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Let a1, ..., a, be positive integers with ged(as,...,a,) =1, find
the largest integer (called the Frobenius number and denoted by
g(a1,...,an)) that is not representable as a nonnegative integer

combination of ay, ..., an.
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the largest integer (called the Frobenius number and denoted by
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Let a1, ..., a, be positive integers with ged(as,...,a,) =1, find
the largest integer (called the Frobenius number and denoted by
g(a1,...,an)) that is not representable as a nonnegative integer
combination of ay, ..., an.

Example : If a1 = 3 and a» = 8 then

12345678910111213141516------
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Let a1, ..., a, be positive integers with ged(as,...,a,) =1, find
the largest integer (called the Frobenius number and denoted by
g(a1,...,an)) that is not representable as a nonnegative integer
combination of ay, ..., an.

Example : If a1 = 3 and a» = 8 then
1234567891011 1213141516------
So, g(3,8) = 13.
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Let a1, ..., a, be positive integers with ged(as,...,a,) =1, find
the largest integer (called the Frobenius number and denoted by
g(a1,...,an)) that is not representable as a nonnegative integer
combination of ay, ..., an.

Example : If a1 = 3 and a» = 8 then
1234567891011 1213141516------
So, g(3,8) = 13.

We denote by (ai, ..., a,) the numerical semigroup generated by
dl,...,dn.
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Theorem g(ai,...,an) exists and is finite.
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Theorem g(ai,...,an) exists and is finite.

Since ged(ai,...,an) =1 then
miai +---+ mpa, = 1 for some m; € Z
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Theorem g(ai,...,an) exists and is finite.

Since ged(ai,...,an) =1 then
miai +---+ mpa, = 1 for some m; € Z

Let P and —@ be the sum of positive and negative terms
respectively (and so P — Q = 1).
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Theorem g(ai,...,an) exists and is finite.
Since ged(ai,...,an) =1 then
miai +---+ mpa, = 1 for some m; € Z
Let P and —@ be the sum of positive and negative terms
respectively (and so P — Q = 1).

Let k > 0 then (a1 —1)Q + k= (a1 — 1)Q + hay + k" with h >0
and 0 < k' < a1
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Theorem g(ai,...,an) exists and is finite.
Since ged(ai,...,an) =1 then

miai +---+ mpa, = 1 for some m; € Z
Let P and —@ be the sum of positive and negative terms
respectively (and so P — Q = 1).
Let k > 0 then (a1 —1)Q + k= (a1 — 1)Q + hay + k" with h >0
and 0 < k' < a1
So, (al — 1)Q + k = hay + (al —1- k/)Q + k'P.
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Graph theory

Discrete Optimisation problems (Knapsack problem)
Additive number theory

Index of primitivity of matrix

Geometry of numbers (covering radius)

Quantifier elimination

Ehrhar polynomial

Hilbert series

Mobius function
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Theorem (Sylvester, 1882) g(a, b) = ab—a — b.
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Theorem (Sylvester, 1882) g(a, b) = ab—a — b.

Theorem (R.A., 1996) Computing g(a1,...,an) is N'P-hard
(under Turing reductions).
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Theorem (Sylvester, 1882) g(a, b) = ab—a — b.

Theorem (R.A., 1996) Computing g(a1,...,an) is N'P-hard
(under Turing reductions).
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Theorem (Sylvester, 1882) g(a, b) = ab—a — b.

Theorem (R.A., 1996) Computing g(a1,...,an) is N'P-hard
(under Turing reductions).

