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FRQVWUDLQWV�XQGHU�ZKLFK�WKH�PD[LPXP�RI�5�9LV�WR�EH�REWDLQHG��,W�LV�DOVR�VKRZQ�WKDW�WKH�
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+$9,1*�REVHUYHG�WKH�YDOXHV�RI�S�QXPHULFDO�YDULDEOHV�RQ�HDFK�LQGLYLGXDO�RI�D�JLYHQ�VDPSOH��LW�LV�
FXVWRPDU\�WR�DUUDQJH�WKH�GDWD�LQWR�D�S�[�Q�PDWUL[�;� ��[L����7KH�LWK�URZ�RI�;��GHQRWHG�E\�;L��
FRQWDLQV�WKH�Q�YDOXHV�RI�WKH�LWK�YDULDEOH�ZKLOH�WKH�MWK�FROXPQ��GHQRWHG�E\�;L��FRQWDLQV�WKH�S�
REVHUYDWLRQV�UHFRUGHG�RQ�WKH�MWK�LQGLYLGXDO��

$�FRPPRQ�JHRPHWULFDO�UHSUHVHQWDWLRQ�RI�WKH�VDPSOH�FRQVLVWV�RI�D�FDQRQLFDO�PDSSLQJ�RI�WKH�
GDWD�PDWUL[�;�LQWR�D��FRQILJXUDWLRQ��RI�Q�SRLQWV�LQ�WKH�S�GLPHQVLRQDO�VSDFH�53�� 2XU�LQWHUHVW�
ZLOO�IRFXV�RQ�WKH�SDWWHUQ�RI�VXFK�D�FRQILJXUDWLRQ�RU��HTXLYDOHQWO\��RQ�WKH�VHW�RI�GLVWDQFHV�
EHWZHHQ�LWV�SRLQWV��7KH�GLVWDQFH�EHWZHHQ�WKHMWK�DQG�WKH�NWK�SRLQWV��LQGLYLGXDOV��LV�GHILQHG��E\�
XVH�RI�D�SRVLWLYH�VHPL�GHILQLWH�PDWUL[�4��WR�EH�HTXDO�WR�̂ �;-��� ;N�
�4�;-��� ;N�`L�� )UHTXHQW�
FKRLFHV�IRU�4�DUH�WKH�VWDQGDUGL]LQJ�GLDJRQDO�PDWUL[�KDYLQJ�WKH�LQYHUVHV�RI�WKH�YDULDQFHV�RQ�WKH�
PDLQ�GLDJRQDO�DQG�WKH�LQYHUVH�RI�WKH�FRYDULDQFH�PDWUL[�ZKLFK�PDNHV�GLVWDQFHV�LQGHSHQGHQW�RI�
OLQHDU�WUDQVIRUPDWLRQV�RQ�WKH�GDWD��

*LYHQ�DQ\�SRVLWLYH�VHPL�GHILQLWH�PDWUL[�4�RQH�FDQ�ILQG�S�[�T�PDWULFHV�/�T�QRW�QHFHVVDULO\�
HTXDO�WR�S��VXFK�WKDW�4� //
�� 7KHUHIRUH�WKHUH�LV�DQ�HTXLYDOHQFH�EHWZHHQ�WKH�FKRLFH�RI�WKH�
PHWULF�GHILQHG�E\�4�RQ�SRLQWV�LQ�03�DQG�WKH�OLQHDU�FKDQJH�RI�YDULDEOHV�JLYLQJ�WKH�QHZ�GDWD�
PDWUL[�<� �/
;IROORZHG�E\�WKH�XVH�RI�WKH�RUGLQDU\�VXP�RI�VTXDUHV�PHWULF�RQ�WKH�FRQILJXUDWLRQ�
UHSUHVHQWLQJ�<LQ�0T�� 7KLV�HTXLYDOHQFH�LV�IXQGDPHQWDO�IRU�WKH�SXUSRVH�RI�WKLV�SDSHU��
��� ����
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:H�SURSRVH�D�XQLILHG�YLHZ�DW�VRPH�RI�WKH�FODVVLFDO�OLQHDU�PXOWLYDULDWH�VWDWLVWLFDO�PHWKRGV�
�SULQFLSDO�FRPSRQHQWV��PXOWLYDULDWH�UHJUHVVLRQ��FDQRQLFDO�FRUUHODWLRQV��GLVFULPLQDQW�DQDO\VLV��
E\�VKRZLQJ�WKDW�DOO�FDQ�EH�LQWHUSUHWHG�DV�WKH�VHDUFK�IRU�OLQHDU�WUDQVIRUPDWLRQV��/��RI�RULJLQDO�
YDULDEOHV��;��WKDW�ZLOO�PD[LPL]H��XQGHU�FRQVWUDLQWV�FKDUDFWHULVWLF�RI�HDFK�PHWKRG��WKH��FORVH��
QHVV��RI�WKH�FRQILJXUDWLRQV�RI�SRLQWV�DVVRFLDWHG�ZLWK�;�DQG� <� � /
;�� 7KH�PHDVXUH�RI�
FORVHQHVV�WR�EH�UHWDLQHG�LV�EDVHG�RQ�WKH�VDPSOH�YDOXH�RI�(VFRXILHU
V�59�FRHIILFLHQW��(VFRXILHU��
������������DQG�LV�HVWDEOLVKHG�LQ�WKH�QH[W�VHFWLRQ��2XU�UHVXOWV�DUH�VXPPDUL]HG�LQ�6HFWLRQ���ZLWK�
GHWDLOV�JLYHQ�LQ�6HFWLRQ����,Q�6HFWLRQ���VXJJHVWLRQV�DUH�PDGH�IRU�WKH�XVH�RI�WKH�5�9�FRHIILFLHQW�LQ�
WKH�SUREOHP�RI�GLVFDUGLQJ�YDULDEOHV��

��� &203$5,621�%(7:((1�7:2�&21),*85$7,216�2)�32,176�5(35(6(17,1*�
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&RQVLGHU�D�JLYHQ�VDPSOH�RI�Q�LQGLYLGXDOV�RQ�ZKLFK�WZR�VHWV�RI�REVHUYDWLRQV�KDYH�EHHQ�PDGH��
JLYLQJ�D�S�[�Q�GDWD�PDWUL[�;�DQG�D�T�[�Q�GDWD�PDWUL[�<���7KH�YDULDEOHV�LQ�WKH�WZR�VHWV�PD\�EH�
SDUWLDOO\�RU�WRWDOO\�GLVWLQFW���/HW�&�;�� DQG�&��<��EH�WKH�WZR�DVVRFLDWHG�FRQILJXUDWLRQV��LQ�03�
DQG�0T��UHVSHFWLYHO\��7R�VHH�WKH�H[WHQW�WR�ZKLFK�WKH�WZR�VHWV�RI�YDULDEOHV�JLYH�VLPLODU�LPDJHV�RI�
WKH�Q�LQGLYLGXDOV��ZH�VHOHFW�D�SDUWLFXODU�PDWUL[�WR�FKDUDFWHUL]H�HDFK�FRQILJXUDWLRQ�DQG�XVH�D�
PHDVXUH�RI�FORVHQHVV�RI�WKHVH�WZR�PDWULFHV��

)LUVW��DV�D�PHDVXUH�RI�WKH�UHODWLYH�SRVLWLRQV�RI�SRLQWV�LQ�D�FRQILJXUDWLRQ��VD\�&�;���ZH�FRXOG�
XVH�WKH�Q�[�Q�GLVWDQFH�PDWUL[�'�;��� ZLWK��M��N�WK�HOHPHQW�HTXDO�WR�̂ �;-��� ;N�
�;L��� ;N�`,��
ZKLFK�LV�WUDQVODWLRQ�DQG�URWDWLRQ�LQGHSHQGHQW��$VVXPLQJ�WKDW�DOO�YDULDEOHV�KDYH�EHHQ�FHQWUHG�
WR�KDYH�PHDQV�HTXDO�WR����ZH�SUHIHU�WR�XVH�WKH�PDWUL[�6�;��^WU�6�;��`���ZKHUH�6�;��  �;
�;��
7KLV�PDWUL[�LV�WUDQVODWLRQ�DQG�URWDWLRQ�LQGHSHQGHQW��WKH�VFDODU�GHQRPLQDWRU�̂WU�6�;��`
�
HQVXUHV�WKDW�LW�LV�DOVR�LQGHSHQGHQW�RI�JOREDO�FKDQJHV�RI�VFDOH��

,W�LV�NQRZQ�WKDW�IRU�VTXDUH�PDWULFHV�$�DQG�%��WU�$
%�LV�D�VFDODU�SURGXFW�DQG�WKDW�WKH�
FRUUHVSRQGLQJ�QRUP�IRU�$�LV�__$,,� ��WU$
$�,�� �:LWK�WKLV�GHILQLWLRQ�__6�;��^WU6�;��`MMM � ����
:H�VKDOO�WKHUHIRUH�PHDVXUH�WKH�GLVWDQFH�EHWZHHQ�WKH�FRQILJXUDWLRQV�&�;��DQG�&��<��E\�
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:LWKLQ�D�PXOWLSOLFDWLYH�IDFWRU�RI���Q��6O�  � ;;
�� 6��� � <<
�� 6��� � ;<
� DQG�6��� � <;
�
DUH�WKH�VDPSOH�FRYDULDQFH�DQG�FURVV�FRYDULDQFH�PDWULFHV�RI�WKH�YDULDEOHV�GHILQLQJ�;�DQG�<��
:LWK�WKHVH�QRWDWLRQV��

5�9�;��<�� � WU��6�����6�����WU�6�����WU�6�����
7KLV�H[SUHVVLRQ�LV�DQDORJRXV�WR�WKH�59�FRHIILFLHQW�RULJLQDOO\�GHILQHG�E\�(VFRXILHU��������

������IRU�WZR�UDQGRP�YHFWRUV�RQ�WKH�VDPH�SUREDELOLW\�VSDFH��7KH�OLQN�EHWZHHQ�WKH�PDWKH��
PDWLFDO�GHILQLWLRQ�RI�59�XVLQJ�H[SHFWDWLRQV�DQG�WKH�LQWXLWLYH��GDWD�RULHQWHG�DSSURDFK�WDNHQ�LQ�
WKLV�SDSHU�LV�WKH�IDFW�WKDW�IRU�VDPSOHG�YDOXHV�WKH�HTXDOLW\�WU�6�;����6��<�`� �WU��6�����6����KROGV��

7KH�FRHIILFLHQW�5�9�;��<��ZLOO�EH�XVHG�DV�WKH�DFWXDO�PHDVXUH�RI�FORVHQHVV�RI�&�;��DQG�&��<���
7KH�YDOXH�RI�5�9�;��<��LV�LQ�WKH�FORVHG�LQWHUYDO�>����@�DQG�WKH�FORVHU�WR���LW�LV��WKH�FORVHU�DUH�WKH�
SDWWHUQV�DQG�WKH�EHWWHU�LV�<��LV�;��DV�D�VXEVWLWXWH�IRU�;��IRU�<��WR�FKDUDFWHUL]H�WKH�Q�LQGLYLGXDOV�
RI�WKH�VDPSOH��

7KH�UHDGHU�ZLOO�KDYH�QRWLFHG�WKDW�RXU�DSSURDFK�LV�WKH�FODVVLFDO�RQH��ZKLFK�DVVXPHV�;�
NQRZQ�DQG�'�DQG�6�FRPSXWHG�IURP�;�� 7KH�UHYHUVHG�DSSURDFK�LV�WKDW�RI�PXOWLGLPHQVLRQDO�
VFDOLQJ�ZKLFK�DWWHPSWV�WR�GHWHUPLQH�;�NQRZLQJ�'�� $�PHWKRG�GXH�WR�7RUJHUVRQ��������DOORZV�
WKH�FRPSXWDWLRQ�RI�6�NQRZLQJ�'�� 3URYLGHG�6�LV�SRVLWLYH�VHPL�GHILQLWH��;�FDQ�EH�REWDLQHG�E\�
IDFWRUL]DWLRQ��:LWKRXW�SXUVXLQJ�WKLV�SRLQW�DQ\�IXUWKHU��OHW�LW�EH�FOHDU�WKDW�WKH�IRUWKFRPLQJ�
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WKHRU\�UHPDLQV�PHDQLQJIXO�ZKHQ�WKH�RULJLQDO�GDWD�LV�D�GLVWDQFH�PDWUL[�'�OHDGLQJ�WR�D�SRVLWLYH�
VHPL�GHILQLWH�PDWUL[�6��

7KH�SUREOHP�RI�FRPSDULQJ�GLIIHUHQW�PXOWLYDULDWH�DQDO\VHV�RQ�WKH�VDPH�LQGLYLGXDOV�KDV�EHHQ�
WUHDWHG�E\�D�QXPEHU�RI�DXWKRUV��,Q�SDUWLFXODU��*RZHU��������KDV�XVHG�DV�D�PHDVXUH�RI�FORVHQHVV�
RI�WZR�FRQILJXUDWLRQV�D�VWDWLVWLF�HTXDO�WR�WU��6����WU��6����XQGHU�WKH�DVVXPSWLRQ�WKDW�WKH�YDULDEOHV�
KDYH�EHHQ�VFDOHG�LQ�VXFK�D�ZD\�WKDW�WU�6��� WU�6��� � ���

��� 6800$5<�2)�5(68/76�
7\SLFDOO\��WKH�SUREOHPV�WR�EH�VROYHG�LQ�6HFWLRQV���DQG���FDQ�EH�VWDWHG�DV�IROORZV��+DYLQJ�

REVHUYHG�WZR�VHWV�RI�YDULDEOHV�RQ�Q�LQGLYLGXDOV��JLYLQJ�D�S�[�Q�GDWD�PDWUL[�;�DQG�D�T�[�Q�GDWD�
PDWUL[�<��ILQG�OLQHDU�FRPELQDWLRQV�RI�WKH�YDULDEOHV�GHILQLQJ�;�WR�REWDLQ�D�QHZ�GDWD�PDWUL[�/
;�
DQG��DOVR��OLQHDU�FRPELQDWLRQV�RI�WKH�YDULDEOHV�GHILQLQJ�<�WR�REWDLQ�D�QHZ�GDWD�PDWUL[�0
�<��LQ�
VXFK�D�ZD\�WKDW�WKH��LPDJHV��RI�WKH�Q�LQGLYLGXDOV�JLYHQ�E\�/
;�DQG�0
�<�EH�DV��VLPLODU��DV�
SRVVLEOH��:H�VKDOO�LQWHUSUHW�WKLV�DV�WKH�VHDUFK�RI�WKH�PDWULFHV�/�DQG�0�WR�PD[LPL]H�59�/
;��
0
�<��� 'HSHQGLQJ�RQ�WKH�SDUWLFXODU�OLQHDU�PHWKRG�RI�PXOWLYDULDWH�DQDO\VLV�XQGHU�VWXG\��D�
FKRLFH�RI�FRQVWUDLQWV�ZLOO�EH�LPSRVHG�RQ�WKH�URZ�GLPHQVLRQV�DQG�WKH�HOHPHQWV�RI�/
�DQG�0
��
�,Q�FHUWDLQ�FDVHV�WKH�SUREOHP�ZLOO�EH�UHGXFHG�E\�SUHVSHFLILFDWLRQV��VXFK�DV�<� �;��0� �,���

&RQVLGHU�WKH�VWDWLVWLF�
5�9�/
;��0
�<�� �^WU��/
6���00
6���/�`�^WU��/
6���/�����WU��0
6���0��`L�

DQG�VXSSRVH�WKDW�/�LV�D�S�[�W�PDWUL[��7KH�FKRLFH�RI�/�WR�PD[LPL]H�59LV�GHWHUPLQHG�WR�ZLWKLQ�D�
URWDWLRQ�LQ��
� �L�H��/�FDQ�EH�SRVWPXOWLSOLHG�E\�DQ\�W�[�W�PDWUL[�5�VXFK�WKDW�55
� �,W���6LQFH�D�
URWDWLRQ�LQ�5
� LV�GHWHUPLQHG�E\�W�W��� �����FRQGLWLRQV��WKDW�QXPEHU�RI�GHJUHHV�RI�LQGHWHUPLQDF\�
FDQ�EH�HOLPLQDWHG�E\�VSHFLI\LQJ�WKH�VDPH�QXPEHU�RI�FRQVWUDLQWV�RQ�/��RU�HTXLYDOHQWO\��RQ�/
;��
)RU�H[DPSOH��ZH�FRXOG�UHTXLUH�/
6��/�WR�EH�D�GLDJRQDO�PDWUL[��6LPLODU�VHWV�RI�GHJUHHV�RI�
LQGHWHUPLQDF\�DQG�FRQVWUDLQWV�SHUWDLQ�WR�0�RU�0
�<��

7DEOH���JLYHV�D�VFKHPDWLF�OLVW�RI�WKH�SUREOHPV�WR�EH�VROYHG�LQ�6HFWLRQ����WRJHWKHU�ZLWK�DQ�
LQGLFDWLRQ�RI�WKH�QDWXUH�RI�WKH�VROXWLRQV��

7$%/(���

6XPPDU\�RI�UHVXOWV�
;���S�[�Q���<���T�[�Q���/�DQG�0��PDWULFHV�WR�EH�GHWHUPLQHG�

,QLWLDO� 7UDQVIRUPHG�GDWD� 'LPHQVLRQV�
GDWD� PDWULFHV� $GGLWLRQDO�FRQVWUDLQWV�

PDWULFHV� �PD[LPL]H�59�RI��� /� 0� WR�UHPRYH�LQGHWHUPLQDF\� 6ROXWLRQ�UHODWHV�WR��

;� ;� S�[�W� /
6���/�LV�GLDJRQDO� )LUVW�W�SULQFLSDO�
/
;� FRPSRQHQWV�RI�;�

;� ;� T�[�W� 0
6���0�LV�GLDJRQDO� )LUVW�W�SULQFLSDO�
<� 0
<� FRPSRQHQWV�RI�<�

ZLWK�UHVSHFW�WR�;�

;� ;� T�[S� 6���0�0
6��� 0�  � �� 0XOWLYDULDWH�UHJUHVVLRQ�
<� 0
<� RI�;RQ� <�

;� /
;� S[W� T[W� /
6��/� � 0
6���0�  � ,W� )LUVW�W�SDLUV�RI�
<� 0
<� FDQRQLFDO�YDULDEOHV�

;� /
;� S�[�W� S�[�W� /
6OO�/� � ,W�� 0
6���0�LV� )LUVW�W�GLVFULPLQDQW�
<  ���<��� 0
<� GLDJRQDO� K\SHUSODQHV��/� �0��

ZKHUH�LQGLYLGXDOV�DUH�GLYLGHG�LQWR�J�JURXSV�DQG�<W� �PHDQ�YDOXH�RI�WKH�LWK�YDULDEOH�LQ�WKH�JURXS�FRQ��
WDLQLQJ�WKH�MWK�LQGLYLGXDO��
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,Q�FDUU\LQJ�WKH�DQDO\VHV�RI�6HFWLRQ����ZH�DOZD\V�UHIRUPXODWH�DQ\�SUREOHP�DV�WKDW�RI�WKH�
VHDUFK�IRU�OLQHDU�FRPELQDWLRQV�RI�YDULDEOHV��OHDGLQJ�WR�GDWD�PDWULFHV�RI�WKH�IRUP�/
;�DQG�0
�<��
:H�XUJH�WKH�UHDGHU�WR�UHDOL]H�WKDW�WKH�LQLWLDO�TXHVWLRQ�DVNHG�E\�WKH�VWDWLVWLFLDQ�PD\�EH�GLIIHUHQW�
EXW�HTXLYDOHQW�WR�WKLV�DSSURDFK��,W�PD\�EH�WKDW�RI�ILQGLQJ�D�SURSHU�PHWULF��L�H��D�SRVLWLYH�
VHPL�GHILQLWH�PDWUL[�4��WR�DSSO\�WR�WKH�LQLWLDO�GDWD�PDWULFHV��LQ�DFFRUGDQFH�ZLWK�RXU�,QWURGXF��
WLRQ��ZH�KDYH�LPSOLFLWO\�VHOHFWHG�WR�GHILQH�4�E\�WKH�SURGXFW�//
�� ,Q�RWKHU�VLWXDWLRQV��LW�PD\�EH�
WKDW�RI�ILQGLQJ�D�SURSHU�VHW�RI�W�SURMHFWLRQ�K\SHUSODQHV��HDFK�K\SHUSODQH�LQ�53�EHLQJ�GHILQHG�E\�
D�S�YHFWRU��VXFK�D�VHW�LV�UHSUHVHQWHG�E\�D�S�[�W�PDWUL[�/��

2XU�DLP�LV�RQO\�WR�VKRZ�WKH�XQLI\LQJ�UROH�WKDW�FDQ�EH�SOD\HG�E\�WKH�59�FRHIILFLHQW��7KHUH��
IRUH��ZH�GR�QRW�GHYHORS�DQ\�SDUW�RI�WKH�FODVVLFDO�WKHRU\�RI�WKH�PHWKRGV�UHIHUUHG�WR�LQ�7DEOH����
7KH�UHDGHU�VKRXOG�EH�IDPLOLDU�HQRXJK�ZLWK�WKLV�WKHRU\�WR�VHH�WKH�SRVVLEOH�H[WHQVLRQV�DQG�
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