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A little bit of convexity

Theorem (Helly) Let A be a finite family of at least d + 1 convexes
sets in IRY. If every d + 1 members of A have a common point
then there is acommon point to all members of A.
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A little bit of convexity

Theorem (Helly) Let A be a finite family of at least d + 1 convexes
sets in IRY. If every d + 1 members of A have a common point
then there is acommon point to all members of A.

Is there a Helly-type theorem for
transversal lines in IR%?

That is, does there exist an integer m such that if all membres of a
finite family A of sets in IR? are intersected by a line then there is
a line intersecting all members of A7
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avec m = 5, any subfamily fo 4 convexes have
a transversal line but there is not a transversal line to all 5.
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Counterexample : avec m = 5, any subfamily fo 4 convexes have
a transversal line but there is not a transversal line to all 5.

Theorem (Hadwiger) Let A be a finite family of convexe sets in
IR? pairwise disjoints. If there exists a linear order of A such that
any 3 membres of A are intersected by a line in the given induced
order, then A admit a transversal line.
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Let 8 points in IR3 in general position.
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Let 8 points in IR3 in general position.
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Is there any transversal line to all the tetrahedra?
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NEVER

Transversal line
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Let A be a set of 6 points in IR? in general position. Is
there a transversal line to all the tetrahedra in A7
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Let A be a set of 6 points in IR? in general position. Is
there a transversal line to all the tetrahedra in A7
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Let A be a set of 6 points in IR? in general position. Is
there a transversal line to all the tetrahedra in A7

ALWAYS

Let x € A and let
T, = the set of terahedra containing x,
T, = the set of tetrahedra not containing x.
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Let A be a set of 6 points in IR? in general position. Is
there a transversal line to all the tetrahedra in A7

ALWAYS

Let x € A and let
T, = the set of terahedra containing x,

T, = the set of tetrahedra not containing x.
T> has the

, and therefore, all tetrahedra in 7> have
a commun point, say y.

J. L. Ramirez Alfonsin On Kneser transversals



Let A be a set of 6 points in IR? in general position. Is
there a transversal line to all the tetrahedra in A7

ALWAYS

Let x € A and let
T, = the set of terahedra containing x,
T, = the set of tetrahedra not containing x.

T> has the , and therefore, all tetrahedra in 7> have
a commun point, say y.

The line gong through x and y is the desired transversal.
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Let A be a set of 6 points in IR? in general position. Is
there a transversal line to all the tetrahedra in A7

ALWAYS

Let x € A and let
T, = the set of terahedra containing x,
T, = the set of tetrahedra not containing x.

T> has the , and therefore, all tetrahedra in 7> have
a commun point, say y.

The line gong through x and y is the desired transversal.

Let A be a set of 7 points in IR3 in general position. Is
there a transversal line to all the tetrahedra in A7
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Some times YES and Some times NO
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Let k,d, A > 1 be integers with d > \.

f . .
m(k,d,\) L the largest integer n such that for any set of n points
(no necessarely in general position) in RY, there is a (d — )\)-plane
transversal to the convex hulls of all the k-set points.
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Let k,d, A > 1 be integers with d > \.

f . .
m(k,d,\) L the largest integer n such that for any set of n points
(no necessarely in general position) in RY, there is a (d — )\)-plane
transversal to the convex hulls of all the k-set points.

M(k,d, ) L the smallest integer n such that for any set of

npoints in RY, do not admit a (d — \)-plane transversal to the
convex hulls of all the k-set points.
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o m(k,d,\) < M(k,d,\).
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e m(k,d,\) < M(k,d,\).
e m(4,3,2) =6 and M(4,3,2) =38
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e m(k,d,\) < M(k,d,\).
e m(4,3,2) =6 and M(4,3,2) =38

Theorem (Arocha, Bracho, Montejano, R.A., 2011)

[ d+2(k—=N)+1 ifk>\
M(k7d7)\)_{k+(d>\)+1 if k<.
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Kneser hypergraphs

An hypergraph H is a couple (V,H) where V (vertices) is a finite
set and H (hyperedges) is a collection of subsets of V.
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Kneser hypergraphs

An hypergraph H is a couple (V,H) where V (vertices) is a finite
set and H (hyperedges) is a collection of subsets of V.

