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ABSTRACT. An arrangement of pseudocircles A is a collection of Jordan curves in the plane
that pairwise intersect (transversally) at exactly two points. How many non-equivalent links
have A as their shadow? Motivated by this question, we study the number of non-equivalent
positive oriented links that have an arrangement of pseudocircles as their shadow. We give sharp
estimates on this number when A is one of the three unavoidable arrangements of pseudocircles.

1. INTRODUCTION

Let L be a link. A link diagram of L is a regular projection of L into R? such that the
projection of each component is smooth and at most two curves intersect at a point. At each
crossing point of the link diagram the curve which goes over the other is specified. A shadow
of a link diagram is the plane graph obtained by ignoring the over/under passes, turning them
into degree 4 vertices. We refer the reader to [1] for standard background on knot theory.

Suppose that S is a link shadow. In general, it is virtually impossible to tell exactly which
link is being projected to S. What can we say about the links that could be projected to S7

Several variants of this general question have been investigated in the literature. For in-
stance, [2|9}21],22,23,24] revolve around the following question: given a link L, which shadows
are projections of L?

The latter is closely related to the notion of fertility: which/how many knots can be obtained
from a minimal shadow of a knot [5,/10,/11}/15]. Another related problem asks for the construction
of “small” shadows that are the projection of all knots of a given crossing number [7]. A
connection between shadows and the well-known unknotting number of a link diagram has been
treated in [17]. We refer the reader to [8)13,/14,(19] for further related problems.

The concept of fertility mentioned above is closely related to what we call the prolificity of
a link shadow S, which is simply the number of non-equivalent links that project to S. For
instance, a shadow of a torus knot 75, with exactly n crossing points is rather poor in this
regard, as its prolificity is only |n/2] [5].

Needless to say, estimating the prolificity of an arbitrary shadow S with n crossings is a
daunting task. A naive general algorithm to calculate this number consists of generating all 2"
diagrams that project to S, and then to try to find out by some means how many non-equivalent
links (this is the hard part) arise from these 2" diagrams.
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In this direction, we shall shed light into the problem by investigating particular families of
shadows. In this paper we focus our attention on shadows that are arrangements of pseudocir-
cles. We recall that an arrangement of pseudocircles of size n is a collection of n Jordan curves
in the plane that pairwise intersect at exactly two points, at which they cross. In Figure (a)
we illustrate an arrangement of pseudocircles of size 3. If we assign an orientation to each
pseudocircle, we obtain an oriented arrangement of pseudocircles. For instance, in Figure (b)
and (d) we illustrate oriented arrangements obtained from the arrangement in (a). For brevity,
throughout this work we refer to an (oriented or not) arrangement of pseudocircles simply as
an arrangement.

o 0-0e-©

FIGURE 1. In (a) we have an arrangement of three pseudocircles, and in (b) and (d) we
have oriented arrangements obtained from (a). In (c) (respectively, (e)) we illustrate
the positive link induced by the oriented arrangement in (b) (respectively, (d)).

1.1. The main question. Estimating the prolificity of an arbitrary arrangement .#' seems to
be far from reach. We shall thus concentrate our efforts on estimating the number of non-
equivalent positive links that project to .«7. We investigate the following.

Question 1. Let o7 be an unoriented arrangement of pseudocircles. How many non-equivalent
positive links project to <7 ¢

Throughout this paper we investigate Question (1| for oriented links (as we explain in Sec-
tion our results for oriented links imply corresponding results for unoriented links). A link
is oriented if an orientation for each of its connected components is fixed. Two oriented links L
and M are equivalent if there is an ambient isotopy that takes L to M, preserving the orientation
of each component. We use L ~ M to denote that L and M are equivalent oriented links.

Remark. With the exception of Section throughout this paper all links under consideration
are implicitly assumed to be oriented.

As illustrated in Figure [I} each oriented arrangement naturally induces a positive link. We
recall that each crossing in a link diagram is either positive or negative, according to the con-
vention illustrated in Figure [2| and a link is positive if all its crossings are positive. Thus in
order to obtain a positive link from an oriented arrangement, one gives to each crossing in the
arrangement the over/under assignment that yields a positive crossing. In Figure (c) (respec-
tively, (e)) we illustrate the positive link induced by the oriented arrangement (b) (respectively,
(d)).

We denote by Z+<,£Zf ) the collection of all positive oriented links that project to o/. Thus
if o/ is an unoriented arrangement of n pseudocircles, each of the 2" ways to orient the n
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FIGURE 2. Each crossing in a link diagram is either positive or negative, according to
this convention.

pseudocircles in &/ induces an oriented arrangement, which in turn naturally induces a link

in f—i_(ﬂ ). Conversely, it is easy to see that each link L in Z>+(,527 ) naturally induces an
oriented arrangement: the orientations of the components of L naturally yield orientations of
the pseudocircles in 7.

There is thus a one-to-one correspondence between the links in Z)Jr(;zf ) and the 2" distinct
ways to orient the n pseudocircles in 7, that is, the 2" distinct oriented arrangements that

have &7 as its underlying unoriented arrangement. Therefore |Z+(£f )| =2". We let [[Z+(£/ )]
denote the number of non-equivalent links in 2+(£% ) (that is, the number of equivalence classes

in £ (o).

For instance, in Figure |3| we illustrate the 23 = 8 positive links induced by the arrangement
o/ in Figure[l] As we also illustrate in that figure, it is easy to verify that the six links on the
left-hand side of that figure are equivalent to each other, and the two links on the right-hand
side are equivalent to each other (but not to the other six). Hence the collection of 8 links in

Z’*(@% ) is partitioned into two equivalence classes. Thus in this particular case ]Z’*(ﬂ )| =8
and [[ZJF((@?)]] =2.

We focus our attention on the oriented version of Question [I}

Question 2 (Oriented version of Question . Let o be an unoriented arrangement of pseu-
docircles. How many non-equivalent positive oriented links project to </ ? Using our notation:

how large is [[Z)+(¢Qf)]] ?

1.2. Our main results. Needless to say, the answer to Question [2] depends on the arrangement
o/ under consideration. We investigate this question for three important families of arrange-
ments, namely the unavoidable arrangements: the ring arrangement, the boot arrangement and
the flower arrangement. Let us quickly recall these families.

In Figure [] we illustrate three arrangements of size 6: the ring arrangement %g, the boot
arrangement %, and the flower arrangement %g. It is straightforward to generalize these
arrangements to obtain arrangements %,,, %,, and .%,, for any positive integer n. Note that
1=, =F and Hy=PB>=.%5, as up to isomorphism there is evidently only one arrangement
of size 1 and only one arrangement of size 2.

It was proved in [18] that for each integer n = 1, %,,, %,, and .%, are the three unavoidable
arrangements of pseudocircles, in the following sense:
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FIGURE 3. The 23 = 8 positive links induced by the arrangement .27 in Flgure are
partitioned into two equivalence (ambient isotopic) classes. Indeed, it is easy to check
that the six links on the left-hand side are equivalent to each other, that the two links on
the right-hand side are equivalent, and that no link in the first collection is equivalent

to a link in the second collection. Therefore [[ZJr(M )] = 2.

%6 %6 y6

FIGURE 4. From left to right, the ring arrangement %, the boot arrangement g, and
the flower arrangement .%g. These are the unavoidable arrangements of size 6.

Theorem 3 ( , Theorem 2]). For each fixred n = 1, every sufficiently large arrangement of
pseudocircles has a subarrangement isomorphic to %, B, or F,.

These three families of arrangements %,,, %,, and .%#,, are then the unavoidable families, in the
sense that these are the (only) arrangements that are guaranteed to exist as “large” subarrange—
ments of an arbitrary arrangement. The latter is the analogue to the seminal Erdés-Szekeres
Theorem asserting that for each fixed m > 1, every sufficiently large simple arrangement of
pseudolines in RP? has a cyclic subarrangement of size m.

We investigate Question 2] for the three unavoidable families of arrangements. Not surpris-
ingly, determining the exact values of ﬂf+(%n)ﬂ, ﬂ2+(,@n)ﬂ, and [[Z’*(yn)]] for small values of
n is a cumbersome task that relies on a case analysis, and so it makes more sense to investigate
these numbers for large values of n, that is, the asymptotic behaviour of these numbers. More
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specifically, we are interested in the growth of [[Z’*(%n)]], [[Z+(%n)]], and [[Z)JF(L%L)]] relative to
2", which is the total number of links in Z+(%n), Z+(,%’n), and ZJr(ﬁn)

Our main contributions are exact asymptotic estimates for [[Z+ (Z%,)], [[Z)Jr (%,)], and [[Z)Jr (7).
For the reader not familiar with this notation, we recall that o(n) stands for a function that
goes to 0 as n goes to infinity.

Theorem 4 (The number of positive oriented links that project to %,).

25 ()] = G + o(n)) o

Theorem 5 (The number of positive oriented links that project to 4,,).

[Z(%3,)] = (1 + o(n)) Lom,

Theorem 6 (The number of positive oriented links that project to .#,).

2n

[Z7 ()] - (i + o<n>) o

At a high level, to prove Theorem {4 we show that if we take a random oriented link in Z+ (%)

then with high probability its equivalence class in Z+(%n) has size exactly four. Similarly, to
prove Theorem [5| (respectively, Theorem @ we show that if we take a random oriented link in

Z’*(%n) (respectively, in Z’*(ﬂn)) then with high probability its equivalence class in Z*(%n)

(respectively, ZJr(ﬁn)) has size exactly one (respectively, 2n).

The paper is organized as follows. In next section we briefly discuss some needed background.

In Section [3, we set the strategy to prove Theorem [] concerning ring links. We reduce
Theorem [ to Proposition [9] In Section [d] Proposition [0 is in turn reduced to Lemmas [I0] and
Lemma [L0] is proved in Section [f] while Lemma [11] is treated in Section [6 (for small values
by using intrinsic symmetry groups) and in Section [7| for arbitrary values.

In Section [§ we set the strategy to prove Theorem [5| concerning boot links. We reduce
Theorem [5] to Proposition [I§ Similarly as for ring links, this proposition is in turn reduced
in Section [0 to Lemmas 2I] and 22] Lemma [21] is also proved in Section [9 while Lemma [22] is
proved in Section [10}

In Section [I1] we set the strategy to prove Theorem [6] concerning flower links. This family is
trickier, and it needs a few further notions and arguments. The overall strategy is analogous
to the one used for ring links and boot links: the theorem is reduced to Proposition |31 which
is in turn reduced to Lemmas [33] and [34] in Section [12] Lemma [33]is also proved in Section
while Lemma [34] is treated in Section [13| (for small values by using intrinsic symmetry groups)
and in Section [I4] for general values.

Finally, in Section we discuss the corresponding versions of Theorems [ [ and [6] for
unoriented links.
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2. BASIC NOTATION AND TERMINOLOGY ON ISOTOPIES

We close this introductory section with some remarks on the notation and terminology that
we use throughout this paper.

For brevity, we will refer to an ambient isotopy simply as an isotopy. We use ‘ L — M to
denote that Z is an isotopy that takes a link L to a link M, and say that Z is an L — M 1isotopy.

Many of our arguments will involve permutations induced by isotopies. Before we explain
this in more detail, let us lay out the terminology we shall use for permutations. As usual, the
set {1,...,n} will be denoted by [n]. We use L to denote the identity permutation on a set [n],
for some positive integer n. We use v to denote the reverse permutation on a set [n], that is,
v(i)=n—i+1fori=1,...,n. We shall use the one-line notation for permutations. That is,
we use (m(1) 7(2) --- w(n)) to denote the permutation (W(ll) Wé) " xtwy)- Thus, for instance, the
identity permutation L on [n] is (12 ---n), and the reverse permutation v on [n] is (n ---21).

As we shall see, the components of every link under consideration will be naturally ordered.
Suppose that the components of a link L (respectively, M) have a natural order Lq,..., L,
(respectively, M, ..., M,). Then each L — M isotopy Z naturally induces a permutation 7
of [n] = {1,2,...,n}, where (i) is the integer such that I‘ L; — M. We say that 7 is
the (L, M)-permutation under Z. We also say that Z is an L+~ M isotopy, and we write
I|L-" M.

In the particularly important case in which 7 is the identity permutation L (that is, Z takes
the i-th component L; of L to the i-th component M; of M, for i =1,...,n), we say that Z is
a strong L — M isotopy.

We finish the section with an elementary fact that will be used frequently in our discussions.

Observation 7. Let L, M and N be three links and let I}L — M and j’M — N be two
1sotopies. Let w, 7 be permutations such that T ’ L M and J ’ M -5 N. Then J oT is an
1sotopy such that J o I‘ L5 N,

3. RING LINKS: PROOF OF THEOREM [

For simplicity, throughout this paper we refer to a link in Z+(,%n) as a positive ring link of
size n or simply as a ring link of size n, since all links under consideration are positive.

3.1. Correspondence between ring links and binary words. A ring link of size n is

naturally associated to a binary word of size n. Indeed, each link in Z+(9?n) is obtained by
assigning an orientation to each of the n pseudocircles in Z%,,. Such an orientation assignment
can be naturally encoded as follows. See Figure [5] for an illustration.

Let ¢ = 1,2,...,n be the pseudocircles in Z,, ordered from left to right. We encode an
orientation using a word a of length n, where the i-th entry of the word a is 0 (respectively, 1)
if pseudocircle i is oriented clockwise (respectively, counterclockwise). Given such a word a, we
use %,(a) to denote the corresponding oriented arrangement. Finally, we use R(a) to denote
the positive link induced by %, (a). It seems worth emphasizing that R stands for “ring”.

For instance, if we take the arrangement %5 and orient clockwise pseudocircles 1,2, and 4,
and orient counterclockwise pseudocircles 3 and 5, then we obtain the oriented arrangement
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1 2 3 4 5 R(00101)3

@@ @ @ @ R(00101); R(00101)5

R(00101);  R(00101),

25(00101) R(00101)

FIGURE 5. The oriented arrangement %5(00101), and its induced positive link, the
ring link R(00101). We indicate the five components R(00101);, R(00101)s, R(00101)3,
R(00101)4 and R(00101)5 of R(00101).

H5(00101), illustrated on the left hand side of Figure[f] This oriented arrangement induces the

ring link R(00101), illustrated on the right hand side of that figure. As we also illustrate in that

figure, for each i = 1,...,n we use R(a); to denote the i-th component of the ring link R(a).
In short, there is a one-to-one correspondence between the set of all binary words of length

n and the collection Z’*(%) of all ring links of size n. As we shall see, a totally analogous
observation holds for boot links of size n and also for flower links of size n. For the rest of the
paper, we shall refer to a binary word simply as a word.

We finally introduce a few elementary notions that will be used throughout this paper. If
a=ap---ay,is a word, the reverse a™! of a is a, - - - a1, and its negation @ = ay - - a, is @y - - - G,
(as usual, 0 = 1 and 1 = 0). Thus if a = 00101, then a=' = 10100 and @ = 11010. Note that
every word a satisfies that (@) = a1

A subword of a word ajas - - - a, is a word of the form a;, a;, - - - a;,,, where i3 < iy < -+ < ip,.
A word is oscillating if it contains neither two consecutive Os nor two consecutive 1s. We note
that in the literature a word that we call oscillating would be called “alternating”, but in the
context of knot theory it seems best to avoid this terminology for anything other than its usual
meaning.
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The opposite notion of an oscillating word is a monotone word, which consists only of Os or
only of 1s. The rank of a word a, denoted by rank(a), is the length of a longest oscillating
subword contained in a. Thus, for instance, rank(000100) = 3 and rank(00100010) = 5.

