ Va [ 00,4 { > h N[ Hze}

ecéy,ace
@ include the jump terms in the error and estimators
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Discontinuous Galerkin finite elements: Assumption B

Nonsymmetric and incomplete versions
@ broken Poincarée—Friedrichs inequality with jumps:

||V(wa(L~l - Uh))Hwa §(1 + CbPF,wahUJavaauoowa)”v(u - Uh)”wa

1/2
+CbPF,wahwa||VwaHoo,w3{ Zhe1\|”2[[uh]]\|§}

ecéy,ace
@ include the jump terms in the error and estimators
Symmetric version

@ discrete gradient & satisfies

(Vduh,Rnga)wa =0 va e Vy

@ modified potential reconstruction: local MFE problems with

data T,a7 = ¢3Rgvduh and ga = (R%V@Da)'VdUh
@ local efficiency

||Q5(Uh - Sh)HK < CleumlP E ”6(1-] _’uh)”wa
aevK m;:;am/mm ematics
M. Vohralik
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Mixed finite elements

Mixed finite elements
Find a couple (o, Up) € Vi x Qp such that

(oh,Vh) — (Un, V-Vp) =0 Yvp € Vi,
(V-on,an) = (f,qn)  Vgn e Qp.
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Mixed finite elements

Mixed finite elements
Find a couple (o, Up) € Vi x Qp such that

(oh,Vh) — (Un, V-vp) =0 WY € Vp,
(V-on,qn) = (f,qn)  Van < Qn

@ postprocessed solution up € Vi, Vi :=Pp(74), p > 1;
vy € Vj, satisfy

(Ivil.gn)e =0 Van € Py(e), Ve € &y

@ Assumption A: no need for flux reconstruction, o, comes
from the discretization

@ Assumption B satisfied, building requirement for the
space Vj,

v d
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O Introduction

@ A posteriori estimates based on potential & flux reconstruction
Guaranteed upper bound in a unified framework

@ Potential and flux reconstructions

@ Polynomial-degree-robust local efficiency

@ Applications

Numerical illustration

("]

O Algebraic estimates and stopping criteria for iterative solvers
@ Bounds on the algebraic error
@ Bounds on the total error
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Model problem

—Au=f inQ:=(0,1)3
u=0 on 990
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Numerics: smooth case

Model problem

~Au=f inQ:=(0,1)
u=0 on 9Q

Exact solution

u(x, y) = sin(2rx) sin(2ry)
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Numerics: smooth case

Model problem

—~Au=f in Q:=(0,1)?
u=0 on oQ

Exact solution
u(x, y) = sin(2rx) sin(2ry)

Discretization

@ symmetric interior penalty discontinuous Galerkin method
@ unstructured triangular grids
@ uniform h refinement

v d
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M. Vohralik A posteriori estimates: Laplace equation 21 /43




A posteriori estimates: unified framework Algebraic error C

Upper bound Recs Efficiency Applications Numerics

Uniform refinement: asymptotic exactness

h pllIVa(u=up)ll [Ju—tnloc [[Vatn+onl  nese  [[Va(un—sp)ll] 7 DG Fr R

hy 1| 1.07E-00 1.09E-00 | 1.12E-00 5.55E-02 4.16E-01 |1.25E-00 1.26E-00|1.17 1.16
~hy/2 5.56E-01 5.61E-01 5.71E-01 7.42E-03 1.82E-01 |6.07E-01 6.11E-01|1.09 1.09
~hy/4 2.92E-01 2.93E-01 2.96E-01 1.04E-03 8.77E-02 |3.10E-01 3.11E-01|1.06 1.06
~hy/8 1.39E-01 1.39E-01 1.40E-01 1.10E-04 3.85E-02 |1.45E-01 1.45E-01|1.04 1.04

