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Probléme de Frobenius

Soient aj, ..., a, de entiers positifs avec gcd(ai,...,a,) =1,
trouver le plus grand entier (appelé le nombre de Frobenius et
désigné par g(ai,...,an)) qui n'est pas representable comme une
combinaison linéaire de ai, ..., a, a coefficients non négatifs.
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Probléme de Frobenius

Soient aj, ..., a, de entiers positifs avec gcd(ai,...,a,) =1,
trouver le plus grand entier (appelé le nombre de Frobenius et
désigné par g(ai,...,an)) qui n'est pas representable comme une
combinaison linéaire de ai, ..., a, a coefficients non négatifs.

Exemple : a1 =3, a3, =28

1234567 10 13141516 ------
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Probléme de Frobenius

Soient aj, ..., a, de entiers positifs avec gcd(ai,...,a,) =1,
trouver le plus grand entier (appelé le nombre de Frobenius et
désigné par g(ai,...,an)) qui n'est pas representable comme une
combinaison linéaire de ai, ..., a, a coefficients non négatifs.

Exemple : a1 =3, a3, =28
1234567 10 13141516 «-----
Alors, g(3,8) = 13.
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Probléme de Frobenius

Soient aj, ..., a, de entiers positifs avec gcd(ai,...,a,) =1,
trouver le plus grand entier (appelé le nombre de Frobenius et
désigné par g(ai,...,an)) qui n'est pas representable comme une
combinaison linéaire de ai, ..., a, a coefficients non négatifs.

Exemple : a1 =3, a3, =28
12345678910111213141516 «+----
Alors, g(3,8) = 13.

On désigne (a1, ..., a,) le semigroupe numérique engendré par
dl,...,dn.
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Probléme de Frobenius

Théoreme g(a1,...,an) existe et il est fini.
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Probléme de Frobenius

Théoreme g(a1,...,an) existe et il est fini.

Since ged(ai,...,an) =1 then
miai +---+ mpa, = 1 for some m; € N
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Probléme de Frobenius

Théoreme g(a1,...,an) existe et il est fini.
Since ged(ai,...,an) =1 then
miai +---+ mpa, = 1 for some m; € N
Let P and —@ be the sum of positive and negative terms
respectively (and so P — Q = 1).
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Probléme de Frobenius

Théoreme g(a1,...,an) existe et il est fini.
Since ged(ai,...,an) =1 then
miai +---+ mpa, = 1 for some m; € N
Let P and —@ be the sum of positive and negative terms
respectively (and so P — Q = 1).

Let k >0 then (a1 —1)Q + k= (a1 —1)Q + ha; + k" with h >0
and 0 < k' < a1
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Probléme de Frobenius

Théoreme g(a1,...,an) existe et il est fini.
Since ged(ai,...,an) =1 then

miai +---+ mpa, = 1 for some m; € N
Let P and —@ be the sum of positive and negative terms
respectively (and so P — Q = 1).
Let k >0 then (a1 —1)Q + k= (a1 —1)Q + ha; + k" with h >0
and 0 < k' < a1
So, (al — 1)Q + k = hay + (al —1- kI)Q + k'P.
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Probléme de Frobenius
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Probléme de Frobenius
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Graph theory

Discrete Optimisation problems (Knapsack problem)
Additive number theory

Index of primitivity of matrix

Geometry of numbers (covering radius)

Quantifier elimination

Ehrhar polynomial

Hilbert series

Mobius function
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Théoreme (Sylvester, 1882) g(a, b) = ab—a — b.
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Théoreme (Sylvester, 1882) g(a, b) = ab—a — b.
Théoreme (R.A., 1996) Calculer g(ay, ..., a,) est N'P-difficile.
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Théoreme (Sylvester, 1882) g(a, b) = ab—a — b.
Théoreme (R.A., 1996) Calculer g(ay, ..., a,) est N'P-difficile.
Quand n=3

e Selmer and Bayer, 1978

e Rodseth, 1978

e Davison, 1994

e Scarf and Shallcross, 1993
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Théoreme (Sylvester, 1882) g(a, b) = ab—a — b.
Théoreme (R.A., 1996) Calculer g(ay, ..., a,) est N'P-difficile.
Quand n=3

e Selmer and Bayer, 1978

e Rodseth, 1978

e Davison, 1994

e Scarf and Shallcross, 1993
Quand n> 4

e Heap and Lynn, 1964

e Wilf, 1978

e Nijenhuis, 1979

e Greenberg, 1980

e Killingbergto, 2000

e Einstein, Lichtblau, Strzebonski and Wagon, 2007

e Roune, 2008
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Méthods
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Théoreme (Kannan, 1992) Il existe un algorithme polynomial qui
détermine g(a1,...,an) quand n > 2 est fixé.
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Théoreme (Kannan, 1992) Il existe un algorithme polynomial qui
détermine g(a1,...,an) quand n > 2 est fixé.

