STRONG GEOMETRY: KNOTS

BAPTISTE GROS' AND JORGE L. RAMIREZ ALFONSIN

ABSTRACT. In this paper, we introduce the notion of strong geometry, a structure composed by
both the chirotope of a set of points X in the d-dimensional space and the wedge chirotope which
is the specific adjoint chirotope induced by the hyperplanes spanned by X. We present various
properties relating these two chirotopes, for instance, by introducing the witness chirotope, we are
able to give a formula expressing the wedge chirotope in terms of the usual chirotope. With this on
hand, we answer positively a strong geometry version of a question due to M. Las Vergnas about
reconstructing polygonal knots via chirotopes. Moreover, we also show that linear spatial graphs
are determined by their corresponding strong geometries.

1. INTRODUCTION

Many problems in discrete and convex geometry are based on finite sets of points in the Euclidean
space. The combinatorial properties of the underlying point set, rather than its metric properties,
are enough to solve a large number of such problems. The codification of the ‘combinatorial prop-
erties’ of a point set usually refers to a natural associated notion called chirotope (initially known
as combinatorial geometry, with other equivalent names including order type [12| and, in our case,
oriented matroid). The chirotope captures the relative positions of small tuples of points without
taking distances into account [4]. In the affine plane, one such piece of information we can formulate
in terms of chirotopes is the intersection properties of the segments spanned by the initial points.
However, even though the chirotope tells us which segments intersect, it does not give any infor-
mation about the relative positions of those intersection (say with respect to the spanned lines).
The knowledge of the latter might play a key role in the study of certain geometric problems. For
instance, Figure 1 illustrates two hexagons having the same chirotope induced by their vertices
(they both have the same set of circuits or equivalently set of minimal Radon partitions). However,
in the hexagon on the left the lines joining opposite vertices intersect at point p while they do not
on the right one.

FIGURE 1. (Left) A regular hexagon where point p (in gray) is the intersection of
lines joining opposite vertices. (Right) The same regular hexagon in which a vertex
(in white) has been slightly moved to the right. The lines joining opposite vertices
form a triangle (in gray).
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It turns out that p is a 0-transversal to the convex hull of the 4-sets (that is, p intersects all 4-sets
formed by the vertices). It can be easily checked that the hexagon on the right does not admit a
O-transversal. In fact, such discrete transversal is not necessarily an invariant of the order type, see
[6]. This is a typical situation in which the knowledge of the position of the intersection of two lines,
with respect with the other spanned lines, is helpful (in this case for a transversality-type problem).

Let X be a vector configuration of R% d > 3. We introduce the notion of strong geometry
SGeomy;, (X) associated to X. This structure is composed of both the usual linear M, ;,(X) and the
wedge Myedge(X') chirotopes associated to X. The wedge chirotope is a specific adjoint chirotope
of My;in(X) associated to X arising from the spanning vector configuration consisting of exactly
one non-zero vector orthogonal to each hyperplane in R? that is spanned by a subset of X, see 8,
Section 3| (this canonical construction will be treated in detail below). This adjoint lives in the
same dimension, but typically it has many more vectors than the original configuration. It is known
that every rank 3 oriented matroid has an adjoint [11, 9, 13| but not every oriented matroid has
one, for instance, the Vamos matroid has no oriented adjoint [3]. Although a realizable oriented
matroid M always admits an adjoint, the latter is not uniquely determined by M, it depends on
the particular vector configuration representing M (see below). We refer the reader to [1, 7] and [4,
Section 5.3] for further discussions on adjoints for general oriented matroids.

Strong geometries give helpful information, for instance, they encode nicely the combinatorics of
the cells of the arrangement of the hyperplanes spanned by a set of points. In Section 6, we discuss
different contexts closely connected to strong geometries.

In the Section 3, we treat in detail wedge chirotopes. In rank 3, that is, in the affine plane,
we give a formula expressing the wedge chirotope in terms of the usual chirotope for some specific
given configuration (see Eq. (3) and Proposition 1). Our approach allows us to get a ‘dimension
reduction’ formula for any dimension. More precisely, we show that the chirotope of Mwedge(X)
determines the chirotope of Mag(X) up to orientation depending on the parity of the dimension
(see Theorem 2 and Corollary 4). In order to show the latter, we introduce the witness chirotopes
which play a central role for our purpose.

We then focus our attention on the study of a first topological application of strong geometries
in connection with geometric knots. A knot is an embeddings of S' into R? up to ambiant isotopy.
In order to avoid pathologies, it is common to study tame knots, in particular, polygonal knots,
that is, closed, piecewise linear loops in R? with no self-intersections. Not much is known about the
interplay between the classic setting and geometric knots, which are polygonal knots with a fixed
number of segments of variable length. Geometric knots are more rigid than smooth knots and
are better suited to describe macromolecules (such as DNA) in polymer chemistry and molecular
biology, but also far more resistant to investigation.

Let X = (z0,...,2n_1) be a n-tuple of points in R? in general position. Let Kx be the polygonal
knot defined by the segments [z;,z;+1] (addition (mod n)). Michel Las Vergnas [18] has put
forward the following

Question 1. Let X = (xg,...,2n_1) be a n-tuple of points in R3 in general position. Is it true that
Kx only depends on the chirotope induced by xg, ..., Tp-1 ¢

By considering the affine version of strong geometries arising from a set of points X in the space,
we are able to give a positive answer to a strong geometry version of Las Vergnas’ question, in
Section 5. More conveniently, the result is stated in the following equivalent way.

Theorem 1. Let X = (xg,...,2n-1) and X' = (z{,...,2!_1) be two n-tuples of points in R® in
general position. Let SGeomag(X) and SGeomag(X') be the strong geometries associated to X and
X' respectively. If SGeomag(X) is isomorphic to SGeomag (X') then Kx is isotopic to Kxr.
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Since the chirotope of Myyedge(X) determines the chirotope of Miin(X) in dimension 4 (see
Corollary 3) then the following result is a straightforward consequence of Theorem 1.

