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Optimal Control Problems

Consider a state space X ⊂ Rn and a control space U ⊂ Rp

{

ẋ = f (t, x , u),
x(t0) = x0 ∈ X

U[t0,T ] := {u(·) meas. [t0,T ] 7→ U}

Assumption. Given (x0, u(·)) ∈ X × U[t0,T ], there exists an unique
solution of ẋ = f (t, x , u(t)), x(t0) = x0 defined on [t0,T ].

JT (t0, x0, u(·)) = φT (x(T )) +

∫ T

t0

l(τ, x(τ), u(τ)) dτ

→ inf
u(·)∈U[t0,T ]

JT (t0, x0, u(·))



The Value Function

Definition. The value function V : (−∞,T ] × X 7→ R is

V (t0, x0) = inf
u(·)

JT (t0, x0, u(·))

Remark. One has the boundary condition

V (T , x) = φT (x), ∀x ∈ X

Objectives :

◮ caracterize the function V on the whole state space

◮ when V (t0, x0) = minu(·) JT (t0, x0, u(·)), caracterize an
optimal control u⋆(·)



Simpler framework

non autonomous autonomous

f (t, x , u), l(t, x , u) f (x , u), l(x , u)

� non autonomous → autonomous :
{

ẋ = f (z , x , u)
ż = 1

l̃(z , x , u) = l(t, x , u)

Bolza problem Mayer problem

J(t0, x0, u(·)) : φT (x(T )) +

∫ T

t0

l(x(τ), u(τ)) dτ φT (x(T ))

� Bolza → Mayer :
{

ẋ = f (x , u)
ż = l(x , u)

φ̃T (x , z) = φT (x) + z



Minimal time problem

TT (x(·)) =

∣
∣
∣
∣
∣

+∞ if x(t) < T , ∀t ≥ t0

inf{t ≥ t0, x(t) ∈ T } − t0 otherwise

JT (t0, x0, u(·)) = ψX\C(x(T )) +

∫ T

t0

dτ → inf
T

{

inf
u(·)∈U[t0,T ]

JT (t0, x0, u(·))

}

with ψK (x) =

∣
∣
∣
∣
∣

0 x ∈ K
+∞ x < K

� We set φT = ψX\C , l = 1 and T is free

Remarks.

◮ For autonomous dynamics and free terminal time, V does not
depend on t0.

◮ The boundary condition is V (x) = 0, ∀x ∈ T



Dynamic programming for Mayer problem

Value function :

V (t0, x0) = inf
u(·)

φ(x(T ))

Lemma. Fix an initial condition (t0, x0)

1. For any trajectory x(·), the map t 7→ V (t, x(t)) is
non-decreasing

2. If there exists an optimal trajectory x⋆(·), then
V (t, x⋆(t)) = V (t0, x0) for any t ∈ [t0,T ].

Dynamic programming principle : For any t1 ∈ (t0,T ), one has

V (t0, x0) = inf
u(·)∈U[t0,t1]

V (t1, x(t1))



Dynamic programming for more general problems

Non-autonomous Bolza problem. For any t1 ∈ (t0,T ), one has

V (t0, x0) = inf
u(·)∈U[t0,t1]

{

V (t1, x(t1)) +

∫ t1

t0

l(τ, x(τ), u(τ)) dτ

}

Autonomous minimal time problem. For t ∈ (0,V (t0)), one has

V (x0) = inf
u(·)∈U[0,t]

V (x(t)) + t



Discrete time framework

t0,T ∈N, U{t0···T} := {u(·) : {t0, t0 + 1, · · · T} 7→ U}
{

x(t + 1) = F (t, x(t), u(t)),
x(t0) = x0 ∈ X

J(t0, x0, u(·)) = φT (x(T )) +
T∑

t=t0

L(t, x(t), u(t))

Value function : V (t0, x0) = inf
u(·)∈U{t0···T}

J(t0, x0, u(·))

Dynamic Programming Principle :

V (t0, x0) = inf
u(·)∈U{t0···t1}

{

V (t1, x(t1)) +
t1∑

t=t0

L(t, x(t), u(t))

}



The (autonomous) discrete time case

For t0 = t and t1 = t + 1, one has

� for fixed terminal time :

{
V (t, x) = inf

u∈U
V (t + 1,F (x , u)) + l(x , u), t < T

V (T , x) = φT (x)

Moreover u⋆(t, x) ∈ Arg min
u∈U

V (t + 1,F (x , u)) + l(x , u) is optimal.

