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A matroid M is an ordered pair (E,Z) where E is a finite set
(E={1,...,n}) and Z is a family of subsets of E verifying the

following conditions :

(1) vez,

(I2) If l€Z and I" C | then I € T,

(I13) If h,h € T and |l| < |k| then there exists e € h\/; such that
LhUeelT.

The members in Z are called the independents of M. A subset in E

not belonging to Z is called dependent.
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Theorem (Whitney 1935) Let {ey,..., ey} a set of columns
(vectors) of a matrix with coefficients in a field F. Let Z be the

family of subsets {i1,...,im} C {1,...,n} = E such that the
columns {ej,...,e;,} are linearly independent in F. Then, (E,Z)
is a matroid.
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Theorem (Whitney 1935) Let {ey,..., ey} a set of columns
(vectors) of a matrix with coefficients in a field F. Let Z be the

family of subsets {i1,...,im} C {1,...,n} = E such that the
columns {ej,...,e;,} are linearly independent in F. Then, (E,Z)
is a matroid.

Proof : (/1) et (/2) are trivial.
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Theorem (Whitney 1935) Let {ey,..., ey} a set of columns
(vectors) of a matrix with coefficients in a field F. Let Z be the

family of subsets {i1,...,im} C {1,...,n} = E such that the
columns {ej,...,e;,} are linearly independent in F. Then, (E,Z)
is a matroid.

Proof : (/1) et (/2) are trivial.
(13)] Let I{, 15 € T such that the corresponding columns, say /; et
I, are linearly independent with |/ < |k].
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Theorem (Whitney 1935) Let {ey,..., ey} a set of columns
(vectors) of a matrix with coefficients in a field F. Let Z be the

family of subsets {i1,...,im} C {1,...,n} = E such that the
columns {ej,...,e;,} are linearly independent in F. Then, (E,Z)
is a matroid.

Proof : (/1) et (/2) are trivial.

(13)] Let I{, 15 € T such that the corresponding columns, say /; et
l, are linearly independent with || < |L].

By contradiction, suppose that /; U e is linearly dependent for any
€ c /2\/1.
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Theorem (Whitney 1935) Let {ey,..., ey} a set of columns
(vectors) of a matrix with coefficients in a field F. Let Z be the

family of subsets {i1,...,im} C {1,...,n} = E such that the
columns {ej,...,e;,} are linearly independent in F. Then, (E,Z)
is a matroid.

Proof : (/1) et (/2) are trivial.

(13)] Let I{, 15 € T such that the corresponding columns, say /; et
l, are linearly independent with || < |L].

By contradiction, suppose that /; U e is linearly dependent for any
e € h\l. Let W the space generated by /; and /.
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Theorem (Whitney 1935) Let {ey,..., ey} a set of columns
(vectors) of a matrix with coefficients in a field F. Let Z be the

family of subsets {i1,...,im} C {1,...,n} = E such that the
columns {ej,...,e;,} are linearly independent in F. Then, (E,Z)
is a matroid.

Proof : (/1) et (/2) are trivial.

(13)] Let I{, 15 € T such that the corresponding columns, say /; et
l, are linearly independent with || < |L].

By contradiction, suppose that /; U e is linearly dependent for any
e € h\l. Let W the space generated by /; and /.

On one hand, dim(W) > |b|,
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Theorem (Whitney 1935) Let {ey,..., ey} a set of columns
(vectors) of a matrix with coefficients in a field F. Let Z be the

family of subsets {i1,...,im} C {1,...,n} = E such that the
columns {ej,...,e;,} are linearly independent in F. Then, (E,Z)
is a matroid.

Proof : (/1) et (/2) are trivial.

(13)] Let I{, 15 € T such that the corresponding columns, say /; et

l, are linearly independent with || < |L].

By contradiction, suppose that /; U e is linearly dependent for any

e € h\l. Let W the space generated by /; and /.

On one hand, dim(W) > ||, on the other hand W is contained in
the space generated by /1.
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Theorem (Whitney 1935) Let {ey,..., ey} a set of columns
(vectors) of a matrix with coefficients in a field F. Let Z be the

family of subsets {i1,...,im} C {1,...,n} = E such that the
columns {ej,...,e;,} are linearly independent in F. Then, (E,Z)
is a matroid.