If m is a positive integer, we use 0™ to denote the monotone word 0---00 of length m with
only 0s. Similarly, 1™ is the monotone word 1---11 of length m with only 1s.

Note that if a;, - - - a;, is a longest oscillating subword of a, then there exist positive integers

a(l),...,a(r), such that a is the concatenation az-al(l)

T

- ag(r) of 7 monotone words. We say that

A = ag(l), A= aiaT(T) are the canonical subwords of a, and that a = a(ll(l) ca® = A A,
is the canonical decomposition of a. For instance, the word a = 001000110 has rank » = 5, and
its canonical subwords are A; = 02, Ay = 1, and A3 = 03, A4 = 12, and A5 = 0!, as schematized
in Figure [0]

a = 001000110
00 1 000 11 0
S~ Y~ Y~ Y~ Y~
A1 A2 A3 A4 A5

FIGURE 6. The canonical decomposition of a = 0010001100 is a = A1 A3 A3 A4 A5, where
A =00=0%A4,=1=1" A3 =000 = 03,4, = 11 = 12, and A5 = 0 = 0'.

3.2. Isotopies that act naturally on ring links. The heart of the proof of Theorem {4 is
an identification of which ring links are equivalent to a given ring link R(a). As we shall see
shortly (see Observation , R(a) is always equivalent to R(a), to R(a™"), and to R((@) ") (and
of course, to R(a) itself). This will be the easy part of the identification of the links that are
equivalent to R(a). The considerably more difficult part (see Proposition [J) will be to show
that only these links are equivalent to R(a).

Let us start by showing that R(a) is always equivalent to R(a). We refer the reader to Figure[T]
where we illustrate an isotopy H (which stands for “horizontal”, as H is a rotation of 180 degrees
around a horizontal axis lying on the plane of the diagram). As we illustrate in that figure for
the particular case in which a = 000101, if we apply H to a ring link R(a) = R(a; - --a,), as a
result we obtain the ring link R(a;-~a,) = R(@). That is, H | R(a) — R(@). We conclude that
(R1) if a is any word, then R(a) ~ R(a).

Consider now the isotopy V illustrated in Figure[§l The letter V stands for “vertical”, as V
is a rotation of 180 degrees around a vertical axis on the plane of the diagram. As we illustrate
in that figure, if we apply V to a ring link R(a) = R(a;---ay,), as a result we obtain the ring

link R((a1---a,)"") = R(@an) ') = R((@)!). That is, V| R(a) - R((@"). Therefore
(R2) if a is any word, then R(a) ~ R((@) ).

Since H | R(a) — R(a) and V|R(a) — R((@)™"), it follows that R(a) ~ R(@) and R(a) ~
R((@)™"). If we apply to R(a) the isotopy H followed by the isotopy V (that is, V o H), we
obtain the ring link R((@) ') = R(a~!). Therefore (R3) if a is any word, then R(a) ~ R(a™").

We finally note that trivially (R4) if a is any word, then R(a) ~ R(a). In view of (R1)—(R4)

we have the following.
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180° rotation
, N \/ ’}_[ , N \/

R(000101) R(000101)=R(111010)

FIGURE 7. If we apply the isotopy H to the ring link R(000101) we obtain the ring
link R(000101) = R(111010). The permutation of this R(000101) — R(111010) isotopy
is the identity permutation L on [6]. In general, if we apply H to a ring link R(a) we
obtain the ring link R(a), that is, | R(a) — R(a). If R(a) has n components then H
maps the i-th component of R(a) to the i-th component of R(a), for i = 1,...,n. That

is, H | R(a) R

(X

R(a).
VAN /\
\\ > &; < \ e /.

| N
)>> 180° rotation 9
/. N

—>
/. \ v \\

N

% O

R(000101) R((000101)~")=R((000101) ") =R(010111)

FIGURE 8. If we apply the isotopy V to the ring link R(000101) we obtain the ring link
R((OOOlOl)_l) = R(010111). The permutation of this R(000101) — R(010111) isotopy
is the reverse permutation v on [6]. In general, if we apply V to a ring link R(a) we
obtain the ring link R((@)!), that is, V | R(a) — R((@)™1). If R(a) has n components
then V maps the i-th component of R(a) to the (n — i + 1)-st component of R((@)™"),
fori=1,...,n. That is, V| R(a) = R((@)™").

Observation 8. Let a and b be words. If b is either a,@,a™", or (@), then R(a) ~ R(b).

3.3. Reducing Theorem [4] to a proposition. Given a word a, we have thus identified four
words b (including a itself) such that R(a) ~ R(b). The main ingredient in the proof of
Theorem [ is that the converse statement also holds, as long as the rank of a is at least four:
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Proposition 9 (Implies Theorem . Let a be a word of rank r = 4. If b 1s a word such that
R(a) ~ R(b), then b is either a,@,a™", or (@)

The proof of this proposition will take considerably more effort than the arguments that led to
Observation [§l We defer the proof of the proposition for the moment, and show that Theorem
follows easily by combining these two statements.

Proof of Theorem (assuming Proposition @ Let a be a word of length n. Using standard
calculations one obtains that the probability that rank(a) is less than 4 goes to 0 as n — 0,
and also the probability that there are two identical words in {a,@,a ", (@) '} also goes to 0
as n — o. By Observation [§ and Proposition [J this implies that the probability that there
are exactly four distinct words b of length n (including a) such that R(a) ~ R(b) goes to 1 as
n — .

The one-to-one correspondence between binary words of length n and elements of 2’*(%)

then implies that the probability that the equivalence class of a random link in Z+(%n) has
size 4 goes to 1 as n — o0. Since \Z+(%n)\ = 2", Theorem W follows. O

4. PROOF OF PROPOSITION

Before we move on to the proof of Proposition 9| (or, more accurately, to reducing the propo-
sition to a couple of lemmas, namely Lemmas and , we briefly discuss sublinks of ring
links, as they play a central role in this discussion.

4.1. Sublinks of ring links. Let a = a;...a, be a word, and let 7q,...,%; be integers such
that 1 < 4; < --- < 4y < n. Then a;, ---a;, is a subword of a, and this subword naturally
corresponds to a link R(a);, U --- U R(a);, (recall that R(a); is the i-th component of the ring
link R(a)). We say that R(a); v --- U R(a);, is a sublink of R(a), and for brevity we use
R(a);,,. ;. to denote it.

It is worth noting that this notation is consistent with the way we denote a single component
of R(a): if k = 1 then we have a single integer i1, and so the corresponding sublink consists of
the component R(a);, .

We say that the ring link R(a) is oscillating if the word a is oscillating, and we say that the
sublink R(a);,.. ;. of R(a) is oscillating if a;, - - - a;, is an oscillating subword of a. Note that
obviously no oscillating sublink of R(a) can have size larger than the rank r of a, since this is
the length of a longest oscillating subword of a.

4.2. Reducing Proposition [9 to two lemmas. Recall that Propositiongclaims that if a is
a word with rank 7 > 4, and R(a) ~ R(b), then b is either a,@,a™!, or (a) .

The proof of this proposition has two main ingredients. The first one is that if Z is an
R(a) — R(b) isotopy, then we can fully reconstruct b from the action of Z on an oscillating
sublink R(a);,,. ;. of R(a) of size r. More precisely, let R(b);, . ; be the image of R(a);,
under Z. Suppose that we know

(i) the subword b;, - - - b;, of b, and

(ii) the (R(a)i,,. 4, R(b)j, .. j.)-permutation under Z.

Jeeeslp
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Then from (i) and (ii) we can fully determine the word b. This is the content of Lemma
below.

The second ingredient in the proof of Proposition [J] is that we can actually fully understand
all the possibilities for (i) and (ii) in the previous paragraph. Indeed, as we claim in Lemmall1]
bj, - - - bj, is necessarily also oscillating (as a;, - - - a;,) and the (R(a);, .. ., RB(D);,... ;. )-permutation
under Z is either the identity permutation { or the reverse permutation v. As we shall see,
Proposition [J] follows easily by combining these two lemmas.

Lemmal[I0]involves the concept of the m-image of a word. We refer the reader to Figure[Jfor an
illustration of this crucial notion. Let a, b be words of the same rank r, and let A;Ay--- A, and
B1Bs - -- B, be the canonical decompositions of a and b, respectively. Let m be a permutation
of [r]. We say b is the m-image of a if there is a bijection between A; and B, that is, if
|A;| = |Bry| fori=1,...,r.

| N T

_H_, OO OO OoOo

a = 0011101111 = 0%130'14 b = 0000100011 = 0*1'0%12

FIGURE 9. On the left-hand side we have the word a = 0011101111, whose canonical
decomposition is Ay A3A3A4, where A1 = 00 = 0%, Ay = 111 = 13,43 = 0 = 0', and
A4 = 1111 = 1% On the right-hand side we have the word b = 0000100011, whose
canonical decomposition is By ByBsBy, where By = 0000 = 0%, By = 1 = 1!, B3 =
000 = 03, and By = 11 = 12. We indicate with arrows a natural bijection between the
canonical subwords of a and the canonical subwords of b. If we let m be the reverse
permutation v = (4321) on [4], we have that A; is mapped to (has the same length
as) B for i = 1,2,3,4. Thus b is the m-image of a.

Clearly, if b is the m-image of a for some permutation 7 of [r], then in particular b has the
same length as a. Moreover, if we know an oscillating subword b;, - - - b;, of b of length r and we
know a permutation 7 such that b is the m-image of a, then we can fully reconstruct b. This
explains the importance of the next statement, whose proof is deferred to the next section.

Lemma 10. Let a be a word with rank r = 4, let b be a word such that R(a) ~ R(b), and let T be
an R(a) — R(b) isotopy. Let R(a);, . ;. be an oscillating sublink of R(a), and let R(b);, . ;. be its
image under . Then b is the m-image of a, where 7 is the (R(a;,,. i), R(bj, . ;.))-permutation
under I.

I RTEED)
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permutations under Z. This is precisely the information given by our next statement, the second
main ingredient in the proof of Proposition [0

Lemma 11. Let a = a;---a, be a word of rank r = 4, and let R(a);, . ; be an oscillating
sublink of R(a) of size r. Let b be a word such that R(a) ~ R(b), and let Z be an R(a) — R(b)
isotopy. Let R(b);, . ;. be the sublink of R(b) that is the image of R(a);, . s under I. Then,

(1) the (R(a)i,,. i, R(b)j, .  j.)-permutation under I is either the identity permutation L or
the reverse permutation v; and

(2) bj, ---bj, is an oscillating subword of b. That is, R(b);,
R(b).

..........

.....

j, 45 an oscillating sublink of

We defer the proof of Lemma [[1]to Sections[6]and [7], and we prove Proposition [0 assuming the
lemmas. Before proceeding to the proof we note the following easy consequence of Lemma |11}

Corollary 12. Let a be a word of rank r = 4, and let b be a word such that R(a) ~ R(b). Then
rank(b) = r.

Proof. Let s := rank(b). Lemma 11| implies that there is an oscillating sublink of R(b) of size r,
and so it follows that s > r. In particular, rank(b) > 4, and so we can apply the lemma also to
an R(b) — R(a) isotopy, obtaining that there must exist an oscillating sublink of R(a) of size
s,and sor > s. Thus s = r. O

Proof of Proposition @ (assuming Lemmas |10 and . Let a = ay---a, be a word with rank
r>=4. Let b= by ---b, be a word such that R(a) ~ R(b), and let Z be an R(a) — R(b) isotopy.
Let R(a);,,. s, be an oscillating sublink of R(a). Let R(b);, .. ;. be the sublink of R(b) that is
the image of R(a);, . ; under Z, and let w be the (R(a);,,. 4, R(b)j, .. j )-permutation under Z.
Since a;, - - - a;, is oscillating, it follows that the only two oscillating words of length r are
aj, -~ a;, and @;, -~ a;,. Therefore Lemma [L1](2) implies that either

(t) bjy -+ bj, = ai, - a;,; or
(1) bjy - by, =@ ai,.
A,

Let a = A;--- A, = ai’fl‘ ceay "be the canonical decomposition of a. We note that Corol-

lary |12/ implies that the rank of b is also r, and so we can let b = By --- B, = b‘j]fll e b‘f’"‘ be the
canonical decomposition of b.

Lemma |10 implies that b is the w-image of a, and Lemma [L1{(1) implies that 7 is either ¢ or
v. Therefore either

(x) |Bg| = |Ag| for k=1,...,r; or

(x%) |By| = |Ap—gqa| for k =1,... 7.

A glance at the canonical decompositions of a and b shows that if (x) and (T) hold then b = a;
if (+) and (f) hold then b = @; if (+) and (1) hold then b = a™'; and if (*+) and () hold then
b= (a)”". Thus b is either a,a,a"", or (@)~ O
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5. PROOF OF LEMMA [10]

The proof of Lemma [L0]is particularly important, as it will be “recycled” almost in its entirety
when we deal with boot links and with flower links.

Proof of Lemma (assuming Lemma . The proof relies on a detailed description of the
canonical decompositions of a and b. Let a = A;--- A, be the canonical decomposition of a.
For each 7 = 1,...,7 we let p;, ¢; be the integers such that A; = a,, ---a,. Note that actually
p; may be the same as ¢;, which is the case when the canonical subword A; has length 1. Also
note that p; = 1 and ¢. = n. Thus the canonical decomposition of a is as follows:

Ay As A

We say that R(a),,... q is the k-th canonical sublink Ry, of R(a), for k =1,...,r. Evidently,
R(a) is the disjoint union of its canonical sublinks. A crucial observation is that a sublink of
R(a) of size r is oscillating if and only if it contains exactly one component of each canonical
sublink.

Now, by Corollary [I2] the rank of b is also r. Thus we let b = B;--- B, be the canonical

decomposition of b. For each ¢ = 1,...,r we let s;,; be the integers such that B; = b, - - - by,.
Thus
b = b, by, Doy by oo bs, by - by, - by,
. ~ NG ~ _ \
Bi Ba B; B,

Similarly as with R(a), we say that R(b)s, ¢, is the k-th canonical sublink Ry (b) of R(b), for
k=1,...,r. Clearly R(b) is the disjoint union of its canonical sublinks, and a sublink of R(b)
of size r is oscillating if and only if it contains exactly one component of each canonical sublink.

Note that since a;, - - - a;, is an oscillating subword of a, it follows that necessarily a;, € Ay, for
k=1,...,r. Thus A zalfk| for k =1,...,r, and so (*) azafl‘~-
argument shows that (xx) b = bf?ll - bfr‘.

Recall that 7 is the (R(a)i,, i, R(D)j,.. ;. )-permutation under Z. This means that Z maps
R(a);, to R(b)j.,, for k = 1,...,7. Since R(a);, (respectively, R(b); , ) is in the canonical
sublink Ry(a) of R(a) (respectively, in the canonical sublink R of R(b)), this implies that
T takes one particular component of Ry(a) to one particular component of R (b), for k =
1,...,r. The key argument is that a much stronger statement holds: (f) for k =1,...,r, Z
takes each component of Ri(a) to a component in Ry )(b).

