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Abstract

In this paper we investigate the behaviour of the gaps in numerical
semigroups. We will give an explicit formula for the i** gap of a
semigroup generated by k41 consecutive integers (generalizing a result
due to Brauer) as well as for a special semigroup of three generators.
It is also proved that the number of gaps of the semigroup < p,q >
in the interval [pg — (kK + 1)(p + q),...,pq — k(p + ¢)] is equals to

2(k+1)+ {%J + V%DJ foreach k=1,..., {%J. We actually give two

proofs of the latter result, the first one uses the so-called Apery sets
and the second one is an application of the well-known Pick’s theorem.
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1 Introduction

Let si,...,s, be positive integers such that their greatest common divisor,
denoted by (si,...,s,), is one. Let S =< s1,...,8, > be the numerical
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semigroup! generated by si,...,s,. The genus of a numerical semigroup
S is the number N(S) = #(INT U {0} \ S). The positive elements of S
(resp. elements of INT U {0} \ S) are called the non-gaps (resp. gaps) of S.
One motivation to study gaps comes from the important role they play in
the concept of symmetry [3] as well as in the investigations of Weierstrass
semigroups [5, 6, 8] and its applications to algebraic codes [9].

In 1882, while investigating the partition number function, J.J. Sylvester [15,
page 134] (see also [14]) proved that if S,, =< p, ¢ > with (p,¢) = 1 then

N(Sp) = 50— Dla— 1) )

The so-called Frobenius number® denoted by g(S) = g(si1,...,5,), is the
largest integer not belonging to S (g(S) is also known as the conductor of
S). From equation (1) it can be deduced that

9(Sp) =Pa—pP— ¢ (2)
Finding ¢(S) is a difficult problem from the computational point of view,
in general [11]. There exist numerous bounds (and formulas for particular
semigroups S) for g(S) as well as generalizations and applications of it. We
refer the reader to [12] for a detailed discussion on the Frobenius number.

Let us enumerate the gaps of S by increasing order I < --- < Iy(g). So,
Inesy = 9(S) is both the largest gap of S as the N(S)™ gap. Not surpris-
ingly, computing the ¥ gap of a semigroup is also difficult since it comes
down to calculate the Frobenius number. Indeed, for calculating the i gap
of a semigroup S we may calculate gV =(S) = g(S U {gN&(S)Yu---U
{gNE)=H1(8)1) where gV (S) = ¢(S). There is not much known about the

'Recall that a semigroup (S, *) consists of a nonempty set S and an associative binary
operation * on S. If, in addition, there exists an element, which is usually denoted by 0,
in S such that a0 =0+ a = a for all a € S, we say that (S, *) is a monoid. A numerical
semigroup is a submonoid of (IN, +) such that the greatest common divisor of its elements
is equal to one.

2In the introduction section of [1], A. Brauer stated that G. Frobenius mentioned,
occasionally in his lectures, the problem of finding the largest natural number that is not
representable as a nonnegative integer combination of sq, ..., s,.



behaviour of the gaps in semigroups. The main intention of this paper is to
investigate the distribution of gaps in some semigroups. In the next section,
we prove the following two theorems.

Theorem 1.1 Let a,k > 1 be integers and let S =< a,a+1,...,a+k > be
a semigroup with gapsly < --- <lIn(g). Let v, = (m+1)(a—1)—k (m(”;rl)),

v, =0andr = V—EQJ Then,

N(S)=wv, and l; = t;(a+ k) +1i— v

for each i =1,...,N(S) where t; is the smallest integer such that vy, > i.

In [1], Brauer found a formula for the Frobenius number of k£ + 1 consecutive
positive integers, this is given by

-2
g(a,a+1,...,a+k):a<{ak J+1)—1.

We remark that Theorem 1.1 contains Brauer’s result as a particular case.
Indeed, since v, = v,_1 +a — (rk + 1) and ty(s) = r then

Ingy =rla+k)+N(©S)—vg=r(a+k)+v,— (v, +7k+1—a)
r(a+k)+a—1—k7“:a(r+1)—1:aqL;?J+1>_1.

Theorem 1.1 yields us to consider the following question.

Question: Let S =< a,a+d,...,a+ kd > with d > 1 and gcd(a,d) = 1.
Is there a formula that computes the i gap of S for each 1 <i < N(S)?

