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Stamp problem

Given n stamps of values aj, ..., a, (with unlimited supply), what
is the largest integer above which any total can be achieved by
sticking the right combination of stamps in an envelope ?
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Stamp problem

Given n stamps of values aj, ..., a, (with unlimited supply), what
is the largest integer above which any total can be achieved by
sticking the right combination of stamps in an envelope ?
Example : Two stamps of 4¢ and 5¢
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Stamp problem

Given n stamps of values aj, ..., a, (with unlimited supply), what
is the largest integer above which any total can be achieved by
sticking the right combination of stamps in an envelope ?

: Two stamps of 4¢ and 5¢
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Frobenius variant

Let a1,...,a, be relatively prime positive integers and let

n
S={(a,...,an) = Zx,-a,-|x,-€N
i=1

semigroup generated by a1, ..., an.
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Frobenius variant

Let a1,...,a, be relatively prime positive integers and let

n
S={(a,...,an) = Zx,-a,-|x,-€N
i=1

semigroup generated by a1, ..., an.
Frobenius number g(S) : the largest positive integer not belonging
to S.
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Frobenius variant

Let ai,...,a, be relatively prime positive integers and let

n
5:<a1,...,a,,): ZX,‘Q,‘|X,'EN
i=1

semigroup generated by ai,..., an.
Frobenius number g(S) : the largest positive integer not
belonging to S.
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Frobenius variant

Let a1,...,an be relatively prime positive integers.

n
S:<al,...,a,,): ZX,‘Q,"X,’EN
i=1

semigroup generated by ap, ..., a,
Frobenius number g(S) : the largest positive integer not
belonging to S.

J.L. Ramirez Alfonsin Université de Montpellier

On perfect squares and primes in numerical semigroups



P-type function

Let P be any (arithmetical, number theory) property.

Fr(S) := the largest integer having property P not belonging to S.
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P-type function

Let P be any (arithmetical, number theory) property.

Fr(S) := the largest integer having property P not belonging to S.

P: Triangular Fibonacci Prime
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Perfect square

Lt

What can we say about the square Frobenius number 2r(S)?
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Perfect square

What can we say about the square Frobenius number 2r(S)?

e Upper bounds for 2r(S,) where S, is arithmetic progression, i.e.,
Sp=(a,a+d,a+2d,...,a+ kd)

e Some exact values for S = (a, b)
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Arithmetic progression

Lemma Let M be a non-negative integer and let x and y be the
unique integers such that M = ax+dy, with 0 <y < a—1. Then,

M € S if and only if y < kx (with x > 0).
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Arithmetic progression

Lemma Let M be a non-negative integer and let x and y be the
unique integers such that M = ax+dy, with 0 <y < a—1. Then,

M € S if and only if y < kx (with x > 0).

Proposition (key) Let i be an integer. Let \; be the unique integer
in {0,...,d — 1} such that \;a+ i =0 (mod d). Then,

-2 i
(a—i)? € Sa if and only if (i+kd)? < (Q';“J + k) d— A,-) (a+kd).
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Arithmetic progression

Theorem (Chappelon+R.A. 2022) Let d > 3 and a + kd > 4kd°.
Let {a1 <--- < ap} €{0,...,d — 1} such that

Aoy = A* = 012X {\i}.
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Arithmetic progression

Theorem (Chappelon+R.A. 2022) Let d > 3 and a + kd > 4kd>.
Let {a1 <--- < ap} €{0,...,d — 1} such that
Aa; = A" = max {A;}. Then,
0<i<d-1
2r(Sa) < (a = ((u — k)d + aj1))* = h(a, d, k)

where (ud + ;)% < (kd — X\*)(a + kd) < (pd + aji1)?.
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Arithmetic progression

Theorem (Chappelon+R.A. 2022) Let d > 3 and a + kd > 4kd°.
Let {a1 <--- < ap} €{0,...,d — 1} such that

Aoy = A* = ogr&ajq {Ai}. Then,

2r(Sa) < (a— ((n— k)d + js1))* = h(a, d, k)

where (ud + ;)% < (kd — X\*)(a + kd) < (pd + aji1)?.
We believe that the upper bound h(a, d, k) is actually an equality.
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Arithmetic progression

Theorem (Chappelon+R.A. 2022) Let d > 3 and a + kd > 4kd>.
Let {a1 <--- < ap} €{0,...,d — 1} such that
Aa; = A" = max {A;}. Then,
0<i<d-1
2r(Sa) < (a = ((u — k)d + aj1))* = h(a, d, k)

where (ud + ;)% < (kd — X\*)(a + kd) < (pd + aji1)?.
We believe that the upper bound h(a, d, k) is actually an equality.