Corollary 1. Let X = (x0,...,75-1) and X' = (x,...,2!_) be two n-tuples of points in R? in

»Fn—1

general position. If Medge(X) is isomorphic to Mwedge(X') then Kx is isotopic Kx.

In order to obtain Theorem 1, we prove that knotoids are determined by their Gauss diagram (see
Lemma 3). The arguments for the latter are extended to show that graphoids are also determined
by their Gauss diagram (see Lemma 4). This allows us to show, in Section 4, that linear spatial
graphs are determined by their corresponding strong geometries as well (see Theorem 3).

2. ORIENTED MATROID PRELIMINARIES

For general background in oriented matroid theory we refer the reader to the book [4]. An
oriented matroid M = (E,x) of rank r is a finite set E = {1,...,n} together with a function
x:E" = {-1,0,1}, called chirotope verifying the following conditions

(CHO) x is not always zero,

(CH1) x is alternating, that is, for all {i1,...,i,} c F and all 0 € &,., we have

X(io(l)a s 7@7(7‘)) = E(O—)X(ilv R >iT)7
(CH3) for all {iy,...,ir},{j1,---,Jr} € E such that

Xk 02,y 0o )X (s oo s Jhm1501, Jht1s - -5 Jr) 20
for all k£, then
X(il,. . .,ir)x(jl,.. .,jr) > O

Let 1 < d < n be integers. To each configuration of vectors X = (x1,...,%x,) € (RY)", we may
associate an oriented matroid M = (FE,x) of rank d by taking

X(il, e ,id) = A(Xil, ... 7Xid) € {—1,0, 1}
where A = sign o det, that is, the sign of the determinant.
M is called linear or vectorial and it is denoted by M;,(X).

We may also associate an oriented matroid M = (E,x) of rank r(M) = d+ 1 to a configuration
of points X = {z1,...,2,} in the affine space R? by taking

X(il,...,id)ZA( ! 1 )

xll cee J:'Zd
M is called affine and it is denoted by Mag(X).

We notice that we can pass from affine to linear matroids by considering the inclusion
in: R~ {1} x R? c R4,

We may thus write x instead of x to distinguish vectors from points. From now on, when we refer
RY as affine space, we mean that it is included in R**! as {1} x R%.

Let us recall that a set P = {p1,...,pn} of n > d+2 points in R? always admits a Radon partition,
that is, a partition P = Au B such that conv({p; | pi € A}) nconv({p; | pi € B}) + @. It is known
that a circuit C' = C* uC~ of an affine oriented matroid associated to a set of points {y1,...,yn}
corresponds to a minimal Radon partition, that is, conv({y; | i € C*}) nconv({y; | i € C™}) + @.
If (x1,...,2441) is generic then a Radon partition of {x1,..., 242} admits both z4,1 and x40 in
either A or B if and only if x(z1,...,2q,411) = —x(21,- .., 24, Tg+2). Therefore, Radon’s partitions
can be recovered from the chirotope.
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3. WEDGE MATROIDS

We shall first discuss the construction of wedge oriented matroids for d = 2 for a better compre-
hension. We then treat the general case d > 3.

3.1. Planar case. Let X be a set of points in R?. As mentioned above, strong geometries intend to
capture more geometric information than ordinary chirotopes, specifically, the relative positions of
triples of lines generated by points in X. As explained above, it will be more convenient to consider
X as included in R3. Since we are only interested in computing signs of multi-linear expressions
then we do not worry about the norm of the vectors in R3. Therefore, the points in X will be
associated to vectors living in R?/(R,) which is S u {0}.

Let = and y be two points in the affine space R? c R3. Let lzy be the equator arising from the
intersection of the (oriented) plane h, , spanned by x and y and S?. Let x and y be the vectors on

L,y arising from intersection of S and the line segments [0,z] and [0, y] respectively. Equator I,
is oriented from x to y, see Figure 2.

FiGURE 2. Unit vectors associated to points in the plane.

If we write A for the image of x in R3/(R,) then the equator I, , is parametrized by its normal
positive vector given by the product x Ay. In the degenerate case, we consider the 0 vector to be
the equator between two equal or antipodal points, see Figure 3.

FIGURE 3

Remark 1. Let | be an oriented equator of S* with positive normal vector v; and let I (resp. 17)
be the positive (resp. negative) half-sphere delimited by l. Let p be a vector in S?. Then,

" if (vi,p) >0,
pes I if (v;,p) <0,
I if (vi,p)=0.
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where (u,v) denotes the scalar product of vectors u and v.

C . 1 1 1 .
Let x,y and z be points in the affine space. We commonly interpret A ((:c y z)) as indicating

whether z lies on the positive or negative half-space delimited by the line from z to y. Similarly,
this sign is also given by either
(1) A(x,y,z) =sign({x Ay, z)),
or the sign of the half-sphere delimited by the equator from x to y that contains z

These observations serve as a guideline for a natural definition of the combinatorics of a tuple
of oriented equators. Indeed, in affine geometry there are numerous ways that three oriented lines

may met, see Figure 4 while generic triplets of oriented equators can only be of two combinatorial
types, see Figure 5.

L Lo Lol Lo h Lo 121
3
) )
I I

FIGURE 4. Some of the non-isotopic triplets of oriented lines.

FIGURE 5. Positive and negative triplets of equators.

Let 1 and Iy be two equators and let vi and vy be the normal vectors of the corresponding
hyperplanes supporting [y and Iy respectively. If I} and ls are colinear, i.e. equal or opposite, then
the sign associated to any triple (I1,12,1) is always 0. Otherwise, they meet at two antipodal points
p and —p, in this case, vi A vy is one of these points, we call it positive intersection, see Figure 6.

FIGURE 6

We thus have that a third equator I3 admits either p or —p on its positive half-sphere (the other
in the negative half-sphere). Analogously to the dual case above (1), we define the sign associated

to a triple of equators I1,ly and I3 as
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(2) sign(l1,12,13) = sign({vy A va,Vv3)).
This leads us to define a chirotope xa on the set of equators by

xa (i, j, k) = sign(ls, 1, ).
We call xp a wedge chirotope.
Note that if l; = x; Ay4, Ij =x; Ay; and [, = X; Ay, then we also have

(3) xa (s k) = A((%i A ) A (%5 A Y5), %%, V).