To prove (f), by way of contradiction suppose that there is a k € [r] such that Z takes some
component R(a)y of Rx(a) to a component in R(b) that is not in Ry)(b). Then the image
under Z of the oscillating sublink R(a)i, i,y . ips1....ir Of R(a) does not contain any component
of the canonical sublink R (b) of R(b). Therefore Z takes an oscillating sublink of R(a) of
size r to a sublink of R(b) that is not oscillating. But this contradicts Lemma [I1}(2). Thus (})
holds.

alf'”‘. A totally analogous
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Since |Ri(a)| = |Ax| and [Rrk)(b)| = |Brwy| for k= 1,...,7, () implies that |Ay| < [Brx)|
for k = 1,...,r. Since >, _;|Ax| = X1 |Brw| = n, it follows that (f) |Ag| = |Brw)| for
k=1,...,r. Therefore b is the w-image of a. 0]

6. TOWARDS THE PROOF OF LEMMA [11} SMALL RING LINKS

We will prove Lemma by induction on the length n of a. Our aim in this section is to
prove the lemma when n = 4, which is the base case of the induction. As we shall see, this base
case is equivalent to Claim [14] at the end of the section.

The proof of this claim makes essential use of the intrinsic symmetry groups of the ring links
R(0101) and R(1010). In Section we give a brief overview of the notion of an intrinsic
symmetry group, and in Section [6.2] we identify the intrinsic symmetry groups of these two
links. Finally, in Section [6.3] we establish Claim [14]

6.1. Intrinsic symmetry groups. Throughout this paper Z, is the multiplicative group
{—1,1}, and (as usual) S, is the group of all permutations of size n. If K is any oriented
knot then (—1) - K is K with its orientation reversed, whereas 1 - K is simply K with its given
orientation.

In order to introduce the notion of an intrinsic symmetry of a link we refer the reader to
Figure[10] At the top of that figure we illustrate how the isotopy H takes the ring link R(0101)
to the ring link R(1010). As we show at the bottom of the figure, if we ignore for a moment
the orientations of the components of these links, we may consider that H takes the ring link
R(0101) to itself.

If once again we take into account the orientations of the components, we may then conclude
that H takes the link R(0101) to itself, but reversing the orientations of all its components. For
instance, H takes the first component R(0101); of R(0101) to itself with its orientation reversed.
That is, H takes R(0101); to (—1) - R(0101);. Moreover, for i = 1,...,4 we have that H takes
R(0101); to (—1) - R(0101),.

In general, suppose that that L is a link whose components are given in some order Ly, ..., L,,
and let L3, ..., L¥ be the respective components of the mirror image L* of L. (As we further
discuss below, mirror images are irrelevant in our current context, but they are still an essential
part of the definition of an intrinsic symmetry of a link). Let (e1,...,€,) € Z5, and let 7 be a
permutation of [n]. Then,

(1) L admits (1,€q,...,€,,m) if there is an ambient isotopy that maps L to itself, taking L;

to € Ly fori=1,...,n;

(2) L admits (—1,€y,..., €y, m) if there is an ambient isotopy that maps L to L*, taking L;
to € Ly fori=1,...,n.

If L admits (eg,€1,...,€,,m) for some ¢y € {—1,1}, then (eg, €y,...,€,,m) is an intrinsic

symmetry of L. For instance, Figure (10| illustrates that R(0101) admits the intrinsic symmetry
(1,—1,—-1,-1,—-1,(1234)). The set of intrinsic symmetries of a link L forms a group, the
intrinsic symmetry group of L [26]. If L has n components, then the identity element of this
group is the trivial intrinsic symmetry (1,1, ..., 1,(12 --- n)).

—_——

n 1s
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QD

X

180° rotation

R(0101) R(0T01)=R(1010)

—
H

QO

FIGURE 10. An application of the ambient isotopy H takes R(0101) to R(1010). As
we show below, if we disregard for a moment the orientation of the components it is
valid to say that H takes R(0101) to itself. Thus we may regard this action of H on
R(0101) by saying that H takes R(0101) to itself, but reversing the orientation of all
its components. Indeed, for ¢ = 1,...,4, we have that H takes the i-th component
R(0101); of R(0101) to (—1) - R(0101);. Thus H witnesses that R(0101) admits the
intrinsic symmetry (1,—1,—1,—1,—1,(1234)).

Once again, we include (2) (that is, we involve mirror images in the discussion) because it is
an integral part of the notion of an intrinsic symmetry, but in our current context it is totally
irrelevant: our interest lies on positive links, and the mirror image of a positive link is not a
positive link. Throughout this paper we will not encounter any intrinsic symmetry of the form
(—1,€1,...,€n,7).

6.2. The intrinsic symmetry groups of small oscillating ring links. Calculating the
intrinsic symmetry group of a link L is in general a very difficult task [3,/4,/16], but if L is a
reasonably small hyperbolic link (see [12]) then this group can be computed using SnapPy [6].
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One uses SnapPy to calculate the full symmetry group (that is, the mapping class group of the
pair (S, L)), and from this it is easy to obtain the intrinsic symmetry group of L.

The links R(0101) and R(1010) happen to be hyperbolic, and we followed the approach
described in [4, Section 3] to compute the intrinsic symmetry groups of these two links using
SnapPy.

Fact 13. The intrinsic symmetry group of R(0101) is isomorphic to Zy x Zs. Its elements are
(1,1,1,1,1,0), (1, —1,-1,—1,-1,0), (1,1,1,1,1,), and (1,—1,—1,—1,—1,v). The intrinsic
symmetry group of R(1010) is identical.

We emphasize that we knew that R(0101) and R(1010) admitted these four symmetries.
Indeed, the first symmetry is trivial, and the second symmetry is witnessed by H, as illustrated
in Figure [I0] It is easy to see that the isotopy V illustrated in Figure [ witnesses the third
symmetry, and that the fourth symmetry is witnessed by the isotopy V o H.

6.3. The base case of the proof of Lemma The next statement is the main result in
this section, which corresponds to the base case of the proof of Lemma [11] As we shall see in
the next section, even though this claim is stated in terms of oscillating links, and not in terms
of oscillating sublinks (as Lemma , this statement is indeed equivalent to the case n = 4 of
that lemma.

Claim 14. Let a = ajasazay be an oscillating word of length 4. Let b = b1bybsby be a word such
that R(a) ~ R(b), and let T be an R(a) — R(b) isotopy. Then,

(1) R(b) is also oscillating, that is, b is an oscillating word; and
(2) the (R(a), R(b))-permutation under I is either the identity permutation L or the reverse
permutation v.

Proof. We start by noting that (1) states that if a € {0101, 1010}, and R(a)~R(b), then be {0101,
1010}. We verified this using SnapPy [6] and SageMath [25]. As we report in Table |1f of the
Appendix, the Jones polynomials Vi o101) of R(0101) and Vz@ao10) of R(1010) are the same (this
was of course expected, since these links are equivalent), and the Jones polynomial of any other
ring link with four components is distinct from Vg(101). For convenience, in Table |1} the links
R(0101) and R(1010) and their Jones polynomial appear in bold face.

To prove (2), suppose first that b = a. Let Z be an R(a) — R(a) isotopy, and let m be the
(R(a), R(a))-permutation under Z. Since Z maps each component of R(a) to a component of
R(a) with its correct orientation, then (1,1,1,1,1,7) must be an intrinsic symmetry of R(a).
Since a is either 0101 or 1010, by Fact [13| we conclude that 7 is either ¢ or v.

Suppose finally that b = @. Let Z be an R(a) — R(a) isotopy, and let m be the (R(a), R(a))-
permutation under Z. Clearly, R(a) is the same as R(a) but with the orientation of all its
components reversed. Therefore Z maps each component of R(a) to a component of R(a) with
its orientation reversed, and so (1,—1,—1,—1,—1,7) must be an intrinsic symmetry of R(a).
Since a is either 0101 or 1010, by Fact we conclude that 7 is either ¢ or v. O
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7. PROOF OF LEMMA [11]

The proof of Lemma relies on a natural equivalence (isotopy) between ring links and
sublinks of ring links. An analogous equivalence between sublinks of boot links and boot links
(respectively, between sublinks of flower links and flower links) will also play a central role in
the proof of Theorem 5| (respectively, Theorem @

7.1. Sublinks of ring links are equivalent to ring links. Let a = a;---a, be a word,
and let a;, ---a; be a subword of a. As we illustrate in Figure [II] the special structure of
the arrangement %, implies that the sublink R(a);, . ;. of R(a) is equivalent to the ring link
R(a;, - - - a;,), via a strong isotopy. Loosely speaking, one can “bring together” some components
of R(a)i,...;, until all the components are placed exactly in the same way as the components of
R(a;, -~ a;).

R(000101),
R(000101), | R(000101),

b

/\:\/\ QN @
5
/\Q\ \ \

R(000101) R(000101); 94 ~ R(00 1 )

FIGURE 11. Illustration of Observation Let a = (a1az2a3asasa6) = (000101), and
consider the subword ajagas = 001 of a. On the left-hand side we have R(000101), and
we indicate the components R(000101);, R(000101)2, R(000101)4 corresponding to a; =
0,a2 = 0, and a4 = 1, respectively. At the center we have the sublink R(000101); 24 that
is the union of these three components. Loosely speaking, we can “bring together” some
components of R(000101); 24 until they match exactly the components of the ring link
R(ajagas) = R(001), illustrated at the right-hand side of the figure. This is a strong
R(000101); 2.4 — R(001) isotopy. Indeed, its associated permutation is the identity
permutation L = (123), as the isotopy takes the i-th component of R(000101); 24 to
the i-th component of R(001) for i = 1,2, 3.

Such an R(a);, i, — R(a; ---a;,) isotopy is indeed strong, as it clearly takes the j-th com-
ponent R(a);, of R(a);,.. to the j-th component R(a;, ---a;,); of the ring link R(a;, - - - a;,),
forj=1,... k.

Clearly, we can reverse the process of “bringing together” the components of R(a);, i to
the components of R(a; ---a;,). Loosely speaking, we can “pull apart” some components of
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R(a;, - - - a;,) until they are all placed exactly in the same way as the components of R(a);, . .
Therefore there also exists a strong R(a;, - - - a;,) — R(a);, i, isotopy.
Let us highlight these crucial facts.

Observation 15. Leta = ay - - - a, be a word. If a;, - - - a;, is any subword of a, then there exists

k

an R(a), . i, L R(a;, - --a;,) isotopy, and there exists an R(a;, - - - a;,) R R(a)i, .. 4, isotopy.
We close this section with a final observation that will be invoked repeatedly in the proof of

Proposition [0

Observation 16. Let a = ay---a, and b = by---b, be words. Let 1 < i1 < -+ < i, < n

and 1 < j1 < -+ < jr < n be integers, and let m be a permutation of [k]. Then there exists

an R(a)y, i, —> R(b)j,..j. isotopy if and only if there exists an R(a;, - a;, ) —> R(bj, ---b;,)

1s0topy.

Proof. We prove the “if” part. The proof of the “only if” part is totally analogous.

Suppose that there exists an R(a;, - - - a;, ) —> R(bj, - bj,) isotopy Z. We know from Obser-
vation there there exists an R(a);, .. i,
implies that there exists an R(b;, - --b;, ) LR R(b)j, .. i

Two applications of Observation yield that LoZoJ ‘ R(a)iy,..i Lomel R(b);,...j.- Since

k

Lomol =m, this means that K oZ o J is an R(a);, i, — R(b)j,.

»Jk

L, R(a;, - - - a;, )-isotopy J, and the same observation

isotopy K.

isotopy. [

7.2. Proof of Lemma Even though in principle it is possible to prove Lemma [11] in its
given form, it happens to be easier to establish instead the following proposition, stated in terms
of ring links instead of in terms of sublinks of ring links. We remark that the equivalence of this
statement with Lemma [11]is a consequence of Observation

Lemma 17 (Equivalent to Lemma. Let a = ay - - - a, be an oscillating word of length n = 4.
Let b be a word such that R(a) ~ R(b), and let T be an R(a) — R(b) isotopy. Then,
(1) the (R(a), R(b))-permutation under I is either the identity permutation L or the reverse
permutation v; and
(2) b is an oscillating word, that is, the ring link R(b) is also oscillating.

Proof. We proceed by induction on the length n of a. Claim shows that the statement is
true for n=4. For the inductive step we let m > 4 be an integer, assume that the lemma holds
for oscillating words of length m, and prove that then it holds for an oscillating word of length
m + 1.

Thus we let a = ay - - - ana,, 11 be an oscillating word, let b = by - - - b,,,.1 be a word such that
R(a) ~ R(b). Let Z be an R(a) — R(b) isotopy, and let m be the (R(a), R(b))-permutation
under Z. Our goal is to show that (I) 7 is either ¢ of v; and (II) b is oscillating.

Let R(b)j, ... ;.. (respectively, R(b)k,.. k,) be the sublink of R(b) that is the image of R(a)1,.
(respectively, R(a)s, . m+1) under Z.

By Observation[16] the induction hypothesis implies that the (R(a)1,....m, R(b);,
tion under Z is either ( or v. That is, either

. L " v
(©) Z| R(@)1,.m — R(b)jy..con 08 (1) Z| R(@)1,m = R(D)jy -

im )-Dermuta-

1111
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Similarly, the (R(a)2,. m+1, B()k, ... k., )-permutation under Z is either ¢ or v. Therefore either

(ifi) T| R(a)s,. o1 —> B(B)tr.. 5, 08 (iv) T| R(a)s,. msr —> R(D)ir,

Note that (i) implies that w(1) < --- < 7(m), (ii) implies that w(m) > --->m(1), (iii) implies
that m(2) < ---<m(m + 1), and (iv) implies that 7(m + 1) > --->m(2). Evidently (i) and (iv)
are inconsistent with each other, and (ii) and (iii) are inconsistent with each other. Therefore
either (i) and (iii) hold, or (ii) and (iv) hold.

That is, either n(1) < 7(2) < ---<m(m + 1) or 71(m + 1) > --->7(2) > 7w(1). In the
former case necessarily w(¢) = ¢ for i = 1,...,m + 1, and so 7 = L, and in the former case
7(l) =(m+1)—¢+1fori=1,...,m+ 1, that is, 7 = v. Thus (I) holds.

We prove (II) under the assumption that the (R(a), R(b))-permutation under Z is v. The
proof for the case in which this permutation is £ is totally analogous.

Under this assumption

(1) Z| R(a)r,..;n — R(b)a,...m+1 and (£) Z| R(a)s,..m+1 — R(D)1,.m-

By Observation , the induction hypothesis applied to (f) implies that R(b)a -1 is oscillating,
that is,

m m*

(%) by b1 is an oscillating subword of b.

Similarly, Observation |16 and the induction hypothesis applied to (}) imply that R(b)1 ., is
oscillating, that is,
(%%) by - - by, s an oscillating subword of b.

Clearly, () and (*+) imply that b is oscillating. O

8. BOOT LINKS: PROOF OF THEOREM

Throughout this paper we refer to a link in f+(%n) as a positive boot link of size n or simply
as a boot link of size n, since all links under consideration are positive.