� for free terminal time :

{
V (x) = inf

u∈U
V (F (x , u)) + l(x , u), x < C

V (x) = φ(x), x ∈ T

Moreover u⋆(x) ∈ Arg min
u∈U

V (F (x , u)) + l(x , u) is optimal.

� backward dynamic programming algorithm



An example

X = {x0, x1, x2, · · · }, U = {u1, u2, · · · }, T = {X0}, J =
m∑

l=0

C(xil , ukl
)
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Solution
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Example of forest harvesting
A forest is composed of S parcels where n is the number of years
for a planted parcel to become mature :

mature level

if cut replaced by

State of the system (here for n = 5) :

x1 : nb of parcels of age ≥ 4 x2 : nb of parcels of age ∈ [3, 4[

x3 : nb of parcels of age ∈ [2, 3[ x4 : nb of parcels of age ∈ [1, 2[

x5 : nb of parcels of age < 1

Control : nb of harvested parcels, mature in the coming year :

u(t) ∈ {0, · · · , x1(t) + x2(t)}



Optimization problem

Criterion : JT (t0, x0, u(·)) = φT (x(T )) +
T∑

t=t0

δtU(u(t)) → max
u(·)

where

∣
∣
∣
∣
∣

δ ∈]0, 1[: discount factor
U(·) : utility function (with U ′ > 0 and U ′′ < 0)

Faustmann computation :

φT (x(T )) = max
u(·)

φ2T (x(2T ) +
2T∑

t=T

δT U(u(t))

= max
u(·)

φ2T (x(3T ) +
3T∑

t=T

δT U(u(t)) = · · ·

� Infinite horizon criterion : J(t0, x0, u(·)) = lim
T→+∞

T∑

t=t0

δt(u(t))

Remarks.

◮ V (t0, x0) = δt0V (0, x0) when the dynamics is autonomous

◮ no terminal condition...



General setup

{

x(t + 1) = F (x(t), u), u ∈ U
x(0) = x0 ∈ X

J(x0, u(·)) =
+∞∑

t=0

δtL(x(t), u(t))

Hypothesis. U compact, F , L continuous w.r.t. u and

∃M < +∞ s.t. max
u∈U

L(x , u) < M, ∀x ∈ X

Definitions.

◮ B := {W : X 7→ R bounded continuous}

◮ Bellman operator Φ : B 7→ B defined as

Φ[W ](x) = max
u∈U

L(x , u) + δW (F (x , u)), x ∈ X

Dynamic programming. V satisfies V = Φ[V ]



Dynamic programming

Φ[γ](x) = max
u∈U

L(x , u) + δW (F (x , u)), W ∈ B, x ∈ X

Properties.

◮ δ < 1 ⇒ Φ is contractif i.e.

||Φ[W1] − Φ[W2]||∞ ≤ δ||W1 − W2||∞

◮ V is the unique fixed point of Φ

◮ for any V0 ∈ B, one has

lim
k→+∞

Φk [W0] = V



Example of forest harvesting

{

x(t + 1) = Ax(t) + Bu(t)
x(0) = x0

u(t) ∈ {0, · · · ,Cx(t)}

with A =














1 1
1

. . .
. . .

1
0 · · · · · · · · · · · · 0














, B =














−1
0
...
...
0
1














,

and C =
[

1 0 · · · 0
]



Example of forest harvesting

Let S be the number of parcels, and n the number of age classes

X :=

{

x ∈Nn s.t.
n∑

i=1

xi = S

}

with card(X) = Cn−1
S+n−1

Transition matrix. T : X × U 7→ X

u 0 1 2 · · ·

➀

[
9
0
0
0

]

➀

[
9
0
0
0

]

➁

[
8
0
0
1

]

➂

[
7
0
0
2

]

· · ·

➁

[
8
1
0
0

]

➀

[
9
0
0
0

]

➁

[
8
0
0
1

]

➂

[
7
0
0
2

]

· · ·

...



