
The Gradient Discretisation Method

J. Droniou (a), R. Eymard (b), T. Gallouët (c), C. Guichard (d), R. Herbin (c)
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Conforming finite element method

{
−∆u = f in Ω,
u = 0 on ∂Ω,

where Ω is a polygonal subset of Rd and f ∈ L2(Ω)

weak formulation :

 Find u ∈ H1
0 (Ω) such that, for all v ∈ H1

0 (Ω),∫
Ω

∇u(x) · ∇v(x)dx =

∫
Ω

f (x)v(x)dx.

simplicial mesh of Ω (e.g. triangles in dimension d = 2)
h mesh size used as index of a family of regular discretisations
space Vh = continuous piecewise linear functions on the mesh with zero value on ∂Ω

 Find uh ∈ Vh such that, for all vh ∈ Vh,∫
Ω

∇uh(x) · ∇vh(x)dx =

∫
Ω

f (x)vh(x)dx.

Existence and uniqueness of a discrete solution thanks to ‖∇·‖L2(Ω) norm on Vh



Convergence of conforming finite element method

(Cea’s lemma)

‖∇u −∇uh‖L2(Ω) ≤ Sh(u) with Sh(ϕ) = min
wh∈Vh

‖∇wh −∇ϕ‖L2(Ω) , ∀ϕ ∈ H1
0 (Ω)

Poincaré inequality :
There exists CP > 0 such that, ∀vh ∈ Vh

‖vh‖L2(Ω) ≤ CP ‖∇vh‖L2(Ω)d .

then ‖uh − u‖L2(Ω) ≤ CPSh(u)

provides the convergence of the method if

Sh(ϕ)→ 0 as h→ 0 for all ϕ ∈ H1
0 (Ω)

Limitations of conforming finite element method

1 Not in conservation form (no fluxes)

2 Not adapted to heterogeneous anisotropic problems (flow in porous media)

3 Not easily suited to some coupled nonlinear problems



Nonconforming finite element method

simplicial mesh M of a domain Ω

For any uh =
∑

σ∈Fint

uσϕσ ,

∀K ∈M , ∀x ∈ K , ∇Muh(x) =
∑

σ∈Fint

uσ∇Kϕσ

uh

xσ

σK

Approximation method

Find uh ∈ Vh such that, ∀vh ∈ Vh,

∫
Ω

∇Muh(x) · ∇Mvh(x)dx =

∫
Ω

f (x)vh(x)dx.

Existence and uniqueness of a discrete solution thanks to ‖∇M·‖L2(Ω) norm on Vh



Convergence of nonconforming finite element method

Second Strang lemma :

‖∇u −∇Muh‖L2(Ω) ≤ Sh(u) + Wh(∇u),

where Sh(ϕ) = inf
vh∈Vh

‖∇ϕ−∇Mvh‖L2(Ω) , ∀ϕ ∈ H1
0 (Ω)

and Wh(ϕ) = sup
wh∈Vh\{0}

∫
Ω

(ϕ(x) · ∇Mwh(x) + divϕ(x)wh(x))dx

‖wh‖h
, ∀ϕ ∈ Hdiv(Ω)

Discrete Functional Analysis proves discrete Poincaré inequality :

There exists CP > 0 such that, ∀vh ∈ Vh, ‖vh‖L2(Ω) ≤ CP ‖∇hvh‖L2(Ω)d .

then ‖uh − u‖L2(Ω) ≤ CP(Sh(u) + Wh(∇u)).

Convergence of the method if

Sh(ϕ)→ 0 as h→ 0 for all ϕ ∈ H1
0 (Ω)

Wh(ϕ)→ 0 as h→ 0 for all ϕ ∈ Hdiv(Ω)

limitation : ∇Muh computed from uh ∈ Vh

∇Muh cannot be reconstructed independently of uh (cf. mixed methods)



Finite difference/volume approximation

∀K ∈M ,
∑
σ∈FK

FK ,σ =

∫
K

f (x)dx,

and flux conservativity across each interior edge :
∀σ ∈ Fint common face of K and L
FK ,σ + FL,σ = 0.

with
FK ,σ = −|σ| uσ − uK

dist(xσ, xK )
.

uσ = 0 if σ ⊂ ∂Ω,

uK
σ

nK ,σ

L

uσ

VK ,s

xK xσ xL

suσ′

K

σ′

variational formulation

find ((uK )K∈M, (uσ)σ∈F ) such that uσ = 0 if σ ⊂ ∂Ω

s.t. for all ((vK )K∈M, (vσ)σ∈F ) such that vσ = 0 if σ ⊂ ∂Ω∑
K∈M

∑
σ∈FK

|σ|
dist(xσ, xK )

(vσ − vK )(uσ − uK ) =
∑
K∈M

vK

∫
K

f (x)dx.

no clear way to see this method as nonconforming finite element method



Reformulation of Finite difference/volume approximation

XD,0 = {((vK )K∈M, (vσ)σ∈F ) such that vσ = 0 if σ ⊂ ∂Ω}

∀uD ∈ XD,0, ΠDuD(x) = uK for a.e. x ∈ K

∇K ,suD = ∇(σ)
K ,suD nK ,σ +∇(σ′)

K ,s uD nK ,σ′

with ∇(σ)
K ,suD =

uσ − uK
dist(xσ, xK )

and ∇(σ′)
K ,s uD =

uσ′ − uK
dist(xσ′ , xK )

∀uD ∈ XD,0, ∇DuD = ∇K ,suD on VK ,s

uK
σ

nK ,σ

L

uσ

VK ,s

xK xσ xL

suσ′

K

σ′

Then, for (uD, vD) ∈ X 2
D,0,

∑
K∈M

vK

∫
K

f (x)dx =

∫
Ω

f (x)ΠDvD(x)dx and

∑
K∈M

∑
σ∈FK

|σ|
dist(xσ, xK )

(vσ − vK )(uσ − uK ) =

∫
Ω

∇DuD(x) · ∇DvD(x)dx.

