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Framework

(X):  x(t) = f(x(t),u(t)), x(t)eXCR", u(t)eUCRP
where u(-) € Uy, 17 := {u(-) meas. [to, T] — U}

Hypotheses H1.
1. U compact
2. f continuous in (x, u)
3. f Lipschitz in x, uniformly in vi.e. Vx € X, VR >0, dL >0

1O, u) = £y, u)ll < Lllx = yl], Vy € B(x,R) N X, Yu e U
4. f linear growth i.e. 3C > 0 s.t.

1 (x, u)ll < CA+Ix]]), V(x, u) € X x U

» For any (to,x0) € (oo, T] x X and u(-) € Uy, 1, there exists
an unique x(-) abs. cont. solution of (X) for a.e. t € [to, T].



Set of trajectories

Sito,11(X0) = {x(*) € AC([to, T], X) s.t. (¥) a.e. t € [to, T]}u(.eumﬂ
Hypotheses H2. For any x € X,

f(x,U) = U f(x, u) is convex.
uel

Proposition 1 . Under H1, H2, for any (to, xp) € (—o0, T] x X,
Sit,, 7](X0) is compact (for the || - [|os norm).

Then for any ¢ : X — RU {400} lower semi-continuous,

V(typ,x0) =  inf Xeo o T)) = min x(T
(tox0) = 0t Obssau(T) = i 6(x(T)

Proposition 2. Under H1, H2, the map

1 ! — OXtO’XO’ ) is continuous
L ([to, T]7 U) C ([t(), T] X)



The piecewise C1 case



Generic transversality of trajectories

Definition. Let x(-) be an A.C. sol. in R" of x = g(t,x) and M a
C! manifold of R™1! : M = {(t,x) € R", u(t,x) = 0}.
We say that x(-) intersects M transversally at (t,x(t)) € M if

pe(t, x(8)) + px(t, x(¢)) g (¢, x(t)) # 0

Proposition. Assume g is C. Let O be an open set of R”, [to, t1]
s.t. for any xp € O, X(4,x,)(-) is defined on [to, t1], and

N = {x € 0,3t et t1] s.t. (t,X(z,5,)(t)) intersects

M non transversally}

Then, N is of null measure.



Generic transversality of trajectories




Sufficient conditions for the Mayer problem

Proposition. If there exists W € CO([t, T] x X, R) s.t.
1. W(t,x) > V(t,x) for any (t,x) € [t, T] x X
2. W(T,x) = ¢(x) for any x € X
3. There exists a finite number of C1 manifolds M; s.t.

(t,x) ¢ U/Vl,- = W is C' and W,(t,x)+H(x,VW(t,x)) =0

Then, W = V on [t, T] x X.



Sketch of proof

1. Let (to,x0) and u*(-) € Upy,, 7 be such that
V(tg,x0) < W(tg,x0) —€ and ¢(x*(T)) < V(to,x0) +€/2

W cont. = 3In > 0, [|€ — xo|| < n = W(ty,&) > V(to,x0) + €/2

2. Take a sequence of piecewise constant v,(-) such that

.
lim / ||vn(t) — u*(T — t)|| dt = 0 and consider
0

n—oo t

Yn=—f(¥n,va(t)), yn(0)= X*(T)

By continuity w.r.t. to the control, x,(-) = yn(T — ) unif x*().



Sketch of proof
3. x4(-) constant on [tj, tjr1) = &k — xa(t)) s.t.

S = (%, un(t), X(t) = &k = %(t) ¢ (M, ae t € [t), tj41] .

4. W(-) being solution of the the H.J.B. equation outside U./\/l,-,

1

W(tjs1, Sa(tis1)) = W(t, 5k(t)) k‘zésw W(tjs1. xa(ti+1)) = W(t5, xa(t;))

=L W(T,xa(T)) > W(to, xa(to))

5. But W(T,x,(T)) = &(x*(T)) and for n large enough, one has
[xa(t0) — x* (20l < n

= W(to, xn(t0)) < V(to,x0) + €/2 : contradiction...



Sufficient conditions for the minimal time problem

Proposition. If there exists W € C(0,R), where O is an open set
that contains 7, s.t.

1. W(x)> V(x) for any x € O
2. W(x)=0foranyxeT

3. There exists a finite number of C! manifolds M; s.t.

XEO\UM,-:> W is C! and 14 H(x,VW(x)) =0

4. For any x € 90, one has

W(x) = sup W(¢)
£eo

Then, W =V on O.



Come back to Example 3

x=ve[-1,1, x(kh)=xeR — L?"‘;{tf|x(tf) e {-1,1}}

V(x) = ||x| — 1] is the cost function for the control

Ut = 1) X0 6]_00’_1[U[0’1[
| =1, x€]—1,0] U]1,+o0o]

and fulfills 1 — |V’/(x)| = 0 outside {—1,0,1}.

