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Almost Arithmetic semigroup : introduction

Let a1, ..., a, be positive integers with ged(as,...,a,) = 1.

We denote by

-S5={(a1,...,an) the numerical semigroup generated by ai, ..., a,
- g(S5) the Frobenius number of S (that is, the largest integer not
representable as a nonnegative integer combination of aj, ..., a;,)

- N(S) the number of gaps in S.
The Apéry set of S for m € S is defined as

Ap(S;m)={seS|s—m¢gS5}
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Almost Arithmetic semigroup : introduction

m
weAp(S;m)

g(S) = maxAp(S;m) —m
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Almost Arithmetic semigroup : introduction

m
weAp(S;m)

g(S) = maxAp(S;m) —m

Example : If a1 = 3 and a» = 8 then
1234567 10 13141516 ------
So, Ap((3,8);3) ={0,8,16},

g((3,8)) =16 —3 =13,
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Almost Arithmetic semigroup : introduction

An almost arithmetic semigroup (AA-semigroup for short) is
generated by an almost arithmetic progression,
S=(a,a+d,a+2d,...,a+ kd,c).
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Almost Arithmetic semigroup : introduction

An almost arithmetic semigroup (AA-semigroup for short) is
generated by an almost arithmetic progression,
S=(a,a+d,a+2d,...,a+ kd,c).

Let s_1 = a and determine sp by dsp = ¢ (mod s_1),0 < sp < s_3.
If sp # 0, we use the Euclidean algorithm with negative division

remainders,
S_1= Q15 — S1, 0 <s1 < sp;
So = Q281 — 52, 0 < s <si;
S1 = g3%2 — S3, 0<s3<s;

Sm—2 = GmSm—1 — Sm;, 0 < S;m < Sm_1;

Sm—1 = dm+15m, 0= Sm+1 < Sm.
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Almost Arithmetic semigroup : introduction

If sp =0, we put m= —1. If m> 0, we have
S1_ 1
50 - @ 1
a2 1
g3 —
1
dm —
dm+1

which is known as the Jung-Hirzebruch continued fraction of
571/50.

J. Ramirez Alfonsin Université Montpellier 2

Pseudo-symmetry for AA-semigroups



Almost Arithmetic semigroup : introduction

We have s, = gcd(a, ¢). We define integers P; by P_; =0,
Py =1, and (if m > 0),

Piy1=qi1Pi—Pi—1, i=0,....,m.
Then, by induction on /,
SiPi+1—5i+1Pf:3, i:_l)o"'7m7

and
—1:P_1<O:P0<"'<Pm+1:f

In addition we have,

dsi=cP; (moda), i=-1,....,m+1.
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Almost Arithmetic semigroup : introduction

Putting
1
R,' = 5 ((a + kd)S,‘ — kCP,') s

we then see that all the R; are integers. Moreover, we have
1
R_1 =a+ kd, Ro == ((a+ kd)sp — kc), and
a
Rit1=qipaRi— Ri—1, i=0,....,m,

and again we see that all the R; are integers. Furthermore,

c
—?: mtl < Rm < <Ry < R_1 =a+ kd,
m

so there is a unique integer v such that

Rv-l—l < 0< Rv-
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Almost Arithmetic semigroup : introduction

Theorem (Rgdseth 1979) If S = (a,a+d,a+2d,...,a+ kd, c)
then

Ap(S; a) = {a m Ydy+cz|(y,z) € AU B}

where

A :{(yvz)ezz|O§y<5v_5v+170§z<Pv+l}a

B :{(Y7z)ezz|O§y<SV70§Z<Pv+1_Pv}-
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Almost Arithmetic semigroup : introduction

Algorithm

a7d7 c, k750 SV75V+17PV7’DV+1
r-1=a, =25
rio1 = Kip1hi + riv1, kv = [fie1/n],0=rp <rg <o <rg
pi+1 = Kit1pi + pi-1, P-1=0, po=1
Ti+1 = —/€i+1Ti + Ti—17 T_l =a++ kd, TO = %((a—i— kd)ro — kC)
IF there is a minimal v such that T,4» <0, THEN

Sy 'Dv o Y 1 nPu+1  —P2u+1 . _T2u+2 1
se1 Pon) -1 1 = T |
v+1 v+1 Y nu+2 P2u+2 T2u+1

ELSE s, = Ny Sv+1 = 0,P, = Pus Pv+1 = Pu+1-
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Almost Arithmetic semigroup : introduction

Algorithm Apéry

a,d,c, k, sy Sy, Su+1, Pvy Puyt
r-1=a, =25
i1 = Kig1ti + fiq1,Ki41 = Lr,-,l/r,-LO =1 <n<---<r
pi+1 = Kit1pi + pi-1, P-1=0, po=1
T;+1 = —/€;+1T; +Ti_1, T_1=a+kd Tyg= %((a—i— kd)ro — kC)
IF there is a minimal v such that T,4» <0, THEN