Computer implementation

X : matrix of the card(X) state vectors
U : column vector of the values of U(u) for u = 0, 1, · · · S
T : transition matrix of size card(X) × (S + 1)

function NW=operator(W)

for i=1:nb_states

nc=C*X(:,i);

NW(i)=max(U(1:nc)+delta*W(T(i,1:nc));

end

endfunction



Numerical simulations

Launch the Scilab script

foret.sce

with different choices of δ and β (U concavity)



Optimal policies

1

1

year 0

year 1

year 2

year 3

year 4

year 5

year 6

2

3

3

3

4

3

8

0

8

0

greedy policy sustainable policy



Inverse optimality

Greedy cost : JG(x) =

U(x1 + x2) +
n∑

j=2

δjU(xj)

1 − δn−1

Question : when JG satisfies Φ[JG ] = JG ?

factor
discount

aversion
risk

GREEDY

SU
ST

A
IN

A
B

L
E



The Hamilton-Jacobi-Bellman equation
For an autonomous Mayer problem, define the Hamiltonians

H(x , p, u) = p.f (x , u)

H̄(x , p) = min
u∈U

H(x , p, u)
(x , p) ∈ X ×Rn

Proposition If the value function V is C1, then V is solution of
the Hamilton-Jacobi-Bellman (HJB) equation

∂tV (t, x) + H̄(x ,∇V (t, x)) = 0 , ∀(t, x) ∈ (−∞,T ] × X

with the terminal condition :

V (T , x) = φT (x) , ∀x ∈ X .

Sketch of proof. Let v(t) = V (t, x(t)). One can write

v(t + h) = v(t) +

∫ t+h

t
∂tV (t, x) + ∂xV (t, x)f (x , u(τ)) + r(τ) dτ



Bolza and minimal time problems

◮ Bolza (autonomous) control problem

{

∂tV (t, x) + H̄(x ,∇V (t, x)) = 0 , ∀(t, x) ∈ (−∞,T ] × X
V (T , x) = φT (x) , ∀x ∈ X

with H(x , p, u) = p.f (x , u) + l(x , u)

◮ Minimal time (autonomous) control problem

{

1 + H̄(x ,∇V (x)) = 0 , ∀x < T
V (x) = 0 , ∀x ∈ T

with H(x , p, u) = p.f (x , u)



Example 1

ẋ = cos(t)u , x(t0) = x0 ∈ R, u ∈ [−1, 1] → sup
u(·)

x(T )

Clearly, one has V (t0, x0) = x0 +

∫ T

t0

| cos(τ)| dτ

The function V is C1 with ∂tV (t, x) = −| cos(t)|, ∂x V (t, x) = 1
and is solution of the HJB equation :

{

∂tV (t, x) + |∂xV (t, x) cos(t)| = 0, ∀(t, x) ∈ (−∞,T ] ×R
V (T , x) = x , ∀x ∈ R

Remark. The optimal control u⋆(t) = sgn(cos(t)) is discontinuous.



Example 2

ẋ = ux , x(t0) = x0 ∈ R, u ∈ [−1, 1] → inf
u(·)

x(1)

Clearly, u⋆ = −sgn(x0) is optimal and the value function is

V (t0, x0) =

∣
∣
∣
∣
∣

x0et0−1 x0 ≥ 0

x0e1−t0 x0 ≤ 0

⇒ (∂tV (t, x), ∂x V (t, x)) =

∣
∣
∣
∣
∣

(xet−1, et−1), x > 0

(−xe1−t , e1−t), x < 0

V is not differentiable on (−∞, 1) × {0} but the HJB equation

{

∂tV (t, x) − |∂x V (t, x) x | = 0, ∀(t, x) ∈ (−∞, 1] ×R
V (1, x) = x , ∀x ∈ R

is fulfilled at (t, x) where V is differentiable.