[IKP] Input : positive integers aj, ..., a, and t,
Question : do there exist integers x; > 0,

n
with 1 </ < nsuch that > xja; =t?
i=1
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Find g(a1,...,an)

IF t > g(a1,...,an) THEN IKP is answered affirmatively

ELSE

IF t = g(a1,...a,) THEN
IKP is answered negatively

ELSE
Find g(31,...,3n,3n41), 3 =2a;, i=1,...,nand
ant1 = 2g(a1,...,an) + 1 (note that gcd(31,...,an, ant1) = 1)
Find g(él, ey @n, 3ntl, §n+2), ant2 = g(él, ..., an, 5n+1) — 2t
IKP is answered affirmatively if and only if
g(él, ceey §n+2) < g(§17 ceey §n+1)'

J.L. Ramirez Alfonsin Université Montpellier 2

Frobenius problem: Algorithms and Compl



Frobenius problem Covering radius Index of primitivity Hilbert series Lattice free body Cercle of lights

J.L. Ramirez Alfonsin Université Montpellier 2

Frobenius problem: Algorithms and Complexity



Frobenius problem Covering radius Index of primitivity Hilbert series Lattice free body Cercle of

When n =3
e Selmer and Bayer, 1978
e Rodseth, 1978
e Davison, 1994
e Scarf and Shallcross, 1993
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When n =3
e Selmer and Bayer, 1978
e Rodseth, 1978
e Davison, 1994
e Scarf and Shallcross, 1993

When n > 4
e Heap and Lynn, 1964
e Wilf, 1978
e Nijenhuis, 1979
e Greenberg, 1980
e Killingbergto, 2000
e Einstein, Lichtblau, Strzebonski and Wagon, 2007
e Roune, 2008
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Theorem (Kannan, 1992) There is a polynomial time algorithm to
compute g(ai1,...,a,) when n > 2 is fixed.
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Theorem (Kannan, 1992) There is a polynomial time algorithm to
compute g(ai1,...,a,) when n > 2 is fixed.

Let P be a closed bounded convex set in R” and let L be a lattice
of dimension n also in R".
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Theorem (Kannan, 1992) There is a polynomial time algorithm to
compute g(ai1,...,a,) when n > 2 is fixed.

Let P be a closed bounded convex set in R” and let L be a lattice
of dimension n also in R".

The least positive real t so that tP + L equals R" is called the
covering radius of P with respect to L (denoted by u(P,L)).
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Theorem (Kannan, 1992) Let

n—1
L={(x1,...,xn—1)|x; integers and > ajx; =0 mod a,}
i=1
and
n—1
S={(x1,...,xp—1)|xi > O realsand > ajx; <1}.
i=1
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Theorem (Kannan, 1992) Let

n—1
L={(x1,...,xn—1)|x; integers and > ajx; =0 mod a,}
i=1
and
n—1

S={(x1,...,xp—1)|xi > O realsand > ajx; <1}.
i=1

Then' M(S>L):g(al7"'aan)+al+"'+an
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Example 1 : Let a1 = 3,a, =4 and a3 = 5.
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Example 1 : Let a3 = 3,a» = 4 and a3 = b.

7 o
6 o
5 o
o 4 o
3 o o
o2 o
s

Ramirez Alfonsin Université Montpellier 2

Algorithms and Complexity



Frobenius problem Covering radius Index of primitivity Hilbert series Lattice free body Cercle of

Example 1 cont ... then, g(3,4,5) = 2 and thus u(L,S) = 14
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Example 1 cont ... then, g(3,4,5) = 2 and thus u(L,S) = 14
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Example 1 cont ... then, g(3,4,5) = 2 and thus u(L,S) = 14

X2 2
7 (o] 7
6 (@] 6 [e]
o 5 o
o 4 o o 4 o
3 o 3 o o
b2 o 3 o
)
} o
P
0 *1 /n X1
> N.s 6 2 \1\ 56\
Uncovered

gaps

Notice that (14)S covers the plane while (13)S does not.
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Example 2 : Let a, b be positive integers with gcd(a, b) = 1.
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Example 2 : Let a, b be positive integers with gcd(a, b) = 1.
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Example 2 : Let a, b be positive integers with gcd(a, b) = 1.

Minimum integer t such that tS covers the interval [0, b] is ab.
Thus, g(a,b) = u(S,L) —a—b=ab—a—b.
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Let B = (bij), 1 <,i,j < n be a positive matrix, that is, b;; > 0.

ms and Complexity



s problem ] € s Index of primitivity Hilbert series Lattice free body Cercle of

Let B = (bij), 1 <,i,j < n be a positive matrix, that is, b;; > 0.