Corollay (k = 1) Let d >3 and a+ d > 4d>. Then,
2r(a,a+d) = h(a,d,1).
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For (a,a + 3)

Theorem (Chappelon+R.A. 2022) Let a > 2 be an integer not
divisible by 3. Then,

<(3b+2)%, a=1mod3,

(a— (3b—1))% if either 3b+1)> < a+
2 < (a+3)<(3b+2)2a,2mod3

or (3b+1)
2r(a,a+3) =
<(3b+4)?, a=1mod3,

(a— (3b+1))? ifeither 3b+2)? < a+
2<2(a 3) < (3b+4)%,a=2mod 3.

or (3b+2)
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For (a,a+ 4)

Theorem (Chappelon+R.A. 2022) Let a > 3 be an odd integer not
divisible by 4. Then,

(a— (4b—1))% ifeither (4b+1)2<a+4< (4b+3)?, a=1mod4,
or (4b+1)?2<3(a+4) < (4b+3)% a=3mod 4,
2r(a, a+4) =
(a— (4b+1))?> if either (4b + 3)?
or (4b+ 3)?

<a+4<(4b+5)?, a=1mod4,
<3(a 4)<(4b+5),a£3mod4.
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For (a,a+ 5)

Theorem (Chappelon+R.A. 2022) Let a > 2 be an integer not
divisible by 5. Then,

1 ifa=2or4,
102 if a =13,
(a—6)2 if a =27 or 32,

(a— (5b—2))% if either (5b+2)> < a+5< (5b+3)%, a=4modb5,
or (5b+2)2<2(a+5)<(5b+3)% a=2modS5,

2 (a, at5) (a—(5b—1))? if either (5b+1)> < a+5< (5b+4)?, a=1mod5,

’ - or (5b+1)?><2(a+5)< (5b+4)% a=3mod5,a+# 13,
(a— (5b+1))% if either (5b+4)> < a+5< (5b+6)>, a=1modS5,
or (5b+4)?2 <2(a+5)<(5b+6)% a=3modS5,

(a—(5b+12))? ifeither (5b+3)2 < a+5<(56+7)%,a=4mod5,a+#4,
or (5b+3)2<2(a+5)<(5b+7)% a=2mod5,a # 2,27,32.
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For (a,a+ 1) and (a,a+ 2)

Theorem (Chappelon+R.A. 2022) Let a be a positive integer such
that b2 < a< a+1 < (b+ 1)? for some integer b > 1. Then,

2r(a,a+1) = (a— b)2

Theorem (Chappelon+R.A. 2022) Let a > 3 be an odd integer
such that (2b+1)? < a < a+ 2 < (2b + 3)? for some integer
b > 1. Then,

2r(a,a+2) = (a— (2b+1))%
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Unexpected connection with V2

Let (up)n>1 be the recursive sequence : vy = 1,u0 =2, u3 = 3,
Upp = U2p—1 + U2p—2 and wapp1 = top + U2p—2 forall n>2.
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Unexpected connection with V2

Let (up)n>1 be the recursive sequence : vy = 1,u0 =2, u3 = 3,
Upp = U2p—1 + U2p—2 and wapp1 = top + U2p—2 forall n>2.
This sequence appears in different contexts

Example :

This sequence corresponds to the denominators of Farey fraction
approximations to v/2 where the fractions are

12347 10 17 24
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Conjecture (Chappelon+R.A. 2022) If a = b? for some integer b > 1 then

(a - {bﬁDQ if b¢ U {Uant1, vany2},

n>0
2r(a,a+1) =

(a — {b\/gJ)Q if be U {uant1, Uans2} -

n>0

If a4+ 1 = b2 for some integer b > 1 then

(a- {b\/EJ)Q if b | {uan—1,uan},

n>1

’r(a,a+1) = (a— {bﬂJ)z if be U {Usan, Uany3},

n>1

22 if b=u3 =3.
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Conjecture (Chappelon+R.A. 2022) If a = b? for some integer b > 1 then