 Find uD ∈ XD,0 such that, for all vD ∈ XD,0,∫
Ω

∇DuD(x) · ∇DvD(x)dx =

∫
Ω

f (x)ΠDvD(x)dx.

Existence and uniqueness of a discrete solution thanks to ‖∇D·‖L2(Ω) norm on XD,0



Error estimate for the finite difference/volume method

‖∇u −∇DuD‖L2(Ω)d ≤ SD(u) + WD(∇u)

with SD(ϕ) := min
wD∈XD,0

(
‖ΠDwD − ϕ‖L2(Ω) + ‖∇DwD −∇ϕ‖L2(Ω)d

)
, ∀ϕ ∈ H1

0 (Ω)

and WD(ϕ) = sup
vD∈XD,0

∫
Ω

(ϕ(x) · ∇DvD(x) + divϕ(x)ΠDvD(x)dx)dx

‖∇DvD‖L2(Ω)d
, ∀ϕ ∈ Hdiv(Ω)

Discrete Functional Analysis proves discrete Poincaré inequality :

There exists CP > 0 such that, ∀vD ∈ XD,0 ‖ΠDvD‖L2(Ω) ≤ CP ‖∇DvD‖L2(Ω)d .

then ‖ΠDuD − u‖L2(Ω) ≤ (CP + 1)SD(u) + CPWD(∇u).

Convergence of the method if (Dm)m∈N is such that

SDm (ϕ)→ 0 as m→∞ for all ϕ ∈ H1
0 (Ω)

WDm (ϕ)→ 0 as m→∞ for all ϕ ∈ Hdiv(Ω)



Synthesis of the three examples

‖∇u −∇DuD‖L2(Ω)d ≤ SD(u) + WD(∇u)
‖ΠDuD − u‖L2(Ω) ≤ (CP + 1)SD(u) + CPWD(∇u).

with

conforming FE nonconforming FE Fin. Diff./Vol.

XD,0 RVint RFint RM+Fint

ΠD(u)
∑

s∈Vint

usϕs

∑
σ∈Fint

uσϕσ uK in K

∇D(u)
∑

s∈Vint

us∇ϕs

∑
σ∈FK

uσ∇ϕσ in K ∇K ,su on VK ,s

CP Continuous Poincaré Disc. Funct. Anal. Disc. Funct. Anal.
SD → 0 as h→ 0 → 0 as h→ 0 → 0 as h→ 0
WD 0 → 0 as h→ 0 → 0 as h→ 0

and many other examples (mixed finite element method, DDFV, HMM,. . . )

included in the Gradient Discretisation Method



The Gradient Discretisation Method p ∈ (1,+∞)

Gradient discretization D = (XD,0,ΠD,∇D)

XD,0 finite dimensional real vector space
ΠD : XD,0 → Lp(Ω) linear
∇D : XD,0 → Lp(Ω)d linear such that ‖ · ‖D := ‖∇D · ‖Lp(Ω)d is a norm on XD,0.

Consistency and stability requested for convergence of the GDM
(Dm = (XDm,0, ΠDm , ∇Dm ))m∈N family of gradient discretizations

1 Coercivity : CD = max
v∈XD,0\{0}

‖ΠDv‖Lp(Ω)

‖v‖D
⇒ discrete Poincaré inequality

CDm remains bounded
2 Consistency : SDm (ϕ)→ 0

∀ϕ ∈W 1,p
0 (Ω) , SD(ϕ) = min

v∈XD,0

(
‖ΠDv − ϕ‖Lp(Ω) + ‖∇Dv −∇ϕ‖Lp(Ω)d

)
3 Limit-conformity : WDm (ϕ)→ 0

∀ϕ ∈W p′

div(Ω) , WD(ϕ) = max
u∈XD,0\{0}

1

‖u‖D

∫
Ω

(∇Du ·ϕ + ΠDu divϕ)dx

4 For nonlinear problems : Compactness : For any sequence (um)m∈N ;
um ∈ XDm,0 ‖um‖Dm ≤ C , then the sequence ΠDmum relatively compact in
Lp(Ω) (implies coercivity)

5 Piecewise constant reconstruction : There exists a basis (ei )i∈B of XD,0 and

disjoint subsets (Ωi )i∈B of Ω s.t. ΠDu =
∑
i∈B

ui1Ωi for all u =
∑
i∈B

uiei ∈ XD,0



Application to p−Laplace problem p ∈]1,+∞[

−div(|∇u|p−2∇u) = f + div(F) in Ω,
with boundary conditions u = 0 on ∂Ω,

under the following assumptions :

Ω is an open bounded connected subset of Rd (d ∈ N?)

p ∈]1,+∞[, f ∈ Lp′(Ω) and F ∈ Lp′(Ω), 1
p

+ 1
p′ = 1

weak solution is given by

u ∈ argmin
v∈W 1,p

0 (Ω)

(
1

p

∫
Ω

|∇v |pdx−
∫

Ω

f (x)v(x)dx +

∫
Ω

F(x) · ∇v(x)dx

)

u ∈W 1,p
0 (Ω) and, for all v ∈W 1,p

0 (Ω),∫
Ω

|∇u|p−2∇u(x) · ∇v(x)dx =

∫
Ω

f (x)v(x)dx−
∫

Ω

F(x) · ∇v(x)dx

application of the GDM method

uD ∈ argmin
v∈XD,0

( 1

p

∫
Ω

|∇Dv(x)|pdx−
∫

Ω

f (x)ΠDv(x)dx +

∫
Ω

F(x) · ∇Dv(x)dx
)