A positive answer to the above question is obtained when ¢ = N(S) since,
for any integer d, it is known [13] that



ZN(S):g(a,a+d,...,a+k:d):anL;QD+d(a—1). (3)

The following Theorem answers this question when £ =2 and d = a — 1.

Theorem 1.2 Let a > 1 be an integer and let S =< a,2a — 1,3a — 2 > be

a semigroup with gaps ly < --- <lIy(s). Let

r=(ro,m1,...,r3m—2) = (0,2n—1,2n—2,2n—3,2n—3,2n—4,2n—5,2n—5,2n—6,...,2,1,1)
and

= (ry,r], s Th_q) = (0,2n,2n—1,2n—2,2n—2,2n—3,2n—4, 2n—4,2n—>5, ..., 2,2, 1).

m m
— ! /
We set v, = '507“1- and v,, = Eori. Then,
1= 1=

n*—=3n+1 ifa=2n, n>1,
(n?=2n+1) ifa=2n+1, n>1,

2
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and

I (ti—1)2n+i— v, ifa=2n, n>1,
Tl G -D2n+ 1) Fi—v,  ifa=2n+1, n>1,

where t; is the smallest integer such that v, > i if a = 2n (or v, > i if
a=2n+1).

We notice that Theorem 1.2 contains equality (3) when £ =2 and d = a — 1.
Indeed, equation (3) implies that if @ = 2n, n > 1 then



g(a,20-1,30-2) =a(|52])+(
=20 (|252]) + 2”—1)
=2n(n—1)+ (2n — 1)
=6n2—6n+1=6nn—-1)+1

and a =2n+ 1, n > 1 then

g(a,2a —1,3a —2) = G(VT_QJ) +(a—1)2
= (2n+1) (|25=2]) + (2n)?
= (2n+1)(n — 1) + 4n?
=6n —n—1=n(6n-1)—1.

On other hand, by Theorem 1.2, we have that.
(a) If a = 2n, n > 1 then tn) = 3n — 2, N(S) = vgn—o and vg_o =
V3n—3 + 31 = U3n—3 + 1. So,

(37’L — )27’L + N(S) — VUsp—2-1
(3n —3)2n 4 v3p—2 — (Vgn—2 — 1)
=6n*—6n+1==6n(n—1)+1.

(b) If a = 2n+1, n > 1 then ty) = 3n — 1, N(S) = v3,—1 and v, ; =
Uén—2 + Tén—l = Uén—Z + L. SO:

=0Bn—-2)2n+1)+ N(S) — v, 1,4
(3n — )(271 + 1) + V3p—1 — (Uénfl — 1)
—6n%—4n+3n—2+1=n(6n+1)— L.

In this paper, we also study the gaps of semigroups with two generators.
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Theorem 1.3 Let p, q positive integers such that g.c.d.(p,q) = 1. Let gr(Sp,)
be the number of gaps of Spq =< p,q > in the interval

lpg — (k+1)(p+q),...,pq — k(p+q)],

for each 0 < k < {ﬁJ — 1. Then,

1 ifk=0
9 (Spq) = { 2(k +1) + V“IJ + V’Z’J if 1 <k< {ﬂJ -1

P q p+q

In Section 3, we give two proofs of Theorem 1.3, the first one uses the no-
tions of Apery set and the second one the well-known Pick’s theorem. These
algebraic and geometric proofs may motivate further investigations on the
study of gaps of semigroups with n > 4. We remark that Theorem 1.3 can
be regarded as a generalization, to some extent, of equation (2) contained
when k& = 0 (an arithmetical and an algebraic proofs of equation (2) are given
in [7] and [2] respectively).

2 Arithmetic sequences

We may now prove Theorems 1.1 and 1.2.