(a - {bﬁDQ if b¢ U {Uant1, vany2},

2r(a,a+1) = e
(a — {b\/gJ)Q if be U {uant1, Uans2} -

n>0

If a4+ 1 = b2 for some integer b > 1 then

(a- {b\/EJ)Q if b | {uan—1,uan},
n>1

’r(a,a+1) = (a— {bﬂJ)z if be U {Usan, Uany3},

n>1

22 if b=u3 =3.

o Verified by computer for all integers a > 2 up to 10°.
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Conjecture (Chappelon+R.A. 2022) If a = b? for some integer b > 1 then

(a - {bﬁDQ if b¢ U {Uant1, vany2},

n>0
2r(a,a+1) =

(a — {b\/gJ)Q if be U {uant1, Uans2} -

n>0

If a4+ 1 = b2 for some integer b > 1 then

(a- {b\/EJ)Q if b | {uan—1,uan},
n>1

’r(a,a+1) = (a— {bﬂJ)z if be U {Usan, Uany3},

n>1
22 if b=uz =3.
o Verified by computer for all integers a > 2 up to 10°.

e Recently D.S. Binner has made a connections between this conjecture and

Pell equations of the form x? — 2y = 1.
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Natural related question

Let us consider the following function

pr(S) := the smallest integer having property P belonging to S.
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Natural related question

Let us consider the following function

pr(S) := the smallest integer having property P belonging to S.
Notice : pr(S) can be thought of as a kind of P-multiplicity of S.
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Natural related question

Let us consider the following function

pr(S) := the smallest integer having property P belonging to S.
Notice : pr(S) can be thought of as a kind of P-multiplicity of S.

Problem : Investigate pr(S) for different properties P.
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Natural related question

Let us consider the following function
pr(S) := the smallest integer having property P belonging to S.

Notice : pr(S) can be thought of as a kind of P-multiplicity of S.
Problem : Investigate pr(S) for different properties P.
A first (natural) easier step would be the following

Question : Is there an integer verifying property P belonging to S
smaller than g(5)?
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Prime numbers

282,589,933 _ 1 |argest known prime

number (as of May 2022)
having 24,862,048 digits
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Prime numbers

282,589,933 _ 1 |argest known prime

number (as of May 2022)
having 24,862,048 digits

Question : Is there always a prime number p belonging to S with
p<g(S)7?
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Primes in (a, b)

Let 75 = |{p prime | p € S, p < g(5)}!.
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Primes in (a, b)

Let 75 = |{p prime | p € S, p < g(5)}!.

Theorem (R.A. + Skatba 2020) Let 3 < a < b be two relatively
prime integers. Then, for any fixed € > 0 there exists C(¢) > 0

such that
g(a, b)

Tab) > () iogle(a, b))

for ab sufficiently large.
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Idea of the proof

The proof combine :
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Idea of the proof

The proof combine :
e Symmetry of (a,b) : s € (a, b) if and only if g((a, b)) —s & (a, b)
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Idea of the proof

The proof combine :
e Symmetry of (a,b) : s € (a, b) if and only if g((a, b)) —s & (a, b)

e Prime number theorem : m(x) ~

log x
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Idea of the proof

The proof combine :
e Symmetry of (a,b) : s € (a, b) if and only if g((a, b)) —s & (a, b)
e Prime number theorem : m(x) ~

log x
e Siegel-Walfisz theorem : to approximate the number of primes p
such that p = b (mod a).
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Idea of the proof

The proof combine :
e Symmetry of (a,b) : s € (a, b) if and only if g((a, b)) —s & (a, b)

e Prime number theorem : m(x) ~

log x
e Siegel-Walfisz theorem : to approximate the number of primes p
such that p = b (mod a).

1 g(ab) qy
/ LR
e(a) Jb log u

where ¢ is the Euler totient function and

R| < D/(E)W uniformly in [a, ..., g(a, b)].
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Inocent conjecture

Example

(5,7) = {0, = |8 10,12, 14,15, B4
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Inocent conjecture

Example

—
i
d

= 20,21,22,24, —}
/I\
g((5,7)) =23
m(23) =8
A number of computer experiments lead us to the following.

(& t& 5
(5,7) = {0, = |8 10,12, 14,15, B4
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Inocent conjecture

Example

(5,7) = {0, = |8 10,12, 14,15, B4

,20,21,22,24, —}
1)
g((5,7)) =23
m(23) =8
A number of computer experiments lead us to the following.
Conjecture (R.A. + Skatba 2020) Let 2 < a < b be two relatively
prime integers. Then,
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GRAZLE MILLE I
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