Proof : (/1) et (/2) are trivial.
(13)] Let I{, 15 € T such that the corresponding columns, say /; et
l, are linearly independent with || < |L].
By contradiction, suppose that /; U e is linearly dependent for any
e € h\l. Let W the space generated by /; and /.
On one hand, dim(W) > ||, on the other hand W is contained in
the space generated by /1.

|h| < dim(W) < |h| < |k M
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Let A be the following matrix with coefficients in R.

= O
o o
o~ A
= o=

1

A= 1
CRRERY
{0, {1}, {2}, {4}, {4}, {5}, {1, 2}, {1,5},{2,4},{2,5},{4,5}} C (M)

A matroid obtained form a matrix A with coefficients in I is
denoted by M(A) and is called representable over IF or
F-representable.
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A subset X C E is said to be minimal dependent if any proper
subset of X is independent. A minimal dependent set of matroid
M is called circuit of M.

We denote by C the set of circuits of a matroid.
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A subset X C E is said to be minimal dependent if any proper
subset of X is independent. A minimal dependent set of matroid
M is called circuit of M.

We denote by C the set of circuits of a matroid.

C is the set of circuits of a matrid on E if and only if C verifies the
following properties :

(C1) D¢gc,

(C2) G, G eCand G C G then G = G,

(C3) (elimination property) If C;, G €C, G # G andee GG N G
then there exists C3 € C such that G C {G U Go}\{e}.
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Let G = (V, E) be a graph. A cycle in G is a closed walk without
repeated vertices.
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Let G = (V, E) be a graph. A cycle in G is a closed walk without
repeated vertices.

Theorem The set of cycles in a graph G = (V/, E) is the set of
circuits of a matroid on E.
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Let G = (V, E) be a graph. A cycle in G is a closed walk without
repeated vertices.

Theorem The set of cycles in a graph G = (V/, E) is the set of
circuits of a matroid on E.

This matroid is denoted by M(G) and called graphic.
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Let G = (V, E) be a graph. A cycle in G is a closed walk without
repeated vertices.

Theorem The set of cycles in a graph G = (V/, E) is the set of
circuits of a matroid on E.

This matroid is denoted by M(G) and called graphic.

Proof : Verify (C1),(C2) and (C3).
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Let G = (V, E) be a graph. A cycle in G is a closed walk without
repeated vertices.

Theorem The set of cycles in a graph G = (V/, E) is the set of
circuits of a matroid on E.

This matroid is denoted by M(G) and called graphic.
Proof : Verify (C1),(C2) and (C3).

A subset of edges | C {e1,...,ey} of G is independent if the
graph induced by / does not contain a cycle.

J.L. Ramirez Alfonsin IMAG, Université de Montpellier

Theory of matroids and Tutte polynomial



J.L. Ramirez Alfor IMAG, Université de Montpellier

Theory of matroids and



It can be checked that M(G) is isomorphic to M(A) (under the

bijection e; — i).

O O w
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Theorem A graphic matroid is always representable over R.
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Theorem A graphic matroid is always representable over R.

Proof (idea) Let G = (V, E) be an oriented graph and let
{xi, i € V} be the canonical base of R.
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Theorem A graphic matroid is always representable over R.

Proof (idea) Let G = (V, E) be an oriented graph and let
{xi, i € V} be the canonical base of R.

Exercice : Verify that the graph G = (V, E) gives the same

matroid that the one given by the set of vectors y. = x; — x; where
e=(i,j) € E.
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A

Ya
1

-1
0
0

Yb Yc Yd
1 0 0
0 1 0
-1 -1 1
0 0 -1
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Ya Yb Yc Yd

c d 1 1 0 O
G 2 3 4 A= -1 0 1 0
0 -1 -1 1
0 0 0 -1

M(G) is isomorphic to M(A) (a = ya, b = ¥b, € = Ye, d = yq).
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Ya Yb Yc Yd

c d 1 1 0 O
G 2 3 4 A= -1 0 1 0
0 -1 -1 1
0 0 0 -1

M(G) is isomorphic to M(A) (a = ya, b = ¥b, € = Ye, d = yq).

The cycle formed by the edges a = {1,2}, b = {1,3} et c = {2,3}
in the graph correspond to the linear dependency yp — ya = yc.
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A base of a matroid is a maximal independent set. We denote by 5
the set of all bases of a matroid.

J.L. Ramirez Alfonsin IMAG, Université de Montpellier

Theory of matroids and e polynomial



A base of a matroid is a maximal independent set. We denote by 5
the set of all bases of a matroid.
Lemma The bases of a matroid have the same cardinality.
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A base of a matroid is a maximal independent set. We denote by 5
the set of all bases of a matroid.