Find u ∈ XD,0 such that, for any v ∈ XD,0,∫
Ω

|∇Du(x)|p−2∇Du(x) · ∇Dv(x)dx =

∫
Ω

f (x)ΠDv(x)dx−
∫

Ω

F(x) · ∇Dv(x)dx



Error estimate for the p−Laplace problem p ∈]1,+∞[

estimates
‖∇u‖Lp(Ω)d ≤ (CP,p‖f ‖Lp′ (Ω) + ‖F‖Lp′ (Ω)d )

1
p−1

and
‖∇DuD‖Lp(Ω)d ≤ (CD‖f ‖Lp′ (Ω) + ‖F‖Lp′ (Ω)d )

1
p−1 ,

If p ∈ (1, 2],

‖∇u −∇DuD‖Lp(Ω)d ≤ SD(u) + C1(p)
[
WD(|∇u|p−2∇u + F) + SD(u)p−1]

×
[
SD(u)p +

[
(CD + CP,p)‖f ‖Lp′ (Ω) + ‖F‖Lp′ (Ω)d

] p
p−1

] 2−p
2
.

If p ∈ (2,+∞),

‖∇u −∇DuD‖Lp(Ω)d ≤ SD(u) + C1(p)
[
WD(|∇u|p−2∇u + F)

+SD(u)
[
(CP,p‖f ‖Lp′ (Ω) + ‖F‖Lp′ (Ω)d )

1
p−1 + SD(u)

]p−2
] 1

p−1
.

and

‖u − ΠDuD‖Lp(Ω) ≤ SD(u) + CD(SD(u) + ‖∇u −∇DuD‖Lp(Ω)d ).

Convergence thanks to coercivity, consistency and limit-conformity



Application to quasilinear elliptic problem p = 2

−div(Λ(x, u(x))∇u) = f in Ω,
with u = 0 on ∂Ω

hypotheses

Ω is an open bounded connected subset of Rd (d ∈ N?)

Λ is a Caratheodory function from Ω× R to Md(R),
Λ(x, s) is measurable w.r.t. x and continuous w.r.t. s,

there exists λ, λ > 0 such that, for a.e. x ∈ Ω, for all s ∈ R,

Λ(x, s) is symmetric with eigenvalues in [λ, λ],

f ∈ L2(Ω)

weak form of the problem

u ∈ H1
0 (Ω), ∀v ∈ H1

0 (Ω),∫
Ω

Λ(x, u(x))∇u(x) · ∇v(x)dx =

∫
Ω

f (x)v(x)dx

GDM :
Find u ∈ XD,0 such that for any v ∈ XD,0,∫

Ω

Λ(x,ΠDu(x))∇Du(x) · ∇Dv(x)dx =

∫
Ω

f (x)ΠDv(x)dx



Properties of the discrete problem

Existence of a discrete solution : mapping RN → RN , W 7→ U such that

w =
N∑
j=1

Wjξ
(j), u =

N∑
j=1

Ujξ
(j)

Find u ∈ XD,0 such that, ∀v ∈ XD,0,∫
Ω

Λ(x,ΠDw(x))∇Du(x) · ∇Dv(x)dx =

∫
Ω

f (x)ΠDv(x)dx.

Estimate letting v = u

λ‖∇Du‖2
L2(Ω)d ≤ ‖f ‖L2(Ω)‖ΠDu‖L2(Ω) ≤ CD‖f ‖L2(Ω)‖∇Du‖L2(Ω)d

implies ‖∇Du‖L2(Ω)d ≤
CD
λ
‖f ‖L2(Ω).

Proves mapping well defined, and that Brouwer theorem applies.

coercivity hypothesis implies ‖∇Dmum‖L2(Ω)d ≤
CP

λ
‖f ‖L2(Ω).

compactness hypothesis implies subsequence such that ΠDmum converges in L2(Ω) to
u and ∇Dmum weakly converges in L2(Ω) to G
passing to the limit in limit-conformity relation and prolongement by 0 imply

∀ϕ ∈ Hdiv(Rd) ,

∫
Rd

(G(x) ·ϕ(x) + u(x)divϕ(x))dx = 0.

u = 0 outside Ω implies G = ∇u and u ∈ H1
0 (Ω)



Passing to the limit on the discrete problem

consistent interpolation PD : H1
0 (Ω)→ XD,0 defined by

PDϕ ∈ argmin
v∈XD,0

(
‖ΠDv − ϕ‖L2(Ω) + ‖∇Dv −∇ϕ‖L2(Ω)d

)
.

We have
‖ΠD(PDϕ)− ϕ‖L2(Ω) + ‖∇D(PDϕ)−∇ϕ‖L2(Ω)d ≤ SD(ϕ)

∫
Ω

Λ(x,ΠDmum(x))∇Dmu(x) · ∇Dm (PDmϕ)(x)dx→
∫

Ω

Λ(x, u(x))∇u(x) · ∇ϕ(x)dx

and

∫
Ω

f (x)ΠDm (PDmϕ)(x)dx→
∫

Ω

f (x)ϕ(x)dx as m→∞.

implies u is a solution to the continuous problem

thanks to
lim

m→∞

∫
Ω

Λ(x,ΠDmum(x))∇Dmum(x) · ∇Dmum(x)dx

=

∫
Ω

f (x)u(x)dx =

∫
Ω

Λ(x, u(x))∇u(x) · ∇u(x)dx

∫
Ω

Λ(x,ΠDmum(x))(∇Dmum(x)−∇u(x)) · (∇Dmum(x)−∇u(x))dx→ 0 as m→∞

gives strong convergence of the gradient



Transient problems p ∈ (1,+∞)

space–time gradient discretisation for T > 0

DT = (D, ID, (t(n))n=0,...,N) with

D = (XD,0,ΠD,∇D) GD such that ΠD(XD,0) ⊂ Lmax(p,2)(Ω),
ID : L2(Ω)→ XD,0

t(0) = 0 < t(1) . . . < t(N) = T , δt(n+ 1
2

) = t(n+1) − t(n), δtD = maxn=0,...,N−1 δt
(n+ 1

2
)

definition of space-time reconstructions for θ ∈ [0, 1] and all t ∈ [0,T ]

