The Diophantine Frobenius Problem

J.L. Ramirez Alfonsin
Equipe Combinatoire et Optimisation
Université Pierre et Marie Curie, Paris 6
4 Place Jussieu, 75252 Paris Cedex 05



Contents

Preface

1 Algorithmic Aspects

1.1

1.2

1.3
1.4

2 The
2.1
2.2
2.3

2.4
2.5

3 The
3.1
3.2
3.3
3.4
3.5
3.6

Algorithms for Computing g(a1,a2,a3) . . . . . .« o o L
1.1.1 Regdseth’s Algorithm . . . . . . .. .. ... L L
1.1.2 Davison’s Algorithm . . . . . . ... ... oL
1.1.3 Killingbergtrg’s method . . . . . . . .. .. .o
General Algorithms . . . . . . . . . . .. L
1.2.1  Scarf and Shallcross” Method . . . . . . . ... ... ... .. L.
1.2.2 Heap and Lynn method . . . . . . . . .. . ... ... ... ... ... ...
1.2.3  Greenberg’s Algorithm . . . . . . . .. ... L
1.2.4 Nijenhuis’ Algorithm . . . . . . .. .. ... L
1.25  Wilf’s Algorithm . . . . . .. . ..
1.2.6 Kannan’s approach . . . . . . . . . .. L Lo
Computational Complexity of FP . . . . . . . . .. ...
Supplementary Notes . . . . . . . . . . . L e e

Frobenius Number for Small n

Computing g(p,q) is Easy . . . . . . . . .
A Formula for g(aj,ag,as) . . . . o o o o
Results whenn=3. .. ... . . . . . . . . . e
2.3.1 Hofmeister’s Formula and its Generalization . . . . . . .. ... ... ... ..
2.3.2 More Special Cases . . . . . . . . . .
2.3.3 Johmson Integers . . . . . . . ...

9(a1,a2,a3,a4) . . .o
Supplementary Notes . . . . . . . . . . . e e

General Problem

Formulas and Upper Bounds . . . . .. .. .. ... .. ..
Bounds in Terms of the lem(ai,...,an) . o o v v i
Arithmetic and Related Sequences . . . . . . . . . . . .. .. ... ... ... ...,
Regular Bases . . . . . . . . . oL e
Extending Basis . . . . . .. Lo
Lower Bounds . . . . . . . . . . e

31
31
34
35
37
38
39
40
41



3.7 Supplementary Notes . . . . . . . . . .. e

Sylvester Denumerant

4.1 From Partitions to Denumerants . . . . . . . ... ... Lo
4.2 Formulas and Bounds for d(m;ay,...,ap) . . . o o
4.3 Computing denumerants . . . . . . . ... Lo

4.3.1 Partial Fractions . . . . . . . . . . ...

4.3.2 Bell's Method . . . . . . . .. .
44 d(M;D,q) o o o e
4.5 d(m;ay,az,a3) and d(m;a1,a,a3,04) .« .« o oo v e e e e e e
4.6 Hilbert Series . . . . . . . . . e e e
4.7 A Proof of a formula for g(aj,az,as) . . . . . ...
4.8 Ehrhart Polynomial . . . . . . .. . ...
4.9 Variations of the Denumerant . . . . . . . . . .. ... ... ... .. ... ... ...