Proof of Theorem 1.1. Let S; = {i(a + k) +1,...,(i + 1)a — 1} for each
i=0,...,7 = {L;ZJ So, |S;| = a — (ik + 1). We shall prove, by induction

on i, that if s € S; then s ¢ S. It is clear for i = 0 since Sy = {1,...,a — 1}.
Let us suppose that it is true for : = m < r — 1 and let s € S,,+1. Notice
that s € S if and only if s — (a + j) € S for some 0 < j < k. So, if we show
that s — (a + j) € S,, for all 0 < j < k then, by the inductive hypothesis,
s ¢ S. To this end, it can be easily checked that

mla+k)+1<s—(a+j)=m+1)(a+k)+1l—(a+j)<(m+1)a—1

6



forall 1 <l <a—(k(m+1)+1) and all 0 < j < k with equality on the
left-hand side when [ = 1 and j = k and equality on the right-hand side
when | =a — (k(m+1)+1) and j = 0.

Now, we claim that if ¢t € S; for all @ = 0,...,r = VT’QJ then t € S.
For this, we consider the sets T; = {(i + 1)a,...,(i + 1)(a + k)} for each

i=0,...,r= V—;ﬂ and T,y = {z|zr > (r + 1)(a + k) + 1}. We show, by
induction on ¢, that if ¢ € T; for some ¢ then ¢t € S. This is clear for i = 0
since Ty = {a,...,a+k}. Now, suppose that it is true fori =m —1 <r—1.

Then, by inductive hypothesis, all elements in

Tin—1={ma,...,ma+mk=m(a+k)}

belong to S. So, all elements in A = {z + a|z € T,,_1} also belong to S.
Moreover, all elements in B = {m(a+k)+a+1,m(a+k)+a+2,...,m(a+
k) + a + k} also belong to S since m(a + k) belong to T,,. Hence, all the
elements in

T

{m+1a,...,(m+1)(a+k)} ={ma+a,....,ma+k)+a+k}
{ma+a,...,ma+a+mk=m(a+k)+ama+k)+a+1,....ma+k)+a+k}
AUB

belong to S. Finally, note that

T = 1Tas | = (|7 +1) k120

So, T, contains a consecutive elements forming a complete system modulo a,
that is, 7, contain elements ¢(0),...,t(a — 1) such that ¢(i) =i mod a. It is
clear if t € T,41 then t = ¢(i) + la with [ > 0 integer and where ¢ = i mod a.
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Thus, the set of all gaps in S is given by {S; }o<i<,. So,

N(S) = Y IS| =a— (-+1) = (r+1)(a— 1)~ k (T(T; 1)>

1=0

and
li = tl(a + k’) +i— Vg,—1

for each i = 1,..., N(S) where ¢; is the smallest integer such that v;, > ¢ . O
Example: Let S =< 8,9,10,11 >. Then, k = 3 and r = 2. S5y =

{1,2,3,4,5,6,7}, S1 = {12,13,14,15}, S, = {23}, Ty = {8,9,10,11}, T
{16,17,19,19,20,21,22}, T, = {24,...,33} and T3 = {34,35,...}.

Proof of Theorem 1.2. We consider two cases according with the parity of a.

Case A) If a =2n, n > 1 then S =< 2n,4n — 1,6n — 2 >. We consider the
sets S; ={(i —1)2n+1,...,(i —1)2n+r;} for each i = 1,...,3n — 2. We
shall show, by induction on i, that if s € S; then s ¢ S. This can be easily
checked for i = 1,2 and 3. Let us suppose that it is true for : = m > 4 and
let s € S,,11. Again, as in the above proof, we use the fact that s € S if and
only if s — [ € S with either l =2n orl =4n — 1 or [ = 6n — 2. We then
show that s — [ € 5}, for some 1 < j < m when either | =2n or [ = 4n — 1
or [ = 6n — 2 and thus, by the inductive hypothesis, s — [ ¢ S (and therefore

s¢S).

Remark 2.1 (a) If iy =7 then rpy = T + 1 and 1o = 1pyq + 2.
(b) If rine1 < T then 1y, = T + 1 and either ry_y = 1y + 1 and
Tm—2 ="Tmi1+2 0" "1 =Tma1 +2 and 10 = ripaq + 2.

From (a) and (b) we have that 1 < Ty T + 1 < Ty and rpy +2 =

Tm—2.

We now check three cases.

() Ifi=2nthens—l=m2n)+j—2n=(m—1)2n+j with 1 < j <r,;.
So, s — 1 € S, since, by the above remark, 1 < j <r,, 11 < 7.