∀v = (v (n))n=0,...,N ∈ XN+1
D,0 , ∀n = 0, . . . ,N − 1, ∀t ∈ (t(n), t(n+1)],

vθ(t) = v (n+θ) := θv (n+1) + (1− θ)v (n) and, for a.e. x ∈ Ω,

Π
(θ)
D v(x, t) = ΠD[vθ(t)](x) , ∇(θ)

D v(x, t) = ∇D[vθ(t)](x)

δDv(t) = δ
(n+ 1

2
)

D v :=
ΠDv

(n+1) − ΠDv
(n)

δt(n+ 1
2

)

and Π
(θ)
D v(·, 0) = ΠDv

(0)

definition of dual norm

∀w ∈ ΠD(XD,0), ‖w‖?,D = sup

{∫
Ω

w(x)ΠDv(x)dx : v ∈ XD,0 , ‖v‖D = 1

}



Key tool : discrete Aubin-Simon theorem

B Banach space, T > 0, θ ∈ [0, 1], (fm)m∈N sequence of Lp(0,T ;B) such that

1 (Xm)m∈N “compactly embedded in B” : any sequence (um)m∈N such that
um ∈ Xm for all m ∈ N and (‖um‖Xm

)m∈N is bounded is relatively compact in B

2 Xm ⊂ Ym for all m ∈ N and, for any sequence (um)m∈N such that
1 um ∈ Xm for all m ∈ N and (‖um‖Xm

)m∈N bounded,

2 ‖um‖Ym
→ 0 as n → +∞,

3 (um)m∈N converges in B,

it holds um → 0 in B.

1 For all m ∈ N, there exists N ∈ N?, 0 = t(0) < t(1) < · · · < t(N) = T , and
(v (n))n=0,...,N ∈ XN+1

m such that, for all n ∈ {0, . . . ,N − 1} and a.e.

t ∈ (t(n), t(n+1)), fm(t) = θv (n+1) + (1− θ)v (n), δmfm(t) =
v (n+1) − v (n)

t(n+1) − t(n)

2 (fm)m∈N bounded in Lp(0,T ;B)

3 (‖fm‖Lp(0,T ;Xm))m∈N bounded

4 (‖δmfm‖L1(0,T ;Ym))m∈N bounded.

Then (fm)m∈N relatively compact in Lp(0,T ;B)



Application to Gradient Discretisation Method

space-time consistency for a sequence ((DT )m)m∈N :

• ∀ϕ ∈W 1,p
0 (Ω) ∩ L2(Ω) , lim

m→∞
ŜDm (ϕ) = 0.

where ŜD(ϕ) = min
v∈XD,0

(
‖ΠDv − ϕ‖Lmax(p,2)(Ω) + ‖∇Dv −∇ϕ‖Lp(Ω)d

)
• ∀u ∈ L2(Ω), lim

m→∞
‖u − ΠDmIDmu‖L2(Ω) = 0.

• δtDm → 0 as m→∞.

T > 0, p ∈ (1,+∞) and θ ∈ [0, 1]

((DT )m = (Dm, IDm , (t
(n)
m )n=0,...,Nm ))m∈N sequence of space–time-consistent and

compact space-time GD

For any m ∈ N, vm ∈ XNm+1
Dm,0

s.t. ∃C > 0 with

∀m ∈ N,
∫ T

0

‖(vm)θ(t)‖pDm
dt ≤ C

and

∀m ∈ N,
∫ T

0

‖δDmvm(t)‖?,Dm
dt ≤ C

Then sequence (Π
(θ)
Dm

vm)m∈N relatively compact in Lp(Ω× (0,T ))



Application to quasilinear parabolic problem p = 2

in Ω× (0,T )
∂tu − div (Λ(x, u)∇u) = f
u(·, 0) = uini, on Ω,
u = 0 on ∂Ω

• Ω is an open bounded connected subset of Rd ,

d ∈ N? and T > 0,

• Λ : Ω× (0,T )→Md(R) is a Caratheodory function

∃λ, λ > 0 s.t., for a.e. x ∈ Ω, for all s ∈ R
Λ(x, s) symmetric, eigenvalues ∈ [λ, λ],

• f ∈ L2(Ω× (0,T )),

• uini ∈ L2(Ω).

weak solution

u ∈ L2(0,T ;H1
0 (Ω)) and, for all v ∈ L2(0,T ;H1

0 (Ω))
such that ∂tv ∈ L2(Ω× (0,T )) and v(·,T ) = 0,

−
∫ T

0

∫
Ω

u∂tvdxdt −
∫

Ω

uini(x)v(x, 0)dx

+

∫ T

0

∫
Ω

Λ(x, u)∇u · ∇vdxdt =

∫ T

0

∫
Ω

f vdxdt

gradient scheme

u(0) = IDuini and, for all n = 0, . . . ,N − 1, u(n+1) satisfies ∀v ∈ XD,0,∫
Ω

δ
(n+ 1

2
)

D uΠDvdx +

∫
Ω

Λ(x,ΠDu
(n+θ))∇Du(n+θ) · ∇Dvdx

=
1

δt(n+ 1
2

)

∫ t(n+1)

t(n)

∫
Ω

f ΠDvdxdt



Error estimate in the linear case p = 2

F = 0 and Λ(·, s) = Id, ∃hD > 0 such that

∀ϕ ∈W 2,∞(Ω) ∩ H1
0 (Ω), SD(ϕ) ≤ hD ‖ϕ‖W 2,∞(Ω) ,

∀ϕ ∈W 1,∞(Ω)d , WD(ϕ) ≤ hD ‖ϕ‖W 1,∞(Ω)d ,

∀ϕ ∈W 1,∞(Ω) ∩ H1
0 (Ω), ‖ΠDIDϕ− ϕ‖L2(Ω) ≤ hD ‖ϕ‖W 1,∞(Ω)

u ∈ C 3(Ω× [0,T ]

then

max
t∈[0,T ]