3.2. General setting. We shall generalize the wedge chirotope to higher dimensions. To this end,
we use the natural generalization of the cross product to higher dimension.

Let d > 2 and let X = (x1,...,%q) be a d-tuple of vectors in R¥?! (or in S%). If the family
(x1,...,%q) is independent then we define a(X) to be the (norm 1) (d + 1)-dimensional vector
orthogonal to all x;’s (i.e., orthogonal to the hyperplane h(X) spanned by the x;’s) and such that
det(x1,...,%xg, (X)) >0. We call a(X) an hyperplane-vector. If (x1,...,x4 is dependent then we
set a(X) =0 (in this case the hyperplane vector is degenerate).

Let H = {h(I) | I e [n]d}. We may also suppose that the elements in H are ordered, that is, if
hi =h(I) and h;j = h(J) then h; < h; if I < J (in lexicographic order).
Let A(X) be the family of all hyperplane-vectors, that is,

AX) = (a(XD),

For short, we may write A(X) = (a(I))I -

We define the wedge oriented matroid, denoted by Medge (X ), as the oriented matroid My, (A(X)),
that is, the (d+1)-rank oriented matroid with base set [n]¢ and with chirotope function x4 verifying

XA(Ila ceny Id+1) = A(a([l), ooy a([d+1))
for Iy, ..., Iy € [n]2
Similarly as in the 2-dimensional case (i.e., rank 3), in the same flavor as Equation (3), we have
the following result which is a straight consequence of the definition of a.

Lemma 1. Let X1,...,X4,Y be (d+1) d-tuples of vectors in R? and let Y = (y1,...,yq). Then,

A(a(Xl),...,a(Xd),a(Y)) = sign ({a(a(X1),...,a(Xg)), a(Y)))
- A(a(a(Xl), (X)), ¥, ,yd)).

We define the strong geometry associated to X, denoted by SGeomy;,(X), as the structure com-
posed by the couple (M in(X), Mwedge(X)). We may also consider the affine version SGeomag (X) =
(Magr(X), Mwedge(in(X))). Strong geometry will determine helpful complementary geometric in-
formation on the set X. Moreover, the chirotopes x and yp are closely related as it is highlighted
in the following two propositions.

Proposition 1. Let P = {p,,py, Pe, Pz, Py} be points in the affine space R? ¢ R3. Let hy, hy and
hs be the planes spanned by the couples of 3-dimensional vectors Iy = (Pa,Pb),I2 = (Pa,Pc) and
I3 = (pg, Py) respectively. Recall that a(11) = pa A Py, a(12) = Pa APe and a(I3) = py Apy. Then,

(4) XA(117[27I3) =x(a,b,c)x(a,:v,y).
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Proof. If x(a,b,c) = 0 then the equality (4) can be easily checked. Let us thus suppose that
x(a,b,c) 0, that is, pg,pp and p. are points in generic position. Since p, is in both I3 = p, A py
and [y = pg A P, then the positive intersection of equators I and ls is either p, if x(a,b,c) = +1 or
—pa if x(a,b,¢) = -1 (if x(a,b,c) = 0 then p, A pp and p, A pe are colinear). This is due to the fact
there is only one isotopy class of positive triples of vectors.

We have that (4) can be thus stated as

(Pa A Pb) A (Pa A Pe) = X(a,b,¢) Pa-
Combining this equality with

Xa(ly, Iz, Is) = sign(((pa APb) A (Pa A Pe); (Pa Apy)>)
the desired equality follows, see Figure 7. O

FIGURE 7. A visual explanation of Proposition 1 in the affine setting.

A consequence of Proposition 1 is the following

Corollary 2. Let X and X' be two n-tuples in R>. If Myedge(X) is isomorphic to Medge(X')
then the chirotopes of Myn(X) and Myin(X') are either equal or opposite.

Proof. Suppose that X, X’ have the same wedge chirotope. By applying Proposition 1 to (z,y) =
(b, c), we obtain that X and X’ agree on triples having sign equal to 0.

Now, again according to Proposition 1, X and X' agree on whether two bases sharing some
element have equal or opposite orientations. This implies that they also agree for any pair of bases
(zi), Tiy, xiy) and (wiy, T4y, T4 ), since, according to the matroid basis exchange property, we can
pass from (i, i, Tiy) to (i, i, ig) through(z;,, xi,,xy) for some k € {i4,i5,i6}. This shows
that the chirotopes are either equal or opposite. ]

We notice that, conversely, two opposite configurations have the same wedge chirotope.
We shall extend Proposition 1 to affine space R3. To this end, we introduce the witness chirotope
but, before doing so, let us first briefly discuss our motivation behind this new structure.

The main issue is that, instead of studying knots through their diagrams (orthogonal projec-
tions in the plane), we rather consider a projection of the knot radially to a sphere, say with
center w. Therefore, given x1,...,z, € R?, we are interested in the linear geometry of the x; —
W,...,Tn —w € R (notice that the rank decreases by one). In this setting, the most relevant
piece of information in the knot sphere diagram will be given by the strong geometry of such
configuration (that is, a strong geometry witnessed by w). As we will see in Proposition ??, the
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latter is induced by the strong geometry of the initial configuration since affine oriented hyper-
planes a(w, x1,y1), @(w,X2,y2), a(w,X3,y3) meet either positively or negatively at w depending on
whether w sees the oriented lines (x1,y1), (X2,y2), (Xx3,y3) as a positive or negative triple. Notice
that Proposition 1 is the rewording of the preceding remark in lower rank, although the strong
geometry is hidden by the fact that, in rank 2, it is the same as the usual chirotope.