Sy 'Dv o Y 1 nPu+1  —P2u+1 . _T2u+2 1
se1 Pon) -1 1 = T |
v+1 v+1 Y nu+2 P2u+2 T2u+1

ELSE s, = Ny Sv+1 = 0,P, = Pus Pv+1 = Pu+1-
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Symmetry
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Let gs = {g(s1,...,5n) — s|s € S}.
Ramark : S and gs are disjoint sets (otherwise, x = g(S5) — s for
some s € S and since x € S then g(5) —s+s=g(S5) e S!)
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Let gs = {g(s1,...,5n) — s|s € S}.
Ramark : S and gs are disjoint sets (otherwise, x = g(S5) — s for
some s € S and since x € S then g(5) —s+s=g(S5) e S!)

A semigroup S is called symmetric if SU gs = Z.
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Let gs = {g(s1,...,5n) — s|s € S}.
Ramark : S and gs are disjoint sets (otherwise, x = g(S5) — s for
some s € S and since x € S then g(5) —s+s=g(S5) e S!)

A semigroup S is called symmetric if SU gs = Z.

(Bresinsky, 1979) Monomial curves

Kunz, 1979, Herzog, 1970) Gorestein rings

Apéry, 1945) Classification plane of algebraic branches
Buchweitz, 1981) Weierstrass semigroups

Pellikaan and Torres, 1999) Algebraic codes

(
(
(
(
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Theorem (Sylvester) (p, q) is always symmetric.
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Theorem (Sylvester) (p, q) is always symmetric.

Theorem (R.A. and Rgdseth 2009)

Let S=(a,a+d,...,a+ kd, c) with gcd(a,d) = 1. Then, S is
symmetric if and only if one of the following conditions is satisfied.
N s, =1,

i) s, =2 (mod k) and s,41 =0,

iii) s, =2 (mod k) and s, = a,

v) s, =2 (mod k) and s, —s,41 >1and R,41 =0,

(
(
(
(iv) sy —sy4+1 =1and R,41 =1— Kk,
(
(vi)k>2,s,s1=k—1and R, = 1.
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Lemma (Folklore) S is symmetric if and only if there is an iy such
that
w(ip) — w(i) = w(ip — i) for all i
where w(i) denote the unique w € Ap(S; m) satisfying
w =i (mod m).
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Lemma (Folklore) S is symmetric if and only if there is an iy such
that

w(ip) — w(i) = w(ip — i) for all i
where w(i) denote the unique w € Ap(S; m) satisfying

w =i (mod m).

Remark If the above holds for some (fixed) iy and all i then
w(ip) = max Ap(S; m).
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Pseudo-symmetry

A semigroup S is pseudo-symmetric if and only if g(S) is even and
SUgs =7\ {g/2}.
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Pseudo-symmetry

A semigroup S is pseudo-symmetric if and only if g(S) is even and
SUgs =7\ {g/2}.

Lemma (Folklore) A semigroup S is pseudo-symmetric if and only
if g(S) =2N(S) —2.

Proof (idea) :

w(g/2+ i)+ w(g/2 — i) = w(g) + { om Z‘tlljvs)ise-(mod m),

where w(i) denote the unique w € Ap(S; m) satisfying
w =i (mod m).
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Pseudo-symmetry

It is known that S is symmetric if and only if g(S) = 2N(S) — 1.
So, by setting A(S) =2N(S) — 1 — g(S) we have

e S is symmetric if and only if A(S) =0
e S is pseudo-symmetric if and only if A(S) =1
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Pseudo-symmetry

It is known that S is symmetric if and only if g(S) = 2N(S) — 1.
So, by setting A(S) =2N(S) — 1 — g(S) we have

e S is symmetric if and only if A(S) =0

e S is pseudo-symmetric if and only if A(S) =1

S is irreducible if it is not the intersection of two strictly larger

numerical semigroups.

By results due to Rosales, Branco and Froberg, Gottlieb, Haggvist
we have that

e S is irreducible if and only if A(S) <1.
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Pseudo-symmetry

A generalized arithmetic semigroup is generated by a generalized
arithmetic progression, S = (a, ha, ha+ d, ha+ 2d, ..., ha+ kd)
with ged(a, d) = 1.
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Pseudo-symmetry

A generalized arithmetic semigroup is generated by a generalized
arithmetic progression, S = (a, ha, ha+ d, ha+ 2d, ..., ha+ kd)
with ged(a, d) = 1.

We know that Ap(S;a) = {ha[{]+drl0 <r < a}.

[y

a —

g(5):ha{ p %d(a—l)—a,

N(S):;<h F;ﬂ (2a—2—kr;ﬂ +k)—|—(a—1)(d—1)>.
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Pseudo-symmetry

Obtaining,
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Pseudo-symmetry

Obtaining,

a5 =to || (o2 7 4

Theorem (Estrada and Lopez 1994)
S is symmetric (i.e., A(S) =0) if and only if a=1 or
a=2 (mod k).
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Pseudo-symmetry

Obtaining,

a5 =to || (o2 7 4

Theorem (Estrada and Lopez 1994)

S is symmetric (i.e., A(S) =0) if and only if a=1 or

a=2 (mod k).