As we mentioned in Section [1, the proof of Theorem [f follows a similar strategy to the one we
used to prove Theorem [d] This is actually an understatement: with the framework we developed
for the proof of Theorem [ the proof of Theorem [5] will be much shorter, as we only need to
describe some adjustments we need to make in order to deal with boot links.

8.1. Correspondence between boot links and binary words. Similarly as with ring links,

a boot link of size n is naturally associated to a binary word of size n. Each link in Z+(%n) is
obtained by assigning an orientation to each of the n pseudocircles in %,,, and an orientation
assignment can be naturally encoded in a totally analogous manner as we did for ring links. We
illustrate this in Figure

Formally, let ¢ = 1,2,...,n be the pseudocircles in 4,, ordered from left to right. As
with ring arrangements, we encode an orientation using a word a of length n, where the i-th
entry of the word a is 0 (respectively, 1) if pseudocircle i is oriented clockwise (respectively,
counterclockwise). Given such a word a, we use %,(a) to denote the corresponding oriented
arrangement. Finally, we use B(a) to denote the positive link induced by %,,(a) (here B stands
for “boot”).
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B(00101), B(00101),

4 5
@ @ B(00101); |B(00101)5/ B(00101)5
l | l i

!
| gy

- -
- -

P5(00101) B(00101)

FIGURE 12. The oriented arrangement %5(00101) and its induced positive link, the
boot link B(00101). We also indicate the five components of B(00101).

Thus, as with ring links, there is a one-to-one correspondence between the set of all binary
words of length n and the collection Z+(,%’n) of all boot links of size n.

8.2. Reducing Theorem [5| to a proposition. Back in Section [3| we reduced Theorem {4] to
Proposition [9] Here we proceed similarly, but the situation is simpler for boot links.

In order to prove Theorem [4] we identified some natural isotopies on ring links, culminating
with Observation [§, which gave sufficient conditions for a ring link to be equivalent to a ring
link: if b is either a,@,a™", or (@)”", then R(a) ~ R(b).

For boot links we do not need to go through that step: the equivalent to Observation [§| for
boot links would be the trivial statement that

(%) if b = a, then B(a) = B(b).

The workhorse behind the proof of Theorem |5 is then the following proposition, which claims
that the converse of () holds, as long as the rank of a is at least 6.

Proposition 18 (Implies Theorem . Let a be a word of rank r = 6. If b is a word such that
B(a) ~ B(b), then b = a.

As we did with ring links, we defer the proof of the proposition for the moment, and show
that Theorem [5] easily follows from it.

Proof of Theorem@ (assuming Proposition @ Let a be a word of length n. Using standard
calculations one obtains that the probability that rank(a) is less than 6 goes to 0 as n — 0. By
Proposition this implies that the probability that B(a) is not equivalent to any other boot
link goes to 1 as n — 0.
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The one-to-one correspondence between binary words of length n and elements of Z’*(%)
then implies that the probability that the equivalence class of a random link in Z+(%’n) has
size 1 goes to 1 as n — o0. Since \Z+(<%’n)| = 2", Theorem 5| follows. O

9. PROOF OF PROPOSITION [I8

Similarly as in the proof of Proposition [9 sublinks of boot links play a central role in the
proof of Proposition [I§] so we start with a brief discussion on them.

9.1. Sublinks of boot links are equivalent to boot links. Let a = a; ... a, be a word, and
let 41,...,17; be integers such that 1 < <--- < i <n. Then q;, - - a;, is a subword of a, and
this subword naturally corresponds to a sublink B(a);, v ---u B(a);, of B(a). For brevity, we
use B(a);, . 4, to denote this link.

We say that the boot link B(a) is oscillating if the word a is oscillating, and we say that the
sublink B(a);, . ;, of B(a) is oscillating if a;, - - - a;, is an oscillating subword of a. No oscillating
sublink of B(a) can have size larger than the rank r of a, since this is the length of a longest
oscillating subword of a.

Similarly as in the case of ring links, as we illustrate in Figure the special structure of
the arrangement %, implies that the sublink B(a);,,. ;, of B(a) is equivalent to the boot link
B(ai, - - - a;,), via a strong isotopy. Loosely speaking, one can “bring together” some components
of B(a)i,....i, until all the components are placed exactly in the same way as the components
of B(a;, - - - a;,), and we can also reverse this process to take the components of B(a;, - - - a;,) to
B(a);

U1 yeenylife ®

k

Observation 19. Let a = ay---a, be a word. If a;, ---a; is any subword of a, then there

exists an B(a);,,. L, B(aj, - - - a;,) isotopy, and there exists an B(a;, ---a;,) N B(a);

Wik Bl 0k
150topy.
We thus obtain the following crucial statement, which parallels Observation [L6]

Observation 20. Leta = a1---a, and b = by---b, be words. Let 1 < i1 < -+ < i < n
and 1 < j1 < -+ < jr < n be integers, and let m be a permutation of [k]. Then there exists
an B(a), . i, — B(b)j,.. ;. isotopy if and only if there exists an B(a;, -+ - a;,) — B(bj, -+ b;,)
150topy.

9.2. Reducing Proposition to a lemma. Back in Section [4] we reduced Proposition 9
to Lemmas and [IT], and these lemmas were proved in later sections. Here we proceed in a
similar way. The next statements parallel these lemmas.

As we shall see, in this case we will only need to defer the proof of Lemma [22] to the next
section, as the proof of Lemma [21}is virtually identical to the proof of Lemma [10}

Lemma 21. Let a be a word with rankr = 6, let b be a word such that B(a) ~ B(b), and let T be
an B(a) — B(b) isotopy. Let B(a)i,,. .. be an oscillating sublink of B(a), and let B(b);, ... ;, be its
)-p

image under Z. Then b is the m-image of a, where 7 is the (B(a;, . i.), B(bj,,. ;) ermutation
under I.
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B(000101),
B(000101), B(000101)4

RN
e
i
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’
—

B(000101) B(000101)1 2,4 ~ B(00 1 )

F1GURE 13. Illustration of Observation

Lemma 22. Let a = ay---a, be a word of rank r = 6, and let B(a);, . i be an oscillating
sublink of B(a) of size r. Let b be a word such that B(a) ~ B(b), and let T be an (B(a), B(b))
isotopy. Let B(b)j, . j. be the sublink of B(b) that is the image of B(a);,, ., under I. Then,

(1) the (B(a)i,....i., B(D),....j.)-permutation under L is the identity permutation L; and
(2) by, - bj, = az, - a,.

We have the following easy consequence of Lemma [22] which is the analogue of Corollary [12]

----------

Corollary 23. Leta = ay ---a, be a word of rank r = 6, and suppose that b is a word such that
B(a) ~ B(b). Then rank(b) = r.

Proof of Lemma (21| (assuming Lemma @) This is virtually identical to the proof of Lemma
It suffices to invoke Corollary [23|instead of Corollary , and to invoke Lemma (2) instead of

Lemma [11)(2). O

Proof of Proposition (assuming Lemma @) Let a = a; ---a, be a word with rank r > 6.
Let b = by ---b, be a word such that B(a) ~ B(b), and let Z be an (B(a), B(b)) isotopy. Let
B(a)i,....., be an oscillating sublink of B(a), and let B(b);,.. ;. be the sublink of B(b) that is
,,,,, ;, under Z, and let 7 be the (B(a);,... i, B(b)j,... ;. )-permutation under Z.

Let a = A;--- A, = aL’fl‘ . -al.’:lr‘ be the canonical decomposition of a. We note that Corol-
lary |23 implies that the rank of b is also r, and so we can let b = By --- B, = ol b‘fr| be the

J1
canonical decomposition of b.
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Lemma [21]implies that b is the w-image of a, and Lemma (1) implies that 7 is L. Therefore

|Bi| = [Aypyl = |Ax| for & =1,...,r. By Lemma (2), we have that b;, ---b; = a;, -+~ a;,,
and so a glance at the canonical decompositions of a and b reveals that b = a. O

10. PROOF OF LEMMA 22

As the proof of Lemma [I1] the proof of Lemma [22]is by induction on n. In order to establish
the base case we need the intrinsic symmetry groups of the two oscillating boot links of size 6.
Fortunately, these links are hyperbolic, and so we could use SnapPy to calculate these groups.
We obtained the following

Fact 24. The intrinsic symmetry groups of the boot links B(010101) and B(101010) are triv-
ial. Therefore, if T is an B(010101) — B(010101) isotopy, then the (B(010101), B(010101))-

permutation under I is the identity permutation L. A totally analogous statements holds for
B(101010).

We have the following analogue of Claim [14] This will be the base case of the inductive proof
of Lemma [22[ (or, more precisely, for the proof of its equivalent Lemma .

Claim 25. Let a = ajasazagsasag be an oscillating word of length 6. Let b = bi1bobsbsbsbg be a
word such that B(a) ~ B(b), and let T be an B(a) — B(b) isotopy. Then,

(1) b=a; and

(2) the (B(a), B(b))-permutation under I is the identity permutation L.

Proof. We start by noting that (1) states that if @ = 010101 (respectively, a = 101010) and
B(a)~B(b), then b = 010101 (respectively, b = 101010). We prove that if a = 010101 and
B(a)~B(b), then b = 010101. The proof for the case in which a = 101010 is totally analogous.

As we report in Table [2/in the Appendix, using SnapPy [6] and SageMath |25] we verified that
the Jones polynomials Vgoi0101) of B(010101) and Vpaoioioy of B(101010) are the same (this
was expected, since B(101010) is obtained by reversing the orientations of all the components
of B(010101)), and the Jones polynomial of any other boot link with six components is distinct
from Vp(10101)- (For convenience, in Tablethe links B(010101) and B(101010) and their Jones
polynomial appear in bold face). From this it follows that if « = 010101 and B(a)~B(b), then
either b = a or b = 101010.

Therefore to prove (1) it suffices to show that B(010101) % B(101010). To prove this we
note that since B(101010) is obtained by reversing the orientations of all the components of
B(010101), if there existed an B(010101) — B(101010) isotopy then B(010101) would admit an
intrinsic symmetry (1, —1,—1,—1,—1, —1,—1, 7) for some permutation 7 of [6]. But this is im-
possible, since Fact States that B(010101) only admits the trivial symmetry (1,1,1,1,1,1,1,L).
Therefore no B(010101) — B(101010) isotopy exists, that is, B(010101) # B(101010).

To prove (2), let Z be an B(a) — B(b) isotopy, and let 7 be the (B(a), B(b))-permutation
under Z. We already know that b = a, and so Z is an B(a) — B(a) isotopy, and 7 is the
(B(a), B(a))-permutation under Z. Thus Z maps each component of B(a) to a component of
itself with its given orientation, and so (1,1,1,1,1,1,1,7) must be an intrinsic symmetry of
B(a). Regardless of whether a = 010101 or 101010, Fact [24] implies that 7 is the identity
permutation L. 0
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Similarly as we proceeded in the proof of Lemma|l1} it turns out to be easier and more natural
to establish instead the following lemma, stated in terms of boot links instead of in terms of
sublinks of boot links. The equivalence of this statement with Lemma [22| follows immediately
from Observation 20

Lemma 26 (Equivalent to Lemma. Let a = ay - - - a, be an oscillating word of length n > 6.
Let b be a word such that B(a) ~ B(b), and let Z be an B(a) — B(b) isotopy. Then,

(1) the (B(a), B(b))-permutation under T is the identity permutation L; and
(2) b= a.

Proof. The proof is an easier version of the proof of Lemma [I7] We proceed by induction on
the length n of a. Claim [25 shows that the statement is true for n=6. For the inductive step
we let m > 6 be an integer, assume that the lemma holds for oscillating words of length m, and
prove that then it holds for an oscillating word of length m + 1.

Thus we let a = a; - - - a,,a.,.1 be an oscillating word, and let b = by - - - b,,,1 be a word such
that B(a) ~ B(b). Let Z be an B(a) — B(b) isotopy, and let 7 be the (B(a), B(b))-permutation
under Z. We must show that

m=1L0and b=a.

Let B(D);,....;.. (respectively, B(b)g, ..k, ) be the sublink of B(b) that is the image of B(a)1,. m
(respectively, B(a)s,  m+1) under Z.

By Observation[20] the induction hypothesis implies that the (B(a)1,...m, B(b)j.... ;.. )-permuta-
tion under Z is (. This implies in particular that 7(1) < --- < 7(m). Similarly, the induction
hypothesis implies that the (B(a)s2,._m+1, B(0)k, ...k, )-permutation under Z is {. This implies in
particular that 7(2) < --- <m(m+1). Therefore 7(1) < 7(2) < --- <m(m+1), and so necessarily
n(f) =l for £ =1,...,m+ 1. In other words, 7 is the identity permutation {. Thus (I) holds.

To prove (2), note that we have in particular we have proved that
(T) I’ B(a)l,...,m - B(b)1,...,m and (i) I| B(G)z,...,m+1 d B(b)2,...,m+1~

By Observation 20| the induction hypothesis applied to (f) implies that by ---by, = a1 ap.
Similarly, Observation [20[ and the induction hypothesis applied to (f) imply that by - b1 =
as -+ apy1. Bvidently, (I) and (IT) imply that by -+ b1 = a1+ - @y, that is, b = a. O

11. FLOWER LINKS: PROOF OF THEOREM [0l

We shall refer to a link in ZJF(ﬁn) as a positive flower link of size n or simply as a flower
link of size n, since all links under consideration are positive. We prove Theorem [6] using the
same strategy used to prove Theorems [ and [f]

For convenience, we will deal exclusively with flower links of even size. We could in principle
also consider flower links of odd size, but this would imply some additional case analyses in
several important statements, and so it turns out to be easier to focus on flower links of even
size. We emphasize that this has no impact in the validity of Theorem [6] as it is easy to see



POSITIVE LINKS WITH ARRANGEMENTS OF PSEUDOCIRCLES AS SHADOWS 25

that (due to its asymptotic character) if the theorem holds for even values of n, then it also
holds when n is odd (see Proposition [31] and Corollary [31]).

Remark. Whenever we work with a flower link, it will be implicitly assumed that it has an
even number of components.

11.1. Correspondence between flower links and binary words. Similarly as with ring
links and with boot links, we can naturally associate a flower link of size n to a binary word of size

n. Each link in ZJF(ﬁn) is obtained by assigning an orientation to each of the n pseudocircles
in .%,,, and an orientation assignment can be naturally encoded similarly as we did for ring links
and for boot links.

We note that in this case we need to come up with a convention: the components of a ring
arrangement and the components of a boot arrangement are naturally ordered from left to
right, but the components of a flower arrangement appear in a cyclic fashion. We refer the
reader to Figure to illustrate this discussion. A flower arrangement with an even number
n pseudocircles has two topmost pseudocircles. Thus we can label (order) the pseudocircles
1,...,n starting with its topmost right component and following a clockwise order, as shown for
the arrangement at the top of Figure |14l

Formally, let 7 = 1,2,...,n be the pseudocircles in .%,, ordered in a naturally clockwise
cyclic fashion, starting at the topmost right pseudocircle. As with ring arrangements and boot
arrangements, we encode an orientation using a word a of length n, where the i-th entry of the
word a is 0 (respectively, 1) if pseudocircle 7 is oriented clockwise (respectively, counterclock-
wise). Given such a word a, we use .%,(a) to denote the corresponding oriented arrangement.
Finally, we use F'(a) to denote the positive link induced by .%#,(a) (here F' stands for “flower”).
We refer the reader again to Figure [14] for an illustration. As we also illustrate in that figure,
for each i = 1,...,n we use F'(a); to denote the i-th component of the flower link F'(a).