V=1 V=1 | V=1 | v=1

Remark. Other functions
W) = [ we)ds

where w(-) is piecewise constant in L;(R, {—1,1}) with W(1) =0
are not the cost of admissible trajectories.



The servo-mecanism problem without the PMP

x=| 2
| u(t)
Particular solutions that arrives at 7 with no commutation :
1 1

M = {x\xl = §X22,X2 <0}, M- = {x|x1 :—§X22,X2 >0}
Domains from which the constants controls u = £1 reach 't :
1, 1,
Gy =9x|x1 < —sgn(x2)§X2 , G =3x|x > —sgn(x2)§X2

-

, u(t)eU=[-1,1], T ={(0,0)}




The servo-mecanism problem without the PMP

SiX6r+UG+ .
—1 sixel_UG_ gIves

Pr(x) =

Wi(x)=24/2x3 —x1—x x €T+ UG

W(x)

W_(x)=2y/zx5+x1+x xel_UG_

WT

which is C! outside ' U T_ with

14+ 0, W(x)x2 — [0, W(x)| =0, x¢lul_



Regularity of the value function



The swimmer problem

A swimmer wants to reach as fast as possible an island, where
Vc(+) is the river stream vector :

Swimmer dynamics :

{)’( = vscos(u)

y = vssin(u) — ve(x)

where vs is the swimmer speed and u € [0, 27) is the control.



Optimal trajectories

X=[-2,2] xR, ve(x)=2—I|x|, vs>2




Optimal trajectories

X=[-2,2] xR, ve(x)=2—|x|, wvs<2




Optimal trajectories

X=[-2,2] xR, wv(x)=3—1|x], wvs<1




Value functions

Ve > 2

Ve < 2

DA



The differential inclusion framework

x(t) € F(x(t)) ae. t €[to, T], x(to) = xo

Al. F is a Marchaud map :

1. For any x € X, F(x) is a non-empty convex compact set
2. F is upper semi-continuous

3. F is linear growth i.e. there exists C > 0 s.t.

l[v|| < C(1+ ||x]]), Vv e F(x), Vx € X

A2. F is Lipschitz i.e. for any x € X et R > 0, there exists L > 0

y € B(x,R)NX = F(y) C F(x)+B(0, L||x — y||) .



Semi-continuity for set-valued maps

» F upper semi-continuous : for any x € X and € > 0 there
exits n > 0 s.t.

ly =x|[ <n= F(y) € F(x) +B(0,¢)

> F lower semi-continuous : for any x € X,

Vxp — X, Jyn € F(xn) s.t. yn — F(x)

I.s.c. but not u.s.c. u.s.c. but not I.s.c.



Tools

Filippov lemma. Under H1, H2, the set of a.c. solutions of

X < F(x) = U f(x,u), x(to)=xo
uel

is exactly Spy,, 77(x0)-

Theorem of compactness of approximate trajectories.
Under Al only, let x,(-) be a sequence of a.c. functions s.t.

xn(t) € F(xn(t) + &n(t)) + B(0, ry(t)) a.e. t € [to, T]

with x,(to) = x§ — xo0, &n(+) and r,(-) are measurable and
converge to 0 in L2

Then, there exists a sub-sequence that converges uniformly to x(-),
and whose derivatives converge weakly to x(-), where x(-) belongs

tO S[t(),T] (XO)



Mayer problem

Under Hypotheses H1, H2,
Proposition 1.

o1 : X = RU{+00} s.c.i. = V:(—o0, T]xX — RU{+0c0} s.c.i.

Proposition 2.

¢1 : X R Lipschitz = V : (=00, T] x X — R Lipschitz



Reachable sets

Let 7 C X be a closed set and V be the minimal time function

Definitions.
» reachable set at time t : R(t) := {x € X, V(x) < t}
» reachable set : R = JR()

>0
Definition. F (or (f,U)) is small-time controllable (STC) on 7T if

C CintR(t), Vt>0.



The small time local controllability of the target

R (t3) R.(t3)
R.(t2)
R.(t1)

small-time controllable non small-time controllable



The small time local controllability

A3. T is closed and 9T is compact.

Lemma. Under Al, A2, A3, the following assertions are equivalent
1. (f,U)isSTCon T
2. V is continuous at 9T

3. there exists § > 0 and a map w : [0,0] — R4 s.t.
(Ijimow(d) =0 and V(x) < w(dy(x)) for any x € B(T,9).
—

Proposition. Under Al, A2, A3, if (f,U) is STC on T, then
1. R is open
2. V is continuous on R

3. one has lim (x) = 400

74
XER—OR



The Petrov condition

A3. T is closed with non empty interior. 7 is a C? compact
manifold.