Theorem (Matthews 2004)

S is pseudo-symmetric (i.e., A(S) =1) ifand only if h=1, k > 2
and a = 3, that is, if and only if S = (3,3 + d, 3 + 2d).
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Pseudo-symmetry

Let us call the AA-semigroup proper if S # (a,a+d,...,a+ kd)
and S # (a/e, c/e) where e = ged(a, ¢).
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Pseudo-symmetry

Let us call the AA-semigroup proper if S # (a,a+d,...,a+ kd)
and S # (a/e, c/e) where e = ged(a, ¢).

Theorem (R.A. and Rgdseth 2012)

Let S be a proper AA-semigroup with ged(a,d) =1 and k > 2.
Then, S is pseudo-symmetric if and only if one of the following
conditions holds :

(1) 2(c+d) = a(c — 1) for odd ¢ > 5,

(il)so—s1 =1, Ry =1—2k,Ry > max{1,2 — k + | kd/a|}.
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Pseudo-symmetry

Proof (idea) : Evaluation of A(S) = 2N(S) — 1 — g(S) by using

g(S) = max{al 25271 | — ds, 11,5571 - opy)
~clpusr — 1)+ (s~ 1) -

and

sy,—1Pyy1—Py—1 sv—Sy+1—1 P,p1—1

=D Y W+ Y, > L2
y=0 z=0

y=0 z=Py+1—Py

with L(y,z) = a[¥]| +dy + cz.
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Pseudo-symmetry

Proposition (R.A. and Rgdseth 2012)
Let S = (a, b, ¢) with gcd(a,b) =1 and b=a+d. Then, S'is
symmetric if and only if v=—1or R,y1 =0o0r v=m.
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Pseudo-symmetry

Proposition (R.A. and Rgdseth 2012)

Let S = (a, b, ¢) with gcd(a,b) =1 and b=a+d. Then, S'is
symmetric if and only if v=—1or R,y1 =0o0r v=m.

Proof (idea) : By computing

A(S) =sy41(Pyy1 — Py)R, if ds,11 < cP, and

A(S) = —(sy — sy+1)PyR, if ds,11 > cP,
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Pseudo-symmetry

Proposition (R.A. and Rgdseth 2012)

Let S = (a, b, ¢) with gcd(a,b) =1 and b=a+d. Then, S'is
symmetric if and only if v=—1or R,y1 =0o0r v=m.

Proof (idea) : By computing

A(S) =sy41(Pyy1 — Py)R, if ds,11 < cP, and

A(S) = —(sy — sy+1)PyR, if ds,11 > cP,

Corollary (Froberg, Gottlieb,Haggvist 1987)

Let a, b, ¢ be positive integers relatively prime in pairs, and let

S ={(a,b,c). Then, S is symmetric if and only if S is generated by
one or two of a, b, c.
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Pseudo-symmetry

Proposition (R.A. and Rgdseth 2012)

Let S = (a, b, ¢) with gcd(a,b) =1 and b=a+d. Then, S'is
symmetric if and only if v=—1or R,y1 =0o0r v=m.

Proof (idea) : By computing

A(S) =sy41(Pyy1 — Py)R, if ds,11 < cP, and

A(S) = —(sy — sy+1)PyR, if ds,11 > cP,

Corollary (Froberg, Gottlieb,Haggvist 1987)

Let a, b, ¢ be positive integers relatively prime in pairs, and let
S ={(a,b,c). Then, S is symmetric if and only if S is generated by
one or two of a, b, c.

Proof : If v = —1then S = (a, b), if R,11 = 0 then c|a and

S = (b,c) and if v = mthen S = (a, c).
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Pseudo-symmetry

Proposition (R.A. and Rgdseth 2012)
If bs, 11 < cP,, then S is pseudo-symmetric if and only if

sys1=land P,;1 —P,=1land R, =1
If bs,+1 > cP,, then S is pseudo-symmetric if and only if

v=0andsp—s; =1and Ry = —1.
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Pseudo-symmetry

Proposition (R.A. and Rgdseth 2012)
If bs, 11 < cP,, then S is pseudo-symmetric if and only if

sys1=land P,;1 —P,=1land R, =1
If bs,+1 > cP,, then S is pseudo-symmetric if and only if
v=0andsp—s; =1and Ry = —1.

Corollary (Rosales,Garcia-Sdnchez 2005)
Let g1 > 2,50 > 1 and Ry > 1 be integers. Set

a:(q1—1)50+1, b:q1R0+1, C:(R0+1)(50—1)+1.

Then, S is a pseudo-symmetric semigroup on three generators,
coprime in pairs, if and only if S = (a, b, ¢) for some choice of
g1, S0, Ro such that ged(a, b, c) = 1.
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