Let P be a closed bounded convex set in R” and let L be a lattice
of dimension n also in R".

13M, Université Montpellier 2

Ramirez Alfonsin

de Frobeni Igorithmes et



Théoreme (Kannan, 1992) Il existe un algorithme polynomial qui
détermine g(a1,...,an) quand n > 2 est fixé.

Let P be a closed bounded convex set in R” and let L be a lattice
of dimension n also in R".

The least positive real t so that tP + L equals R" is called the
covering radius of P with respect to L (denoted by u(P,L)).
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Théoreme (Kannan, 1992) Let

n—1
L={(x1,...,xn—1)|x; integers and > ajx; =0 mod a,}
i=1
and
n—1
S={(x1,.-.,xn—1)|xi > 0reals and > ajx; <1}.
i=1
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Théoreme (Kannan, 1992) Let

n—1
L={(x1,...,xn—1)|x; integers and > ajx; =0 mod a,}
i=1
and
n—1
S={(x1,.-.,xn—1)|xi > 0reals and > ajx; <1}.
i=1

Then, u(S,L) =g(ar,....an) + a1+ +an
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Example 1 : Let a1 = 3,a» =4 and a3 = 5.
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Example 1 : Let a1 = 3,3, =4 and a3 = 5.

7 o
6 o
5 o
o A o
3 o o
o2 o
s
1, o o
/
0 , *1
12 3 4 5 6 7
o
o

J.L. Ramirez Alfor Université Montpellier 2

Le probleme diopha hmes et génr:



Example 1 cont ... then, g(3,4,5) = 2 and thus u(L,S) = 14
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Example 1 cont ... then, g(3,4,5) = 2 and thus u(L,S) =14

X, X,
7 I} .
6 o 6 o
o 5 o
o 4 o o 4 o
3 [e) 3 [e] o]
2 o b o
)
t le) |
A
X '// X
1 1
0 > NUs 6 0 2 \4\ 5 6\U
Uncovered

gaps
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Example 1 cont ... then, g(3,4,5) = 2 and thus u(L,S) =14

X, X,
7 I} .
6 (@] 6 [e]
o 5 o
o 4 o o 4 o
o 3 o o
2 o b o
4
o |
/f’
X / X
I 70 1
0 > NUS5 6 ¢ 2 \4\ 56\
Uncovered

gaps

Notice that (14)S covers the plane while (13)S does not.
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Example 2 : Let a, b be positive integers with ged(a, b) = 1.
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Example 2 : Let a, b be positive integers with gcd(a, b) = 1.
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Example 2 : Let a, b be positive integers with gcd(a, b) = 1.

Minimum integer t such that tS covers the interval [0, b] is ab.
Thus, g(a,b) = u(S,L) —a—b=ab—a—b.
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Méthods
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Let B = (bij), 1 <,i,j < n be a positive matrix, that is, b;; > 0.
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Let B = (bij), 1 <,i,j < n be a positive matrix, that is, b;; > 0.

B reducible if there exists an (n x n) permutation matrix P such

that
Bi1 Bip }

T _
PBP _[o By
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Let B be a real (m x m)-matrix. Let G(B) be the directed graph
with V(G) = {1,..., m} and directed edge form i to j if and only
if by j # 0.
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Let B be a real (m x m)-matrix. Let G(B) be the directed graph
with V(G) = {1,..., m} and directed edge form i to j if and only

if bij # 0.
Theorem B irreducible if and only if G(B) is strongly connected.
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Let B be a real (m x m)-matrix. Let G(B) be the directed graph
with V(G) = {1,..., m} and directed edge form i to j if and only
if b # 0.

Theorem B irreducible if and only if G(B) is strongly connected.