hy 2| 1.54E-01 1.55E-01 1.55E-01 5.10E-03 3.05E-02 |1.63E-01 1.64E-01[1.06 1.06
~hy/2 4.07E-02  4.09E-02 | 4.13E-02 3.53E-04 7.55E-03 |4.23E-02 4.26E-02|1.04 1.04
~hy/4 1.10E-02 1.11E-02 | 1.12E-02 2.51E-05 1.97E-03 |1.14E-02 1.15E-02|1.03 1.03
~hy/8 2.50E-03 2.52E-03 | 2.54E-03 1.30E-06 4.21E-04 |2.57E-03 2.59E-03|1.03 1.03

hy 3| 1.37E-02 1.37E-02 | 1.37E-02 3.58E-04 1.74E-03 |1.41E-02 1.41E-02|1.03 1.03
~hy/2 1.85E-03  1.85E-03 | 1.85E-03 1.26E-05 2.10E-04 |1.88E-03 1.88E-03|1.01 1.01
~hy/4 2.60E-04 2.60E-04 | 2.60E-04 4.73E-07 2.54E-05 |2.62E-04 2.62E-04|1.01 1.01
~hy/8 2.75E-05 2.75E-05 | 2.75E-05 1.15E-08 2.55E-06 |2.76E-05 2.76E-05|1.01 1.01

hy 4| 9.87E-04 9.87E-04 | 9.84E-04 2.12E-05 1.11E-04 |1.01E-03 1.01E-03|1.02 1.02
~hy/2 6.92E-05 6.93E-05 | 6.92E-05 3.96E-07 7.44E-06 |7.00E-05 7.00E-05|1.01 1.01
~hy/4 5.04E-06 5.04E-06 | 5.04E-06 7.58E-09 4.98E-07 |5.07E-06 5.07E-06|1.01 1.01
~hy/8 2.58E-07 2.59E-07 | 2.58E-07 8.96E-11 2.47E-08 |2.60E-07 2.60E-07|1.01 1.01

hy 5| 5.64E-05 5.64E-05 | 5.63E-05 1.06E-06 4.50E-06 |5.75E-05 5.75E-05|1.02 1.02
~hg/2 2.01E-06 2.01E-06 | 2.01E-06 9.88E-09 1.46E-07 |2.03E-06 2.03E-06|1.01 1.01
~hy/4 7.74E-08  7.74E-08 | 7.73E-08 1.01E-10 4.35E-09 |7.76E-08 7.76E-08|1.00 1.00
~hy/8 1.86E-09 1.86E-09 | 1.86E-09 1.70E-12 1.00E-10 |1.86E-09 1.86E-09|1.00 1.00

hy 6| 2.85E-06 2.85E-06 2.85E-06 4.70E-08 2.18E-07 |2.90E-06 2.90E-06|1.02 1.02
~hg/2 5.42E-08 5.42E-08 | 5.42E-08 2.40E-10 4.02E-09 |5.46E-08 5.46E-08|1.01 1.01
~hy/4 1.07E-09 1.07E-09 | 1.07E-09 1.08E-11  6.90E-11 |1.08E-09 1.08E-09|1.

7
informatics gFmathematics
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Model problem

—Au = 0 inQ:=(1,1)2\]0,1],
u = up onoN

P :
: informatics #Fmathematics



_ Upper bound Recs Efficiency Applications Numerics
Numerics: singular case

Model problem

AU = 0 in Q:=(1,1)2\[0,1]2,
u = up onoN

Exact solution
u(r, 6) = r*?sin(2¢/3)
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Numerics: singular case

Model problem

AU = 0 in Q:=(1,1)2\[0,1]2,
Exact solution

u(r, ¢) = r¥/3sin(2¢/3)
Discretization

@ incomplete interior penalty discontinuous Galerkin method
@ unstructured non-nested triangular grids
@ hp-adaptive refinement