The above discussion naturally leads us to define the witness chirotope as follows. Let w,x1,..., Ty,
be a configuration of points in affine space R?, we note ¥, the linear chirotope of the vector
configuration (z; — w);c[n]- Of course, since

1 1 ... 1 1 0 e 0
= =z —w, .., m, —w),
W Ty ... Ty W Ty W ... TG, —W
then x,(...,") = x(w,,...,"), see figure 8.
. X, o Xy Xy W XyW
s w . °x, ® X5 o vx4_w X5-W
6 xﬁ—"t'

FIGURE 8. (Left) Affine oriented matroid of rank 3 associated to points w, x1, ..., Zs.
(Right) Witness oriented matroid of rank 2 associated to vectors x; —w,...,X¢ —w.

Since we want to study ‘witnessed strong geometry’, it is also natural to define x,, » on (z;) € (R%)"
as the rank d, linear wedge chirotope of (2; — w);c[n] -

In order to present clearer and more proper proofs, it is convenient to have a second approach
for the definition of a ‘witness chirotope’, this time starting and ending in a linear space and, of
course, coinciding with the above definition.

Since  — x — w simply acts on {1} x R? as the projection on {0} x R? with kernel < w >, the
most obvious replacement is the orthogonal projection m,: on w*. In order to be consistent with
the previous definition, we orient w' such that positive bases of w* are the (by,...,bs_1) such that
(w,b1,...,b4-1) is a positive basis of R?. We thus have that the linear equivalent of the above
definition can be obtained by setting the witnessed strong geometry of X witnessed by w as the
strong geometry of m,i (X) (in w' ~ R,

Although both definitions seem to be the most natural ones, it is not immediate to convince
one-self that they coincide. Indeed, if all the w,z; live in {1} x R3, then the map z + 2 — w acts on
the x; as the projection on {0} x R? with kernel w, which is not necessarily the orthogonal projection
(unless w = e; of course)

Let us check that both projections of the point configurations do have the same strong geometry.
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Lemma 2. Let Hy, Ho be two hyperplanes of R% not containing w # 0, and let w1, 7o the projections
with kernel < w > and respective images Hi, Hy. Suppose further that the H; are oriented such that
a positive base (by,...,bg_1) of H; induces a positive base (w,by,...,bg_1) of RL. Then for any
X e (RHY", 711(X) and m2(X) have the same strong geometry.

Proof. We first notice that the 7;(X) only differ by a positive isomorphism. Indeed the composition
H; > R? — H, of the canonical inclusion and the projection my is a linear map between vector spaces
of same dimensions, with trivial kernel, that is, an isomorphism. It also sends a basis (b1,...,b4-1)
to some (by — Mw,...,bg_1 — Ag_1w), and since |w, by — Mw, ..., bg_1 — A\g_1w| = |w, b1, ..., bg_1|, it is
a positive isomorphism. We claim that a positive isomorphism preserve the strong geometry.

Firstly, notice that for a family (h;);c; of hyperplanes and (v;);es its family of normal vectors, a
vector v is orthogonal to all v; if and only if it belongs to all h;. But a ((d—1) x (d—-2))-tuple (z; ;)

verifies A(a(zlyl, e X1, d-2)s e 0T 1, - - ’:Ed_Ld_Q)) =0 if and only if the a(z;1,...,x;4-2) are
linearly dependent, or equivalently, if there is a non-zero vector orthogonal to all of them. Therefore,
A(a(ml,l, e @1, d-2)s e 0(Tgo 1, - - .,xd_l’d_g)) = 0 if and only if dim (ﬂi <Tidse s Tid-2 >) + 0.
Now acting on the x;; by isomorphism does not change this dimension, therefore

A(Oé(wu, e T1d-2)s e U(Tdo1,1 - ,wd—l,d—2)) =0

if and only if
A(a(@(@11), -, 8(@1,42)); - (D(a11), -, $(Ta1,42))) =0
for any isomorphism ¢.

Take now a positive isomorphism ¢. Since the group of positive isomorphisms is path connected,
we have a continuous path ¢, of (positive) isomorphisms such that ¢g = id, ¢1 = ¢. If we had, say

A(a(a:l,l, e ,.Tl’d_g), Ce ,a(ﬂsd_m, e ,xd—l,d—Q)) >0
and
A(Oé(<15(551,1)7 vy B(@1,4-2)), - a(d(Td-1,1), - v¢($d—1,d—2))) <0
on some (z;;), then there would be some ¢ € (0,1) such that
A(04(<75t(331,1), s Ot(T1a-2)), - (Dt (Ta-1,1), - -7¢t($d—1,d—2))) <0,
but, we just saw that this cannot happen. Hence,
A(a(xl,l, ces®1d-2)y s (Tao1 g, 71'd—1,d—2)) = A(Oé(éb(xl,l), v d(T1,a-2))s - (@(Ta-1,1), - ~7¢($d—1,d—2)))-
Implying that positive isomorphisms preserve the strong geometry, as desired. ([l

We have thus checked that the natural definition of witnessed strong geometry from affine space
to linear space coincides with the definition from linear space to linear space. A rigorous formulation
of the latter is given by the following generalized version of Proposition 1.

Theorem 2. Let w,211,...,21,4-2,-+,Td-1,d-2,Y1,--->Yd-1 € R?, with w # 0. Let us denote by &
and A the o and A functions associated with the oriented hyperplane w* . Then, we have that
A(a(waxl,la ey T1d-2)s e (W, a1 1,5 Td-1,d-2), (Y1, - ayd—l))

= (_1)d+1A(d($1,17 e X1, d-2)s e, 0T 1, - -,xd—1,d—2))A(W,y1, ey Yd-1)
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Proof. The proof runs similarly as the one for Proposition 1. The point is that the left hand
term is the relative position between the hyperplane represented by a(yi,...,y4-1) and the positive
intersection a(vi,...,v4-1) of the hyperplanes represented by the v; = a(w,xi1,...,%;4-2). The
proof consists in showing that the latter is precisely

(—1)d+1A(d(l‘171, e ,$17d_2), ‘e &(xd_lvl, e ,xd_lvd_g))w.
Since the hyperplanes represented by the a(w,z;1,...,x;4-2) all contain w, their positive inter-
section a(vy,...,v4-1) is some nw, with n € {-1,+1} (unless it is trivial, in which case the proof is

straightforward). By definition,

A(a(w,xlyl, e X1, d-2)s e 0 W, T g1 1 Tdo1,d-2), nw) =1

so we simply want to compute

n= A(a(w,xl,l, e @1 d-2)s e oW, T 1, ,.’I}d,l’d,g),Q)).