Example 3

ẋ = u ∈ [−1, 1] , x(t0) = x0 ∈ R → inf
u(·)

{tf |x(tf ) ∈ {−1, 1}}

Clearly, u⋆ =

∣
∣
∣
∣
∣

1, x0 ∈] − ∞,−1[
⋃

[0, 1[
−1, x0 ∈] − 1, 0]

⋃
]1,+∞[

is optimal

and the value function is V (x) = ||x | − 1| which is piecewise C1,
and fullfills

{

1 − |V ′(x)| = 0, x ∈ R \ {−1, 1}
V (−1) = V (1) = 0

at its differentable points.

Let w(·) be piecewise constant in L1(R, {−1, 1}) such that
∫ 1

−1
w(ξ)dξ = 0 .

Then W (x) =

∫ x

−1
w(ξ)dξ is piecewise C1 and satisfies also the

HJB equation at differentiable points, with W (−1) = W (1) = 0.



Open-loop and closed-loop controls

Open-loops :

U[t0,T ] := {u(·) meas. [t0,T ] 7→ U}

Closed-loops :
ψ : (−∞,T ] × X 7→ U is an admissible state feedback if for any
(t0, x0), there exists an unique absolutely continuous sol. of

ẋ = f (x , ψ(t, x)) , x(t0) = x0

For any (t0, x0) ∈ (−∞,T ] × X, the time function u(·) ∈ U[t0,T ] s.t.

u(t) = ψ(t, x(t)) p.p. t ∈ [t0,T ]

is called an open-loop representation (denoted ut0,x0,ψ).



C1 Sufficient Optimality Conditions

Proposition. If there exists a C1 function W sol. of

{

∂tW (t, x) + H̄(x ,∇W (t, x)) = 0 , ∀(t, x) ∈ (−∞,T ] × X
W (T , x) = φT (x) , ∀x ∈ X

and an admissible state-feedback ψ⋆ s.t.

H̄(x ,∇W (t, x)) = ∂x W (t, x)f (x , ψ⋆(t, x)) , ∀(t, x) ∈ (−∞,T ]×X

then W is the value function.

Moreover, for any (t0, x0) ∈ (−∞,T ] × X,

u⋆(t) = ut0,x0,ψ⋆(t) , ∀t ∈ [t0,T ]

is an open-loop control that realizes the minimum of J(t0, x0, u(·)).



The Linear-Quadratic case

ẋ = Ax + Bu,

inf
u(·)∈U[t0,T ]

1

2
x t(T )Sx(T ) +

1

2

∫ T

t0

x t(τ)Qx(τ) + ut(τ)Ru(τ) dτ

with S, Q symmetric positive and R symmetric definite positive.

Proposition.

1. There exists an unique C1 symmetric positive solution of the
backward Riccati equation

Ṗ + PA + AtP + Q − PBR−1BtP = 0 , P(T ) = S(T )

2. The value function is V (t, x) =
1

2
x tP(t)x and an optimal

admissible feedback is ψ⋆(t, x) = −R−1BtP(t)x

Remark. Q definite positive ⇒ P(t) definite positive for any t < T



Example of lake regulation

The case of double lake or cascade-lake :

Objective : drive the water levels to desired reference values
without too large excursions of the input variable.



Modelling of cascade reservoirs
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1x

u

1

α2

{

ẋ1 = −x1 + u
ẋ2 = x1 − αx2

Fix a reference point (x̄1, x̄2, ū) and consider the problem

inf
u(·)

1

2ε

(

(x1(T ) − x̄1)2 + (x2(T ) − x̄2)2
)

+
1

2

∫ T

0
(u(τ) − ū)2 dτ



Optimal control of cascade reservoirs

ż =

[

−1 0
1 −α

]

︸             ︷︷             ︸

A

z +

[

1
0

]

︸   ︷︷   ︸

B

v with z =

[

x1 − x̄1

x2 − x̄2

]

and v = u−ū

1

2
z t(T )