Thus, as with ring links and boot links, there is a one-to-one correspondence between the set

of all binary words of length n and the collection ZJr(ﬁn) of all flower links of size n.

11.2. Isotopies that act naturally on flower links. We recall that, at a high level, the proof
of Theorem {4/ had two main steps. Given a ring link R(a), the easy step was to exhibit isotopies
that proved that R(a) ~ R(@), R(a) ~ R(a™'), and R(a) ~ R((@) ") (evidently, there is no
need to exhibit an isotopy that takes R(a) to itself). This part culminated with Observation [§]
and was by far the easier step of the proof: if b is either a,a,a™ ", or (6)_1, then R(a) ~ R(b).
The difficult part was the converse statement, namely Proposition [0} if R(a) ~ R(b), then b is
either a,a,a™", or (6)71

Here the strategy is totally analogous. Given a flower link F'(a), we start by exhibiting
isotopies that prove that F'(a) is equivalent to a certain collection of flower links. This is the
goal of the current subsection, whose main result is Observation [27] The more difficult part will
be stated in Proposition [31] which plays the role that Proposition [J] played for ring links.

11.2.1. The isotopy Rorm, the word mapping r, and the permutation o. Let us then exhibit
some natural isotopies that take a flower link to a flower link. As we illustrate in Figure [15] for
the case n = 6, we use Rar/, to denote an isotopy that clockwise rotates an angle of 360°/n a
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6 1

F(001101)

F(001101)g F(001101),

F(001101)5 —=

F(001101)

FIGURE 14. The oriented arrangement .%3(001101) and its induced link, the flower link
F(001101). We indicate the six components of F'(001101).

diagram along an axis perpendicular to the sheet. (We mostly use degrees in our discussions,
but we find it more natural to use 27 /n as a subscript of R, rather than 360°/n).

As we show in Figure [15] if apply Ron to F(001101) then we obtain F(100110). That
is, Rgﬂ/6|F(001101) — F(100110). It is easy to see that if we apply Rors to any flower
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= O e
Al (A
/\(&@/ > 360°/n = 27/n rotation < )

\\ — (360°/6 = 60° in this example) A

| >
RQ?‘(’/TL

(R in this example)
F(001101) F(r(001101))=F(100110)

FIGURE 15. For each positive integer n, the isotopy R/, clockwise rotates an angle
of 27/n a diagram along an axis perpendicular to the page. This isotopy takes a flower
link F(ajas---an—1a,) to the flower link F(r(ajaz---an—1ay)) = F(apaiaz---an—1),
and the (F(aiaz---an—1an), F'(anaiaz---an—1))-permutation under Ry, is 0 =
(23 ---n1). Here we illustrate Ry /s, which takes F'(001101) to F(100110). The
(F(001101), F(100110))-permutation under Ry is indeed o = (234561), as it
takes the i-th component of F'(001101) to the (i @®,1)-st component of F(100110), for
i=1,...,6.

link with 6 components F'(ajasasasasag), we obtain the flower link F(agajasazagas). That
iS, RQW/6‘F(a1a2a3a4a5a6) - F(a6a1a2a3a4a5).

In general, if for some positive integer n we apply R/, to a flower link with n components
F(aias - - - ap—1ay), we obtain the flower link F(anaias---an—1). Thus Roz/m | F(ajas - - an_1ay)
— F(apaias - an_q).

Motivated by the action of Rar/, on a flower link F(ay ---ay), we define a mapping r on
binary words by the following rule: if a = ajay. .., a, is a word, then r(a) = as- - a,a,. (Here
r stands for “rotation”, to capture the action of Ror/,). Thus, regardless of the value of n, we
have that if a is a word of length n, then R/, ‘ F(a) - F(r(a)).

If a is any word of length n, then Rox/, takes F(a); to F(ra);yy fori=1,...,n —1, and it
takes F'(a), to F'(ra);. Thus the (F(a), F'(ra))-permutation under Roz/, is (23 --- n 1).

We shall use ¢ to denote the permutation (23 --- n 1) on a set [n]. (This is called the cyclic
shift permutation in some contexts). With this notation we have that for any positive integer n,
the (F'(a), F(ra))-permutation under R/, is 0. Thus we have the following expression, which
brings together the isotopy Rox/n, the word mapping r, and the cyclic shift permutation o,
displaying the interplay between them:

Ron/m | F(a) % F(r(a)).
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Many of our arguments involve ¢ or, more generally, 0° = (s+1 s+2 --- n 1 2 --- s) (that
is, the composition of ¢ with itself s times) for some positive integer s. Describing the action of
o® in detail gets a bit awkward: 0°(i) = s+ if s+i < n, and it isn—(s+7)+2if s+4 > n. This
action gets a lot simpler to express using the following piece of notation, very closely related to
the sum modulo n of two integers p, g.

Notation. If n,p,q are positive integers, we define p®,q = (p+q) modn if p + ¢ % Omodn,
and p®,q =n if p+ q¢=0modn.

This notation gives a cleaner way to describe the action of ¢° for any positive integer s, as
o*(i)=i®,sfori=1,...,n.

With this notation, the action of Rar/, thus gets captured as follows: If a is any word of
length n, then Roxm takes F(a); to F(ra);g 1 fori=1,...,n.

For each nonnegative integer s we let RJ_ In denote the isotopy that results by iteratively
applying s times the isotopy Rax/m. Clearly, R;_ n = Rs.2x/m- Therefore, if a = a; ---a, then

gﬂ-/n ’F(al e an) - F(an—s+lan—s+2 T ApG1Gg an—s)'
We let r® be the mapping that results by iteratively applying r a total of s times, so that
R /n | F(a) — F(r*(a)). Note that R5y )y takes F(a); to F(r*(a))ig,s fori =1,...,n, and that
the (F'(a), F'(r*(a)))-permutation under Rj_, is 0.

It seems worth remarking that for any positive integer p the isotopy Rg:}n =
trivial isotopy that leaves every n-component flower link F'(a; - - - a,,) unchanged. Also note that,

correspondingly, r”"(a) = a, and that (if o is acting on [n]) o™ is the identity permutation (.

Rpnan/m is a

11.2.2. The isotopy V and the word mapping v. The second and last isotopy we use in the
current context of flower links is the isotopy V that we used in the proof of Theorem [ This
isotopy will have a similar effect to the one that ¥V had on ring links. Indeed, as we illustrate
in Figure [16] if we apply V to a flower link F(a) = F(a;---a,) we obtain the flower link
F(@ ") =F(@—an) ") = F(@ —a).

With this motivation we define a mapping v on binary words, letting v(a) = (@)~ for
every word a. (Here v is meant to remind us of “V”). Thus for any word a we have that
V| F(a) = F(v(a)). We note that, similarly as with ring links, the (F(a), F'(v(a)))-permutation
under V is the reverse permutation v. Therefore V| F(a) = F(v(a)).

11.2.3. Combining Raoxm and V: sufficient conditions for the equivalence between two flower
links F'(a) and F(b). Let a = a;---a, and b = by - - - b, be words. Evidently, if F/(b) is obtained
from F'(a) by applying any sequence of isotopies Ror/,, and V, then F(a) ~ F(b). Since applying
Roxm (respectively, V) to a link F'(a) yields the link F(r(a)) (respectively, F(v(a))), it follows
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F(001101) F(v(001101)) = F((001101) ') = F(010011)

FIGURE 16. If we apply the isotopy V to the flower link F'(001101) we obtain the
flower link F((OOllOl)_l) = F(v(001101)) = F(010011). This isotopy maps the i-th
F(001101); component of F'(001101) to the (6 —i+ 1)-st component F(v(001101))6—;+1
of F(v(001101)). Thus the (F(001101),F(v(001101))-permutation under V is the
reverse permutation v on [6]. Thus V|F(001101) = F(v(001101)). In general,
if we apply V to a flower link F(a) we obtain the flower link F(v(a)), that is,
V|F(a) - F(v(a)). If F(a) has n components then V maps the i-th component
of F(a) to the (n — i + 1)-st component of F(v(a)), for i = 1,...,n. That is,
V| F(a) = F(v(a)).

that if a word b is obtained from a word a by applying any sequence of r and/or v operations,

then F(a) ~ F(b).

Definition. We say that a word b is related to a word a, and write a = b, if b can be obtained
from a by applying a sequence of r and v operations.

Using this definition, the remark at the end of the previous paragraph can be paraphrased as
follows.

Observation 27. Let a,b be words. If a = b, then F(a) ~ F(b).

11.2.4. Some remarks on =. The relation = will play a crucial role in the proof of Theorem [6]
as the goal will be to show that the sufficient condition for equivalence between flower links
given in Observation 27]is actually necessary. Before we move on to the proof of the theorem,
let us gather a few elementary facts about this relation.

Consider r and v acting on words of some fixed length n. It is easy to see that they are the
generators of a group (r,v) under the composition o. Moreover, it is straightforward to verify
that this group is isomorphic to the dihedral group D,,. Perhaps the easiest way to realize this is
to note that the isotopies Rox/n and V (the topological counterparts of r and v, respectively) are
the generators of a group naturally isomorphic to the group of symmetries of a regular n-gon,
that is, to the dihedral group D,,.
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Thus if a,b are words of the same length then a = b if and only if there is an element g in
{r,v) such that b = g(a). Thus the next observation follows simply because {(r,v) is a group.

Remark 28. = is an equivalence relation.

The dihedral nature of the group (r,v) generated by r and v (we emphasize, throughout
this discussion acting on words of some fixed length n) implies that it has 2n elements, and
every element of (r, v) can be written either as r® or as r® o v for some integer s =0,...,n — 1.
Alternatively, every element of (r,v) can be written either as r® or as v o r® for some integer
s=0,...,n—1. Thus we have the following.

Remark 29. Let a,b be words of the same length n. Then a = b if and only if there is an
s €{0,...,n—1} such that either b =r*(a) or b =r*ov(a). In particular, the equivalence class
of a has size at most 2n.

It is easy to exhibit words whose equivalence class has size exactly 2n, but we also note that
there exist words whose equivalence class is much smaller: indeed, if a is monotone, then its
equivalence class consists only of a and a.

Finally, suppose that a word a can be written as a concatenation a = DD, of two subwords
Dy, Dy. We say that the word b = Dy D1 is a shift of a. Note that, evidently, b is a shift of a if
and only if a is a shift of b. Clearly, if we iteratively apply r to a a total of |Ds| times (that is,
if we apply r'P2! to a) we obtain b. Thus the following holds.

Remark 30. If a is a word, and b is a shift of a, then b = a.

11.3. Reducing Theorem [6] to a proposition. Given a word a of length n, we have thus
identified a collection of words b (including a itself) such that F'(a) ~ F'(b): these are the words
b such that b = a. The main ingredient in the proof of Theorem [6]is that the converse statement
also holds, as long as the rank of a is at least six. This statement parallels Proposition [J] from
Section [3

Proposition 31. Let a be a word of even rank r = 6. If b is a word such that F(a) ~ F(b),
then b = a.

We defer the proof of this proposition to the next section (where we actually reduce it to a
lemma, similarly as we reduced Proposition @ to two lemmas). We note that this proposition
involves only words of even rank. Evidently not every word has even rank, and so we need a
wider statement that includes words whose rank is odd. Fortunately, this is an easy consequence
of Proposition [31] itself.

Corollary 32. Let a be a word of rank r = 6. If b is a word such that F(a) ~ F(b), then b= a.

Proof. Let a = a; - - - a, be a word of rank r > 6, and let b be a word such that F'(a) ~ F(b). If
r is even then we are done by Proposition and so we assume that r is odd. Note that r > 7.
Let a = A1Ay--- A,._1A, be the canonical decomposition of a. Since r is odd it follows that
the concatenation A, A; is a monotone word. If we let A, := A, A; then Ay--- A,_1 A, is the
canonical decomposition of a word a’. Note that since o’ is a shift of a, it follows that o’ = a.
Observation 27| implies then that (i) F'(a’) ~ F(a). Since by assumption F(a) ~ F(b), it
follows that (ii) F(a’) ~ F(b). Since the rank of o’ is the even number r — 1 > 6, using
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Proposition 31| (i) and (ii) we obtain that @’ = a and @’ = b. Since = is an equivalence relation,
it follows that a = b. O

Proof of Theorem@ (assuming Proposition . Let a be a word of length n. Using standard
calculations one obtains that the probability that rank(a) is less than 6 goes to 0 as n — o0, and
also the probability that the equivalence class of a has size smaller than 2n goes to 0 as n — 0.
By Observation 27| and Corollary (which holds under the assumption that Proposition
holds) this implies that the probability that there are exactly 2n words b of length n (including
a) such that F(a) ~ F(b) goes to 1 as n — .

The one-to-one correspondence between binary words of length n and elements of Zﬂr(ézn)
then implies that the probability that the equivalence class of a random link in ZJF(ﬁn) has
size 2n goes to 1 as n — o0. Since ]Zﬂr(gfn)] = 2" Theorem @ follows. O

12. PROOF OF PROPOSITION [31]

Similarly as with ring links and boot links, sublinks of flower links play a central role in the
proof of Proposition 31}, and so we start with a brief discussion on these objects.

12.1. Sublinks of flower links. Let a = a; ...a, be a word, and let iy,..., 7 be integers such
that 1 <43 < --- <4y < n. Then q; ---a;, is a subword of @, and this subword naturally
corresponds to a link F'(a);, u---u F(a);, (recall that F'(a); is the i-th component of the flower
link F(a)). We say that F(a); U --- U F(a);, is a sublink of F(a), and for brevity we use
F(a)i,...q, to denote it.

It is worth noting that this notation is consistent with the way we denote a single component
of F(a): if k =1 then we have a single integer i1, and so the corresponding sublink consists of
the component F'(a);, .

We say that the flower link F'(a) is oscillating if the word a is oscillating, and we say that the
sublink F'(a);, .. i, of F(a) is oscillating if a;, - - - a;, is an oscillating subword of a. Note that
obviously no oscillating sublink of F'(a) can have size larger than the rank r of a, since this is
the length of a longest oscillating subword of a.

i

12.2. Reducing Proposition to a lemma. When we dealt with ring links in Section [4]
we reduced Proposition [9] to Lemmas [10] and [I1] Here we proceed similarly. As we shall see,
the proposition follows easily from the next two lemmas, which parallel Lemmas and
respectively.

Back in Section [ we only stated Lemmas [I0] and and proved them in later sections. For
flower links we only need to defer the proof of Lemma [34] to later sections: as we shall see, the
proof of Lemma [33|is virtually identical to the proof of Lemma (10, under the assumption that
Lemma [34] holds.