Note that a(w, i1, .., 4-2) = &(p(zi1),...,p(z;4-2)) where p denotes the orthogonal projec-
tion on w' (because a vector orthogonal to w is orthogonal to some z if and only if it is orthogonal
to p(x), and because the choice of convention for the orientation of w* was made to have no "-"
sign appear here).

Therefore, we have

n=A(ap11), o p(@142)), o @P(Ea 1), D(Td1,4-2)),w)
= (—1)d+1A(w, a(p(zi,1),.--,p(x14-2))5- -, a(p(zd-1,1),- - ,p(xd_lyd_g)))

= (‘DdﬂA(&(fEl,la e T1d-2)y e A(Tdo1 1 7$d—1,d—2))
the last equality is by definition of A. The desired equality follows. O

Let us rephrase Theorem 2 in terms of abstract chirotope. We restrict ourselves to the rank 4
case and state it in terms of projection from affine space (handy for the knot’s application).

Proposition 2. Let n>1 be an integer and let X = (w = 29, 21,...,2,) be a tuple of points in R3.
Let i() = O, ’il, . ,’ig € [n]g and let Il = (io,il,ig), IQ = (io,ig,’i4), Ig = (io,i5,i6) and J = (i7,i8,i9).
Let a = (’il,iQ),az = (i3,i4),a3 = (i5,i6). Then,

Xa(L1, 12,13, J) = —=xAw(a1, a2, a3)x(i0, 97,18, 9)

where xa,x and X are the chirotopes of the rank 4 matroids Myedge(in(X)) and Miin(in(X)) =
Mpw(X) and the rank 8 matroid M, (X) respectively.

Here, Mwit,(X) is the witness oriented matroid of the configuration of points in the sphere centered
at w obtained by radial projection of X.

Proof. Since the norms of the vectors are not taken into account in a linear matroid and they can

be projected on the sphere then the desired equality is simply expressing Theorem 2 through one

of the equivalent definitions of wedge chirotope (by using Lemma 2). O
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FIGURE 9. This figure sums up the situation of Proposition 2. The three hyperplanes
meet positively or negatively at zg depending on the sign of the triplet of lines
witnessed by xg.

Corollary 3. Let X and X' be two n-tuples in R*. If Mwedge(X) and Medge(X") are isomorphic
then Myin(X) and My (X") also are.

Proof. According to Proposition 1, y(anb,anc,bac) = x(a,b,c)?. By plugging this into the equality
of Proposition 2, we obtain

X((a(:c, a,b),a(x,a,c),a(x,b,c),aa,b, c)) = xz(a,b, c)zx(x, a,b,c)
= X(x7 a? b7 C)QX(m7 a? b7 C)
=x(z,a,b,c).

Corollaries 2 and 3 can be extended to higher dimension.

Corollary 4. Let X and X' be two n-tuples in R, If Mwedge(X) is isomorphic to Myedge(X")
then the chirotopes of My in(X) and Myin(X') are equal if d is even and either equal or opposite if
d is odd.

The proof is also a consequence of Theorem 2 (analogue to the lower rank cases with some extra
tedious indices manipulation).

4. GEOMETRIC KNOTS

Let us first recall a simple way to encode a knot diagram that enable to reconstruct an equivalent
diagram from it.

4.1. Gauss code. A Gauss code of an oriented knot diagram with n crossings is constructed as
follows. Label all the crossings of the diagram from 1 to n (in an arbitrary manner). The Gauss
code is derived by walking the knot, starting at point P of the diagram (picked arbitrarily and other
than a crossing). As we follow the diagram, we record the crossings we encounter, by writing down
the labels preceded with an ‘O’ or ‘U’ to indicate whether the curve goes Over or Under strand, see

Figure 10.
11



FIGURE 10. Knot 59 with Gauss code O4 U5 02 U3 O5 U4 O1 U2 O3 Ul.

In general, the Gauss code for a knot diagram cannot be used to reconstruct an equivalent
diagram, but an extension of it will make the reconstruction possible. The extended Gauss code is
a minor revision of Gauss code : as we encounter a given crossing, we recorded it as above and
we also assign a sign depending on the handedness of the crossing. If it is right-handed, we assign
positive; if it is left-handed, negative, see Figure 11.

/ ) _\.
FiGURE 11. Positive and negative oriented crossings.

The extended Gauss code of the example illustrated in Figure 10 is given by
0,40U,50,20,30,5U,40_.10U0,20,3U_1.

A diagrammatic representation of an extended Gauss code is given by a Gauss diagram con-
structed as follows. Take an oriented circle with a base point chosen on the circle. Walk along the
circle marking it with the labels for the crossings in the order of the Gauss code. Now draw chords
between the points on the circle that have the same label. Orient each chord from the over crossing
to the under crossing in the Gauss code. Mark each chord with + or — according to the sign of
the corresponding crossing in the Gauss code. An example of the Gauss diagram for the knot 63 is
given in Figure 12.

FIGURE 12. (Left) 65 with Gauss code U,10,2U,40.6U_50,1U,20-3U_60_5U_30.,4
(Right) Corresponding Gauss diagram.

It is known that a knot diagram on the sphere can be recovered uniquely (up to isotopy) from its
Gauss diagram which can thus be considered as an alternative way to present knots. Unfortunately,
not every picture which looks like a Gauss diagram is indeed a Gauss diagram of some knot. This
is not easy to recognize, see [5].
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A Gauss diagram can also be represented by an oriented line where the ends are identified and
having oriented signed arcs corresponding to the chords, see en Figure 13.

\
[ ]

FIGURE 13. Line representation of the Gauss diagram illustrated in Figure 12.