M. Vohralik A posteriori estimates: Laplace equation 23 /43



A posteriori estimates: unified framework Algebraic error C

Upper bound Recs Efficiency Applications Numerics

hp-adaptive refinement: exponential convergence

error in energy norm

1e-01 22 T T T T T
ideal —+—
o b param, y=0.30 -~~~ |
£ %param, y=0.60 ---x---
1e-02 E 5 x H prior &
< . By 3 18 hp decay - -e-- -
S S % £ h-adapt -—-&--
1e-03 | 2 1e04 oty § 16
) " =
< . . 3] N
= ideal ——— L 14 X
16-04 g param, y=0.30 ---x--- 3 E‘ Sosiang
9] param, y=0.60 ---%--- 12
prior & :
hp decay -- -e-- -
1e-05 : 1e-05 L L L 1 :
0 10 20 30 40 50 60 16 17 18 19 20 0 10 20 30 40 50 60
DoF'/3 DoF '3 DoF'?
V4
s informatcs #Fmathematcs rc
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hp-refinement grids

Upper bound Recs Efficiency Applications Numerics
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_ Algebraic Total Stopping criteria  Numerical illustration
Ouitline

e Algebraic estimates and stopping criteria for iterative solvers
@ Bounds on the algebraic error
@ Bounds on the total error
@ Stopping criteria
@ Numerical illustration
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| A posteriori estimates: unified framework Algebraic error C Algebraic Total Stopping criteria  Numerical illustration

Including iterative algebraic solver (conforming FESs)

Finite element approximation of the Laplace problem
Find up € Vi :=Pp(Th) N HJ (), p > 1, such that

(Vuh,Vvh) = (f, Vh) YV € Vp.
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Including iterative algebraic solver (conforming FESs)

Finite element approximation of the Laplace problem
Find up € Vi :=Pp(Th) N HJ (), p > 1, such that

(Vuh,Vvh) = (f, Vh) YV € Vp.

Linear algebraic system

Find U}, € RN such that
ApUp = Fp
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Including iterative algebraic solver (conforming FESs)

Finite element approximation of the Laplace problem
Find up € Vi :=Pp(Th) N HJ (), p > 1, such that

(Vuh,Vvh) = (f, Vh) YV € Vp.
Linear algebraic system
Find U, € RN such that
ApUp = Fp
Algebraic solver (iterative)
On each iteration i > 1: approximate vector Ul € RN such that

ApU, = Fp— RL (Rl := Fp — ApUL)
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Including iterative algebraic solver (conforming FESs)

Finite element approximation of the Laplace problem
Find up € Vi :=Pp(Th) N HJ (), p > 1, such that

(Vuh,Vvh) = (f, Vh) YV € Vp.
Linear algebraic system

Find U}, € RN such that
ApUp = Fp

Algebraic solver (iterative) ‘
On each iteration i > 1: approximate vector Ul € RN such that
ApUL,=Fn— R, (R, := Fn— ApU})

Algebraic error representer .

On each iteration i > 1: approximate solution u;, € V}, such that
(Vup, V) = (1) = (rp,br)  VI=1,...,N,

where the algebraic error representer rl € L?(Q) is such that

(risv) =Ry 1=1,...,N,;

v d
hlz;au;lmmmm
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Including iterative algebraic solver (conforming FESs)

Finite element approximation of the Laplace problem
Find up € Vi :=Pp(Th) N HJ (), p > 1, such that

(Vuh,Vvh) = (f, Vh) YV € Vp.

Linear algebraic system

Find U}, € RN such that
ApUp = Fp

Algebraic solver (iterative)
On each iteration i > 1: approximate vector Ul € RN such that
ApUL,=Fn— R, (R, := Fn— ApU})

Algebraic error representer .
On each iteration i > 1: approximate solution u;, € V}, such that
(VU;MV¢/):(f7¢/)_(rfva/) VI:17'-‘7N7
where the algebraic error representer r} € L2(Q) is such that
(I’fi],(/)/) = (R;I)/, | = 1,...,N;
= (V(un -~ 0h), V) = (hovi) 0 Y575
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| A posteriori estimates: unified framework Algebraic error C Algebraic Total Stopping criteria  Numerical illustration

Algebraic error upper bound

Theorem (Upper bound via algebraic error flux reconstruction)