[

1/ε 0
0 1/ε

]

︸              ︷︷              ︸

S

z(T ) +
1

2

∫ T

0
z t(τ)

[

0 0
0 0

]

︸       ︷︷       ︸

Q

z(τ)+v(τ) 1
︸︷︷︸

R

v(τ) dτ

Riccati eq. : Ṗ + PA + AtP + Q − PBR−1BtP = 0, P(T ) = S(T )

⇒







ṗ1 = 2(p1 − p12) + p2
1 , p1(T ) = 1/ε

ṗ12 = (−p2 + p12 + αp12) + p12p1 , p12(T ) = 0
ṗ2 = 2αp2 + p2

12 , p2(T ) = 1/ε

⇒ v⋆(t, z) = −R−1BtP(t)z = p1(t)z1 − p12(t)z2

i.e. u⋆(t, x1, x2) = ū − p1(t)(x1 − x̄1) − p12(t)(x2 − x̄2) is optimal



Numerical simulations

Launch the Scilab script

lac_optimal.sce

with different choice of penality 1/ǫ.



The tracking problem

Given a reference output function ȳ(·), minimize the criterion

1

2
x t(T )Sx(T )+

1

2

∫ T

t0

(Cx(τ)−ȳ (τ))tQ(Cx(τ)−ȳ (τ))+ut(τ)Ru(τ) dτ

that can be re-written as follows

1

2
x t(T )Sx(T )+

1

2

∫ T

t0

[

x(τ)
1

]t




C tQC −C tQỹ(τ)

−ỹ t(τ)QC ỹ t(τ)Qỹ(τ)





︸                                   ︷︷                                   ︸

Q̃(τ)

[

x(τ)
1

]

+ ut(τ)Ru(τ) dτ

→ we extend the dynamics : x̃ =

[

x
z

]

with

{

ż = 0
z(0) = 1



The tracking problem

With Ã =

[

A 0
0 0

]

, B̃ =

[

B
0

]

, S̃ =

[

S 0
0 0

]

, R̃ = R,

we associate the Riccati equation

˙̃P + P̃Ã + ÃtP̃ + Q̃(t) − P̃B̃R−1B̃tP = 0 , P̃(T ) = S̃(T )

and write its solution as P̃(t) =

[

P(t) β(t)
βt(t) γ(t)

]

⇒

{

Ṗ + PA + AtP + C tQC − PBR−1BtP = 0 , P(T ) = S(T )

β̇ + Atβ − PBR−1Btβ − C tQȳ(t) = 0 , β(T ) = 0

and u⋆(t, x) = −R̃−1B̃tP̃(t)x̃ = −R−1BtP(t)x − R−1Btβ(t) is
an optimal (time-dependent) feedback.



Tracking of cascade reservoirs

Let x̃2(t) = x2(0) + (x̄2 − x2(0))
t

T
be a desired output reference.

We consider the doubly penalized criterion :

1

2ε
(z1(T )2 + z2(T )2) +

1

2

∫ T

0
σ(z2(τ) − c(τ))2 + v(τ)2 dτ

with c(t) = z2(0)

(

1 −
t

T

)

.

⇒







ṗ1 = 2(p1 − p12) + p2
1 , p1(T ) = 1/ε

ṗ12 = (−p2 + p12 + αp12) + p12p1 , p12(T ) = 0
ṗ2 = 2αp2 + p2

12 − σ , p2(T ) = 1/ε

β̇1 = (1 + p1)β1 − β2 , β1(T ) = 0

β̇2 = p12β1 + αβ2 + σx̃2(t) , β2(T ) = 0

and u⋆(t, x1, x2) = ū − p1(t)(x1 − x̄1) − p12(t)(x2 − x̄2) − β1(t)



Numerical simulations

Launch the Scilab script

lac_suivi.sce

with different choice of penalities 1/ǫ and σ.