Lemma The bases of a matroid have the same cardinality.

Proof : exercices.
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A base of a matroid is a maximal independent set. We denote by 5
the set of all bases of a matroid.

Lemma The bases of a matroid have the same cardinality.

Proof : exercices.

The family B verifies the following conditions :
(B1) B#10,

(B2) (exchange propety) By, B> € B and x € B;1\B> then there
exist y € B,\Bj such that (B1\x)Uy € B.
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A base of a matroid is a maximal independent set. We denote by 5
the set of all bases of a matroid.

Lemma The bases of a matroid have the same cardinality.

Proof : exercices.

The family B verifies the following conditions :
(B1) B #0,
(B2) (exchange propety) By, B> € B and x € B;1\B> then there
exist y € B,\Bj such that (B1\x)Uy € B.

If Z is the family of subsets contained in a set of B then (E,Z) is a
matroid.
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Theorem B is the set of basis of a matroid if and only if it verifies
(B1) and (B2).
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Theorem B is the set of basis of a matroid if and only if it verifies

(B1) and (B2).
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The rank of a set X C E is defined by

(X)) =max{|Y|: Y C X,Y €7}
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The rank of a set X C E is defined by

(X)) =max{|Y|: Y C X,Y €7}

r = ry is the rank function of a matroid (E,Z) (where

Z={ICE:r(l)=|I})if and only if r verifies the following
conditions :

(R1) 0 < r(X) < |X|, forall X CE,
(R2) r(X) <r(Y), forall X CY,

(R3) (sub-modulairity) r(XUY) 4+ r(XNY) < r(X)+ r(Y) for all
X,Y CE.
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Let M be a graphic matroid obtained from G
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Let M be a graphic matroid obtained from G

It can be verified that :

rmi({a, b, c}) = ru({c,d}) = rm({a, d}) =2 et
r(M(G)) = rm({a, b,c,d}) =3 .
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Let M be a matroid on the ground set E and let B the set of bases
of M. Then,

B*={E\B|BeB)

is the set of bases of a matroid on E.
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Let M be a matroid on the ground set E and let B the set of bases
of M. Then,

B*={E\B|BeB)

is the set of bases of a matroid on E.

The matroid on E having B* as set of bases, denoted by M*, is
called the dual of M.

A base of M* is also called cobase of M.
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We have that
o r(M*)=|E|— ry and M** = M.

J.L. Ramirez Alfonsin IMAG, Université de Montpellier

Theory of matroids and e polynomial



We have that
o r(M*)=|E|— ry and M** = M.
e The set Z* of independents of M* is given by

I* = {X | X C E such that there exists B € B(M) with XNB = 0}.
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We have that
o r(M*)=|E|— ry and M** = M.
e The set Z* of independents of M* is given by

I* = {X | X C E such that there exists B € B(M) with XNB = 0}.
e The rank function of M* is given by
rm=(X) = [X] + rm(E\X) — rum,

for X C E.
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Let G = (V, E) be a graph. A cocycle (or cut) of G is the set of
edges joining the two parts of a partition of the set of vertices of
the graph.
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Let G = (V, E) be a graph. A cocycle (or cut) of G is the set of
edges joining the two parts of a partition of the set of vertices of
the graph.

Theorem Let C(G)* be the set of minimal (by inclusion) cocycles
of a graph G. Then, C(G)* is the set of circuits of a matroid on E.
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Let G = (V, E) be a graph. A cocycle (or cut) of G is the set of
edges joining the two parts of a partition of the set of vertices of
the graph.

Theorem Let C(G)* be the set of minimal (by inclusion) cocycles
of a graph G. Then, C(G)* is the set of circuits of a matroid on E.
The matroid obtained on this way is called the matroid of cocycle
of G or bond matroid, denoted by B(G).
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Theorem M*(G) = B(G) and M(G) = B*(G).
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Theorem M*(G) = B(G) and M(G) = B*(G).

4
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Theorem M*(G) = B(G) and M(G) = B*(G).

4

3

2

B(M(G)) = {{4,1,3},{4,1,2},{4,2,3}}
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Theorem M*(G) = B(G) and M(G) = B*(G).

4

3

2

B(M(G)) = {{4,1,3},{4,1,2},{4,2,3}}
B(M*(G)) = {{2}, {3}, {1}}
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Theorem M*(G) = B(G) and M(G) = B*(G).

