Edge separators for quasi-binary trees
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Abstract

One wishes to remove k — 1 edges of a vertex-weighted tree T" such that the weights
of the k induced connected components are approximately the same. How well can
one do it? In this paper, we investigate such k-separators for quasi-binary trees. We
show that, under certain conditions on the total weight of the tree, a particular k-
separator can be constructed such that the smallest (respectively the largest) weighted
component is lower (respectively upper) bounded. Examples showing optimality for

the lower bound are also given.
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1 Introduction

The seminal paper by Lipton and Tarjan [2] has inspired a number of separator-type
problems and applications (we refer the reader to [3] for a recent survey on separators and
to [4] for edge separators of graphs with bounded genus).

Let us consider the following question.
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One wishes to split a given embedding of a planar connected graph G into
blocks formed by weighted faces (weights might be thought of as the areas of
the faces) such that the dual of the planar graph induced by each block is
connected and the blocks’ weights are approximately the same. How well can
this be done?

One way to answer the latter is by considering k-separators on a spanning tree Tz of
the vertex-weighted dual graph of G. Indeed, one may want to remove k — 1 edges of T
such that the weights of the k induced connected components of T are approximately the
same.

More formally, let T = (V, E) be a graph, and let w : V(T) — IR* be a weight
function. Let w(T) = > w(v), and let 2 <k < |V|—1 be an integer. A k-separator of

veV(T)
Tisaset F' C E(T) with |F| = k—1 whose deletion induces k£ connected components, say
k
Ci(F),...,Cr(F). If we let w(C;(F)) = > w(v) then w(T') = > w(Ci(F)). Let
VeV (Ci(F)) =1
Br(T) . {@lgkw( ( ))}
and
a(T) = FQEI,I\lFl‘\n:k—l {1121?<ka(0¢(}7))} .

An optimal k-separator is achieved when S (T) = ay(T) = 1w(T).

In this paper, we investigate the existence of k-separators with large (resp. small)
values for S (resp. for ay) for the class of quasi-binary trees. A tree is called binary if the
degree of any vertex equals three except for pendant vertices (vertices of degree one) and
a root vertex (a vertex of degree two). A tree is say to be quasi-binary if it is a connected
subgraph of a binary tree. Notice that good k-separators in quasi-binary trees will lead to
good k-block separators for triangulated planar graphs in the above question.

Since, for any quasi-binary tree T', the degree d(v) of any v € V(T') is 1,2 or 3, we may
define, for each i = 1,2, 3,

Vi = {v e V(T)|d(v) = i}

and
w; := max{w(v)|v € V; for each ¢ < j < 3}.

We will suppose that V5, V3 # () and therefore wy, w3 > 0. Notice that



V(T)=ViUVaUVs, w >wy>ws and wing + weng + wsng > w(T). (1)

where n; = |V;| for each i = 1,2, 3.

Our main results are the following.

Theorem 1 Let T be a quasi-binary tree. Let k > 2 be an integer and v € IR with
v > ws > 0. Let M., = max{w; + 7, 2wa}. If

(k+1)(k — 2)M,
(k—1)

w(T) + ky >

then 2%(T) + (k — 1)
w — 1)y
ai(T) < Pl .

Theorem 2 Let T be a quasi-binary tree. Let k > 2 be an integer and v € IR with
v > ws > 0. Let M, = max{w; + 7, 2wa}. If

then

We note that the bounds for o (7") and S (T") are not necessarily reached by using the
same k-separator. The second author has studied k-separators in a more general setting
(for planar graphs with weights on vertices, edges, and faces), where a lower bound for
Bk is obtained [5] . We noticed that the conditions given in [5] are different from those
presented in Theorem 2, whose proof is distinct (on the same line as that of Theorem 1).
The value oy, is not treated in [5] at all. Two-separators for binary trees were also studied
in [1, Corollary 2.2] where it is proved that a binary tree 7" with at least A 4+ 1 vertices
admits an edge separating a forest F' in T satisfying A < |V (F')| < 2 for any real number
A > % In the same spirit, Theorem 1 (resp. Theorem 2) implies, by taking w(v) = 1 for
all vertices v and v = A — 2 (resp. v = A), the existence of a 2-separator of a binary tree
with A > 1 vertices such that one of the two connected components has at most A (resp.

at least Z)) vertices.