B reducible if there exists an (n x n) permutation matrix P such

that
Bi1 Bip }

T _
PBP _[o By
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Let B be a real (m x m)-matrix. Let G(B) be the directed graph
with V(G) = {1,..., m} and directed edge form i to j if and only
if by 0.
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Let B be a real (m x m)-matrix. Let G(B) be the directed graph
with V(G) = {1,..., m} and directed edge form i to j if and only
if by 0.

Theorem B irreducible if and only if G(B) is strongly connected.
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Let B be a real (m x m)-matrix. Let G(B) be the directed graph
with V(G) = {1,..., m} and directed edge form i to j if and only
if bjj # 0.

Theorem B irreducible if and only if G(B) is strongly connected.

An irreducible nonnegative matrix B is primitive if Bt > 0 for some
integer t > 1. The least integer v(B) such that BY(B) > 0 is called
the index of primitivity of B.
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Lemma 1 (Heap and Lynn, 1964) Let B be a primitive matrix and

let 0 < a; < --- < ay be the distinct lengths of all elementary

circuits of G(B). Then, gcd(a1,...,an) =1 and the length L, of
n

any circuit of G(B) can be expressed in the form L = ) x;a; with
i=1

x; > 0 for all /.
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Lemma 1 (Heap and Lynn, 1964) Let B be a primitive matrix and
let 0 < a; < --- < ay be the distinct lengths of all elementary
circuits of G(B). Then, gcd(a1,...,an) =1 and the length L, of
n
any circuit of G(B) can be expressed in the form L = ) x;a; with
i=1
x; > 0 for all /.
Lemma 2 (Heap and Lynn, 1964) If B is primitive then (B) is the
least integer such that for all m > ~(B) there is a path of lenght m
connecting two arbitrary (not necessarily distinct) vertices of G(B).
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Lemma 3 (Heap and Lynn, 1964) Let B be a primitive matrix and
let 0 < a; < -+ < ak be the distinct lengths of all elementary
circuits of G(B). Then, g(a1,...,a,) <y(B)—1.
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Lemma 3 (Heap and Lynn, 1964) Let B be a primitive matrix and
let 0 < a; < -+ < ak be the distinct lengths of all elementary
circuits of G(B). Then, g(a1,...,a,) <y(B)—1.

Let B = (be) 1<,i,j<s=ap+an_1— 1 be the matrix defined

by
1 ifj=i+1withi=1,...,s—1and i +# a,_1,
B 1 ifj=1withi=sora;, t=1,....,n—1,
WY1 ifi=landj=a,1+1,
0 otherwise.
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2
a, rtz

a
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2
a, rtz
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Let A[S] = K[z, ..., z%] be the semigroup ring over K (of
characteristic 0) associated to the semigroup S = (a1,. .., an).
Then, the Hilbert series of A[S] is

H(A[S], z) = Zzs = (1—za)- - (1—z%)

ieS
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Let A[S] = K[z, ..., z%] be the semigroup ring over K (of
characteristic 0) associated to the semigroup S = (a1,. .., an).
Then, the Hilbert series of A[S] is

H(A[S], z) = Zzs = (1—za)- - (1—z%)

ieS

g(ai,...,an) = degree of H(A[S], z)
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The Apéry set of S = (a1,...,a,) for me Sis

Ap(S;m)={seS|s—m¢g&S}
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The Apéry set of S = (a1,...,a,) for me Sis
Ap(S;m)={seS|s—m¢gS5}

Ap(S; m) consititutes a complete set of residues (mod m).

(there is a unique w € Ap(S; m) satisfying w =i (mod m))
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The Apéry set of S = (a1,...,a,) for me Sis
Ap(S;m)={seS|s—m¢gS5}

Ap(S; m) consititutes a complete set of residues (mod m).