B(M(G)) = {{4,1,3},{4,1,2},{4,2,3}}
B(M*(6)) = {{2}, {3}, {1}}
Z(M*(G)) = {0, {1}, {2}, {3}}
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Theorem M*(G) = B(G) and M(G) = B*(G).

2

B(M(G)) = {{4,1,3},{4,1,2},{4,2,3}}

B(M*(G)) = {{2}, {3}, {1}}

I(M*(G)) = {0,{1},{2}, {3}}

The dependents of M*(G) are P({1,2,3,4})\ {0, {1}, {2}, {3}}
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Theorem M*(G) = B(G) and M(G) = B*(G).

2

B(M(G)) ={{4,1,3},{4,1,2},{4,2,3}}

B(M*(G)) = {{2}, {3}, {1}}

I(M*(G)) = {0,{1},{2}, {3}}

The dependents of M*(G) are P({1,2,3,4})\ {0, {1},{2},{3}}
C(M*(G)) = {{4},{1,2},{1,3},{2,3}} that are precisely the
cocycles of G.
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Theorem If G is planar then M*(G) = M(G™).
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Theorem If G is planar then M*(G) = M(G™).
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Theorem If G is planar then M*(G) = M(G™).
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Theorem If G is planar then M*(G) = M(G™).
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Theorem If G

Remark The dual of a graphic matroid is not necessarly graphic.
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Theorem The dual of a F-representable matroid is [F-representable.
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Theorem The dual of a F-representable matroid is [F-representable.

Proof. The matrix representing M can always be written as
(Ir [ A)

where /, is the identity r x r and A is a matrix of size r x (n —r).
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Theorem The dual of a F-representable matroid is [F-representable.

Proof. The matrix representing M can always be written as
(Ir [ A)

where /, is the identity r x r and A is a matrix of size r x (n —r).

(Exercise) M* can be obtained from the set of columns of the
matrix

(~*A | Ip-r)

where I,_, is the identity (n —r) x (n— r) and *A is the transpose
of A.
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The matroid M* is also called the orthogonal matroid of M since
the duality for representable matroids is a generalization of the
notion of orthogonality in vector spaces.
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The matroid M* is also called the orthogonal matroid of M since
the duality for representable matroids is a generalization of the
notion of orthogonality in vector spaces.

Let V be a subspace of F” where n = |E|. We recall that the
orthogonal space V1 is defined from the canonical scalar product

(u;v) = > cck ule)v(e) by

VE={veF"|(uv)=0foranyuec V}.
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The matroid M* is also called the orthogonal matroid of M since
the duality for representable matroids is a generalization of the
notion of orthogonality in vector spaces.

Let V be a subspace of F” where n = |E|. We recall that the
orthogonal space V1 is defined from the canonical scalar product

(u;v) = > cck ule)v(e) by
VE={veF"|(uv)=0foranyuec V}.

The orthogonal space of the space generated by the columns of
('] A) is given by the space generated by the columns of

(= A | o).
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Let M be a matroid on the set E and let A C E. Then,

{X C E\A| X is independent in M}

is a set of independent of a matroid on E\A.
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Let M be a matroid on the set E and let A C E. Then,

{X C E\A| X is independent in M}

is a set of independent of a matroid on E\A.

This matroid is obtained from M by deleting the elements of A
and it is denoted by M\A.
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Let M be a matroid on the set E and let A C E.
Let M|a={X CAX € Z(M)} and X C E\ A. Then,

{X C E\A| there exists a base B of M|, such that XUB € Z(M)}

is the set of independents of a matroid in E \ A.
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Let M be a matroid on the set E and let A C E.
Let M|a={X CAX € Z(M)} and X C E\ A. Then,

{X C E\A| there exists a base B of M|, such that XUB € Z(M)}

is the set of independents of a matroid in E \ A.