The Kneser hypergraph K**1(n, k) is the hypergraph (V,H)
where V is the collection of all k-sets of n and
H={(51,...,5)|2<p<A+1 S5n---nS, =0}
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Kneser hypergraphs

An hypergraph H is a couple (V,H) where V (vertices) is a finite
set and H (hyperedges) is a collection of subsets of V.

The Kneser hypergraph K**1(n, k) is the hypergraph (V,H)
where V is the collection of all k-sets of n and
H={(51,...,5)2<p<A+1, S5n---nNS, =0}

Kneser graphs are obtained when A = 1.
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Kneser graph with n =5, k =2 and A\ = 1 (the well-known
Petersen graph)

(1,2}

{34} {4,5}

15} 2,3}
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A coloring of an hypergraph H is a mapping that assigns colours to
the vertices such that each hyperedge of H is not monochromatic.
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A coloring of an hypergraph H is a mapping that assigns colours to
the vertices such that each hyperedge of H is not monochromatic.

A collection of vertices {S1,...,S,} of K’ 1(n, k) is in the same
if and only if either

a)p<A+land SinN---NS,#0or

b) p> A+ 1 and any (A + 1)-sub-family {S;...., S, ,} of
{S1,...,S,}issuch that 5; N---N S, #0

(that is, they verify the A\-Helly property).
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Theorem (Arocha, Bracho, Montejano, R.A., 2011)
o If x(K*1(n, k)) <d— X+ 1then n < m(k,d,\).
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Theorem (Arocha, Bracho, Montejano, R.A., 2011)
o If x(K*1(n, k)) <d— X+ 1then n < m(k,d,\).
o \(KMY(n,k)) <n—k— [ﬁ + 2.
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Theorem (Arocha, Bracho, Montejano, R.A., 2011)
o If x(K*1(n, k)) <d— X+ 1then n < m(k,d,\).
o \(KMY(n,k)) <n—k— [ﬁ + 2.
od—A+k+[5]-1<m(k,dN).
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Theorem (Arocha, Bracho, Montejano, R.A., 2011)
o If x(K*1(n, k)) <d— X+ 1then n < m(k,d,\).
o \(KMY(n,k)) <n—k— [ﬁ + 2.
od—A+k+[5]-1<m(k,dN).

n—2k+ X sik>A\,
* X(K*"H(n. k) >{ n— 2k si k <.
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Theorem (Arocha, Bracho, Montejano, R.A., 2011)
o If x(K*1(n, k)) <d— X+ 1then n < m(k,d,\).
o \(KMY(n,k)) <n—k— [ﬁ + 2.
od—A+k+[5]-1<m(k,dN).

n—2k+ X sik>A\,
* X(K*"H(n. k) >{ n— 2k si k <.

Theorem (Lovész) x(K?(n, k)) = n— 2k + 2.
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System of lines

A system of lines in IR? is a continuous selection of one line in
each direction.
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System of lines

A system of lines in IR? is a continuous selection of one line in
each direction.
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System of lines

A system of lines in IR? is a continuous selection of one line in
each direction.

£ &

Fact : Two systems of lines in IR? coincide in one direction.
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System of planes

A system of planes in IR3 is a continuous selection of one plane in
each direction.
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System of planes

A system of planes in IR3 is a continuous selection of one plane in
each direction.
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System of planes

A system of planes in IR3 is a continuous selection of one plane in
each direction.

Fait : Three systems of lines in IR® coincide in one direction.
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System of hyperplanes

A system of hyperplanes y consiste of a continuously selection of
an hyperplane in each direction.
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System of hyperplanes

A system of hyperplanes y consiste of a continuously selection of
an hyperplane in each direction.

x can be defined as follows : ¢ : S9! — IR such that for each
x € S971 we have ¢(—x) = —¢(x).
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System of hyperplanes

A system of hyperplanes y consiste of a continuously selection of
an hyperplane in each direction.

x can be defined as follows : ¢ : S9! — IR such that for each

x € S971 we have ¢(—x) = —¢(x).