Leta}, ,, € H(div,Q) be such that V-o}, . = rj. Then
IV(up —up)ll = llohael
algebraic error upper algebraic est.
v d
informatics g mathematics
V42577 5
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Algebraic error upper bound

Theorem (Upper bound via algebraic error flux reconstruction)

Leta}, ,, € H(div,Q) be such that V-o}, . = rj. Then
IV(up = tp)ll = lloh agl
algebraic error upper algebraic est.
IV(un = up)ll=  sup  (V(un— up), Vvp);
VA€ Vi, ||V V| =1
(V(un— U;r)’ Vvp) = (rl’v Vh) = (V'U’h,alg’ Vh) = _(Ulh,algv V).

h&,mnm E
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Algebraic error upper bound

Theorem (Upper bound via algebraic error flux reconstruction)

Leta}, ,, € H(div,Q) be such that V-o}, . = rj. Then
IV(up = tp)ll = lloh agl
algebraic error upper algebraic est.
IV(un = up)ll=  sup  (V(un— up), Vvp);
VA€ Vi, ||V V| =1
(V(un— U;r)’ Vvp) = (rl’v Vh) = (V'U’h,alg’ Vh) = _(U%,algv V).

i i
Constructions of o}, ,,

Qo sweep trough 75, local min. (JSV (2010))
Q by precomputing v iterations (EV (2013))
© multilevel flux reconstruction &1/,7;’2 )
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Algebraic error flux reconstruction, two-level setting

Definition (Coarse grid Riesz representer)

Find v}, € Vi :=P(7) N H}(Q) such that
(Voly, Viba)we = (T, Ya)us Va € Vy
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Algebraic error flux reconstruction, two-level setting

Definition (Coarse grid Riesz representer)
Find v}, € Vi :=P(7) N H}(Q) such that
(Voly, Viba)we = (T, Ya)us Va € Vy

Definition (Algebraic error flux reconstruction)

a,i :
O palg = arg min |VhHwav
e vhevz,V-vh:I'IQah(uarAsz,za-Vu;#
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Algebraic error flux reconstruction, two-level setting

Definition (Coarse grid Riesz representer)
Find v}, € Vi :=P(7) N H}(Q) such that
(Voly, Viba)we = (T, Ya)us Va € Vy

Definition (Algebraic error flux reconstruction)

a,i

aji . _ i i -
Uh,alg =arg min UVhHwav Ohalg -— h,alg

vhevz,V-vh:I'IQah(uarAsz,za-Vu;# acyy

v

&tmﬂ;m’m.mm k
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Algebraic error flux reconstruction, two-level setting

Definition (Coarse grid Riesz representer)
Find v}, € Vi :=P(7) N H}(Q) such that
(Voly, Viba)we = (T, Ya)us Va € Vy

Definition (Algebraic error flux reconstruction)

= arg min ||VhHwa7 0-;7,a1g = Ia7:;1g

= VhGV?],V-VhZI_IQah(UaI‘AfV’L'a-V'U;_I)

acVy

v

@ homogeneous Neumann problems

@ mixed FE spaces

@ fine meshes of coarse patches wa

@ Riesz representer (solve on Ty) =
hat function orthogonality on 7y

@ extends to arbitrary number of levels

M. Vohralik A posteriori estimates: Laplace equation 28 /43



| A posteriori estimates: unified framework Algebraic error C Algebraic Total Stopping criteria  Numerical illustration

Divergence of the algebraic error flux reconstruction

] a,i
Lemma (Divergence of o7, )

There holds V-o}, ., = I},

-— - -——— European Research Counci
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Divergence of the algebraic error flux reconstruction

Lemma (Divergence of o al(,)

There holds V-o}, ., = I},

Proof
@ every fine grid element K € 7y, lies exactly in (d + 1)
coarse patches wa, @ € Vy

@ partition of unity Zaechﬁa P2 =1k

°
K= Z Vo'hallg“(

acVy,KCwa

= Y Ng,(var, — Viba-Vup)lk = rhlx

aeVy,KCwa

| \

i
v'O'h,nlg

-— - — —— European Research Counci
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Algebraic residual lifting