This matroid is obtained from M by contracting the elements of A
and it is denoted by M/A.
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Properties

(i) (MNANA" = M\(AU A')
(i) (M/A)JA = M/(AUA)
(i) (M\A)/A" = (M/A)\A
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Properties

(i) (MNANA" = M\(AU A')
(i) (M/A)JA = M/(AUA)
(i) (M\A)/A" = (M/A)\A

The operations deletion and contraction are duals, that is,

(M\A)" = (M7)/A and (M/A)" = (M")\A
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Properties

(i) (MNANA" = M\(AU A')
(i) (M/A)JA = M/(AUA)
(i) (M\A)/A" = (M/A)\A

The operations deletion and contraction are duals, that is,

(M\A)" = (M7)/A and (M/A)" = (M")\A

and thus M/A = (M*\ A)*
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Properties

(i) (MNANA" = M\(AU A')
(i) (M/A)JA = M/(AUA)
(i) (M\A)/A" = (M/A)\A

The operations deletion and contraction are duals, that is,

(M\A)" = (M7)/A and (M/A)" = (M")\A

and thus M/A = (M*\ A)*
A minor of a matroid of M is any matroid obtained by a sequence
of deletions and contractions.
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Properties

(i) (MNANA" = M\(AU A')
(i) (M/A)JA = M/(AUA)
(i) (M\A)/A" = (M/A)\A

The operations deletion and contraction are duals, that is,

(M\A)" = (M7)/A and (M/A)" = (M")\A

and thus M/A = (M*\ A)*
A minor of a matroid of M is any matroid obtained by a sequence
of deletions and contractions.

Question : Is it true that any family of matroids is closed under
deletions/contractions operations ?
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The uniform matroid (denoted by U, ,) is the matroid on E with
|E| = n elements where

B(Unr)={XCE:|X|=r}
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The uniform matroid (denoted by U, ,) is the matroid on E with
|E| = n elements where

B(Unr)={XCE:|X|=r}

Proposition Any minor of a uniform matroid is uniform.
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The uniform matroid (denoted by U, ,) is the matroid on E with
|E| = n elements where

B(Unr)={XCE:|X|=r}

Proposition Any minor of a uniform matroid is uniform.
Proof Deletion : let T C E with |T| = t. Then,

| Up—tp—t if n>t>n—r
Unr\T = { Un—t,r if t<n-—r.
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The uniform matroid (denoted by U, ,) is the matroid on E with
|E| = n elements where

B(Unr)={XCE:|X|=r}

Proposition Any minor of a uniform matroid is uniform.
Proof Deletion : let T C E with |T| = t. Then,

| Up—tp—t if n>t>n—r
Unr\T = { Un—t,r if t<n-—r.

Contraction : it follows by using duality.

J.L. Ramirez Alfonsin IMAG, Université de Montpellier

Theory of matroids and Tutte polynomial



Proposition The class of graphic matroids is closed under deletions
and contractions.
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Proposition The class of graphic matroids is closed under deletions
and contractions.
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Proposition The class of representable matroids over a field F is
closed under deletions and contractions.
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Proposition The class of representable matroids over a field F is
closed under deletions and contractions.

Let M be a matroid obtained from the vectors (ve)ecg of F€.
Deleting : M\ a is the matroid obtained from the vectors

(Ve)eeE\a
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Proposition The class of representable matroids over a field F is
closed under deletions and contractions.

Let M be a matroid obtained from the vectors (ve)ecg of F€.
Deleting : M\ a is the matroid obtained from the vectors
(Ve)eeE\a

Remark : Lines sums and scalar multiplications do not change the
associated matroid. So, if v, # 0 then we suppose that v, is the
unit vector.
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Proposition The class of representable matroids over a field F is
closed under deletions and contractions.

Let M be a matroid obtained from the vectors (ve)ecg of F€.
Deleting : M\ a is the matroid obtained from the vectors
(Ve)eeE\a

Remark : Lines sums and scalar multiplications do not change the
associated matroid. So, if v, # 0 then we suppose that v, is the
unit vector.

Contracting : M/a is the matroid obtained from the vectors
(V&)ecE\a Where v/ is the vector obtained from v, by deleting the
non zero entry of v,.
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Proposition The class of representable matroids over a field F is
closed under deletions and contractions.

Let M be a matroid obtained from the vectors (ve)ecg of F€.
Deleting : M\ a is the matroid obtained from the vectors
(Ve)eeE\a

Remark : Lines sums and scalar multiplications do not change the
associated matroid. So, if v, # 0 then we suppose that v, is the
unit vector.

Contracting : M/a is the matroid obtained from the vectors
(V&)ecE\a Where v/ is the vector obtained from v, by deleting the
non zero entry of v,.

e If we change the nonzero component we obtain another
representation of M/a.
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Proposition The class of representable matroids over a field F is
closed under deletions and contractions.