In the following section, we present some preliminary results needed for the rest of
the paper. Main results are proved in Section 3. Finally, a family of quasi-binary trees

showing optimality of Theorem 2 is constructed in the last section.



2 Preliminary results

Let T be a quasi-binary tree. We may suppose w(T) > 0 and that n = |V(T)| > 1
henceforth. For i € {1,2,3}, let n; = |V;|. We observe that

ny + 2n9 + 3ns = 2|E(T)| = 2(n — 1) = 2ny + 2n2 + 2n3 — 2 and thus n; = n3 + 2. (2)
Our main theorems will be proved by induction. We need the following result.

Lemma 1 Let T be a quasi-binary tree with n = |V(T)| > 1. Let v,n € IR be such that

v > w3 and max{“”z_’y,wQ — 'y} <n< @ Then, there exists an edge e € E(T') such

that

n<w(Cl) <2+~

for either C} or C? where C},C? denote the two connected components of T \ {e} .

Proof. The inequality 7 < w(C?) holds for i = 1 or 2 and for any e € E(T), otherwise
w(T) = wTT) + @ > 2n > w(Cl) + w(C?) = w(T), which is a contradiction.

We now prove the right-hand side inequality. Without lost of generality, we suppose
that w(CL) > 7 for each e € E(T). If we also have that w(C?) > 1 then we choose indices
such that [V(CLH)| < |[V(C?)|.

We proceed by contradiction. Suppose that w(Cl) > 2n+ v for all e € E(T). Let
e = {v1,v2} with v; € V(C?) be the edge that minimizes |V (C})|. We have three cases.

Case 1) If d(vy) = 1, then w(C}) = w(v1) < wy. Since n > “I7 then 2n + v > wy >

w(C?), which is a contradiction.

Case 2) If d(v1) = 2, then we let f = {vi,u} € E(T), f # e be the other edge incident
to vy.

Let C’}, i = 1,2 be the two connected components of 7'\ { f}. Since |V(C})| > |V(ChH]
then V(Cl)) = V(C]%) U {v1} so w(C]%) = w(CH) —w(vy) > 20+~ —wy > 0, and thus
\V(C]%)\ > ]V(C’})] > |V(CL)|, which is a contradiction.

Case 3) If d(vi) = 3, then we let f; = {v1,u}, fo = {vi,v} € E(T), f1,fo # e be
the other two edges incident to vq with V(C?l) U V(C?Q) =V(CH\ {v1}. So, w(C]%I) +
w(C’%Q) =w(Cl) —w(v1) > 2n + v — w3y > 2n. Without loss of generality, we suppose that
w(Cj%l) > w(CJ%Q), and thus w(CJ%I) > 7 and \V(C’J%I)| > |V(C}1)] > |V(C})| which is a

contradiction. O



3 Proofs of main results

We may now prove our main results.
Proof of Theorem 1. We first claim that w(T) > —k~. Indeed, since W > k-l

and wi,ws > 0, we have

(k+1)(k —2) k—1
M, > ~———M, > 0.
k—1 12y M= 0

We now shall construct the desired k-separator as follows. Let T = T'. We first find
an edge ey € E(T}) (by using Lemma 1) such that one of the connected components of

w(T) + ky >

T \ {er}, say Tyx—_1, has a suitable weight (the other connected component of T} \ {ex},
say Rj_1, remains fixed for the rest of the construction). By a suitable weight we mean a
weight such that Lemma 1 can be applied to T in order to find an edge ex_1 € E(Tj_1)
such that one of the connected components of T 1\ {ex_1}, say Tx_2, has again a suitable
weight (and again the other connected component of Tj_; \ {ex—1}, say Rj_2, remains
fixed for the rest of the construction), and so on. We claim that the weight of component
T} is suitable if

(-Dk-1)
(k+ 1)(k—2)

2 - 1)
(k+1)(k —2)

1)+ 1)y <u(t) <

Now, to apply Lemma 1, we need to define an appropriate parameter n; (that ensures

suitable weights throughout the construction). For each j =k, k —1...,2, we set

B ROV [t VR R [t Rt LI
BT o0k —j -3 T o2k — - 3)(k+1) 2(2k — j — 3)(k + 1)