Definitions. The oriented distance function to T is

dr(x) six¢T

d7(x) = —dgr(x) sixeT

and the exterior normal is nr(x) = Vd7(x), x € 0T
Proposition Under A1, A2, A4 and the Petrov condition

H(x,nr(x)) <0, Vxe€dT

the value function of the minimum time problem is continuous on
R and Lipschitz in a neighborhood of T



The Petrov condition
Definition The usable part of the boundary of the target is

N(7T) :={x € 9T (x) | Iv € F(X), v.ny(x) <0}
Petrov condition : M(7) = 0T

usablg part




Invariant domains



Invariant domains
Consider F : X 23 IR" and S closed subset of X.

Definitions.

» (S, F) is weakly invariant (or viable) if for any xp € S, there
exists X(-) € Sjg 400)(X0) such that x(t) € S for any t > to.

» (S, F) is (strongly) invariant if for any xp € S, any
X(+) € S}ty +00)(x0) such that x(t) € S for any t > to.

S

S is weakly but not strongly invariant



Notions of proximal analysis

NEC
Let S be a closed subset of R”.

Proximal normal cone at S in x :

Ng(x) := {t(y — x)| x € Projs(y), y ¢ S, t > 0}

Bouligand tangent cone at x € S :

Xp — X
Tg(x) ::{ lim 2= x, €S, x, = x, t, >0, t,,—>0} .

n

Proposition. Vv € TZ(x), V¢ € NE(x), v.£ <0



Proximal sub-differentials
Let f : R" — R U {+o0} s.c.i.

Epigraph of f : epi(f) := {(x,z) e R" x R|z > f(x)}
Property. f s.c.i < epi(f) closed

Proximal sub-diffential :

OPF(x) = {€ € R7[ (&, —1) € Ngyi ) (x: F(X))}

20




Proximal sub-differentials
» OPf(x) #0 = OPf(x) convex
» f C? at x = OPf(x) = {VF(x)}
» epi(f1 V f) = epi(f1) Nepi(f), epi(fi A f2) = epi(f) Uepi(f)

fi(x) = h(x)

i, C? at x . { OP(f V h)(x) = co{VH(X), VH(X)}
Vh(X) # V(X)

f=hHAh



Properties

Lemma. Let x € S and £ € R”

30,6 > 0 s.t. £.(y—x) < o|ly—x|[*, ¥y € SNB(x, ) = ¢ € N2(x)

Remark. If f is C2, one has
3(o,m) t.q. F(y) = F(x)+F()(y —x)—olly—x|[*, Vy € B(x,n)
Proposition.

1. £ € 0Pf(x)

2. 3(o,n) ta. fy) > F(x)+&(y —x)—ally—x[[*, ¥y € B(x,7)
are equivalent.



Characterization of invariant domains

Theorem 1. Assume Al (only),
1. (S, F) weakly invariant
2. Vx €S, Ve NE(x), Jue Ust. f(x,u).£ <0

are equivalent.

Theorem 2. Assume Al and A2,
1. (S, F) strongly invariant
2. Vx €S, Ve NE(x), Vue U, f(x,u).£<0

are equivalent.



Sketch of proof (weak invariance)
Take x(-) C S. F us.c. = Ve >0, 3t > ty s.t.

t) — 1 t -
x(t) —x0 _ / x(1)dT € F(x0) +B(0,¢), Vt €]to, t]
t—ty t— 1ty Jy

M=% ¢ 72(6) 1 Flx) = v <0, 6 € M (x0)

Conversely, let x € X and take s(x) € Projs(x)
x—s(x) € NE(s(x)) = Fu*(x) € U s.t. f(s(x), u™(x)).(x—s(x)) <0
Consider m = {tg,- - , ty} avec t; < tj+1 and define

x7(t) = f(s(x;), u"(x7)), xx(t;) = x;i, t € [t, tiga] -

Gronwall Lemma = sup ||x:(t)|| < M
t€[to, T]



Sketch of proof (weak invariance)

ds(Xl) < M(tl — to)

ds(x2)® < [Ix2 — s(x)l?
= [Px2 = xa|[? + []x1 = ()P + 20 — x1).(xa — s(x1))
< M2(ty — t1)? + ds(x1)? + 2(t2 — t1)f(s(x1), u*(x1))-(x1 — s(x1))
< M2(ty — 1) + M?(t; — t)?

d's'('xk)z < M?(T — tg)diam()

Ascoli Th.
=

diam(7;) — 0 X, (+) = x*(+) with x*(t) € S,Vs € [0, T]

X (1) = (i, u™ (%)) € Fxr;(t) + €j(2))

Th. of compactness of approximate trajectories = x*(-) € S, 7]



Sketch of proof (strong invariance)

Take xg € S and vy € F(xp).