∥∥∥Π
(1)
D u(·, t)− u(·, t)

∥∥∥
L2(Ω)

≤ C(δtD + hD)

and
∥∥∥∇(1)
D u −∇u

∥∥∥
L2(Ω×(0,T ))d

≤ C(δtD + hD)

proof : follow elliptic error estimate, and sum on n using L2 linear interpolation



Convergence analysis in the non-linear case

Hypotheses : compactness (implies coercivity), space-time consistency, limit-conformity

Estimate (take v = u as test function)

for any k = 0, . . . ,N,

1

2

∫
Ω

(ΠDu
(k))2dx +

∫ t(k)

0

∫
Ω

Λ(x,Π(θ)
D u)∇(θ)

D u · ∇(θ)
D udxdt

≤ 1

2

∫
Ω

(ΠDIDuini(x))2dx +

∫ t(k)

0

∫
Ω

f Π
(θ)
D udxdt

sup
t∈[0,T ]

∥∥∥Π
(θ)
D u(t)

∥∥∥
L2(Ω)

≤ C2 and
∥∥∥∇(θ)
D u
∥∥∥
L2(Ω×(0,T ))d

≤ C2.

consequence : existence of a discrete solution (Brouwer or topological degree)

estimate on dual norm

∫ T

0

‖δDu(t)‖2
?,D dt ≤ C3

Application of discrete Aubin Simon theorem provides strong convergence
pass to the limit on the scheme
uniform-in-time convergence (i.e. in L∞(0,T ; L2(Ω))
strong convergence of gradient thanks to uniform-in-time convergence



Application to degenerate parabolic problems p = 2

∂tu − div (Λ(x)∇ζ(u)) = f
in Ω× (0,T ),

u(x, 0) = uini(x)
in Ω,

ζ(u) = 0
on ∂Ω× (0,T )

• Ω is an open bounded connected polytopal subset of Rd (d ∈ N?)

and T > 0,

• ζ : R→ R is non-decreasing, Lipschitz continuous with Lipschitz

constant Lζ > 0 , ζ(0) = 0 and, for some M0,M1 > 0,

|ζ(s)| ≥ M0|s| −M1 for all s ∈ R,
• Λ : Ω→Md(R) is measurable and there exists λ ≥ λ > 0 such that,

for a.e. x ∈ Ω, Λ(x) is symmetric with eigenvalues in [λ, λ].

• uini ∈ L2(Ω) , f ∈ L2(Ω× (0,T )).

weak sense

ζ(u) ∈ L2(0,T ;H1
0 (Ω)) ,

−
∫ T

0

∫
Ω

u∂tvdxdt −
∫

Ω

uini(x)v(x, 0)dx

+

∫ T

0

∫
Ω

Λ(x)∇ζ(u) · ∇vdxdt =

∫ T

0

∫
Ω

f vdxdt,

∀v ∈ L2(0;T ;H1
0 (Ω)) such that ∂tv ∈ L2((0,T )× Ω) and v(·,T ) = 0.



Continuous insight

Alt&Luckhaus : ∂tum −∆ζ(um) = fm

multiplication by u provides ‖ζ(um)‖L2(0,T ;H1
0 (Ω)) ≤ C and ‖um‖L∞(0,T ;L2(Ω)) ≤ C

one naturally gets ‖∂tum‖L2(0,T ;H−1(Ω)) ≤ C does not lead compactness on ζ(um) in

L2(0,T ; L2(Ω))

Problem : identify limit ζ of ζ(um) as ζ(u)

remarkable ideas :∫ T−τ

0

∫
Ω

(ζ(um(x, t + τ))− ζ(um(x, t)))2dxdt

≤ C

∫ T−τ

0

∫
Ω

(ζ(um(x, t + τ))− ζ(um(x, t))(um(x, t + τ)− um(x, t))dxdt

= C

∫ T−τ

0

∫
Ω

(ζ(um(x, t + τ))− ζ(um(x, t))

∫ τ

0

∂tum(x, t + s)dsdxdt

= −C
∫ T−τ

0

∫
Ω

(∇ζ(um(x, t + τ))−∇ζ(um(x, t))∇ζ(um(x, t + s))dsdxdt + Term in fm

≤ Cτ(‖ζ(um)‖2
L2(0,T ;H1(Ω)) + . . .)

provides strong convergence of ζ(um)

allows application of Minty trick : lim
m→∞

∫ T

0

∫
Ω

(ζ(um)− ζ(ϕ)(um − ϕ)dxdt ≥ 0

thanks to the strong-weak limit in

∫ T

0

∫
Ω

ζ(um)umdxdt,

implies

∫ T

0

∫
Ω

(ζ − ζ(ϕ))(u − ϕ)dxdt ≥ 0 implies ζ = ζ(u)



Use of Aubin-Simon in the continuous setting

‖um‖L∞(0,T ;L2(Ω)) ≤ C and ‖∂tum‖L2(0,T ;H−1(Ω)) ≤ C

imply compactness on um in L2(0,T ;H−1(Ω))
weak convergence of ζ(um) in L2(0,T ;H1(Ω)) to ζ

thanks to the weak-strong limit in

∫ T

0

∫
Ω

ζ(um)umdxdt, apply Minty’s trick∫ T

0

∫
Ω

(ζ − ζ(ϕ))(u − ϕ)dxdt ≥ 0 implies ζ = ζ(u)

Conclude compactness on ζ(um) in L2(0,T ; L2(Ω)) with∫ T

0

∫
Ω

(ζ(u)− ζ(um(x, t)))2dxdt

≤ C

∫ T

0

∫
Ω

(ζ(u)− ζ(um(x, t))(u − um(x, t))dxdt → 0

use of time translates no longer necessary...
application to the GDM



Scheme and estimate

ΠDu =
∑

i∈I uiχΩi piecewise constant reconstruction for managing time term
u(0) = IDuini and, for all v = (v (n))n=1,...,N ⊂ XD,0,∫ T

0

∫
Ω

[
δDu(x, t)Π

(1)
D v(x, t) + Λ(x)∇(1)

D ζ(u)(x, t) · ∇(1)
D v(x, t)

]
dxdt

=

∫ T

0

∫
Ω

f (x, t)Π
(1)
D v(x, t)dxdt.