Let M be a matroid obtained from the vectors (ve)ecg of F€.
Deleting : M\ a is the matroid obtained from the vectors
(Ve)eeE\a

Remark : Lines sums and scalar multiplications do not change the
associated matroid. So, if v, # 0 then we suppose that v, is the
unit vector.

Contracting : M/a is the matroid obtained from the vectors
(V&)ecE\a Where v/ is the vector obtained from v, by deleting the
non zero entry of v,.

e If we change the nonzero component we obtain another
representation of M/a.

e If v, =0 then ais a loop of M and thus M/a= M\ a.
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For any field IF, there exists a list of excluded minors, that is,
nonrepresentable matroids over F but any of its proper minors is
representable over F.
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For any field IF, there exists a list of excluded minors, that is,
nonrepresentable matroids over F but any of its proper minors is
representable over F.

Determining the list of excluded minors over F gives a
characterization of the matroids representables over F.
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For any field IF, there exists a list of excluded minors, that is,
nonrepresentable matroids over F but any of its proper minors is
representable over F.

Determining the list of excluded minors over F gives a
characterization of the matroids representables over F.

For F = GF(2) = Zy = Z/2Z (binary matroids) : the list has only
one matroid Us 4 (3 pages proof)

B( U2,4) = {{1» 2}7 {17 3}7 {17 4}7 {27 3}7 {27 4}’ {37 4}}
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For F = GF(3) = Z3 = Z/3Z (ternary matroids) : the list has 4
matroids F7 F;, U>s Uss (10 pages proof)
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For F = GF(3) = Z3 = Z/3Z (ternary matroids) : the list has 4
matroids F7 F;, U>s Uss (10 pages proof)

For F = GF(4) : the list has 8 matroids explicitly given (50 pages
proof)
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For F = GF(3) = Z3 = Z/3Z (ternary matroids) : the list has 4
matroids F7 F;, U>s Uss (10 pages proof)

For F = GF(4) : the list has 8 matroids explicitly given (50 pages
proof)

Theorem A matroid is graphic if and only if has neither
Uz s, F7, F5, M*(Ks) = B(Ks) nor M*(K33) = B(K33) as minors.
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For F = GF(3) = Z3 = Z/3Z (ternary matroids) : the list has 4
matroids F7 F;, U>s Uss (10 pages proof)

For F = GF(4) : the list has 8 matroids explicitly given (50 pages
proof)

Theorem A matroid is graphic if and only if has neither

Uz s, F7, F5, M*(Ks) = B(Ks) nor M*(K33) = B(K33) as minors.
Theorem A matroid is cographic if and only if has neither

U4, F7, F5, M(Ks) nor M(K33) as minors.
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For F = GF(3) = Z3 = Z/3Z (ternary matroids) : the list has 4
matroids F7 F;, U>s Uss (10 pages proof)

For F = GF(4) : the list has 8 matroids explicitly given (50 pages
proof)

Theorem A matroid is graphic if and only if has neither

Uz s, F7, F5, M*(Ks) = B(Ks) nor M*(K33) = B(K33) as minors.
Theorem A matroid is cographic if and only if has neither

U4, F7, F5, M(Ks) nor M(K33) as minors.

Theorem A matroid is regular if and only if has neither Us 4, F7 nor
F7 as minors.
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The Tutte polynomial of a matroid M is the generating function
defined as follows

H(M;x,y) = 3 (x— 1) (O =09y — 1)XI=r00),
XCE
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The Tutte polynomial of a matroid M is the generating function
defined as follows

H(M;x,y) = 3 (x— 1) (O =09y — 1)XI=r00),
XCE

Let U3 be the matroid of rank 2 on 3 elements with

B(U2,3) = {{17 2}7 {17 3}7 {27 3}}
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The Tutte polynomial of a matroid M is the generating function
defined as follows

H(M;x,y) = 3 (x— 1) (O =09y — 1)XI=r00),
XCE

Let U3 be the matroid of rank 2 on 3 elements with

B(U2,3) = {{17 2}7 {17 3}7 {27 3}}

t(Uasix,y) = > (x=120%-1)"04+ > (x-1)(y-1)?t
XCE, [X|=0 XCE, |X|=1

+ Y (x0T 4 » (k=12 (y —1)3?
XCE, [X|=2 XCE, |X|=3

=(x—1243(x-1)+31)+y—1
=x2—2x4+14+3x—343+y—1=x2+x+y.
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A loop of a matroid M is a circuit of cardinality one.
An isthmus of M is an element that is contained in all the bases.
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A loop of a matroid M is a circuit of cardinality one.
An isthmus of M is an element that is contained in all the bases.