(2)Ifl=4n—1thens—Il=m(2n)+j—(4n—1) = (m—2)2n+j+1 with
1 <7< rpe1. So, s—1 € S, since, by the above remark, 1 < j+1 <
T"m+1 + 1 S "m—1-

(B)Ifl=6n—2thens—1l=m(2n)+j— (6n—2) = (m—3)2n+j+ 2 with
1 <7< rpy1. So, s —1 € S, 5 since, by the above remark, 1 < j+ 2 <
Tm+1 + 2= T'm—2-

Now, we claim that if t ¢ S; forall: =1,...,3n —2 then t € S. For this, we
consider the set 7; = {(i —1)2n+r;+1,...,i2n}) foreach i = 1,...,3n — 2
and T3, 1 = {(3n —2)2n+ 1,...,(3n — 2)2n + 2n}. We show, by induction
on i, that if ¢t € T; for some ¢ then s € S. This is clear for ¢ = 1,2 and
3. Indeed, the elements in T} = {2n}, To = {4n — 1,4n = 2(2n)} and
T3 = {6n —2,6n—1 = 4n — 1+ 2n,6n = 3(2n)} all belong to S. Now,
we suppose that it is true for ¢+ = m with 4 < m < 3n — 3 and notice
that 7, = (j — 1)2n + s where r; +1 < s < 2n for each 1 < j < 3n — 2.
Let t € Tpyr. If s = 2nthent = (m+1—-1)2n+2n = (m + 1)2n
that clearly belongs to S (¢ is a multiple of 2n) and if s = 2n — 1 then
t=(m+1-12n+2n—1=(m+1)2n—1=4n— 1+ (m — 1)2n that also
belongs to S (t is a combination of elements 4n — 1 and 2n). Let us suppose
now that 7,11 +1 < s < 2n — 1. We have three subcases according to the
above remark (we recall that ¢ € S if and only if ¢, € S where [ = 2n or
4n — 1 or 6n — 2).

(1) If rpppqr = 7y then ¢ — 1 = m(2n) + s —2n = (m — 1)2n + s with
Tmi1+1<s<2n. But,t—1€ S5, sincer,,+1=r,1+1<s<2n. Thus,
by the inductive hypothesis, ¢t — [ € S and therefore ¢ € S.

2) U ry =rmuy+1, 71 =rm+1and ry 90 = 1y +2 then t — 1 =
m(2n)+s—(4n—1) = (m—2)2n+ s+ 1 with 7,,.1 +1 < s < 2n — 1. But,
t—1le S, _1sincer, 1+1=rp1+2<s+1<2n. Thus, by the inductive
hypothesis, t — [ € S and therefore t € S.

B) U ry =rmuy+1, 71 =rmr+2and ry9 = 1y +2 then t — 1 =
m(2n) 4+ 7 — (6n —2) = (m — 3)2n + s + 2 with with 7,41 +1 < s < 2n — 1.
But,t -1 € S, 9since 1 +1 =111 +3 < s+ 2 < 2n Thus, by the
inductive hypothesis, t — [ € S and therefore t € S.

For the case i = 3n—1 we have that 73,1 = (3n—2)2n+j withj = 1,...,2n.
So, if t € Ts,—1 then t = (3n —2)2n 4+ j = (3n — 3)2n + j + 2n and since



(3n — 2)2n + j belongs to T3, 5 then t € S. Since the elements in T3, ; are
consecutive and |T3,_1| = a then they form a complete system modulo a,
that is, T3,_1 contain elements t(0),...,t(a — 1) such that ¢(i) = ¢ mod a.
From this, it is clear that if ¢ > max{T5,_1} then ¢t = (i) + la with [ > 0
integer and where ¢ =i mod a.

Thus, the sets S; are the gaps in S (increasingly ordered) and

3n—2 3 3
N(S) = vz = Z ri=-n®>—-n+1.
i=0 4 2

In order to find the i""-gap of S we first find out to which set S; the gap I;
belongs to. The latter is done by computing the smallest integer ¢; such that
v, > i obtaining that [; € S;,. And thus, [; is given by (¢; — 1)2n + j with
j = 7’ - /Utifl'

Case B)If a=2n+1,n>1then S =< 2n+1,4n+ 1,6n + 1 >. This case
is analogous as the first one by considering the sets S, = {(i —1)(2n + 1) +
L...,(i=1)@2n+1)+rj} foreachi=1,...,3n -1 and Tj = {(j — 1)(2n +
D+ri+1,...,j@2n+ 1)} with j =1,...,3n — 2.