4.2. Knotoids. Knotoids are variants of knots that were first introduced by Turaev in [20]. The
idea is to consider diagrams of segments with endpoints. Contrarily to knots, they are only defined
as equivalence classes of diagrams, since all embedding of the interval in R? are ambiant isotopic.
More precisely, a knotoid is an equivalence class of knotoid diagrams. A knotoid diagram is the image
of an application [0,1] - R? that satisfies the usual properties of a knot diagram, that is, each point
has at most two preimages, called crossings, and there is a finite number of such crossings; besides,
crossings happen between two transversal strands. We further suppose that the endpoints do not
lie on crossings. The equivalence relationship considered here is the one generated by planar isotopy
and the usual Reidemeister moves ; endpoints are not allowed to cross strands.

FIGURE 14. The knotoid called line eight-figure.

Similarly as we do for knots, we may associate to a knotoid diagram its Gauss diagram. Take an
oriented segment, say S, with an initial and end points. Walk along S marking it with the labels
for the crossings in the order they are encountered as walking through the knotoid from one end
to the other. Now draw arcs between the marks on S that have the same label. Orient each arc
from the over crossing to the under crossing in the knotoid. Mark each arc with + or — according
to handedness’ rule, see Figure 15.

F1GURE 15. The Gauss diagram arising from knotoid given in Figure 14.

Lemma 3. A knotoid diagram is determined by its Gauss diagram (up to a planar isotopy).

Proof. A proof might follow by slightly adapting the classic procedure showing that Gauss diagrams

determine knot diagrams given in [16]. Nevertheless, we propose a new approach. We will see that

any face of the knotoid diagram can be determined by using the Gauss diagram. We shall show
13



that the set of faces (and whether two of them share an edge) in the knotoid diagram corresponds
to the set of valid travels in the Gauss diagram.

Let us consider a walk W on the arcs on the boundary of a face (say, counterclockwise) in the
knotoid diagram. Notice that we can run through an arc either following its direction or in opposite
direction, see Figure 16.

F1GURE 16. Walk around a boundary of a face.

We associate to W a travel T along the Gauss diagram. Turns of W at a crossing correspond
to jumps in arrows (from head/tail to tail/head) and each arc in W corresponds to a piece of the
oriented segment S (of the Gauss diagram). Travel T' may follow or not the direction of S (depending
on whether or not W follows the direction of the corresponding arc). Since W goes around a face
then this correspondence obeys certain rules according to the sign of the crossing and from which
strand (over/under) the walk comes from and goes to. Theses rules are illustrated in Figure 17.
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FIGURE 17. Local turnings of a walk around a crossing and the corresponding local
travel in the Gauss diagram (in bold).

The travel T constructed this way is called a wvalid travel in the Gauss diagram. In fact, if the

labels North, South, East and West, as well as the signs of each arrow in a Gauss diagram are
14



fixed then, a valid travel T verifies the rule :
N-E-S->-W-->N
where X - Y means «go from X to Y».

These rules on T force, by construction, that the corresponding walk W always turns «left» at
each crossing, see Figure 18

N

F1GURE 18. Turns of W induced by valid travels.

Therefore, W will be necessarily a walk of a face in the knotoid. Moreover, two valid travels
sharing a same piece of S (with opposite direction) correspond to two faces sharing an edge.

Finally, we observe that a valid travel going through an end of the line goes back with opposite
orientation, see Figure 19.

\/f/ l\ -
e

FIGURE 19. Walk of a face containing a degree one vertex and the corresponding travel.

O
4.3. Main result. Let yo € R? and let Ty, be the radial projection emitting from o to S?, that is,
Ty * R*\ {yo} - s?
Y=Yo
Y 7 Ty=woll
Let K be a knot in R? (not passing through 1y). We may associate to K a sphere shadow which is
just the radial projection m,, (K). We may suppose that such a shadow is regular in the sense that it

avoids cusps and tangency points (this can be obtained my making some suitable local modifications
to K without changing its type). Let z be a point in m,, (K'), suppose that

Z= 7"-yo(yl) == 7Ty()(yk)y k>1.

We say that z is a simple intersection point if k = 2 and a multiple intersection point if k£ > 3.
We may avoid multiple intersection points by moving pieces of the shadow around z properly. As
for standard knots, doing such a perturbation does not change the knot type, however, in our case
we need slightly more. We have to make sure that the strong geometry captures the information
determining the possible diagrams.

The set of possible perturbations is completely determined by the local type of the multiple
intersection, that is, the order (say counterclockwise) in which the strands appear as we rotate
around the intersection point (because this determines the local diagram up to planar isotopy).

15



Suppose that the strands are oriented inducing a ‘right’” and a ‘left’ side of the strand. Hence, each
strand a; partitions the other a;, j # ¢ into two sets, those crossing a; left-to-right and those crossing

it right-to-left.

FIGURE 20. (Left) Two consecutive strands (bold strand crosses both right-to-left)
(Center) Two consecutive strands (bold strand crosses both left-to-right) (Right) Two
nonconsecutive strands (bold strand crosses left-to-right one of them and right-to-left
the other).

We have that two strands are consecutive if and only they partition the other strands in equal or
opposite sets. Therefore, we simply need to know the sign of each crossing in order to know what
all the possible local perturbation. This piece of information will be shown to be induced by the
strong geometry.

If the reader is not comfortable with these local permutations, instead, a notion of knot diagram
allowing multiple crossings could be defined. The reasoning to check that the strong geometry gives
the information about the strands around such multiple crossings would be essentially the same as
above.

Therefore, sphere shadows can be thought of as 4-regular maps (i.e., an embedding of a 4-regular
planar graph into S?). A spherical diagram of K is obtained from such a shadow by endowing the
under /over information to each vertex, see Figure 21.

FIGURE 21. A spherical diagram of the Trefoil.

A spherical diagram is still a knot diagram of K in the usual sense. In particular, knots having
isotopic spherical diagrams are isotopic.
We may now prove Theorem 1.