(there is a unique w € Ap(S; m) satisfying w =i (mod m))

g(a1,...,an) = maxAp(S; m) — m.
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S = Ap(S; m) + mZx>
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S = Ap(S; m) + mZx>

HASLZ) =25 = 5 > zwm

ieS weAp(S;m) i=0

_ Woomi
= oo ozZ¥ >z

weAp(S;m) i=0
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S = Ap(S; m) + mZx>

HASLZ) =25 = 5 > zwm

ieS weAp(S;m) i=0

_ Woomi
= > z¥> z

weAp(S;m) i=0

So, H(A[S],z):ﬁ S
weAp(S;m)
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S = Ap(S; m) + mZx>

HASLZ) =25 = 5 > zwm

ieS weAp(S;m) i=0

_ Woomi
= > z¥> z

weAp(S;m) i=0

Hence, deg(H(A[S], z)) = maxAp(S; m) — m = g(a1,...,an).
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Theorem (Herzog 1970, Morales 1987) Formula for H(A[S], z)
when S = (a, b, c).
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Theorem (Herzog 1970, Morales 1987) Formula for H(A[S], z)
when S = (a, b, c).

Theorem (R.A. and Rgdseth, 2009) S = (a,a+ d,...,a+ kd,c)

Fay (a) (L—x Pt =POY LR, (a0 (xRt P —xePun)
T (1<) T xR (1—x)

H(S; x) =

where s,, s,11, Py, P,1+1 are some particular integers.
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Theorem (Herzog 1970, Morales 1987) Formula for H(A[S], z)
when S = (a, b, c).
Theorem (R.A. and Rgdseth, 2009) S = (a,a+ d,...,a+ kd,c)

Fou () (Lx Pt = PO) s, s,y (o) (Pt =P xPnn)

H(S; x) = (T—x7)(1—x9)(1—xaTkd)(1—x<)

where s,, s,11, Py, P,1+1 are some particular integers.

Remark : Contains the case n =3 when k=1and b=a+d.
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Algorithm Apéry

a,d,c, k,sg Svs Sy+1, Pvy Pui1
r-1=a,hp=>5
i1 = Kig1ti + rig1, Ki+1 = Lr,-,l/r,-J,O =1 < <---<ra
pi+1 = Kix1pi + Pi-1, P-1=0, po=1
Ti+1 = —/ii+1T,‘ + T,'_17 T,1 =a++ kd, TO = %((a—i— kd)ro — kC)
IF there is a minimal v such that T,4» <0, THEN

ss  PoN_( v 1\ (ru1 —pus1 | = Taus2 )
sei1 Poii) T \y—1 1 T T |
v+l Pvra v Ru+2  P2u+2 Tout1

ELSE s, = My Sv+1 = 0,P, = Pu> Pyi1 = Pu+1-
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A body represented by {x € IR""!: Ax < b} with b€ Z" and A a
real (n X n — 1)-matrix is a maximal lattice free body if it contains
no lattice points in its interior and if any strictly larger body by
relaxing some of the inequalities does contain an interior point.
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A body represented by {x € IR""!: Ax < b} with b€ Z" and A a
real (n X n — 1)-matrix is a maximal lattice free body if it contains
no lattice points in its interior and if any strictly larger body by
relaxing some of the inequalities does contain an interior point.

Let A be a (n x n— 1)-matrix whose columns generate the
(n — 1)-dimensional lattice h satisfying a- h = 0 (that is, the
columns forming a basis of {v € Z" : a- v = 0}).

g(a1,...,an) = max{a- b|b is integral and {Ax < b} maximal
lattice free body}.

J.L. Ramirez Alfonsin Université Montpellier 2

Frobenius problem: Algorithms and Complexity



s problem Covering radius Index of primitivity Hilbert s Lattice free body Cercle of

Example 3 Let a; = 3, a2 =5 (and thus n = 2).
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Example 3 Let a; = 3, a2 =5 (and thus n = 2).

So, the set of vectors h = (hy, hy) such that (3,5) - (h1,h2) =0'is
given by (£5r,F3r), r > 0.
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s problem

Example 3 Let a; = 3, a2 =5 (and thus n = 2).