η : R→ R defined by ∀s ∈ R , η(s) =

∫ s

0

ζ(q)dq ≥ M0

4
s2 − M2

1

M0

for T0 ∈ (0,T ] and k = 1, . . . ,N s.t T0 ∈ (t(k−1), t(k)]∫
Ω

Π
(1)
D η(u)(x,T0)dx +

∫ T0

0

∫
Ω

Λ(x)∇(1)
D ζ(u)(x, t) · ∇(1)

D ζ(u)(x, t)dxdt

≤
∫

Ω

ΠDη(IDuini)(x)dx +

∫ t(k)

0

∫
Ω

f (x, t)Π
(1)
D ζ(u)(x, t)dxdt.

Estimates (take ζ(u) as test function) use coercivity and space-time consistency

sup
t∈[0,T ]

∥∥∥Π
(1)
D η(u)(t)

∥∥∥
L1(Ω)

≤ C4 ,
∥∥∥∇(1)
D ζ(u)

∥∥∥
L2(Ω×(0,T ))d

≤ C4

and sup
t∈[0,T ]

∥∥∥Π
(1)
D u(t)

∥∥∥
L2(Ω)

≤ C4 and

∫ T

0

‖δDu(t)‖2
?,D dt ≤ C5

leads to existence and uniqueness of the discrete solution



Convergence analysis

Discrete H−1 Aubin-Simon theorem (use compactness hypothesis) :

if ∀m ∈ N,
∫ T

0

∥∥∥Π
(θ)
Dm

vm(t)
∥∥∥2

L2(Ω)
dt ≤ Cand ∀m ∈ N,

∫ T

0

‖δDmvm(t)‖q?,Dm
dt ≤ C .

and Π
(θ)
Dm

vm cv weakly in L2(0,T ; L2(Ω)) as m→∞ to some v ∈ L2(0,T ; L2(Ω))

Then, as m→∞, defining reciprocal discrete and continuous Laplace operators

Π
(θ)
Dm

(∆i
Dm

vm)→ ∆iv and ∇(θ)
Dm

(∆i
Dm

vm)→ ∇(∆iv) in L2

and, if q > 1 then δDm (∆i
Dm

vm)→ ∂t(∆iv) weakly in Lq(0,T ; L2(Ω))

Consequence : lim
m→∞

∫ T

0

∫
Ω

Π
(1)
Dm

um ζ
(

Π
(1)
Dm

um
)
dxdt =

∫ T

0

∫
Ω

u ζdxdt

Minty trick implies ζ = u

Consequences : convergence (use space-time consistency and limit-conformity)

Π
(1)
Dm

um → u weakly in L2(Ω× (0,T ]

Π
(1)
Dm
ζ(um)→ ζ(u) in L2(Ω× (0,T )),

∇(1)
Dm
ζ(um)→ ∇ζ(u) in L2(Ω× (0,T ))d



Analysis tools for properties of GDM

dK ,σ′

dK ,σ

xK

nK ,σ′

K

nK ,σ

σ′

σ

A cell K of a polytopal mesh

XT,0 = {v = ((vK )K∈M, (vσ)σ∈F )
vK ∈ R, vσ ∈ R, vσ = 0 for all σ ∈ Fext}

∀v ∈ XT,0, ∀K ∈M, for a.e. x ∈ K ,
ΠTv(x) = vK

∇Tv(x) = ∇Kv :=
1

|K |
∑
σ∈FK

|σ|(vσ − vK )nK ,σ

=
1

|K |
∑
σ∈FK

|σ|vσnK ,σ.

∀v ∈ XT,0, |v |pT,p =
∑
K∈M

∑
σ∈FK

|σ|dK ,σ
∣∣∣∣vσ − vK

dK ,σ

∣∣∣∣p

polytopal toolbox (XT,0,ΠT,∇T, | |T,p)

not a GD, since norm is not that of the discrete gradient



Control of a GD by a polytopal toolbox

control of D = (XD,0,ΠD,∇D) by T : Φ : XD,0 −→ XT,0,

‖Φ‖D,T = max
v∈XD,0\{0}

|Φ(v)|T,p
‖v‖D

, ωΠ(D,T,Φ) = max
v∈XD,0\{0}

‖ΠDv − ΠTΦ(v)‖Lp(Ω)

‖v‖D
,

ω∇(D,T,Φ) = max
v∈XD,0\{0}

1

‖v‖D

(∑
K∈M

|K |1−p

∣∣∣∣∫
K

[
∇Dv(x)−∇TΦ(v)(x)

]
dx

∣∣∣∣p
) 1

p

.

then

C6 depending only on Ω, p and regularity factors of toolbox

CD ≤ ωΠ(D,T,Φ) + C6 ‖Φ‖D,T
for all ϕ ∈W 1,p′(Ω)d

WD(ϕ) ≤ ‖ϕ‖W 1,p′ (Ω)d

[
C6hM(1 + ‖Φ‖D,T) + ωΠ(D,T,Φ) + ω∇(D,T,Φ)

]
.

consequence :

sequences (Dm)m∈N, (Tm)m∈N, hMm → 0 as m→∞ under regularity conditions

if


sup
m∈N
‖Φm‖Dm,Tm

< +∞,

lim
m→∞

ωΠ(Dm,Tm,Φm) = 0, and

lim
m→∞

ω∇(Dm,Tm,Φm) = 0.