Deterministic Kalman filter

Problem. Given an observation y(·), find an estimation x̂(t) of
x(t) as a solution of the corrected dynamics

{
˙̂x = Ax̂ + Bu(t)
x̂(0) = x̂0

such that

◮ the error e(·) = y(·) − Cx̂(·)

◮ the correction term u(·)

◮ the norm of the unknown x̂0

are small ?

→ min
x̂0,u(·)

x̂ t
0Sx̂0 +

∫ T

0
e(τ)tQe(τ) + u(τ)tRu(τ)dτ



Deterministic Kalman filter

min
u(·)

x̂ t
0Sx̂0 +

∫ T

0
e(τ)tQe(τ) + u(τ)tRu(τ)dτ

is a tracking problem in reverse time.

Denote x̃(t) = x̂(T − t) and Ṽ the value function :

Ṽ (0, x0) = x̃ t
0P̃(0)x̃0 + 2x̃ t

0 β̃(0) + γ̃(0)

Q,S >> 0 ⇒ x̃⋆0 ∈ arg min
x0

Ṽ (0, x0) satisfies x̃⋆0 = −P̃(0)−1β̃(0)

Then, x̂⋆(t) = −P̃(T − t)−1β̃(T − t), with

{ ˙̃P − P̃A − AtP̃ + C tQC + P̃BR−1BtP̃ = 0 , P̃(T ) = S
˙̃β − At β̃ + P̃BR−1Bt β̃ + C tQy(T − t) , β̃(T ) = 0

is the best estimator.



Recursive Kalman filter

Π(t) = P̃(T − t)−1 is solution of the dual Riccati equation :

Π̇ − AΠ − AtΠ + ΠC tQCΠ − ΠR−1Π = 0, Π(0) = S−1

and one has :

d

dt
x̂⋆(t) = −Π̇(t)β̃(T − t) + Π(t) ˙̃β(T − t)

= (A − Π(t)C tQC)x̂⋆(t) + Π(t)C tQy(t)

= Ax̂⋆(t) + L(t)(Cx̂⋆(t) − y(t))

where L(t) = −Π(t)C tQ.



The Infinite-Horizon case

ẋ = Ax +Bu, inf
u(·)∈U[0,+∞)

lim
T→+∞

∫ T

0
x t(τ)Qx(τ)+ut(τ)Ru(τ) dτ

Proposition.
1. If (A,B) is controllable, P∞ = lim

t→+∞
P(−t) where P is the

positive solution of

Ṗ + PA + AtP + Q − PBR−1BtP = 0 , P(0) = S(0)

is the smallest positive solution of the algebraic Riccati equation

PA + AtP + Q − PBR−1BtP = 0

Then, V (x) = x ′P∞x and ψ⋆(x) = −R−1BtP∞x are the value
function and optimal feedback of the infinite horizon problem.

2. If Q is definite positive or Q = C tC with (A,C) observable,
then any optimal trajectory satisfies lim

t→+∞
x⋆(t) = 0.



Link with the Pontryagin Maximum Principle

Assume that V is C2, and consider an optimal trajectory x⋆(·) :

∂tV (t, x⋆(t)) + H(x⋆(t),∇V (t, x⋆(t)), u⋆(t)) = 0 ,

∂tV (t, ξ) + H(ξ,∇V (t, ξ), u⋆(t)) ≥ 0 , ∀ξ ∈ X .

i.e. x⋆(t) minimizes Γ : ξ 7→ ∂tV (t, ξ) + H(ξ, ∂x V (t, ξ)t , u⋆(t))

If x(t) ∈ int X and t < T , one has ∂x Γ(x⋆(t)) = 0.

Let p(t) = ∇V (t, x⋆(t)). Then

∂x Γ(x⋆(t)) = 0 ⇐⇒ ṗ(t) = −∂xH(x⋆(t), p(t), u⋆(t))t

V (T , x) = φT (x) =⇒ p(T ) = ∂xφ(x⋆(T ))t



References

◮ D. Bertsekas . Dynamic Programming and Optimal
Control. 4th Edition, Athena Scientific, 2012.

◮ D. Liberzon. Calculus of Variations and Optimal Control
Theory : A Concise Introduction. Princeton University Press,
2012.