Definition (Algebraic residual ||f’[|ng, ~ Babusgka and Strouboulis (2001), Repin (2008))
Find o2 € X2 := Pp(7p) N H](wa) such that

(VU:J’ vvh)wa = (r/{n Vh)wa vvh € Xﬁ
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Algebraic residual lifting

Definition (Algebraic residual ||f’[|ng, ~ Babusgka and Strouboulis (2001), Repin (2008))
Find o2 € X2 := Pp(7p) N H](wa) such that

(VU:J’ vvh)wa = (r/{n Vh)wa vvh € Xﬁ

Set i a,i
vpy = vy

acVy
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Algebraic residual lifting

Definition (Algebraic residual |If’[|ng, ~ Babuska and Strouboulis (2001), Repin (2008))
Find o2 € X2 := Pp(Tp) N H} (wa) such that

(VU:J’ vVh)wa = (rll;u Vh)wa vvh € Xﬁ

Set

i . a,i
’Uh = Uh 0
acVy

@ homogeneous Dirichlet problems
@ conforming FE spaces

@ fine meshes of coarse patches wy
@ works for arbitrary number of levels
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Algebraic error lower bound

Theorem (Lower bound via algebraic residual liftings)

2
Wa

ZaEVH ||sz7l
Vol

lower algebraic est.

There holds ||V (up — u},)|| >
—

algebraic error
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Algebraic Total Stopping criteria  Numerical illustration
Algebraic error lower bound

Theorem (Lower bound via algebraic residual liftings)

. Vo2
There holds |V (up, — ub)|| > Zaew ,. IIh o
(V)
algebraic error P h
lower algebraic est.
Proof.
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(rhvh)  Cacvu (T vn )en
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Discretization flux reconstruction
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Upper bound on the total error

Theorem (Total error upper bound)
On each iteration i > 1, there holds

1/2
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Lower bound on the total error

Setting
@ vertices a € Vy, and patches wq
@ X7 := Pp(7T) with either mean value zero or value on 92
zero (Lagrange FE space)
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Lower bound on the total error

Setting
@ vertices a € Vy, and patches wq
@ X? :=Pp(7h) with either mean value zero or value on 92
zero (Lagrange FE space)
Homogeneous Neumann pbs on patches w,

Definition (Total residual lifting)
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Stopping criteria

Galerkin orthogonality

19— a)I = IV (u— un)|2+ IV (un — uh)IP

Vs i . \F. Vv
total error discretization error algebraic error
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Stopping criteria

Galerkin orthogonality

i\(12 2 i\12
IV(u—up)I® = [V(u—up)l® + ||V (up — up)l]
totafgnor discretization error algebraic error

Discretization error upper and lower bounds

@ upper bound on total error & lower bound on algebraic
error = upper bound on the discretization error
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Discretization error upper and lower bounds
@ upper bound on total error & lower bound on algebraic
error = upper bound on the discretization error

@ lower bound on total error & upper bound on algebraic
error = lower bound on the discretization error

Safe stopping criterion
upper algebraic est. < v lower discretization est.

@ local version for local efficiency
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Numerical illustration

Peak Q= (0,1) x (0,1), u(x,y) =
x(x—1)y(y—1)exp(—100(x —0.5)2—100(y — 117/1000)?)
L-shape (—1,1) x (=1,1)\ [0,1] x [=1,0], u(r,8) = r?/3sin(26/3)
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L-shape (—1,1) x (=1,1)\ [0,1] x [-1,0], u(r,8) = r?/3sin(26/3)
Discretization

@ conforming finite elements withp=1,...,5
@ unstructured triangular meshes
@ 4 uniform refinements

Multigrid setting

@ geometric multigrid V-cycle
@ 5 pre-smoothing steps of Gauss—Seidel

PCG setting

@ incomplete Cholesky with drop-off tolerance 1,e-4

preconditioning s -
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Peak problem, multigrid