(4)

We first claim that

maX{w12 7,6«22 —’Y} <n; < ol j)~

For the lower bound we have

k—3 i—3)(k—1 k—3)(k—2)—j(k—1
o= 2@}—%3)”((@) y 2<2§é—j)—%><k)+1>w§T) N : 2(211%_%))(%&1) :
k—3 —1)(k—1 k—3 2(7—3
2(2k—j—3) (<5+1>(k—2>>> W(T) + 51— -3 (<k+f>(k—2> - 1) v
_ G0y (3 -2) <5 (k)
202k—j—3)(k+1) 2(2k—j—3)(k+1)

Y

k—1 2_p_
= 2(kJ(r1)(l~c)—2)w(T) - 2(lf+1)k(kﬁ2)’y
> wy 1 _ k(k-1) _ (K®=k—49)
ZMAX\ S T FEDGE=—2) W2 T 2 (—2) | (kD) (k—2) )



For the upper bound, we have

nj = 2(2(:—_;13)‘*’(7}‘) - 2(2%:?)—(?)?1271)""(71) - (kig;c(fﬁ%)_(gﬁl_)l) '
=458 — D) = et (T) - a0

e (2(::;13) (EQBEZI?MT) - ((k—?—(lj)zklzm —1)7

— i nreme(T) — S e

- gkﬁ)_(?z) ((kgl)W(T) + 7)

- . _ . (T
=—3 - ]Tif)w(T) - k(k&)?/zfz) (W(T) + k) < (gj)'

IA
|

Therefore, by Lemma 1, one of the connected components of Tj \ {e;}, say R;_1,

satisfies

nj <w(Rj—1) <2n;+7, (5)

and thus, the weight of the other connected component of Tj \ {e;}, say T};_1, satisfies

w(Ty) —2n; —v < w(Tj-1) < w(T}) —ny

So, the set of edges eq,...,ex_1 chosen as above gives a k-separator T where the
connected component with the largest weight is given by uax {w(Tj)}. To obtain an
upper bound for the latter, we shall show that the components T}, j = k,k—1,...,1 have
suitable weights satisfying both inequalities of (3).

We proceed by induction on j. For j = k, the upper bound is obtained immediately.

For the lower bound we have,

_ _ (k=1 (k=1 2(k—1 (k=3
w(Ty) =w(T) = G + (gbmis — 1) 7 + sy @) + k)
k—1)(k—1 2(k—1
> (g + (e — 1) (6)
The latter inequality uses the fact that w(7T) > —k~. Suppose that inequalities hold
for some j < k. By using 3,4 and 6, we have

w(Rj—1) > w(R;) —2n; —v

w
k=3 j—3)(k—1 k=3)(k—2)—j(k—1
w(Rj) — 7(22—]‘—)3)“’(1%1‘) - 4(21(f_j—)§,)(k+)*1)w(T) + (21c)(—j—3))(lg—(i-1) by~
k—j j—1)(k—1 k—j 2(7—1
(k—j) ((J )( ))w(T)+(2( 7) ( (=1 _1),},

v

@k =) ) F B \Te D

—3) AU AV Pl

7(L(2k)](j3))(k+1)w(T) *( (2)1@73'73) Ig+1) T
i—3)(fe—1 2(j—2

= @) + ((kJrilJ)(k—Q) - 13 7

6



And

w(Rj—1) <w(Rj)—mn;
B 8y GBI (e (k-2) (k1)
= w(R)) — g3 @(B)) + spi—-aywrm@(D) + T gy 7
(3k=2=3)(1+1) o o (3h=2i=3)(k=)
QR BN e L
3)(k—1 +3)(k=2)—j(k—1
+2‘(2Igfjf3)(k+1) (T) + 2(2k7j73)(?c+1) v

k—j+1
= wnw (D) + Y.