Proof of Theorem 1. Let X = (g, ..., x, 1) be tuple of points in R? in general position. Let K be
the polygonal knot formed by segments [z, z1]U[z1,22] U U[2p-1,20]. We show that SGeom(X)
determines uniquely the type of K. Let us consider the radial projection my, (K — {x0}) of K{zo}
emitted from zg.

Remark 2. (a) 7wy, maps each semi-open interval (xg,x1] and (xo,xn-1] into a single point. We
thus have that the corresponding spherical diagram induced by 7., (K) is a knotoid, denoted by K.
(b) Since K is polygonal with points in generic position then the shadow my, (K — {x0}) has no
tangency point.
16



(¢) 7z (K) may have multiple intersection points. These can be fized/modified as explained above.

We notice that any planar isotopy between knotoids can be extended to an isotopy of knots by
fixing xp and keeping the segments [x,-1, o] and [z, z1] straight while doing the isotopy.

Therefore, by Lemma 3, it is enough to show that the Gauss diagram associated to knotoid I
is completely determined by SGeomag(X) = (Mas(X), Mwedge(in(X))) (implying that K can also
be uniquely reconstructed from such strong geometry). To this end, we show that SGeomag(X)
determines the following two points.

(A) the pairs of arcs that intersect (and which one is over/under the other one) together with
the corresponding sign,
(B) the order of the intersections (if more than one) along a given arc in K.

For (A), let 8 = my ([®i, is1]) and B = 74 ([247, ir4+1]) be two arcs in K. Suppose that these arcs
intersect in a simple point. Then, 3 is over 3’ if the Radon partition of the set {xg, x;, Ti1, Tir, Tirg1}
is given by {zo, x;, Ti+1} U {2y, xi41}, see Figure 22.

i Xivl

X; /xi’+1

X

FIGURE 22. Radon partition and crossing in K from the witness .

Furthermore, if arc my, ([x;, zi+1]) intersect arc my, ([, i#+1]) then the oriented arcs (from z; to
x;+1 and from x; to x;41) on the sphere meet at a positive crossing if and only if x (z;, i1, To, Tir41) =
+1.

For (B), suppose that both arcs ' = 7y, ([zir, xi41]) and " = 7y, ([2im, wirs1]) intersect arc
B = mgo([Ti,zis1]). The order of the intersection, say from my,(z;) to my, (xir1) is given by the
chirotope Xz, according with the rule given in Figure 23. We notice that, by Proposition 2, x z,
can be completely determined from yp.

Ty

& W

FIGURE 23. If x4,(1,2,3) = +1 then, by walking along /; following its direction, say
from w, Iy meets l3 negatively, then lo positively, then I3 positively and finally ls
negatively.
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Let Iy =in(i+1),lo =i A("+1) and I3 =" A (i +1). Then, by following Figure 23 with
Xao(1,2,3) = +1 we have that

B’ positively and 3" positively then 8 meets 3" before ',
B’ positively and 8" negatively then § meets 5’ before 8",
B’ negatively and 8" negatively then 8 meets 3" before ',
B’ negatively and 8" positvely then 3 meets 5’ before 5”.

if 8 crosses
The result follows. O

5. SPATIAL GRAPHS

A spatial graph is an embedding of a finite graph in R3, that is, the vertices are distinct points
and the edges are simple curves between them in such a way that any two curves are either disjoint
or meet at a common vertex. A spatial graph is called linear if each edge is a straight line segment.
Two spatial graphs are said to be equivalent if they are ambiently isotopic [17, 21].

Theorem 3. Let R(G) and R'(G) be two linear spatial representations of G. Let X and X' be the
corresponding set of points in R® associated to the vertices in such representations. If SGeomag (X))
and SGeomag(X') are isomorphic then R(G) is equivalent to R'(G).

Let us briefly recall the notion of spatial graphoids needed for the proof of Theorem 3.

A graphoid is an equivalence class of graphoid diagrams. A graphoid diagram is a graph with
various distinguished degree-one vertices generically immersed in S?, where each double point is
decorated as a classical crossing labeled over/under, see Figure 24.

g

FIGURE 24. A graphoid with four distinguished degree-one vertices.

Graphoids have been studied in different contexts, for instance, in connection with a topological
structure that arises in proteins [15]. A Gauss code is associated to any graphoid diagram G as
follows. We choose an orientation for each edge. We then write down the Gauss code for the
shadow by recording whether each arrival at a crossing is an over-crossing (O) or an under-crossing
(U), we can also label each crossing by its sign + or — according to handedness’ rule, see Table 1.
The difference with usual knots is that we add one more piece of information. For each vertex v of
G, we consider the sequence of edges incident to v, appearing in counterclockwise order around wv.
These edges sequences are considered up to cyclic permutation.

TABLE 1. Gauss code of the spatial graphoid given in Figure 24.
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Gauss code
alAO.b
a2BU_FO,EU,i
a3BO_AU.d
bAFU.h

b5c

b6DU_CO_e
d7TDO_CU_EO,h
d8i

19h

h10g

hllf

More conveniently, Gauss codes can be understood as Gauss ‘arrow’ diagrams (as for knotoids).
We also consider edges sequences around each vertex. We label points along the edges according to
the crossing sequences of the Gauss code and draw an arrow between each pair of occurrences of the
same label. The arrow is oriented from the undercrossing edge to the overcrossing edge and labeled
with the sign of the crossing. We notice that once the arrows are drawn, the labels on the edges are
redundant, and can thus be removed. In general, there is no canonical choice for ‘the immersion’of
the graph. Even if the underlying graph has a planar embedding, the order of the edges around the
vertices may prevent us from using it, see Table 2.

TABLE 2. Gauss diagram of the graphoid diagram given in Figure 24.

Edge sequences
:1,3,2
:1,4,6,5

5

:3,7,8

16

111

110
:4,11,10,9,7
:8,2,9

S >R Q0 o

Lemma 4. A graphoid diagram is determined by its Gauss diagram.