MG algebraic total discretization
p iter error eff. UB eff. LB error eff. UB eff. LB error eff. UB eff. LB
1(2.55 x 10%)[ 1 [8.1x 1073 114 110 1[1.0x10°2 1.63 1.19°1|6.1 x 10°3  2.42 —
2 [43x10~* 1.13 1.127'[6.1x 103 1.13 1.05~" 113 1.06~"
2(1.03x 10%)] 1 [8.8x 1073 1.17 1.08~7[8.8x 10°° 1.72 1.1871[3.9x 10~ % 3.28 x 107 —
2 6.1 x107% 1.19 1.0371|[72x10"% 1.75 {1.12~! 2.89 —
3 [20x107% 1.19 1.037'(3.9x10"* 1.08 1.04~" 1.08  1.047"
3(2.34 x 10%)[ 1 [4.9x 1073 114 1.06"1[4.9x10°° 159 1.26°1[1.9x 1075 3.33 x 10° —
3 27x107% 1.17 1.047'(3.3x107% 1.69 1.17~! 2.60 —
5 (1.6 x10~7 1.15 1.04~'[1.9x 1075 1.02 1.09~' 1.02  1.09~'
4417 x 10%| 1 [56.8x10™° 122 1.05-1[58 x 10~° 1.83 1.17-1[81 x 10~/ 1.12 x 10% —
3 [1.0x107% 1.16 1.037'[1.0x107* 1.71 1.087! 1.76 x 102 —
5 24x107% 114 1.037'[25x 10" % 162 1.107" 4.12 —
7 16.7x108 113 1.037'(82x 107 1.10 1.16~" 110 1.167"
5(6.52 x 10%)[ 1 [4.8x 1073 1.19 1.04~1[4.8x 10°3 1.74 1.19-1[3.1 x 1078 221 x 105 —
3 21x107* 1.14 1.037'[21x10~* 1.63 1.09~" 8.78 x 10° —
5 [1.5x107° 1.11 1.027'[(1.6x10~% 155 1.07~" 5.57 x 10° —
7 [1.4x107% 112 1.027'[{1.4x107® 157 1.05~" 5.34 x 10"  —
9 [1.4x10~7 1.14 1.01~'|{1.4x 107 1.65 1.06~" 6.06 —
11(1.3%x 1078 116 1.017'|3.4x 1078 1.41 1.38"' 1.47 1.
13 [1.2%x107% 1.16 1.0171|3.1x 1078 1.05 1.217" 1.05 1.
v d
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L-shape problem, PCG

Algebraic Total

Stopping criteria  Numerical illustration

p

algebraic
eff. UB eff. LB

total
eff. UB

discretization

error

eff. UB

eff. LB

1(7.97 x 10%)

1

.25
.24

4.08~ 1
417"

1

.38

3.6 x 102

1.11 x 107
1.24

1.12~!

2(3.22 x 10%)

14
.18
17

3.6271
3.1771
3.53~'

1.4 x 1072

1.76 x 107
1.49
1.29

1.357"
1.30""

3(7.27 x 10%)

.06
.10
.10
.10

45371
3.55~"
3.58~"
3.55~"

8.6 x 1073

1.58 x 102
1.41 x 10'
2.99
1.52

1.43~1

4(1.29 x 105)

.24
.22
.27

2347
27971
2.337"

6.2 x 10~3

3.66 x 107
1.90
1.44

2,931
1.62~"

5(2.02 x 10°)

.09
Ak
.15
.15

41477
3.757"
3.1271
3.1771

4.7 x 1073

v d
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L-shape problem, p = 3, total error, 16th PCG iteration

Total error on elements Total error indicators
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L-shape problem, p = 3, alg. error, 16th PCG iteration

Algebraic error on elements
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Conclusions

@ guaranteed energy error estimates
@ robustness (polynomial degree)
@ unified framework for all classical numerical schemes
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Conclusions and outlook

Conclusions

@ guaranteed energy error estimates

@ robustness (polynomial degree)

@ unified framework for all classical numerical schemes
Ongoing work

@ convergence and optimality

@ nonlinear problems
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Thank you for your attention!
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