Lemma 33. Let a,b be words with the same even rank r = 6. Suppose that F(a) ~ F(b), and let
T be an F(a) — F(b) isotopy. Let F(a)i,.. .. be an oscillating sublink of F'(a), and let F'(b);, ... ;.
be its image under Z. Then b is the m-image of a, where 7 is the (F(ai,. i), F(bj,. )~
permutation under T.
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Lemma 34. Let a be a word of even rank r = 6, and let F'(a),... ;. be an oscillating sublink of
F(a) of size r. Let b be a word such that F(a) ~ F(b), and let T be an F(a) — F(b) isotopy.
Let F(b)j,..j. be the sublink of F(b) that is the image of F(a);, . i underZ. Then,

(1) the (F(a)i....in, (). ;. )-permutation under I is either o® or o® o v for some s €

{0,...,r—1}; and

(2) if s is even then b, ---b;
In particular, in any case bj, ---bj. is an oscillating subword of b, and so F(b);,
oscillating sublink of F(b).

,,,,,,,,,,

= a;, -~ a;,, and if it is odd then b; ---b; = @;; - a;, .

T

Similarly as we proceeded back in Section [ for ring links, we defer the proof of Lemma
to the next two sections, and we prove Proposition [J] and Lemma [33] assuming Lemma [34, We
also note the following easy consequence of Lemma [34]

Corollary 35. Let a = ay---a, be a word of even rank r = 6, and suppose that b is a word
such that F(a) ~ F(b). Then, rank(b) is either r or r + 1. In particular, if rank(b) is even then
rank(b) = r.

Proof. Let s := rank(b). Lemma [34] implies that there is an oscillating sublink of R(b) of size r,
and so it follows that s > r. In particular, s > 6.

Suppose first that s is even. Then we can apply the lemma also to an R(b) — R(a) isotopy,
obtaining that there must exist an oscillating sublink of R(a) of size s, and so r > s. Thus in
this case r = s.

Suppose finally that s is odd, and seeking a contradiction suppose that s > r + 1. As we
argued in the proof of Corollary [32] there is a shift b’ of b of rank s — 1. Since ¥ = b and b = q,
then 0’ = a, and so there is an R(V') — R(a) isotopy J. Since rank(b’) = s — 1 is even, we can
apply Lemma [34] to J, and obtain that there must exist an oscillating sublink of R(a) of size
s — 1. But this is impossible, since rank(a) = r and s — 1 > r. O

Proof of Lemma |35 (assuming Lemma . This is virtually identical to the proof of Lemma
It suffices to replace every occurrence of “R” with “F”, to invoke Corollary instead of
Corollary [12] and to invoke Lemma [34](2) instead of Lemma [11](2). O

Proof of Proposition (assuming Lemma . Let a = a; - - - a, be a word with even rank r >
6. Let b =by---b, be a word such that F'(a) ~ F(b), and let Z be an (F(a), F'(b)) isotopy.

In the proof we make essential use of Lemma [33] Since that lemma works under the assump-
tion that both words are of the same even rank at least 6, and we only assume that a has even
rank at least 6 (as far as we know, the rank of b could be any positive integer), we need to make
a little adjustement in order to use that lemma, introducing a word c¢ of the same rank as a.

By Corollary (35| it follows that rank(b) is either r or r + 1. If rank(b) = r then we simply let
¢ =b. If rank(b) = r + 1 then we note, as in the proof of Corollary , that there is a word ¢
such that rank(c) = rank(b) — 1 = r such that ¢ = b. We shall prove that ¢ = a. Since = is an
equivalence relation, it will follow that b = a, as required.

Let F(a);,,. i, be an oscillating sublink of F'(a), and let F'(c);,
is the image of F'(a);,.. ; under Z, and let 7 be the (F(a);,

..... ;. be the sublink of F'(c) that

77777 irs F(€) ;... ;. )-permutation under

77777
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Z. We note that Lemma [34] implies ¢j, - - - ¢;
sublink of F(c).

is oscillating. That is, F'(c);,.. ;. is an oscillating

T

Let a = A;---A, = a'Al‘ .- |;4T‘ be the canonical decomposition of a. Since rank(c) =
rank(a) =r, welet c=Cy---C, = cf” . -c‘j?' be the canonical decomposition of c.

Lemma implies that ¢ is the m-image of a, and Lemma (1) implies that there is an
s€{0,...,r — 1} such that 7 is either ¢® or o® o v.

We assume first that © = o°, for some s € {0,...,7 —1}. Since ¢ is the 7-image of a it follows
that [Cr)| = |Ak| for kK = 1,...,r. That is, |Csg | = |Ak| for k = 1,...,r. Therefore (x)
B I

Suppose that s is even. Since a;, - - - a;, is oscillating and r is even, this implies that a;, - - - a;, =

T
@iy, o i G, - @, Moreover, since s is even then Lemma [34](2) implies that cj, ---¢;, =

s*

iy -+ @, and SO @i, QA Qi = Ci gt C Gy - ¢ . Therefore a; - --a;, = ¢, 6
c cl |C Cs
iy -+ ¢, and so (*) implies that a = c'l jl“‘ : 'CLTT‘CLI il l |, Thus a is a shift of ¢, and so by

Remark B0 ¢ = a.
Suppose now that s is odd. Since a;, ---a;, is oscillating and r is even, this implies that

T

Qi - Qi = Qi - G G - a;,. Moreover, since s is odd then Lemma ( ) 1mphes that
Cjy - Cj. = Qg -G, , and SO @, - @, gy Gy, = Ci,y Gy Gy v Therefore a;, ---a;, =
Cigi1 " CiyCiy -+ - Ciy, and so as in the previous case using (+) we obtaln that c=a.

We finally assume that m = 0® o v, for some s € {0,...,r — 1}. Since ¢ is the m-image of a

it follows that [Cry| = |Ax| for & = 1,...,r. That is, |Csg -r+1)| = |Ax| for &k = 1,...,r

Therefore

ICs| |Cs— 1| |C2| |C1] _|Cr] [Cst2| |Cs1]
(**) a = a”Ll a”LQ o a’isflais a’is+1 e a’l‘—l a’ir ‘

Suppose that s is even. Since a;, - - -a;, is oscillating and 7 is even, this implies that a;,- - -a;, =
@, 0, @;,- ;. Moreover, since s is even then Lemma[34](2) implies that ¢;, - - -¢;, = a;,- - -a,,
and so a; - -@;, Qi - Q;,_, = Ci - C; Ci, - Ci,_,. Lherefore a;---a; = ¢ -¢.c, ¢, and so
(++) implies that a = &1 . .G 1G], . &1l Thus a is a shift of &, °"I. . .g; 1Cslg[Csal. .

&, = (€)' = v(c). Remark [30] then implies that a = v(c), and since v(c) = ¢ it follows
that ¢ = a.

Suppose now that s is odd. Since a;,---a;, is oscillating and r is even, this implies that
@i, - - @i, =, -Q;, Q- - a;, . Moreover, since s is odd then Lemma(2) implies that a;, - - -a;. =
Cj Gy, and 8o a; - @y, Q4,0 Qi = Gy oGy Gy Gy, - Hence ag, - -a;, = GG Gy G, , and
so as in the previous case using (#x) we obtain that ¢ = a. 0J

13. TOWARDS THE PROOF OF LEMMA [34: SMALL FLOWER LINKS

We will prove Lemma by induction on n, similarly as we proceeded in the proofs of
Lemmas 11| (for ring links) and [22] (for boot links). Our aim in this section is to prove the
lemma when n = 6, which is the base case of the induction. As we shall see, this base case is
equivalent to Claim [37] at the end of the section.

13.1. The intrinsic symmetry groups of F(010101) and F'(101010). In order to establish
the base case of the proof of Lemma [34] we need to calculate the intrinsic symmetry groups of
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F(010101) and F(101010). These links are hyperbolic, and so also in this case we followed the
approach described in 4, Section 3] to compute their intrinsic symmetry groups using SnapPy.

The results we obtained, which we state in Fact[36] involve two particular intrinsic symmetries.
Let us focus on F(010101) in this brief discussion, as the results for F(101010) are totally
analogous.

The first symmetry pertains the action of the isotopy Rans on F(010101), illustrated in
Figure[I7] As we already know, this isotopy takes the flower link (010101) to F(r(010101)) =
F(101010).

N

( A
\/’{\;//:/)\/ 60° = 27 /6 rotation / (/T\\/\i\)’%
N N

I |

F(010101) R, F(r(010101))=F(101010)
27/6

FIGURE 17. The isotopy Raq/s takes F(010101) to F'(101010). If we ignore the orien-
tations of the components, as we do at the bottom of this figure, we realize that this
isotopy actually takes F'(010101) to itself. Thus it is valid to say that this isotopy takes
F(010101) to itself, but with the i-th component of F(010101) taken to the (i@®,1)-st
component of F'(010101) with its orientation reversed. Thus this isotopy witnesses that
(1,-1,-1,-1,—1,—-1,—1,0) is an intrinsic symmetry of F(010101).

On the other hand, as we also illustrate in that figure, if we ignore for a moment the ori-
entations of the components, it is valid to say that Ra.s takes F/(010101) to itself, but each
component is taken to a component with its orientation reversed. That is, for instance, Rar/s
takes F'(010101); to F(010101), with its orientation reversed, that is, to —1 - F'(010101),.
Since the isotopy takes F'(010101); to —1 - F((010101);,; for i = 1,2,3,4,5,6, it follows that
(1,-1,-1,-1,—-1,-1,-1,(234561)) = (1,—1,—1,—1,—1,—1,—1, 0) is an intrinsic symmetry
of F(010101).
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The second relevant symmetry involves the action of the isotopy V on F(010101), illustrated
in Figure[L§ As we noted in Section[L1] V takes any flower link F(a) to F(v(a)), and so in par-

ticular V takes the flower link F(010101) to F(v(010101)) = F((0I0101) ') = F(0101017!) =

F(010101).
N e
(7”*{7t>/ (’T/QK;\\
N | /\/\/L
\\\\))/ 180° rotation \\\//>
F(010101) : - F(v(010101))=F(101010)

Vv

FIGURE 18. The isotopy V takes F'(010101) to F'(010101) (that is, to itself), with
each component taken to a component with its correct orientation. More precisely,
V takes the i-th component F'(010101); of F(010101) to its (6 — i + 1)-st component
F(010101)g—;+1, for i = 1,...,6. Thus V witnesses that (1,1,1,1,1,1,1,v) is an intrin-
sic symmetry of F(010101).

That is, V takes F'(010101) to itself, and each component is taken to a component with its
correct orientation. That is, V takes F'(010101); to 1- F(010101)¢_;41 fori = 1,...,6. Therefore
(1,1,1,1,1,1,1,(654321)) = (1,1,1,1,1,1,1,v) is an intrinsic symmetry of £(010101).

The next result, which we obtained using SnapPy, attests to the relevance of these two sym-
metries in the intrinsic symmetry groups of £(010101) and £(101010).

Fact 36. The intrinsic symmetry group of F(010101) is isomorphic to the dihedral group Dg,
and it is generated by (1,—1,—1,—-1,—1,—1,—1,0) and (1,1,1,1,1,1,1,v). The intrinsic sym-
metry group of F(101010) is identical.

13.2. The base case of the proof of Lemma [34. The next statement is the main result in
this section, which corresponds to the base case of the proof of Lemma [34 As we shall see in
the next section, even though this claim is stated in terms of oscillating links, and not in terms
of oscillating sublinks (as Lemma this statement is indeed equivalent to the case n = 6 of
that lemma.

Claim 37. Let a = ajasazagsasag be an oscillating word of length 6. Let b = b1bobsbybsbg be a
word such that F(a) ~ F(b), and let Z be an F(a) — F(b) isotopy. Then,

(1) the (F(a), F(b))-permutation under T is either o® or o®ov, for some s € {0,...,5}; and
(2) if s is even then b = a, and if s is odd then b = @.

In particular, in any case b is an oscillating word, and so F(b) is an oscillating link.

In the proof we use the following terminology. Suppose that Z is an isotopy that maps a link
L=1Lu---ulL, toitself if we ignore the orientations of its components. That is, Z takes L; to
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€ - Lru fori=1,...,n, where¢; € {—1,1} for ¢ = 1,...,n. That is, T witnesses that L admits
the intrinsic symmetry (1,€1,...,€,, 7). Then we say that (e, ..., €,, ) is the stamp of T over
L. We emphasize that the stamp of an isotopy over a link exists if and only if the isotopy maps
the link to itself, if we ignore the orientations of its components.

Proof. We start by pointing out that the closing sentence of the claim (that b is oscillating)
follows immediately from (2). However, as it happens, we need an independent verification of
this fact in order to prove (1) and (2).

We verified this using SnapPy [6] and SageMath [25]. As we report in Table[3|of the Appendix,
the Jones polynomials Vioio101) of F/(010101) and Viraoio10) of F/(101010) are the same (this
was of course expected, since these links are equivalent), and the Jones polynomial of any other
flower link of size 6 is distinct from Vp(o10101). (We remark that in Table (3| the links F'(010101)
and F'(101010) and their Jones polynomial appear in bold face). Thus b is either a or @, and so
in particular it is oscillating.

Let Z be an F'(a) — F(b) isotopy, and let 7 be the (F'(a), F'(b))-permutation under Z. Since
b is either a or @ it follows that F'(a) and F'(b) are equivalent if we ignore the orientations of

their components, and so Z has a stamp © = (ey,...,€g, 7). Thus (1,€,...,€,7) is an intrinsic
symmetry of F(a), and so Fact [36[ implies that O is either (—1%, —1% —1°% —1°, —1%,—1% ¢°) or
(—1%, =15, —1%,—1°, =15, —1%, 0° o v) for some s € {0,...,5}. In particular, 7 is either o or

o® ov for some s € {0,...,5}. Thus (1) holds.
If s is even then © is either (1,1,1,1,1,1,0°) or (1,1,1,1,1,1,0° ov). In either case Z maps
each component of F'(a) to a component of itself with its correct orientation, and so b = a.
Finally, if s is odd then © is either (—1,—-1,-1,—-1,-1,—-1,0%) or (—1,—1,—1,—1,—1,—1,0%0
v). In either case Z maps each component of F'(a) to a component of F'(b) with its orientation
reversed, and so b = @. O]

14. PROOF OF LEMMA [34]

As in the proofs of Lemmas [11] and 22] sublinks of flower links will play a central role in the
proof of Lemma and so we start the discussion by laying out some basic facts about them.

14.1. Sublinks of flower links are equivalent to flower links. Let a = a; ... a, be a word,
and let 41,...,17; be integers such that 1 < <--- < i <n. Then q;, - - - a;, is a subword of a,
and this subword naturally corresponds to a sublink F(a);, U ---u F(a);, of F(a). For brevity,
we use F'(a);,.. i, to denote this link.

Similarly as in the cases of ring links and boot links, as we illustrate in Figure [19| the special
structure of the arrangement .%,, implies that the sublink F'(a);, ; of F(a) is equivalent to
the flower link F'(a;, ---a; ), via a strong isotopy. Loosely speaking, one can “bring together”
some components of F(a);, ., until all the components are placed exactly in the same way as
the components of F'(a;, - - - a;, ), and we can also reverse this process to take the components of
F(ail e a'ik) to F(a)i1

Observation 38. Leta = ay---a, be a word. Ifa; ---a;
an F(a);, ..