Again, in this case, the sets S! are the gaps in S (increasingly ordered). So,

3n—1
N(S) =ty = 5 i =

> (n*—=2n+41)and l; = (i —1)(2n+1)+i—v]_,.

3
4
O

Ezample: Let S =< 7,13,19 >. Then, n = 3 and ' = (0,6,5,4,4,3,2,2,1).
S, = {1,2,3,4,5,6}, S, = {8,9,10,11,12}, Sy = {15,16,17,18}, S, =
122,23,24,25), S5 = {29,30,31}, Ss = {36,37}, Sy = {43,44}, S, =
(50}, Ty = {7}, T = {13,14}, Ty = {19,20,21}, Ty = {26,27,28}, T} =
(32,33,34,35), Ty = {38,39,40,41, 42} and Ty = {45, 46, 47, 48, 49}.
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3 Gapsin <p,q>

The Apéry set of element a, a € S\ {0} is defined as Ap(S,a) = {s €
S|s—a ¢ S}. It is known that the set Ap(S,a) is a complete system modulo
a, that is, Ap(S,a) = {0 = w(0),...,w(a — 1)} where w(i) is the least
element in S congruent with ¢ modulo a. Let p, ¢ positive integers such that
g.c.d.(p,q) = 1. The semigroup S,, =< p,q > is symmetric, that is, for any
integer x € [0,...,9(Sp)], © € Sy, if and only if g(S,,) — = & Spq.

Proof of Theorem 1.53. As S,, is symmetric then for each k =0, ..., {%J -1
there exists a one-to-one correspondence between the sets

{r € Njz & Spq and pg — (k+1)(p+q) <z <pg—k(p+q)}

and

{z e Spq'(k —Dp+q <z<klp+q}

Let Ap(Spq, p+¢q) = {w(0),...,w(p+q—1)} where w(i) is the least element
in S,, congruent with ¢ modulo p 4 ¢. Then, for each i € {0,...,p+q¢q — 1}
we have that (kK —1)(p+q) + ¢ € Sy, if and only if (k — 1)(p+q) +i > w(7).
Hence,

{z € Spl(k=1)(p+q) <z < k(p+a)}| = {w € Ap(Spq p+a)lw < k(p+q)}|+1

(4)
Since g.c.d.(p, q¢) = 1 then Ap(S,q, p+q) = {0,p,2p, ..., (¢—1)p,q,2q, ..., (p—
1)q, pq}. Besides, tq < k(p + q) if and only if ¢ < k + kp/q or equivalently,
t < k+ |kp/q]. Analogously, tp < k(p + q) if and only if ¢t < k + |kq/p].
Therefore,

{w € Ap(Spy, p+q)|lw < k(p+q)} ={0,p, ..., (k+kq/p])p,q; - .., (k+|kp/q])q}

and

{0,p,.... (k+ka/p))psa; - - -, (k+kp/q))a}| = 1+ K+ |kq/p] +k+ |kp/q].

Thus, by equation (4),

11



(o € Spllk—1)p+ ) <o < k(p+ )} =20k +1) + m ; {"/’QI’J

and the result follows by the above bijection. O

Pick’s theorem [10] is considered as one of the gems of elementary mathe-
matics. It asserts that the area of a simplest lattice polygon® S, denoted by
A(S), is given by I(S) 4+ B(S)/2 — 1 where I(S) and B(S) are the number
of lattice points in the interior of S and in the boundary of S respectively;
see [16] for a short proof of Pick’s theorem.