Then (Dm)m∈N is coercive, limit-conforming and compact



Local linearly exact (LLE) GD

LLE gradient discretisation D = (XD,0,ΠD,∇D) defined by

• d.o.f. S = (xi )i∈I ⊂ Rd , (αi )i∈I ⊂ L∞(Ω),

• XD,0 = {u ∈ F(I ,R) : u(i) = 0, ∀i ∈ I∂} , where I = IΩ ∪ I∂ and ∅ = IΩ ∩ I∂

• M finite family of open disjoint subsets of Ω such that
⋃

K∈M K = Ω
• for all K ∈M, IK ⊂ I such that
for all i ∈ I and all K ∈M, if i /∈ IK then αi = 0 on K

for a.e. x ∈ Ω and all v ∈ XD,0,
∑
i∈I

αi (x) = 1 ΠDv =
∑

i∈I viαi

• for all K ∈M, GK : F(IK ,R)→ L∞(K)d

for any affine function L : Rd → R, if ξ = (L(xi ))i∈IK then GKξ = ∇L on K

∇Dv = GK
[
(vi )i∈IK

]
on K for all v ∈ XD,0

• ‖∇D · ‖Lp(Ω)d is a norm on XD,0.

hM = max
K∈M

diam(K)

LLE regularity of D defined by

regLLE(D) = max
K∈M

(
‖GK‖p + max

i∈IK

dist(xi ,K)

diam(K)

)
+ esssup

x∈Ω

∑
i∈I

|αi (x)|,

LLE GDs are consistent



Non-conforming finite element methods

Non conforming P1 GD

locally linearly exact I = F = Fint ∪ Fext

S = (xσ)σ∈F
M simplicial mesh of Ω

xK = xK =
1

d + 1

∑
σ∈FK

xσ

Φ(v)K =
1

d + 1

∑
σ∈FK

vσ = ΠDv(xK )

and Φ(v)σ = vσ = ΠDv(xσ).

Then exists C7 s.t.

||Φ||D,T ≤ θTd1/p,
ωΠ(D,T,Φ) ≤ hM,
ω∇(D,T,Φ) = 0.

uh

xσ

σK



Multi-point flux approximation MPFA-O scheme

x
(2)

i (2)

x
(2)

i (2)+1

K

xK xσ

x
(1)

i (1)+1
x
(1)

i (1)

σ

dK ,σ

VK ,s

s

nK ,σ

s

σ
xK

xσ
VK ,s

xσ,s

K
nK ,σ

I =M∪ {τσ,s : σ ∈ F , s ∈ Vσ} and S = ((xK )K∈M, (xσ,s)σ∈F, s∈Vσ )
IK = {K} ∪ {σ, s : σ ∈ FK , s ∈ Vσ}
αi = 1 for i = K and αi = 0 for i = σ, s, implies
∀v ∈ XD,0 , ∀K ∈M , ∀x ∈ K , ΠDv(x) = vK .

for a.e. x ∈ VK ,s , GKv(x) =
1

|VK ,s|
∑

σ∈FK,s

|τσ,s|(vσ,s − vK )nK ,σ.

polytopal toolbox T′ built with cells and subfaces
Φ : XD,0 −→ XT′,0 s.t. Φ(u)K = uK and Φ(u)τσ,s = uσ,s



Hybrid mimetic mixed schemes (SUSHI)

dK ,σ′

dK ,σ

xK

nK ,σ′

K

nK ,σ

σ′

σDK ,σ

A cell K of a polytopal mesh

polytopal mesh T = (M,F ,P,V)
I =M∪F , S = ((xK )K∈M, (xσ)σ∈F )
(αK )K∈M and (ασ)σ∈F such that
αK = 1 on K , αK = 0 outside K , and ασ ≡ 0
implies ∀v ∈ XD, ∀K ∈M, for a.e. x ∈ K ,
ΠDv(x) = ΠTv(x) = vK .

recall polytopal gradient ∇Kv =
1

|K |
∑
σ∈FK

|σ|vσnK ,σ

∀K ∈M , ∀v ∈ F(IK ,R) , ∀σ ∈ FK , for a.e. x ∈ DK ,σ ,

GKv(x) = ∇Kv +

√
d

dK ,σ
(vσ − vK −∇Kv · (xσ − xK ))nK ,σ

Φ = Id : XD,0 −→ XT,0



Conforming Galerkin methods and derived methods

A = (ϕi )i∈I linearly independent family of elements of W 1,p
0 (Ω)

XD,0 = F(I ,R) and, for all u = (ui )i∈I ∈ XD,0,

ΠDu =
∑
i∈I

uiϕi and ∇Du = ∇(ΠDu) =
∑
i∈I

ui∇ϕi .

coercivity continuous Poincaré’s inequality
consistency for convenient choice of shape functions

limit-conformity WDm (ϕ) = 0 for all ϕ ∈W div,p′(Ω)
compactness Rellich’s theorem

Mass-lumped P1 GD

∀v ∈ XD,0 , ∀s ∈ V ,
ΠML
D v = vs on Ωs.