So, the set of vectors h = (hy, hy) such that (3,5) - (h1,h2) =0is
given by (+5r, F3r), r > 0.

The 1-dimensional lattice generated by h

(=}

A5 -0 -5 |3
-6
9
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The one column matrix A = generates the integer lattice

3
of h.
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: -5 : :
The one column matrix A = < 3 > generates the integer lattice

of h.
So, we want b = (by, by) such that

(3)=(2)

is a maximal lattice free.
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From inequality we have that —5x < b; and 3x < by. Thus,
0 < —b; <5 and 0 < by < 3 since the corresponding body should
be lattice free.
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From inequality we have that —5x < b; and 3x < by. Thus,
0 < —b; <5 and 0 < by < 3 since the corresponding body should
be lattice free.

So, (3,5) - (b1, b2) is maximal when (b1, by) = (—1,2).
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From inequality we have that —5x < b; and 3x < by. Thus,
0 < —b; <5 and 0 < by < 3 since the corresponding body should
be lattice free.

So, (3,5) - (b1, b2) is maximal when (b1, by) = (—1,2).
Therefore, g(3,5) =(3,5)-(-1,2) = -3+10=7.
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e Form a circle of a, lights, labeled by lp, 1, ..., /,-1
(initially light y is on and the others off).
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e Form a circle of a, lights, labeled by lp, 1, ..., /,-1
(initially light y is on and the others off).

e Sweep around the circle starting from Iy (clockwise) and as we

encounter each light we will turn it on if any of the n lights which
are situated at distance a, ..., a, back (i.e., in counterclockwise

sense) from the present one is on, we leave it on if it was already
on, otherwise we leave it off.
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e Form a circle of a, lights, labeled by lp, 1, ..., /,-1
(initially light y is on and the others off).

e Sweep around the circle starting from Iy (clockwise) and as we

encounter each light we will turn it on if any of the n lights which
are situated at distance a, ..., a, back (i.e., in counterclockwise

sense) from the present one is on, we leave it on if it was already
on, otherwise we leave it off.

e The process halts as soon as any a; consecutive lights are on.
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e Let s(/5,) be the number of times light /,, is visited during the

procedure and let /, be the last visited off light just before ending
the process. Then, g(a1,...,an) =r+ (s(/;) — 1)a,.
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e Let s(/5,) be the number of times light /,, is visited during the
procedure and let /, be the last visited off light just before ending
the process. Then, g(a1,...,an) =r+ (s(/;) — 1)a,.

7.

Exemple 4 : Let a1 = 5,a, =6 and a3 =
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So, h is the last visited off light and thus
g(5,6,7) =2+ (s(h)—1)7=2+(2-1)7=09.
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Einstein, Lichtblau, Strzebonski and Wagon, 2007
Find g(a1, ..., as) involving 100-digit numbers in about one second
Find g(a1,. .., ai0) involving 10-digit numbers in two days
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Einstein, Lichtblau, Strzebonski and Wagon, 2007
Find g(a1, ..., as) involving 100-digit numbers in about one second
Find g(a1,. .., ai0) involving 10-digit numbers in two days

Roune, 2008
Find g(ai,...,as) involving 10, 000-digit numbers in few second
Find g(a1,...,a13) involving 10-digit numbers in few days
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Einstein, Lichtblau, Strzebonski and Wagon, 2007
Find g(a1, ..., as) involving 100-digit numbers in about one second

Find g(a1,. .., ai0) involving 10-digit numbers in two days
Roune, 2008

Find g(ai,...,as) involving 10, 000-digit numbers in few second
Find g(a1,...,a13) involving 10-digit numbers in few days
Package

http ://www.broune.com/frobby/
http ://www.math.ruu.nl/people/beukers/frobenius/
http ://cmup.fc.up.pt/cmup/mdelgado/numericalsgps/

http ://reference.wolfram.com/mathematica/ref/FrobeniusNumber.html
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