The Tutte polynomial can be expressed recursively as follows

t(M\ e;x,y)+ t(M/e;x,y) if e # isthmus, loop,
t((M;x,y) =< x-t(M\ e; x,y) if e is an isthmus,
y-t(M/e; x,y) if e is a loop.
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Let G = (V, E) be a connected graph. An orientation of G is an
orientation of the edges of G.

We say that the orientation is acyclic if the oriented graph do not
contain an oriented cycle (i.e., a cycle where all its edges are
oriented clockwise or anti-clockwise).
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Let G = (V, E) be a connected graph. An orientation of G is an
orientation of the edges of G.

We say that the orientation is acyclic if the oriented graph do not
contain an oriented cycle (i.e., a cycle where all its edges are
oriented clockwise or anti-clockwise).

Theorem The number of acyclic orientations of G is equals to

t(M(G); 2,0).

J.L. Ramirez Alfonsin IMAG, Université de Montpellier
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Example : There are 6 acyclic orientations of C3

Notice that M(G3) is isomorphic to Us 3.
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Example : There are 6 acyclic orientations of C3

Notice that M(G3) is isomorphic to Us 3.

Since t(Ua3; x,y) = x> + x + y then the number of acyclic
orientations of Gz is t(Us3;2,0) =22+ 2+ 0 = 6.
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Let G = (V, E) be a graph and let \ be a positive integer.
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Let G = (V, E) be a graph and let \ be a positive integer.
A M-coloring of Gisamap ¢: V — {1,...,A}.
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Let G = (V, E) be a graph and let \ be a positive integer.
A M-coloring of Gisamap ¢: V — {1,...,A}.

The coloring is called good if for any edge {u, v} € E(G),
o(u) # ¢(v).
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Let G = (V, E) be a graph and let \ be a positive integer.
A M-coloring of Gisamap ¢: V — {1,...,A}.

The coloring is called good if for any edge {u, v} € E(G),
o(u) # ¢(v).

J.L. Ramirez Alfonsin IMAG, Université de Montpellier
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Let x(G, A) be the number of good A-colorings of G.
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Let x(G, A) be the number of good A-colorings of G.

Theorem (G, \) is a polynomial on A. Moreover
(G, A) = 37 (~1)Xx(6xD
XCE

where w(G[X]) denote the number of connected components of
the subgraph generated by X.

Proof (idea) By using the inclusion-exclusion formula.
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The chromatic polynomial has been introduced by Birkhoff as a
tool to attack the 4-color problem.

Indeed, if for a planar graph G we have x(G,4) > 0 then G admits
a good 4-coloring.

J.L. Ramirez Alfonsin IMAG, Université de Montpellier

Theory of matroids and Tutte polynomial



The chromatic polynomial has been introduced by Birkhoff as a
tool to attack the 4-color problem.

Indeed, if for a planar graph G we have x(G,4) > 0 then G admits
a good 4-coloring.

Theorem If G is a graph with w(G) connected components. Then,

X(G, A) = MO (VIO (M(6); 1 - A, 0).
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The chromatic polynomial has been introduced by Birkhoff as a
tool to attack the 4-color problem.

Indeed, if for a planar graph G we have x(G,4) > 0 then G admits
a good 4-coloring.

Theorem If G is a graph with w(G) connected components. Then,
x(G,\) = X (—)IV(EI=<(C) ¢ (M(G); 1 — A, 0).

Exemple : x(K3,3) = 31(—1)3"1t(K3;1 - 3,0)
=3-1-t(U23;-2,0) =3((-2)>—2+0) =6.
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The theory of Ehrhart focuses in counting the number of points
with integer coordinates lying in a polytope.

J.L. Ramirez Alfonsin IMAG, Université de Montpellier

Theory of matroids and e polynomial



The theory of Ehrhart focuses in counting the number of points
with integer coordinates lying in a polytope.

A polytope is called integer if all its vertices have integer
coordinates.