Indeed, given ¢ it is enough to choose an hyperplane orthogonal to
x going through ¢(x)x.
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System of hyperplanes

Lemma Let x1,...,xq be d systems of hyperplanes in IR?. Then,
there is a direction in which they coincide.
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System of hyperplanes

Lemma Let x1,...,xq be d systems of hyperplanes in IR?. Then,
there is a direction in which they coincide.

Theorem (Borsuk-Ulam) If f : S — IR? is continuos function then
there exists x € S such that f(x) = f(—x).
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System of hyperplanes

Lemma Let x1,...,xq be d systems of hyperplanes in IR?. Then,
there is a direction in which they coincide.

Theorem (Borsuk-Ulam) If f : S — IR? is continuos function then
there exists x € S such that f(x) = f(—x).

Other version (BU) For any antipodal function f : ¢ — IR¢
(f(—x) = —f(x)) there exists a point x € S? such that f(x) = 0.
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System of hyperplanes

Lemma Let x1,...,xq be d systems of hyperplanes in IR?. Then,
there is a direction in which they coincide.

Theorem (Borsuk-Ulam) If f : S — IR? is continuos function then
there exists x € S such that f(x) = f(—x).

Other version (BU) For any antipodal function f : ¢ — IR¢
(f(—x) = —f(x)) there exists a point x € S? such that f(x) = 0.

Theorem (Lovédsz) x(KG(n,k)) =n—2k+2.
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Central Point Theorem

Theorem (Rado) Let X be a set of n points in IRY. Then, there
exists a point x € IRY such that any closed half-space H through x

contains at least [ ;77| points of X
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Central Point Theorem

Theorem (Rado) Let X be a set of n points in IRY. Then, there
exists a point x € IRY such that any closed half-space H through x

contains at least [ ;77| points of X

Theorem (Arocha, Bracho, Montejano, R.A. 2011)

Let X be a set of n points in IRY. Then, there exists a

(d — A)-plane L such that for any closed half-space H containing L
admits at least L%ﬁz)‘j + (d — \) points of X.
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Complete Kneser transversals

Let k,d, A > 1 be integers with d > \.
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Complete Kneser transversals

Let k,d, A > 1 be integers with d > \.

m*(k,d, \) 2 the largest integer n such that for any set of n
points (no necessarely in general position) in RY, there is a

(d — M)-plane transversal to the convex hulls of all the k-set points
and containing (d — \) + 1 points of X (called Complete Kneser
Transversal).
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Complete Kneser transversals

Let k,d, A > 1 be integers with d > \.

m*(k,d, \) 2 the largest integer n such that for any set of n
points (no necessarely in general position) in RY, there is a

(d — M)-plane transversal to the convex hulls of all the k-set points
and containing (d — \) + 1 points of X (called Complete Kneser
Transversal).

We clearly have m*(k,d, \) < m(k,d, \)
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Complete Kneser transversals

Let k,d, A > 1 be integers with d > \.

m*(k, d, )\) " the largest integer n such that for any set of n
points (no necessarely in general position) in RY, there is a
(d — M)-plane transversal to the convex hulls of all the k-set points
and containing (d — \) + 1 points of X (called Complete Kneser
Transversal).
We clearly have m*(k,d, \) < m(k,d, \)
e It turns out that the function m* have two different behavours
according to :

a(d,\) =272 > 1
2

a(d,\) =
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Results on m*

Theorem (Chappelon, Martinez, Montejano, R.A., 2016)
o If a(d,\) < 1then d — A+ 1+ k < m*(k,d,\).
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Results on m*

Theorem (Chappelon, Martinez, Montejano, R.A., 2016)
o If a(d,\) < 1then d — A+ 1+ k < m*(k,d,\).
o If a(d,\) > 1 then m*(k,d,\) =d — \ + 1.
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Results on m*

Theorem (Chappelon, Martinez, Montejano, R.A., 2016)
o If a(d,\) < 1then d — A+ 1+ k < m*(k,d,\).
o If a(d,\) > 1 then m*(k,d,\) =d — \ + 1.

e If a(d,\) < Lthen lim mkdA) — o o(d, \),
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Results on m*

Theorem (Chappelon, Martinez, Montejano, R.A., 2016)
o If a(d,\) < 1then d — A+ 1+ k < m*(k,d,\).
o If a(d,\) > 1 then m*(k,d,\) =d — \ + 1.