Second proof of Theorem 1.3. Let P be the lattice polygon with vertices
(¢g—1,-1),(=1,p—1),(g,0) and (0, p). Notice that there are no other lattice
points on the boundary of P and that the set of lattice points inside P,
denoted by I(P), are all in the first quadrant. The equation of the line
connecting the the first (resp. the last) two points is given by px + qy =
pq—p—q (resp. by px + qy = pq). Let T} and T5 be the triangles formed by
points (q,0), (0,p), (—=1,p—1) and (—=1,p—1), (¢ — 1, —1), (g, 0) respectively.
Since

q 0 1 -1 p—-11
AN) =50 0 p 1| =5(g+p) =35/¢-1 -1 1| =A(T)
-1 p—11 q 0 1

then A(P) = A(T)) + A(T») = p + q and, by Pick’s theorem, we have that
|[I(P)] = p+ g — 1. We claim that line px + qy = pg — p — ¢ + ¢ contains

3We call a polygon simple if its boundary is a simple closed curve. A lattice polygon is
a polygon where its vertices have integer coordinates.
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exactly one point in /(P) for each i = 1,...,p+ ¢ — 1. Suppose that there
exists 1 < j < p+ q— 1 such that the line pzr 4+ qy = pq — p — ¢+ j contains
two points of I(P), that is, pr1 + qy1 = pg —p — q+ j = pra + qyy for
some 0 < x1,29 < ¢q, T1 # 22 and 0 Y1,%2 < ¢, y1 # yo. But then,
(1 — x9)p = (y2 — y1)q and since (p,q) = 1 then (z1 — x3) = sq¢ > ¢ which
is impossible. So each line px + qy = pqg — p — q + ¢ contains at most one
point of I(P). Moreover, each line px + qy = pg — p — g + @ has at least one
point of I(P) otherwise, by the pigeon hole principle, it would exists a line
pr+qy=pqg—p—q+7jfor some 1 < j<p+qg—1 containing two points of
I(P), which is a contradiction. Notice that, since all lines pz + qy = n > pq
clearly have at least one lattice point in the first quadrant then pqg — p — ¢ is
the largest value for which pxr + qy = pq — p — q does not have solution on
the nonnegative integers. Thus Fy(S,,) = 1.

A

Let k* be the largest integer such that pg — k*(p + q) > 0. Let @ be the
polygon formed by the points (¢ — k, —k), (¢ — (k+1),—(k+ 1)), (=k,p— k)
and (—(k+1),p—(k+1)). Notice that Qo = P, that Qy is just a translation of
Qo and that Q1 does not contains points (—x, —y), z,y > 0 (by definition
of k*). Let ri (resp. r2) be the intersection of the line px +qy = pq—k(p+q)
with the z-axis (resp. with the y-axis) for each k = 0,...,k*. Let Q} (resp.
Q3%), k=0,...,k* — 1 be the (not necessarily lattice) polygon formed by the
points (r,0), (141, 0), (¢ — k, —k) and (¢ — (k+ 1), —(k + 1)) (resp. formed
by the points (0,77), (0,7%4,), (—k,p — k) and (—(k+1),p — (k+1))). We
notice that Qi (resp. Q%) is the piece of @ that lies below the z-axis (resp.
on the left-hand side of the y-axis). Since each line pz+qy = pg— (p+q) +7,
1 < j < p+ q—1 has a unique solution with nonnegative integers (z,y)
then the translated line pr + qy = pqg — k(p + ¢q) + j (lying in Q) does
not have solution with nonnegative integers if the corresponding translation
of (z,y) lies either in @} or Q%. Hence, Fi(S,,) = I(Q}) + I1(Q3) + 2 for
each K = 1,...,k* — 1 (the term 2 counts the gaps corresponding to the
inexistence of solutions for px + qy = pg — k(p + q) and px + qy = pqg — (k +
1)(p+q)). We calculate I(Q}) and I(Q%) for each k =1,...,k* — 1. To this
end, we first observe that the number of integer points lying on the interval

[([721,0),...,(q,0)[=[(¢g—k— L%J ,0),...,(q,0)[ (resp. lying on the interval

[(0,p),...,0,[r2D)[=[(0,p),...,(0,p—k— L%pj)[) is equals to &k + {qu (resp.

P
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equals to k + VZ—”J) Let A} and A? the number of integer points lying on

the intervals [(r}.1,0),...,(rt,0)[ and [(0,77.,),. .., (0,77)[ respectively for
each k=1,...,k* — 1. Then,

Similarly, 1(Q3) = k+ |22, k =1,...,k* — 1 and the result follows. O

We end this section with the following question. Let p;(S) = p; be the i
non-gap of S and let M (7) be the number of gaps smaller than p;.

Question 3.1 Is M (i) computable in polynomial time?
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