. s any subword of a, then there exists

i L, F(ai, -+ - a;,) isotopy, and there exists an F(a;, - - - a;,) L, F(a).. i,

1sotopy.
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F ( 010101 ) 1 F (O 10101 ) 9 K \ .

A
ey
N

F(010101);

F(01010L)s - p(010101);9,45 ~ F(01 10 )

F(010101)

FIGURE 19. Illustration of Observation

We thus obtain the following crucial statement, which parallels Observation |16}

Observation 39. Leta = a1---a, and b = by---b, be words. Let 1 < i1 < -+ < i < n
and 1 < j; < -+ < jp < n be integers, and let m be a permutation of [k|. Then, there exists
o o 1s0topy if and only if there exists an F(a;, -+~ a;,) —> F(bj, -+ bj,)

1s0topy.

14.2. Proof of Lemma Even though in principle it is possible to prove Lemma [34] in its
given form, it turns out to be easier to establish instead the following proposition, stated in
terms of flower links instead of in terms of sublinks of flower links. The equivalence of this
statement with Lemma [34] follows from Observation B39l

Lemma 40 (Equivalent to Lemma . Let a = ay - - - a, be an oscillating word of even length
n = 6. Let b be a word such that F(a) ~ F(b), and let T be an F(a) — F(b) isotopy. Then,

(1) the (F(a), F(b))-permutation under I is either o® or o® ov for some s € {0,...,n —1};
and
(2) if s is even then b = a, and it is odd then b = .

In particular, in any case b is oscillating.

Before we proceed to the proof we make an elementary observation on sequences. We say that
a sequence Jji, ..., Jx of k distinct integers in [n] is n-consistent (respectively, n-anticonsistent)
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if there is an integer t € {1,...,k} such that j;, jis1,- -, Jk, J1, 2, - - - » Je—1 1S increasing (respec-
tively, decreasing). We make essential use of the following trivial observation in the proof of
Lemma

Remark 41. If a sequence ji,...,7, of distinct integers in [n] is n-consistent (respectively,
n-anticonsistent) then the permutation (jijo -+ jn) i 0° (respectively, o® o v) for some s €
{0,...,n—1}.

Proof of Lemma[3 We proceed by induction on the length n of a. Claim [37] establishes the
statement for the case n = 6. For the inductive step we let m > 6 be an even integer, assume
that the proposition holds for oscillating words of length m, and prove that then it holds for an
oscillating word of length m + 2.

Thus we let a = a1 a@pami1ams2 be an oscillating word, let b = by -+ bypbyy1bmio be a
word such that F(a) ~ F(b), and let Z be an F'(a) — F(b) isotopy. Our goal is to show (1) and
(2). We let 7 denote the (F(a), F'(b))-permutation under Z, and so we must show that (I) 7 is
either o° or o° o v for some s € {0,...,m + 1}; and that (II) if s is even then b = a, and if s is
odd then b = a.

Before we move on to the main arguments of the inductive step let us make the following
trivial observations, obtained simply because aias - - - Gy, 11am42 s oscillating and m is even:

§ ajay - am = (a1a2)™? and ayaz - a, = (@raz)™?; and

88 agay - Apyo = (@3a4)m/2 = (G1G2)m/2 and a3y Qi = (a3G4)m/2 = (@1a2)

Let F(a)i,, i, be any oscillating sublink of F(a) of size m, and let F'(b);, . ;. be the sublink
of F(b) that is the image of F(a);, . ;, under Z. We note that ji,...,j, is a sequence of m
distinct integers in [m + 2], and as such it might be (m + 2)-consistent or (m + 2)-anticonsistent
(or neither).

By Observation , the induction hypothesis implies that there is an s € {0,...,m — 1} such
that the (F'(a)i,, . i, (D) ;... )-permutation under Z is either 0® or o® ov (we emphasize, with
o and v acting on [m]). It is easy to see that in the former case 7(iy),...,7(iy) is (m + 2)-
consistent, and in the latter case it is (m + 2)-anticonsistent.

We now apply this discussion to two particular oscillating sublinks of F'(a). Since a is os-
cillating, then aqas - - - a;_1a,, and ajaqas - - - Gpmi1ameo are both oscillating sublinks of size m.
The remark at the end of the previous paragraph then implies that:

e (1), 7(2),...,m(m — 1), 7(m) is either (i) (m + 2)-consistent or (ii) (m + 2)-anticonsistent;
and

o (1), 7(4),7(5)...,m(m + 1),m(m + 2) is either (iii) (m + 2)-consistent or (iv) (m + 2)-
anticonsistent.

It is easy to see that (i) and (iv) cannot simultaneously hold, and that (ii) and (iii) cannot
simultaneously hold. So either (i) and (iii) hold, or (ii) or (iv) hold.

It is straightforward to check that if (i) and (iii) hold, the the sequence 7(1),7(2),...,7(m),
m(m+1), 7(m+2) is (m + 2)-consistent, and if (ii) and (iv) hold, then this sequence is (m + 2)-

m/2'

anticonsistent. Remark[41]then implies that in the former case 7 is * for some s € {0, ..., m+1},
and in the latter case 7 is 0® o v for some s € {0,...,m + 1}. We have thus proved part (I) of

the inductive step.
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To prove (II), suppose first that 7 = o° for some s € {0,...,m+1}. Then T takes F'(a)y,.  to
F(b)1,2,...,5—3,3—2,54—1,s+2,...,m+1,m+27 and the (F(G)l,...,m, F(b)1,2,...,s—3,s—2,s+1,s+2,...,m+1,m+2)'permu‘
tation under Z is o (with o acting on [m]). By Observation 39} the induction hypothesis then
implies that if s is even then b1bs - - - bs_3bs_obsi1bsio - bypy1bmia = a1 ---a,,, and if s is odd
then biby -+ - by_3bs_2bs 110542+ by1bmin = a1 Q.

In view of (§) and (§§), we conclude that

() if 5 is even then biby - - by_gbgy1 -+ byyo s (aya2)™?, and if s is odd then it is (araz)™?.

We now note that Z takes F(a)s4. m+1mt+2 t0 F(b)12. s—1.ss+3.544,. m+1m+2, and similarly
as in the previous case the (F'(a)1, . m,F(b)12, s—1ss+3.5+4. m+1m+2)-permutation under Z
is o° (with o acting on [m]). By Observation [39 the induction hypothesis then implies
that if s is even then ble s 'bs—lbsbs+3bs+4 s bm+1bm+2 = as-- - amy2, and if s is odd then
biby - bs—lbsbs+3bs+4 T bm+1bm+2 =az- - Amy2-

Using (§) and (§§), we conclude that

(x%) if 5 is even then biby - - bsbsis - - byio is (a1a3)™?, and if s is odd then it is (aaz)™?.

Combining () and () we obtain that if s is even then biby---by 0 = (ayaz)™?*! (that is,
b= a), and if s is odd then biby - - - by o = Graz ™2+ (that is, b = @). Thus (II) holds.

Suppose finally that 7 = o°v for some s € {0,...,m + 1}. Then T takes F(a); ., to
F(b)12,...5-1,5,54+3,5+4,..m+1,m+2, and the (F(a)1,.m, F(b)12,.. s-1,5,543,5+4,..m+1,m+2)-Permutation
under 7 is 0 o v (with o and v acting on [m]). By Observation the induction hypothesis
then implies that if s is even then biby -+ - bs_1bsbsi3bsia - bpy1bmio = aras - - - a,,, and if s is
odd then b1bs -+ bs_1bsbs13bs14 "+ by 1bmy2 = Gz Q.

In view of (§) and (§§), we conclude that

(1) if s is even then biby - - bybyis - - byio is (a1a2)™?, and if s is odd then it is (ayaz)™?.

We now note that Z takes F(a)s 4, m+1m+2 t0 F(b)12, s—3.5-25+1.542.. m+1,m+2, and

the (F'(a)su,..mt1,m+2, F'(0)1,2,.. s—8,5-2,541,542,...,m+1,m+2)-permutation under 7 is ¢° o v (with
o and v acting on [m]). By Observation [39] the induction hypothesis then implies that if
s is even then biby - -+ bs_3bs_9bsi1bsio - bpp1bmis = G304 - Apy1Gmyo, and if s is odd then

biby - bs_10sbsi3bsts - brns1bmyo = G304 Qg 1Grmya-
Using (§) and (8§§), we conclude that

(1) if 5 is even then biby - - by_obgy1 -+ byo s (ayaz)™?, and if s is odd then it is (ayaz)™?.

Combining (1) and (}) we obtain that if s is even then by - - - b,40 = (a1a2) ™2+ (that is, b = a),
and if s is odd then by - - - by = (@raz) ™2+ (that is, b = @). Therefore, (II) holds. O

15. CONCLUDING REMARKS

Throughout this paper we worked exclusively with oriented links, and in particular our main
results (namely Theorems , and @ are stated in terms of oriented links. However, as we
briefly mentioned in Section [T}, it is possible to derive analogous statements for unoriented links.
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Given an arrangement 7, we use L*(&7) to denote the collection of all positive unoriented
links that project to «7. Similarly as for oriented links, we let [£*(%7)] denote the number of
non-equivalent links in £ () (that is, the number of equivalence classes in L*(7)).

We have the following consequences of Theorems [4] [5 and [6] respectively.

Corollary 42 (The number of positive unoriented links that project to %,).
[£* ()] = G i 0(n)> o,

Corollary 43 (The number of positive unoriented links that project to %4,,).
[£H(2.)] - (% ; O(n)) Lo

Corollary 44 (The number of positive unoriented links that project to .%,,).
[LH(Z)] - (% + 0(n)> Lo,

Proof of Corollary[£3. Since all links under consideration are positive, then every pair of com-
ponents form a Hopf link. Therefore, if the orientation of one component is fixed then the
orientations of all the other components are determined (since each crossing must be positive).
Hence an unoriented link that projects to a ring arrangement %, is the “unorientation” of ex-
actly two oriented ring links R(a) and R(a), for some word a of length n. Now R(a) and R(a)
(as oriented links) are in the same equivalence class, as one can obtained from the other by using
the isotopy H (see Section . Therefore the number of equivalence classes for unoriented ring
links is the same as for oriented ring links, and so the corollary follows from Theorem [ 0

Proof of Corollary[{3 As in the proof of Corollary 2], an unoriented link that projects to a
boot arrangement %, is the unorientation of exactly two oriented boot links B(a) and B(a),
for some word a of length n. Now if the rank of a is at least 6 then Proposition (18| implies that
B(a) and B(a) (as oriented links) are not in the same equivalence class.

Since the probability that a has rank at least 6 goes to 1 as n goes to infinity, it follows that
with high probability the equivalence classes of B(a) and B(a) are distinct and they merge into
a single equivalence class when they are regarded as unoriented links. Therefore the corollary
follows from Theorem [l O

Proof of Corollary[44. As in the proof of the previous two corollaries, an unoriented link that
projects to a flower arrangement .7, is the unorientation of exactly two oriented flower links
F(a) and F(a), for some word a of length n. Now if the rank of a is at least 6 then Proposition [31]
implies that F'(a) and F'(a) (as oriented links) are not in the same equivalence class: indeed, it
is not difficult to show that the probability that a random word a of size n satisfies that a =@
goes to 0 as n goes to infinity. Therefore with high probability the equivalence classes of F'(a)
and F'(a) are distinct and they merge into a single equivalence class when they are regarded as
unoriented links. Therefore the corollary follows from Theorem [0} O
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As we mentioned in the proof of Corollary , for every word a the flower links F'(a) and
F(a@) are equivalent as unoriented links, since in @ all orientations are opposite to those in a, and
since all crossings are positive then all the over/under assignments in these links are identical. It
may happen that F(a) and F'(a) are also equivalent as oriented links: for instance, F/(010101)
is equivalent to F(101010), implying that F'(010101) is invertible. However, this is rather
exceptional, as in general it is not true that @ = a. Indeed, an elementary calculation shows
that the probability that @ = a goes to 0 as n goes to infinity, and so (in view of Corollary
with high probability the oriented flower link F'(a) is non-invertible.

APPENDIX

We present the Jones polynomials of the 16 ring links with four components (Table , the 64
boot links with six components (Table [2)), and the 64 flower links with six components (Table[3).
This information is used in the proofs of Claims [14] 25, and [37] respectively.

We computed the Jones polynomials of all these links using SnapPy [6] and SageMath [25].
More specifically, for each link L we used PLink (SnapPy’s link editor) to draw L and obtained
(within PLink) the Planar Diagram (PD) code of L. Finally, with this PD code in hand we
used SageMath to compute the Jones polynomial of L.

TABLE 1. Jones polynomials of ring links with four components. The links R(0101)
and R(1010) and their Jones polynomial are particularly relevant in Claim and they
appear in bold face in this table.

Links Jones polynomial
R(0000), R(0001), R(0011), to—t -2 24344
R(0111), R(1000), R(1100),
R(1110), R(1111)
R(0010), R(0100), R(0110), 274 — 2173 — 2072 271 — 2 4 2t + 262 — 283
R(1001), R(1011), R(1101),

R(0101), R(1010) 12¢73 — 4472 + 72¢71 — 72 + 44t — 12¢°

TABLE 2. Jones polynomials of boot links with six components. The links B(010101)
and B(101010) and their Jones polynomial are particularly relevant in Claim and
they appear in bold face in this table.

Links Jones polynomial
B(000000), |t78 712 — 4477 4 4476 4 6t — 6 — 415 + 416 4 ¢11 — 12
B(111111)
B(000001), |31t~ — 111t~ + 160t~ — 120t =6 + 76t=> — 156t~ 4 280t~2 — 240t~2 + 106t~ — 106 +
B(111110) | 240t — 280t + 156t3 — 76t* + 120t — 1605 + 111¢" — 31¢%
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000010),
111101

2110 — 879 + 168t 8 — 175t~ 7 + 12t + 283t — 525t % + 536t 2 — 312t~ 2 + 87t~ —
87 + 312t — 536t2 + 525¢3 — 283t* — 125 + 175t% — 168t7 + 87t% — 21¢°

000011),
111100

4710 29 10t 8+ 9t T+ 3t 0 — 1Tt P+ 9t 15t — Tt 2 — 6t + 6+ Tt — 1582 —
9t3 4+ 17t* — 3t — 95 + 10¢7 + 2t8 — 4¢°

000100),
111011

8t~ — 244710 4+ 3949 — 9848 420t 7 — 2076 + 12670 + 16+ — 40t 73 + 48t~ 2 — 40t~ +
40 — 48t + 40t2 — 16¢3 — 12t* + 20t° — 20t6 + 28¢7 — 32¢8 + 24¢9 — &¢10

000101),
111010

2008 — 1271t~ 7 + 3980t — 8309¢° + 13157+ % — 17198t3 + 19823t—2 — 21054t ! +
21054 — 19823t + 17198¢2 — 13157¢3 + 8309t* — 3980t° + 1271t — 200¢7

000110),
111001

0t—10 — 9¢=9 — 588 4 204t~ 7 — 363t 6 + 409¢t7° — 255t — 75t 3 4+ 467t72 — 729t +
729 — 467t 4+ 75t% 4+ 255t% — 409t* + 363t° — 2045 + 587 + 9t® — 9¢?