Proof. We essentially follow the same arguments as those given in the proof of Lemma 3. We only
need to adapt the construction of a valid travel T in the Gauss diagram of a spatial graphoid. We
have to determine the rule when T' gets to a vertex of degree > 3 (not existing in knotoids), that
is, we have to determine the turns of the corresponding walk W when going through vertices in G.
For this, we use the edge sequence information, if W arrives at v along an edge e then it leaves v
by following the edge f appearing before e in counterclockwise direction, that is, the next edge in
clockwise direction. This new rule forces that W always turns «lefty at each vertex staying in the
same face, see Figure 25.
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g\ e

FIGURE 25. Turn of W at vertex v.

O

Remark 3. Lemma 4 can be naturally extended to virtual graphoids, that is, graphoids having
virtual crossings. The virtual notion was introduced by Kauffman in his seminal paper [16|. The
idea is mot that a virtual crossing is just an ordinary degree-four vertex but rather that a virtual
crossing is not really there (hence the name ‘virtual’).

We may now prove Theorem 3.

Proof of Theorem 3. We shall mimic the proof of Theorem 1. Let X = (zg,...,2,-1) be the
tuple of points in R? associated to the vertices (vo,...,v,_1) in the spatial representation of R(G).
Let 75, (R(G)) be the radial projection of R(G) emitted from . It can be checked that such
projection induces a graphoid, say G, with as many distinguished vertices as the degree of the
vertex corresponding to point z¢ (this can be justified in a similar way as for knotoids arising from
radial projections of polygonal knots). If the diagram is not connected, then the corresponding
components are unlinked, and a sequence of isotopies for each component leads to an isotopy for
the whole spatial graph. Therefore, we can suppose without loss of generality that the diagram
is connected. This implies that the faces of the diagram have connected boundaries and thus the
arguments used in the proof of Theorem 1 work similarly in this case.

Let G’ be the spatial graphoid arising from R’'(G). We notice that any planar isotopy between
the spatial graphoids G and G’ can be extended to an isotopy between R(G) and R'(G) by fixing
xo and keeping the segments [xzg,z;], for each z; where its associated vertex v; is a neighbor of
Vg, straight while doing the isotopy. Therefore, by Lemma 4, it is enough to show that the Gauss
diagram associated to G is completely determined by SGeomag(X) = (Mag(X), Mwedge(in(X)))
(implying that R(G) can also be uniquely reconstructed from such strong geometry).

As discussed in the proof of Theorem 1, SGeom(X )af determines in the diagram : the pairs
of intersecting arcs (and which one is over/under the other one) together with the corresponding
sign, the local type of multiple intersection and thus their local modifications and the order of the
intersections (if more than one) along a given arc. Although all of these are needed to determine
G, we still have to show that SGeom(X)af also determines the order of appearance, say counter
clockwise, of the edges around each vertex. In fact this order is determined by Mag(X) itself.
Indeed, the two pieces of oriented equators my,([xs,x;]), 7ay([@i,x;/]) meet either positively or
negatively depending on the sign of A(my,(24), T (25), Tao (7)) = X (0, Ts, 25, 25). But the data
of the signs of such crossings between pieces of equators is equivalent to the order at which the x;’s
appear around z; (on the unit sphere centered on xg). This is due to the fact that the cyclic order
of the strands is given by the sign of each pair (as explained above) and, by Proposition 1, the sign
of a pair (z; Ax;), (x; Axj) is given by the sign x(x;, 2, x;). Essentially, the circular order around
x; is the ‘twofold witnessed’ (first by x¢ and then by x;) rank 2 chirotope. O

We end with the following

Question 2. Let R(G) be a linear spatial representations of G. Let X be the set of points in R3

associated to the vertices of such representation. Is it true that R(G) is determined by Mag(X) ¢
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6. FURTHER RESEARCH DIRECTIONS

In the process of this work, a great deal on the structure, properties and extensions of the notion
of strong geometry have been revealed.

6.1. Universality. Ringel’s isotopy conjecture asked whether any two arrangements of lines with
the same topological type can be isotoped into each other. In other words, Ringel’s conjecture asked
whether the realization space of rank 3 matroids is connected. The famous Mnév’s Universality
Theorem [19] provides a spectacular negative solution, it states that every semi-algebraic variety is
stably equivalent to the realization space of some oriented matroid, that is, the realization space
of oriented matroids can have the topology of any semi-algebraic set and, in particular, it can be
disconnected. As mentioned above, oriented matroids do not capture the combinatorics of the cell
configuration induced by the spanned lines contrary to strong geometries that completely does. In
the same flavor as for oriented matroids, an ‘inclusion-type’ generalization of the universality result
a la Mnév for rank 3 strong geometries is investigated [14].

6.2. k-equivalence. The notion of knotoid is needed to deal with the fact that the radial projection
is from a point belonging to the polygonal knot. This might be avoided if given two set of points
P and @ having the same strong geometry then one can show the existence of two points p and ¢
such that Pu{p} and QU {q} also have the same strong geometry. In this case, we just can add
this additional point from which the radial projection is applied. Figuring out the existence of these
new points is not difficult when d = 2 but it is not straightforward for d > 3.

It turns out that the notion of strong geometry can be generalized in the planar case as follows.
We consider the lines spanned by both the set of the original points and the points arising from
line intersections. The latter induce a new set of lines and therefore new intersection points from
which new lines can be spanned and so on. These generalizations happen to be closely related
to the notion of k-equivalence between two configurations of points. A notion of co-equivalence
also naturally emanates. Such equivalences are recently studied in [12] in connection with some
asymptotic rigidity properties. The case k = 2 is related to the existence of a new point to be added
to a strong geometry, as discussed above.

All these investigations require further (much technical) extra work (in progress).

6.3. Adjoints. Figure 1 gives an exemple of an oriented matroid of rank 3 with two realizations that
generate non-isomorphic adjoints. Moreover, there exists examples of two non-isomorphic simple
oriented matroids of rank 3 that have isomorphic adjoints, see [1, 2| and [4, Exercice 5.13 (a)]. In
the realizable case, Corollary 2 asserts that if the adjoints are isomorphic then the oriented matroids
are equal or opposite to each other.
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