Therefore, (3) holds for all j = k,...,2 when T is decomposed into the k components
JE,]%k,...,]%Q. SO,

(5)
= max { max {w(Ry)} w(Th) p < max { guax (20, + 7} ()

4) (k—3) ' (j—3)(k—1) k2—2k+3-2j
= max {;g?gk {at5lee(™) - 52w (D + e i} ’“’(Tﬂ}
®

2 (k—1) 2 (k=1)
< max {;gjazck { (kH)W(T) + (k+1)V} ) (k+1)W(T) + (k+1)’7}

(D) + G

as desired. (]
Proof of Theorem 2. We first claim that w(T") > —k~. Indeed, since 2’“2—“ > % and

w1, wz > 0, we have

k

2% + 1 ~1
w(T) + ky > éFAQE 5 M, > 0.

We shall construct the desired k-separator in a similar way as done in Theorem 1. Let
T, =T. We find an edge e € E(T}) (by using Lemma 1) such that one of the connected
components of Ty \ {ex }, say Ry, has a prescribed weight, which will be fixed for the rest of
the construction. By applying Lemma 1 to the other component of T} \ {ex}, say Ti_1, we
find an edge ex—1 € E(Tk—_1) such that one of the connected components of Ti_1 \ {ex—1},
say Ry_o, has a prescribed weight and which will be fixed for the rest of the construction,
and so on. The only difference with the procedure in the proof of Theorem 1 is that the

value 7; is now fixed for any step of the construction

;=0 =T for all j =k k—1,...,2.

First, we claim that n > max{“’lz_v,wg - 7}. Indeed,

_ w(@)—(k-1)y

! 2k7(12k—1) —y (2k—1)wo—k (k—1)

2 max 2(21@—1)% 2(2k—21) 7}_ T
w1y

=max{ —5,w2 — 7



Therefore, at each step (by Lemma 1) one of the connected components of T; \ {e;},

say R;_1 satisfies

w(T) = (k—=1)y 2w(T) +~
% —1 Swlllj) < =5

The weight of the other connected component of T} \ {e;}, say T;_; satisfies

n= =2n+7.

w(T) — (k= 1)y
2%k — 1

o(ty) - 2 <oy ) < @) -

Since w(T)) = w(T'), we obtain

2(T) +7 _ (2§~ Dw(T) ~ (k=)
2k —1 2k —1

W(Tj) > w(T) — (k- 5) , j=kk—1,...,1

We claim that n < @ for each j = k,k —1,...,2. Indeed,

W(T3) 5 (2i-Dw(T)~ (k=)

2 = 2(2k—1)
= @@=y | @j=3)w(D)+(k+j-2)y
2k—kl ) o2 2(2k—1) (hri2)
w(T)—(k— — —
= DRy 4 B u(T) + arr ) W(T) +k7)
w(T)—(k—1
> sl
So, the set of edges {ek,ex_1,...,ea} chosen as above forms a k-separator Sy of T,

where the connected component with the smallest weight is given by

B(Sk) = min{w(Ri—1), w(Rr—2),. .., w(R1),w(T1)} > W(T)2_k (—kl_ =

as desired. (]

4 Tightness

In this section, we show that the lower bound presented in Theorem 2 is optimal. We
consider the quasi-binary tree T} consisting of a root vertex r joined by k& — 1 different
paths to k — 1 vertices x1,...,%r_1, each of which is adjacent to exactly two vertices of
degree one, see Figure 1.

We set w(x;) = w > 0 for all 4, w(r) = w(v) = w’ > w > 0 where d(v) = 1 and the

weight of any other vertex equals zero. So,
WTp) =k -—Dw+2k -1+ = (k- 1w+ (2k — 1)

Let F' be an optimal k-separator of T. We have that either F' contains one of the edges

{z;,v}, 1 <1i < k—1 with v a pending vertex (so vertex v will be a connected component



k=3 k=4 k=3

Figure 1: Quasi-binary trees 15,73 and T3

itself in the separator and thus 8y = ') or F contains no such edges in which case we
find (by an easy analysis of T}) that the root vertex r will be in a connected component
containing just vertices of weight zero in any optimal separator (obtaining again that
,Bk = w/).

The lower bound of Theorem 2 gives

Br >

(1)~ (g7 ) o = g (b= Do+ 2k = 1) = (3 Jw =

2% — 1 % — 1 T ok—1 2% —1

showing the desired optimality.
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