491 d(myar,...,Qn) .« oo

492 d'(Myat,...,Qn) -« o o
4.10 Supplemetary Notes . . . . . . . . . . . L

Integers without Representation

5.1 Sylvester’s Classical Result . . . . . . . . . .. .. ... ...
5.2 Nijenhuis’ and Wilf’s Results . . . . . . .. ... .
5.3 Formulas for N(ai,...,an) . .« o o oo
5.4 Arithmetic Sequences . . . . . . . ..
5.5 The Sum of Integers in N(p,q) . . . . . . . . . . o
5.6 Related Games . . . . . . . . . .. e e e
5.6.1 Sylver Coinage . . . . . . . . . . e e
5.6.2 The Jugs Problem . . . . .. .. ... ...
5.7 Supplemetary Notes . . . . . . . . . . e
Generalizations and Related Problems
6.1 Special Functions . . . . . . . . ..
6.2 The Modular Generalization . . . . . . . . . . . . . . . . ... ...
6.3 The Postage Stamp Problem . . . . . ... .. .. ... ... ... ... ... ...
6.4 (a1,...,an)-Trees . . . . . . L
6.5 Vector Generalizationof FP . . . . . . . . .. ... ...
6.6 Supplementary Notes . . . . . . . . . . .
Numerical Semigroups
7.1 Gaps and Non-Gaps . . . . . . . . . . e e
7.1.1 Telescopic SEmMigroups . . . . . .« . v v vt e e e
7.1.2 Hyperelliptic Semigroups . . . . . . . . . . . . e e
7.2 Symmetric Semigroups . . . . . . . o . e e e e e e e e e e
7.2.1 Intersection of Semigroups . . . . . . . . . . . ...
7.2.2 Apéry Sets . . . . ..
7.3 Related Concepts . . . . . . . . . e e

65
65
67
70
70
71
73
74
78
81
83
86
86
88
90

93
93
95
97
99
100
101
102
103
105

107
107
111
113
115
116
119



7.3.1 Type Sequences . . . . . . . . o v i e e e 133

7.3.2 Complete Intersection . . . . . . . . . .. ... 135
7.3.3 The Mobius Function . . . . . . .. .. . . .. ... ... 136
7.4 Supplementary Notes . . . . . . . . . . . L 137
Applications of the Frobenius Number 141
8.1 Complexity Analysis of the Shell-sort Method . . . . . .. . ... ... ... ..... 141
8.2 Petri Nets . . . . . . o e 143
8.2.1 P/T Systems . . . . . . ... 143
8.2.2 Weighted Circuits Systems . . . . . . . . . ... o 144
8.3 Partition of a Vector Space . . . . . . . . . ... 146
8.4 Monomial Curves . . . . . . . . . .. e e e e e 148
8.5 Algebraic Geometric Codes . . . . . . . . . .. e 151
8.6 Tilings . . . . . . . . e e e 153
8.7 Applications of Denumerants . . . . . . . . . . . ... ... . e 154
871 Ballsand Cells . . . . . . . . . . . e 154
8.7.2 Conjugate Power Equations . . . . . . .. . .. ... oL 156
8.7.3 Invariant Cubature Formulas . . . . .. . ... .. ... .. ... ....... 157
8.8 Other Applications . . . . . . . . . . . L 158
8.8.1 Generating Random Vectors. . . . . . . . . .. ... ... ... .. ... .. 158
8.8.2 Nonhamiltonian Graphs . . . . . . . . .. ... o 159
8.9 Supplementary Notes . . . . . . . . . . . e 161
Appendix A 163
9.1 Computational Complexity Aspects . . . . . . . . . . . . . .. . . 163
9.2 Graph Theory Aspects . . . . . . . . . . e 164
9.3 Modules, Resolutions and Hilber Series . . . . . . . . .. . ... ... ... ...... 164
9.4 Shell-sort Method . . . . . . . . . . . .. e 166
9.5 Bernoulli Numbers . . . . . . . . . . .. 167
9.6 Irreducible and Primitive Matrices . . . . . . . . . . . ... ... .. .. 168
9.6.1 Upper Bounds of Index of Primitivity . . . .. ... . ... ... ... .... 170
9.6.2 Computation of Index of Primitivity . . . . . . . . ... .. ... ... ..., 171
Problems and conjectures 173
A.1 Algorithmic questions . . . . . . . . . . . e 173
A2 glar,...,an) . -« « o 174
A3 Denumerant . . . . . . .. e e e e 175
Ad N(a1,...,an) -« « o 175
AD Gaps . . . . e 176
A6 Miscellaneous . . . . . . . .. e e 176
A.6.1 Erddés’ Problems . . . . . . . . . . 178
Bibliography 179