000111),
111000

3t 6710 40t — 15t 8 4 15t T — 15t 6+ 9t P + 3t 4 — 12t 3 +27t72 — 30t 1 + 30 —
27t + 12t2 — 3t3 — 9t* + 15¢° — 15¢6 + 15¢7 — 9¢® + 60 — 310

001000),
110111

3712 Gt g0 9 o T 6 oS vt ot 3 6t 2+t — 1 — 6t +
242 4+ T3 — 12¢% + 465 + 260 + 43 — 449 + 6110 — 31!

001001),
110110

45t79 — 1698 + 216t~ 7 + 16t~ 6 — 436t 75 + 736¢t~* — 876t 3 + 1100t 2 — 1362t~ ! + 1362 —
1100t + 876t2 — 736¢3 + 436t* — 16t° — 216t5 + 169t" — 45¢°

001010

9

116710 — 79— 148¢—8 + 480t 7 — 828t 6 + 968+ ° — 942t 4 + 1014t 3 — 1273t 2+ 1527t 1 —
1527 + 1273t — 1014¢2 + 942¢3 — 968t* + 828¢° — 4800 + 148¢7 + 3 — 11¢°

001011),
110100

13¢710 — 349 4+ 20t 8 + 32t 7 — 72t 6 + 61670 — 33t~ + 14t 3 + 4172 — 104t~ + 104 —
41t — 1412 + 3313 — 614 + 72t° — 3215 — 20¢7 + 34¢8 — 13¢?

001100),
110011

g1 910 10479 13378 — 8¢ T — 46t 6 + 67t 5 — 31t — 14¢3 + 382 — 381 +
38 — 38t + 142 + 3113 — 67t* + 46t° + 85 — 33t7 + 19¢3 + 2¢° — 4¢!

001101),
110010

60t~ — 251¢78 + 360t~ 7 + 1186 — 1457¢t° + 3295¢—* — 4998t 3 + 6220t 2 — 6855t +
6855 — 6220t + 4998t2 — 3295¢3 + 1457t* — 1185 — 360t6 + 2517 — 608

001110),
110001

14¢710 — 41679 4+ 50678 — 63t~ 7 4+ 151¢76 — 343¢t7° + 565t 4 — 741¢~3 + 887t~ 2 — 985t~ 1 +
085 — 887t + 74112 — 565¢3 + 343t* — 151t° + 63t6 — 50t7 + 418 — 14410

001111),
110000

20712 3t 4710 B3 4 2T — 6t O+ 9t =3t =3P+ 92 — 6t 46—
Ot + 3t + 3t3 — 9t* + 67 — 2t + 37 — 8 — 19 4 310 — 21!

010001),
101110

15¢710 — 4679 + 54¢78 — 3177 4+ 20t 6 — 64¢75 + 128¢ % — 148t3 + 138t 2 — 124¢ L +
124 — 138t + 148t2 — 128t% + 64t* — 20t° + 31t6 — 54¢7 + 46¢8 — 15¢9

010010),
101101

3t 4+ 3¢710 3069 + 49t 8 — 27t 7 — 33t 0 + 81t 5 — 87t + 72473 — 50t~ 2 4+ 39t —
39 + 50t — 72t2 + 8713 — 81t* + 33t° 4+ 275 — 49¢7 + 303 — 3¢% — 3¢10

010011),

B(
B(
B(
B(
B(
B(
B(
B(
B(
B(
B(
B(
B(
B(
B(
B(
B(
B(
B(
B(
B(
B(
B(
B(
B(
B(
B(
B(
B(
B(
B(
B(
B(
B(101100

)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
110101)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)

Bt —op= 10 =9 L 98 o T 10t S+ 12t — Attt 3 62— 8t + 8 — 6t —
2 4413 — 12t + 10t° + 2t — 9¢7 + 748 4 2¢9 — 310
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(010100),
101011)

12 1 310 39 88 R T 4 6t 0 — 106+ 9t 9 — 1T 2 4+ 15t —
15 + 17t — 9t2 — 93 + 10t* — 6¢° + 86 — 8¢7 + 38 + 3¢9 — 10 — 11

101010)

(
(010101),
(

13t710 — 26492 — 21¢ 8 + 119¢ 7 — 171¢ 6 + 126¢ % — 72t * + 107t 3 — 192¢ 2 +
255t~1 — 255 + 192t — 107t2 + 723 — 126¢* + 171t° — 119t6 + 21t + 26t% — 13¢°

010110),
101001

17¢710 — 539 + 56t 8 + ¢ 7 — 74t 6 + 99t 5 — 774 + 3473 + 4472 — 115t + 115 —
44t — 3412 + 7713 — 99t + 745 — 16 — 56¢7 + 538 — 17¢Y

010111),
101000

20712 3 4 2710 3 4 3 BT — O B — P -3 A 4
3t —4t? + 13 — 3t* + 15 4+ 3t — 3t7 + 348 — 2¢° 4 310 — 21!

011001),
100110

14t710 34479 4 5¢ 8 4 76t 7 — 134t 6 + 103t > — 17t 4 — 50t 3 + 98¢ 2 — 129¢ 1 + 129 —
98t + 50t2 + 17t — 103t* + 134t — 76t — 5¢7 + 34¢8 — 14¢°

011010),
100101

116710 — 8¢9 — 90t =8 + 264t 7 — 34676 +229¢7° — 49t~4 — 12¢t73 — 21t 2 + 56t 1 — 56 +
21t + 1262 + 49¢3 — 220t* + 346t° — 2645 + 90t™ + 8 — 11¢°

011011),
100100

661 — 11710 — 479 4+ 278 — 29t T 4 270 4 15¢70 — ¢+ — Q¢ 3 — 6672 + 31t —31 +
6t + 812 + 3 — 15t — 25 + 29¢0 — 2747 + 443 + 111% — 6¢10

011101),
100010

24710 — 96t + 17278 — 171t~ 7 + 51t % + 126t ° — 246t % + 243¢t~2 — 131t 2 + 24¢~ 1 —
24 + 131t — 243t% + 24613 — 126t* — 515 + 1715 — 172¢7 + 968 — 24¢°

011110),
100001

156710 — 4679 + 54¢8 — 317 4+ 2066 — 64¢7° + 128¢~% — 1483 + 138¢ 2 — 124¢ 1 +
124 — 138t + 148t%2 — 12813 + 64t* — 20t + 31t6 — 54¢7 + 46¢8 — 15¢?

100000),

—t7 0t At — At — 6t 4 6+ 4 — At — 1T 18

100001),
011110

—15t 7 +63t7 06— 13175+ 203t 4 —261¢ 3 + 293t 2 —314¢ 1 + 314 — 293¢ + 261¢2 — 203t3 +
131t* — 63t® + 15¢6

100010),
011101

—8t 8420t~ —35¢6 — 25¢75 + 169¢t—* — 323t 3 + 405t 2 — 430t~ + 430 — 405¢ + 3232 —
1693 + 25t* + 355 — 29¢6 + 8¢7

100011),
011100

3t T 13—t — 19t 1Tt 52 — 15tV + 15 — 5t — 1742 + 1983 + Tt —
13t° — 6 + 3¢7

100100),
011011

At 1Tt =37t T +49t76 —33t75 — ¢+ +33¢t73 — 53t~ 2 + 53t~ — 53 + 53t — 332 +
3 + 33t — 49¢° + 376 — 1747 + 4410

100101),
011010

15¢79 — 176t 8+ 914t~ 7 — 2980t 6 4+ 6945t > — 12351t 4+ 17616t 2 — 21210t 2+ 22785t 1 —
22785 + 21210t — 17616¢% + 123513 — 6945t* + 2980t° — 914¢6 + 176t7 — 15¢8

100110),
011001

—6t 8 4+ 2t 7+ 87t6 — 293¢5 4+ 445¢—* — 255¢ 73 — 292¢—2 + 780t~ — 780 + 292¢ + 255¢2 —
4453 + 293t* — 87t° — 2t6 + 610

100111),

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B(011000

(

( )
( )
( )
( )
( )
( )
( )
( )
( )
( )
( )
( )
( )
( )
(011111)
( )
( )
( )
( )
( )
( )
( )
( )
( )
( )
( )
( )
( )
( )

3t 88— 10t T4+ 1270 — 9t 5 — ¢4 4 8¢73 — 1472 + 19t — 19 + 14t — 82 + 3 +

ot* — 125 + 10t — 8¢7 + 3¢8
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101000),
010111

—t70 4 379 5t S T O AP 8 - TS -3t 2 At -4+ 3+ T2 - 83 +
4t — 15 — 448 + 5¢7 — 3¢ + ¢

101001),
010110

—4t79 + 18t 8 — 40t~ 7 + 33t 6 + 91¢75 — 395¢ % + 843¢t3 — 1294¢2 + 1568t — 1568 +
1294t — 843t2 + 395¢3 — 91¢* — 33¢° + 40t0 — 18¢7 + 448

101011),
010100

1 810 4193479 —34¢ 8 4 15t 7 + 48t 6 — 117t O+ 131t =57t 3 — 81t 2+ 191t 1 —
191 4 81¢ + 57t2 — 1313 + 117t* — 48t° — 15¢0 + 34¢7 — 23¢8 + 89 — 10

101100),
010011

79— 28 413t T — 15t — 115 + 49t % — 43¢t73 — 15t 2 + 59t 1 — 59 + 15¢ + 43t2 —
493 + 11¢% + 15¢° — 13t6 + 2t7 + ¢8

101101),
010010

3t710 _926¢9 180t 3 — 92t~ 7 — 166t 0 + 1008t % — 2568t % + 4592t 3 — 6497t 2 + 7642t —
7642 + 6497t — 4592t2 + 2568t3 — 1008t* + 166t° + 92t — 80t7 + 26¢% — 3¢Y

101110),
010001

—6t78 + 2177 — 4876 + 136t 7° — 360t~ * + 734¢73 — 1141t 2 + 1394¢t~!1 — 1394 + 1141t —
73412 + 360t3 — 136t* + 48t° — 216 + 6¢7

101111),
010000

710 4ot o8 T 46 RS 4 R — 43 — 6t 2 + 12t — 12 + 6t + 4¢2 —
83 4+ 8t — 4t — 6 + 27 — 28 + ¢9

110001),
001110

—Tt78 + 26t 7 — 4876 + 70t7° — 96t~ * + 136173 — 182t 72 + 203t~ — 203 + 182t — 136t2 +
96¢3 — T0t* + 48t5 — 265 + Tt7

001101

—6t 8+ 18t 7T — 17t 5 —10t° + 58t * —91¢ 2 + 80t~ 2 — 581 + 58 — 80t + 912 — 583 +
10t* + 17t° — 18t + 617

110011),
001100

2942 8 46t 7T —10t O+ 16t 2 — 18t 73 —2t72 4+ 20t~ — 20 4+ 2t + 182 — 163 + 10t° —
615 — 2¢7 + 28

110100),
001011

—t S T 5O 14 — 14t + 33 + 962 — 26t 4+ 26 — 9t — 3¢2 + 1483 —
14t + 55 — 6 —¢7 4+ ¢8

110101),
001010

—3t7 9412t 8 =31t T +65t 06— 107t 5 + 153t~ —195¢ 3 + 221t~ 2 — 237t 1 + 237 — 221t +
195t2 — 153¢3 + 107t* — 65¢° + 315 — 12¢7 + 3¢8

110110),
001001

—6t 8 + 21t 7 — 32670 + 2145 + 194 —46¢3 + 23t 2 + 81 — 8 — 23t + 462 — 19¢3 —

21t + 325 — 2115 + 6¢7

110111),
001000

—t710 2t o8 2T 6 2 2t 3 32 -8t 8 -3t 12 2t —
2% 15 — 216 4 2t7 — 248 4 ¢9

111000),
000111

ot 843t T3t 64 Q¢ 443t 34+ 3t 2 — 14t L+ 14— 3t + 32+ 413 — 814+ 3¢5 — 315+ 2t7

111010),
000101

—12t7 7+ 48t 6 — 100t 75 + 164+ — 216t 3 + 2362 — 248t 1 + 248 — 236t + 2162 — 164¢3 +
100t* — 48¢° + 12¢6

111011),

B( )
B( )
B( )
B( )
B( )
B( )
B( )
B( )
B( )
B( )
B( )
B( )
B( )
B( )
B( )
B( )
B(110010),
B( )
B( )
B( )
B( )
B( )
B( )
B( )
B( )
B( )
B( )
B( )
B( )
B( )
B( )
B( )
B( )
B(000100)

o7 4 4t T 70 420t — 24t 4+ 93 + 15¢72 — 38t + 38 — 15t — 92 + 2443 —
20t + Tt + 16 — 447 + 248
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B(111100), | —2t77 —2t76 4 8t7% + 8¢~* — 10t=3 — 10t72 + 10t + 10t> — 83 — 8t* + 2> + 2t6
B(000011)

B(111101), | =3t 8 46t~ 7 — =6 — 15¢t7° + 49t~% — 75¢t73 4 68t=2 — 59t~1 + 59 — 68t + 75t — 49t3 +
B(000010) | 15t* + 5 — 65 + 3¢7

B(111110), | —14¢t764+45¢t7° — 77t =% + 146t 3 — 232t =2 4+ 254¢~! — 254 + 232t — 146t + 773 — 45t* + 14¢
B(000001)

TABLE 3. Jones polynomials of flower links with six components. The links £(010101)
and F'(101010) and their Jones polynomial are particularly relevant in Claim and

they appear in bold face in this table.

Links Jones polynomial

F(000000), F(000001), F/(000010), F(000011),| =13 —¢712 — 447 4 4476 + 6171 — 6 — 417 + 416 + 11 —¢12

F(000100), F(000110), F(000111), F(001000),

F(001100), F(001110), F(001111), F(010000),

F(011000), F(011100), F(011110), F(011111),

F(100000), F(100001), F(100011), F(100111),

F(101111), F(110000), F(110001), F(110011),

F(110111), F(111000), F(111001), F(111011),

F(111100), F(111101), F(111110), F(111111)

F(000101), F(001010), £(010001), F(010100),| 9t 11 —27¢710 4+ 39¢=9 — 51¢=8 + 66t =7 — 6616 + 33t~ +

F(010111), F(011101), F(100010), F(101000),| 15t =4 —51¢73 +93t2 — 132t 1 + 132 — 93t + 512 — 15¢3 —

F(101011), F(101110), F(110101), F(111010) | 33t* + 66t> — 66t° + 51¢7 — 39t + 27t — 9¢10

F(001001), F(001011), F(001101), F(010010),| 4t~ —19¢=9 + 1178 426t =7 — 26t =6 — 19t7> +- 19t =% +

F(010011), F(010110), F(011001), F(011010),| 383 — 26¢t=2 — 52t ~! + 52 + 26t — 38t% — 19t3 + 19t +

F(011011), F(100100), F(100101), F(100110),| 26t°> — 2615 — 11¢7 + 19¢® — 4¢10

F(101001), F(101100), F(101101), F(110010),

F(110100), F(110110)

F(010101), F(101010) 2700t~7 — 25380t % + 116073t % — 342441t % +
72727273 — 1174176t 2 + 1482678t — 1482678 +
1174176t — 727272t% + 342441t3 — 116073t* +
25380t° — 2700t°
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