Partitions for the mass-lumping of the P1 GD

K

ΩK ,s

Ωs

s

∂Ω s′

Ωs′

The Vertex Average Gradient method
Elimination of the face degrees of freedom

Mass lumping at centres and vertices

s′

s

xK

xσK

TK ,σ,s,s′



The RTk mixed finite element scheme

Hdiv(Ω) = {ϕ ∈ L2(Ω)d , divϕ ∈ L2(Ω)},
Vh = {v ∈ (L2(Ω))d ; v|K ∈ RTk(K), ∀K ∈M},
Vdiv

h = Vh ∩ Hdiv(Ω),

Wh = {p ∈ L2(Ω) ; p|K ∈ Pk(K), ∀K ∈M}, spanned by (χi )i∈I

M0
h = {µ :

⋃
σ∈F

σ → R, µ|σ ∈ Pk(σ), µ|∂Ω = 0}, spanned by (ξj)j∈J

primal formulation

XD,0 = F(I ,R),ΠDu =
∑
i∈I

uiχi , ∀u ∈ XD,0,

∀u ∈ XD,0, Λ∇Du ∈ Vdiv
h ,∫

Ω

v(x) · ∇Du(x)dx +

∫
Ω

ΠDu(x)divv(x)dx = 0, ∀v ∈ Vdiv
h .

dual formulation

XD̃,0 = F(I ∪ J,R), ΠD̃u =
∑
i∈I

uiχi and ΓD̃u =
∑
j∈J

ujξj , ∀u ∈ XD̃,0,

∀u ∈ XD̃,0,Λ∇D̃u ∈ Vh and

∫
K

w(x) · ∇D̃u(x)dx +

∫
K

ΠD̃u(x)divw(x)dx

−
∑
σ∈FK

∫
σ

ΓD̃u(x) w|K (x) · nK ,σdγ(x) = 0, ∀w ∈ Vh.



Other examples of problems handled by GDM



Non-conservative problems

ν(x, t, u(x, t),∇u(x, t))∂tu(x, t)− div(µ(|∇u(x, t)|)∇u(x, t))

= f (x, t), for a.e. (x, t) ∈ Ω× (0,T )
with the initial condition u(x, 0) = uini(x), for a.e. x ∈ Ω,
and boundary conditions u(x, t) = 0, for a.e. (x, t) ∈ ∂Ω× (0,T ).

for image processing, approximation of level-set equation

u(0) = IDuini and, for n = 0, . . . ,N − 1, u(n+1) satisfies∫ t(n+1)

t(n)

∫
Ω

ν(x, t,ΠDu
(n+1),∇Du(n+1))δ

(n+ 1
2

)

D u(x)ΠDv(x)dxdt

+δt(n+ 1
2

)

∫
Ω

µ(|∇Du(n+1)(n)(x)|)∇Du(n+1)(x) · ∇Dv(x)dx

=

∫ t(n+1)

t(n)

∫
Ω

f (x, t)ΠDv(x)dxdt , ∀v ∈ XD,0.



Non-linear time-dependent Leray–Lions problems

∂tu − div a(x, u,∇u) = f in Ω× (0,T ),
u(x, 0) = uini(x) in Ω,
a(x, u,∇u) · n = g on ∂Ω× (0,T ).

u(0) = IDuini ∈ XD and, for all n = 0, . . . ,N − 1, u(n+1) satisfies∫
Ω

δ
(n+ 1

2
)

D u(x)ΠDv(x)dx

+

∫
Ω

a
(
x,ΠDu

(n+θ),∇Du(n+θ)(x)
)
· ∇Dv(x)dx

=
1

δt(n+ 1
2

)

∫ t(n+1)

t(n)

∫
Ω

f (x, t)ΠDv(x)dxdt

+
1

δt(n+ 1
2

)

∫ t(n+1)

t(n)

∫
∂Ω

g(x, t)TDv(x)ds(x)dt , ∀v ∈ XD.



Two phase flow

Φ(x)∂tS(x, p)− div(k1(x, S(x, p))Λ(x)∇u) = f1,

Φ(x)∂t(1− S(x, p))− div(k2(x, S(x, p))Λ(x)∇v) = f2,

p = u − v , for ∈ Ω× (0,T ),

Initialization : s
(0)
D (x) = S(x,ΠDp

(0)(x)),

For n = 0, . . . ,N − 1 :

u(n+1) − ūD ∈ XD,0, v (n+1) − v̄D ∈ XD,0,

p(n+1) = u(n+1) − v (n+1), s
(n+1)
D (x) = S(x,ΠDp

(n+1)(x)),

δ
(n+ 1

2
)

D sD(x) =
s

(n+1)
D (x)− s

(n)
D (x)

δt(n+ 1
2

)
,∫

Ω

(
Φ(x)δ

(n+ 1
2

)

D sD(x)ΠDw(x) + k1(x, s(n+1)
D (x))Λ(x)∇Du(n+1)(x) · ∇Dw(x)

)
dx =

1

δt(n+ 1
2

)

∫ t(n+1)

t(n)

∫
Ω

f1(x, t)ΠDw(x)dxdt, ∀w ∈ XD,0,∫
Ω

(
−Φ(x)δ

(n+ 1
2

)

D sD(x)ΠDw(x) + k2(x, s(n+1)
D (x))Λ(x)∇Dv (n+1)(x) · ∇Dw(x)

)
dx =

1

δt(n+ 1
2

)

∫ t(n+1)

t(n)

∫
Ω

f2(x, t)ΠDw(x)dxdt, ∀w ∈ XD,0.



Stokes problem



u ∈ H1
0 (Ω)d , p ∈ L2

0(Ω),

η

∫
Ω

u · vdx +

∫
Ω

∇u : ∇vdx−
∫

Ω

pdivvdx =

∫
Ω

(f · v + G : ∇v) dx

∀v ∈ H1
0 (Ω)d ,∫

Ω

qdivudx = 0 , ∀q ∈ L2
0(Ω),



u ∈ XD,0 , p ∈ YD,0,

η

∫
Ω

ΠDu · ΠDvdx +

∫
Ω

∇Du : ∇Dvdx−
∫

Ω

χDp divDvdx

=

∫
Ω

(f · ΠDv + G : ∇Dv) dx , ∀v ∈ XD,0,∫
Ω

χDqdivDudx = 0 , ∀q ∈ YD,0.