Ehrhart studied the function ip that counts the number of integer
points in the polytope P dilated by a factor of t

ip: N— N*
t i [tP N ZY
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Theorem (Ehrhart) ip is a polynomial on t of degree d,

ip(t) = cgt? + cg_1t9 L+ -+ at + o.
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Theorem (Ehrhart) ip is a polynomial on t of degree d,

ip(t) = cgt? + cg_1t9 L+ -+ at + o.

e ¢4 is equals to Vol(P) (the volume of P),
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Theorem (Ehrhart) ip is a polynomial on t of degree d,

ip(t) = cgt? + cg_1t9 L+ -+ at + o.

e ¢4 is equals to Vol(P) (the volume of P),
e c4_1 is equals to Vol(O(P)/2) where O(P) is the surface of P,

J.L. Ramirez Alfonsin IMAG, Université de Montpellier

Theory of matroids and Tutte polynomial



Theorem (Ehrhart) ip is a polynomial on t of degree d,

ip(t) = cgt? + cg_1t9 L+ -+ at + o.

e ¢4 is equals to Vol(P) (the volume of P),
e c4_1 is equals to Vol(O(P)/2) where O(P) is the surface of P,

e ¢y = 1 is the Euler’'s characteristic of P.
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Theorem (Ehrhart) ip is a polynomial on t of degree d,

ip(t) = cgt? + cg_1t9 L+ -+ at + o.
e ¢4 is equals to Vol(P) (the volume of P),
e c4_1 is equals to Vol(O(P)/2) where O(P) is the surface of P,
e ¢y = 1 is the Euler’'s characteristic of P.

All others coefficients remain a mystery!'!
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The Minkowski's sum of two sets A and B of R? is

A+B={a+b|acAbe B}
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The Minkowski's sum of two sets A and B of R? is

A+B={a+b|acAbe B}

Let A= {v1,..., vk} be a finite set of elements of RY.

A zonotope generated by A, denoted by Z(A), is a polytope
formed by the Minkowski's sum of line segments

Z(A) = {Ckl + -+ ak\a; € [—V,', V,']}.
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Permutahedron
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A matroid is regular if it is representable over any field.
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A matroid is regular if it is representable over any field.

Theorem Let M be a regular matroid and let A be one of its
representation matrix. Then, the Ehrhart polynomial associated to
the zonotope Z(A) is given by

. . 1
izea(q) = ¢ Mt (M: 1+ 1) :
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Reidemeister moves

\ .
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Bracket polynomial

For any link diagram D define a Laurent polynomial < D > in one
variable A which obeys the following three rules where U denotes
the unknot :

J.L. Ramirez Alfonsin IMAG, Université de Montpellier

Theory of matroids and e polynomial



Bracket polynomial

For any link diagram D define a Laurent polynomial < D > in one
variable A which obeys the following three rules where U denotes
the unknot :

i) <U>:I
i <U+D> — (A% A7) <D>
w X ) =al X o +a"H ()
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Theorem For any link L the bracket polynomial is independent of
the order in which rules (i) — (iii) are applied to the crossings.
Further, it is invariant under the Reidemeister moves Il and Il1

but it is not invariant under Reidemeister move | !!
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Theorem For any link L the bracket polynomial is independent of
the order in which rules (i) — (iii) are applied to the crossings.
Further, it is invariant under the Reidemeister moves Il and Il1

but it is not invariant under Reidemeister move | !!

The writhe of an oriented link diagram D is the sum of the signs
at the crossings of D (denoted by w(D)).
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\ /

J.L. Ramirez Alfonsil IMAG, Université de Montpellier

Theory of matroids and Tutte polynom



Theorem For any link L define the Laurent polynomial

fo(A) = (=A3)“(D) < | >

Then, fp(A) is an invariant of ambient isotopy.
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Theorem For any link L define the Laurent polynomial

fo(A) = (=A3)“(D) < | >

Then, fp(A) is an invariant of ambient isotopy.
Now, define for any link L

Vi(z) = fp(z /%)

where D is any diagram representing L. Then V,(z) is the Jones
polynomial of the oriented link L.
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A link diagram is alternating if the crossings alternate
under-over-under-over ... as the link is traversed.
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A link diagram is alternating if the crossings alternate
under-over-under-over ... as the link is traversed.

A link is alternating if there is an alternating link diagram
representing L.
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A link diagram is alternating if the crossings alternate
under-over-under-over ... as the link is traversed.

A link is alternating if there is an alternating link diagram
representing L.

Theorem (Thistlethwaite 1987) If D is an oriented alternating link
diagram then

Vi(z) = (27 /4O 24(M(6); —2,—2 1)

where G is the graph associated to the knot diagram.
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Code theory

Flow polynomial

Bicycle space of a graph

Statistical mechanics

Arrangements of hyperplanes
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