An irreducible nonnegative matrix B is primitive if Bf > 0 for some
integer t > 1. The least integer v(B) such that BY(B) > 0 is called
the index of primitivity of B.
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Lemma 1 (Heap and Lynn, 1964) Let B be a primitive matrix and

let 0 < a3 < --- < ak be the distinct lengths of all elementary

circuits of G(B). Then, gecd(a1,...,an) =1 and the length L, of
n

any circuit of G(B) can be expressed in the form L = ) x;a; with
i=1

x; > 0 for all /.
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Lemma 1 (Heap and Lynn, 1964) Let B be a primitive matrix and
let 0 < a3 < --- < ak be the distinct lengths of all elementary
circuits of G(B). Then, gecd(a1,...,an) =1 and the length L, of
n
any circuit of G(B) can be expressed in the form L = ) x;a; with
i=1
x; > 0 for all /.
Lemma 2 (Heap and Lynn, 1964) If B is primitive then (B) is the
least integer such that for all m > ~(B) there is a path of lenght m
connecting two arbitrary (not necessarily distinct) vertices of G(B).
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Lemma 3 (Heap and Lynn, 1964) Let B be a primitive matrix and
let 0 < a; < -+ < ak be the distinct lengths of all elementary
circuits of G(B). Then, g(a1,...,a,) <~7(B)—1.
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Lemma 3 (Heap and Lynn, 1964) Let B be a primitive matrix and
let 0 < a; < -+ < ak be the distinct lengths of all elementary
circuits of G(B). Then, g(a1,...,a,) <~7(B)—1.

Let B = (bfd) 1<,i,j<s=a,+ ap_1— 1 be the matrix defined

by
1 ifj=i4+1withi=1,...,s—1and/# a,_1,
B 1 ifj=1withi=sora;, t=1,...,n—1,
WTY 1 ifi=1landj=a,_1+1,
0 otherwise.
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Méthods

a, +2

n—

a
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a, rtz
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Let A[S] = K[z, ..., z%] be the semigroup ring over K (of
characteristic 0) associated to the semigroup S = (a1,..., an).
Then, the Hilbert series of A[S] is

H(AISL2) =Y 2 Q(Z)

ieS
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Let A[S] = K[z, ..., z%] be the semigroup ring over K (of
characteristic 0) associated to the semigroup S = (a1,..., an).
Then, the Hilbert series of A[S] is

H(AISL2) =Y 2 Q(Z)

ieS

g(a1,...,an) = degree of H(A[S], 2)
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The Apéry set of S = (a1,...,a,) for me Sis

Ap(S;m)={seS|s—m¢gS5}
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The Apéry set of S = (a1,...,a,) for me Sis
Ap(S;m)={seS|s—m¢S}

Ap(S; m) consititutes a complete set of residues (mod m) (there

is a unique w € Ap(S; m) satisfying w =i (mod m).
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The Apéry set of S = (a1,...,a,) for me Sis
Ap(S;m)={seS|s—m¢S}
Ap(S; m) consititutes a complete set of residues (mod m) (there

is a unique w € Ap(S; m) satisfying w =i (mod m).

g(ai,...,an) = max Ap(S; m) — m.

J.L. Ramirez Alfonsin 13M, Université Montpellier 2
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1
S = Ap(S;m)+mZso, H(S;z)= 1_om Z 2"
weAp(S;m)

HABSLZ) =2 = 5 3 zwtm
i€S weAp(S;m) i=0

= Y 2y

weAp(S;m) i=0
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S= Ap(s; m) + mZZo,

H(A[S],z) = %zs

J.L. Ramirez Alfonsin

1 w

weAp(S;m)

00
— Z Z Zw—&—mi

weAp(S;m) i=0

= Y 2y

weAp(S;m) i=0

T 2

weAp(S;m)
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S=Ap(S;m)+ mZ>g, H(S;z)= ! Z zv

1 _ ->m
weAp(S;m)
H(A[Sl,2) = > 22 = X Z Zwkm
ics wEAp(S;m) i
= > zv Z z"v
weAp(Sim)  i=
So, HAIS,2) = —— 3 v
) ) - 1 _ Xm

weAp(S;m)

Hence, deg(H(A[S], z)) = maxAp(S;m) — m = g(a1,...,an).
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Theorem (Herzog 1970, Morales 1987) Formula for H(A[S], z)
when S = (a, b, c).
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Theorem (Herzog 1970, Morales 1987) Formula for H(A[S], z)
when S = (a, b, c).
Theorem (R.A. and Rgdseth, 2009) S = (a,a+ d,...,a+ kd,c)

Fay (@) (1—x Pt =Py Fo L (ap) (xR =P xPuit)

H(Six) = (1—x7) (1—x0) (1T—x=F) (1—x°)

where s,, s,11, Py, Py,1+1 are some particular integers.
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Theorem (Herzog 1970, Morales 1987) Formula for H(A[S], z)
when S = (a, b, c).

Theorem (R.A. and Rgdseth, 2009) S = (a,a+ d,...,a+ kd,c)

Fay (@) (1—x Pt =Py Fo L (ap) (xR =P xPuit)
A=) TN (1% (1—x)

H(S; x) =
where s,, s,11, Py, Py,1+1 are some particular integers.