e If a(d,\) < Lthen lim mkdA) — o o(d, \),

Corollary If a(d,\) < 1 then m*(k,d,2) < m(k,d,?2) for a large
k and d > 3.
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Est-il vrai que I'existence d'un transversal de Kneser
est invariant du type d'ordre?
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Est-il vrai que I'existence d'un transversal de Kneser
est invariant du type d'ordre?
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Stablité et Instabilité

Un transversal de Kneser est dit stable (resp. instable) si
I'ensemble des points donnés peuvent-étre perturbés (déplacer
chaque point de sa position originale a une distance plus petit que
e > 0) tel que la nouvelle configuration de points admet (s'il y a)
seulement de transversaux complets (resp. n'admet pas de
transversaux complets).
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Codimension 2 et 3

Théoreme (Chappelon, Martinez, Montejano, R.A., 2017)

Soit X = {x1,x2,...x,} un ensemble de n = d + 2(k — \) points
en position générale en RY. On suppose que L est un (d — A)-plan
transversal aux enveloppes convexes de tous les k-ensembles de X
avec A =23 et k> A+2,d>2(\—1). Alors, soit

(1) L est un transversal de Kneser complet (i.e., contenant
d — A+ 1 points de X) ou bien

(2) | LN X |=d—2(A—1) et les autres 2(k — 1) points de X sont
couplés en k — 1 paires de tel sort que L coupe les segments
fermés déterminés par chaque couple.
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Théoreme (Chappelon, Martinez, Montejano, R.A., 2017)

Soit € > 0 et soit X = {x1,...,X,} un ensemble fini de points dans
IRY. On suppose que n=d +2(k —\), k = A >2et A =2,3.
Alors, il existe un ensemble X’ = {x{,...,x,} de points dans IR¢
en position générale tel que | x; — x/ |< €, poutout i=1,...,n, et
avec la propriété que chaque (d — \)-plan transversal aux
enveloppes convexes de tous les k-ensembles de X’ est complet
(i.e., il contient d — A + 1 points de X’).
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Théoreme (Chappelon, Martinez, Montejano, R.A., 2017)

Soit € > 0 et soit X = {x1,...,X,} un ensemble fini de points dans
IRY. On suppose que n=d +2(k —\), k = A >2et A =2,3.
Alors, il existe un ensemble X’ = {x{,...,x,} de points dans IR¢
en position générale tel que | x; — x/ |< €, poutout i=1,...,n, et
avec la propriété que chaque (d — \)-plan transversal aux
enveloppes convexes de tous les k-ensembles de X’ est complet
(i.e., il contient d — A + 1 points de X’).

Théoreme (Chappelon, Martinez, Montejano, R.A., 2017)
Soit A\=2,3, k—A>2etd>2(\A—1). Alors,

m(k,d,\) < d+2(k — \).
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Quelques résultats informatiques

On sait m(4,3,2) =6 et M(4,3,2) =38.
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Quelques résultats informatiques

On sait m(4,3,2) =6 et M(4,3,2) =38.

Qu’en est-il pour I'existence d’une ligne transversal a
tous les tétraedres dans une configuration de 7 points dans IR3?
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Ligne de Kneser complet : déterminé par les matroides orientés
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Ligne de Kneser complet : déterminé par les matroides orientés
Ligne de Kneser : un peu plus compliqué

o

X7

\‘X<
/ X1
X4
X6 ;Z}
X3
X5 Xo
X5
X8
Représentation dans IR3 Projection dans IR?
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Théoreme (Chappelon, Martinez, Montejano, R.A., 2017)
Parmi le 246 types d'ordre différents de 7 points en position
générale dans R3 il y a :

A = 124 admettant une ligne de Kneser complet a tous les
tétraédres

B = 124 admettant une représentation pour laquelle il existe une
ligne de Kneser non-complet a tous les tétraédres
Ona|ANB|=46,|A\B|=|B\ Al =78cet |AU B| = 44. Par
ailleur, pour chacun de 78 type d'ordre de B\ A il existe une
représentation pour laquelle il n'y a pas une ligne transversale de
Kneser.
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