Remark : Contains the case n =3 when k=1 and b=a+d.
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Algorithm Apéry

a7d7 c, k750 SV75V+17PV7’DV+1
r-1=a, =25
rio1 = Kip1hi + riv1, kg = [rie1/n],0=rp <rg <o <rg
pi+1 = Kit1pi + pi-1, P-1=0, po=1
Ti+1 = —/€i+1Ti + Ti—17 T_l =a++ kd, TO = %((a—i— kd)ro — kC)
IF there is a minimal v such that T,4» <0, THEN

Sy 'Dv o Y 1 nPu+1  —P2u+1 . _T2u+2 1
se1 Pon) -1 1 = T | T
v+1 v+1 Y nu+2 P2u+-2 T2u+1

ELSE s, = s Sv+1 = 0,P, = Pus Pv+1 = Pu+1-

J.L. Ramirez Alfonsin 13M, Université Montpellier 2
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Méthods
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Un corps représenté par {x € IR""!: Ax < b} avec b€ Z" et A
une (n x n — 1)-matrice réelle est un corps maximal sans points
entiers si elle ne contient pas un point a coordonnées entiéres a son
intéruieur et si n'importe quelle corps strictement plus grand
obtenu en relaxant I'une des inégalités contient un point entier a
son intérieur.

J.L. Ramirez Alfonsin 13M, Université Montpellier 2
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Un corps représenté par {x € IR""!: Ax < b} avec b€ Z" et A
une (n x n — 1)-matrice réelle est un corps maximal sans points
entiers si elle ne contient pas un point a coordonnées entiéres a son
intéruieur et si n'importe quelle corps strictement plus grand
obtenu en relaxant I'une des inégalités contient un point entier a
son intérieur.

Soit A une (n x n— 1)-matrice dont ses colonnes engendrent le
treillis (n — 1)-dimensionnel h tel que a- h = 0 (c’est-a-dire, les
colonnes forment une base de {v € Z" : a- v = 0}).

g(ai1,...,an) = max{a- b|b est entier et {Ax < b} est un corps

maximal sans
points entiers}.
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Exemple 3 Soient a3 = 3 et ap =5 (et donc n = 2).
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Exemple 3 Soient a3 = 3 et ap =5 (et donc n = 2).

(h1, hp) tels que
(37 5) . (h17 h2) = 0 est donné par (:l:‘l‘_)f'7 :F3r), r Z 0

Alors, I'ensemble de vecteurs h

J.L. Ramirez Alfonsin
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Exemple 3 Soient a3 = 3 et ap =5 (et donc n = 2).

Alors, I'ensemble de vecteurs h = (hy, hy) tels que
(3,5) - (h1, h2) = 0 est donné par (£5r, F3r), r > 0.

Le treillis 1-dimensionnel engendré par h

(=}

-6
-9

J.L. Ramirez Alfonsin 13M, Université Montpellier 2
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: -5 . :
La matrice A = 3 engendre le treillis entier h.
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La matrice A = < _g > engendre le treillis entier h.

On veut donc b = (b1, by) tel que

(3)=(5)

soit un treillis libre maximal.

J.L. Ramirez Alfonsin 13M, Université Montpellier 2
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Ona —-b5x<bjet3x<hby. Donc, 0 < —by <bet0< by <3car
le corp correspondant doit étre une treillis libre maximal.
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Ona —-b5x<bjet3x<hby. Donc, 0 < —by <bet0< by <3car
le corp correspondant doit étre une treillis libre maximal.

Alors, (3,5) - (b1, bp) est maximal quand (by, b)) = (—1,2).
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Ona —-b5x<bjet3x<hby. Donc, 0 < —by <bet0< by <3car
le corp correspondant doit étre une treillis libre maximal.

Alors, (3,5) - (b1, bp) est maximal quand (by, b)) = (—1,2).
On obtient, g(3,5) =(3,5)-(-1,2)=-34+10=7.

J.L. Ramirez Alfonsin 13M, Université Montpellier 2
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Méthods
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Einstein, Lichtblau, Strzebonski et Wagon, 2007

Calcule g(as, ..., as) nombres avec 100 chiffres en quelques
secondes
Calcule g(as,. .., a1p) nombres avec 10 chiffres en deux jours
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Calcule g(as, ..., as) nombres avec 100 chiffres en quelques
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Roune, 2008

Calcule g(ai, - .., as) nombres avec 10 000 chiffres en quelques
secondes

Calcule g(ai, ..., a13) nombres avec 10 chiffres en quelques jours
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