Let 7(x) € Projg(x)(vo)

One can show F Lipschitz = f continuous

For F(x) = {f(x)}, (S, F) is strongly and weakly invariant

= 1.£ <0, Ve Ng(xo)



Sketch of proof (strong invariance)

Conversely, take X(-) € Sjg,+00)(%0)

F linear growth = ||x(-)|| < M
F Lipschitz = dL

_ | ve F(x) stllv = 2(2)]] < Lllx — %(D)|[}, ¢t € [to, T]
FEX =1 Fo, e T ’

Clearly, (I:_, S) is weakly invariant = 3x(-) € Spy 100)(%0) in' S

15(2) — %(2)]] < LlIx(2) — %(t)|], Vt € [to, T] 2" %(-) = x(-)



Viability kernels
Let S be a closed non-empty subset of X.

Definition. The Viability kernel of S under F, denoted Viabg(S),
is the largest subset K of S such that (K, F) is viable (or weakly
invariant).

Properties. Assume Viabg(S) is non-empty.
» 0Viabg(S) \ 0S is a locus of trajectories of x C F(x)
» A trajectory can enter Viabg(S) only on dViabg(S) N 9S




An example

S [0’ umax]a

X = rx—Xxy prey
y = —my+ xy—uy predator

Consider V,(x,y) =x — (m+ u)In(x) +y — rin(y)

uest = %vu(x(t),y(t)) ~0

X<

S={x>x}



An example

>



Generalized solutions of

the Hamilton-Jacobi-Bellman
equation



Proximal solutions for the Mayer problem

Theorem. Assume Al, A2 and let ¢1 be s.c.i. Then V is the
unique s.c.i. function that satisfies the proximal H.J.B. eq.

0

6+ H(x,\) =0, le

1 € 0PV(t,x), Y(t,x) € Dy

with the boundary condition

liminf V(t',x')=¢7(x), VxeX

t'—T,x'—x



Sketch of proof

T {1}
Define G: X=| & | eRxXxR — | F(&) c R
¢ {0}
Take (t,%,z) s.t. z > V(t,X)

] PR v(s,x(s)) <z Vs <t

NI X1 ~+I

X e —G(X), X(0) = [
i.e. (epi(V),—G) is strongly invariant
= —0-A.v<0, V[ f\ ] € 0PV(t,x), Vve F(x)

where — 0 — \.v <0, Vv € F(x) <= 60+ H(x,\) >0



Sketch of proof

Conversely, let x*(-) be an optimal trajectory.
t — V(t,x*(t)) constant = (epi(V), G) weakly invariant

= 0+ H(x,\) <0, vl i 1 € OPV/(t,x)

Terminal condition : Take x € X.
(epi(V), —G) strongly invariant = 3%(-) € Sy, 11(%0) s-t. X(T) = x

t — V(t,x(t)) non decreas. = lim inf V/(t,%(t)) < V(T,%(T))
t—T ——— ——
é7(x)
and V sci. = liminf V(t',x") > V(T,x) = ¢7(x)

t/— T, x'—x



Sketch of proof (uniqueness)
Let W be a proximal solution of the H.J.B. eq.

(epi(W), G) weakly inv. = W(ty,x0) > ¢7(x(T)) > V(to, x0)

Take x*(-) € Sy 77(%0) s:t. S(*(T)) = V(to, 0)-

V(t’o, Xo)

(epi(W), —G) strongly inv. = W(ty,x*(to)) < V(to,x0)
——"

X0

Tt
X*(t) = { x*(T —t) ] is sol. of X = —G(X)



Example (Linear-quadratic with input constraint)

{X:au+b (a>b>0) b7(x) = —x with T =1

ue[-1,1]

HJB : Vi(t,x)—a|Vi(t,x)|4+bVi(t,x) =0, t <1 with V(1,x) = —x°

» V>0 = Vi(t,x)—(a— b)Vi(t,x) =0: transport eq. (E™)
= VH(t,x)=—(x—(a—b)(1—1t))?is sol. of (ET)
But V;f >00n D" = {(t,x) st. x < (a—b)(1 —t)}

» V. <0 = Vi(t,x)+ (a+ b)Vi(t,x) =0 transport eq. (E7)

= V7 (t,x) = —(x+(a+ b)(1 —t))?is sol. of (E7)
But V. <0on D™ = {(t,x) st. x > —(a+ b)(1 —t)}



Example (Linear-quadratic with input constraint)

V=(t,x) (t,x) e D\ D*
V(t,x) = | min(V~(t,x), VT(t,x)) (t,x)e D-ND*
V*(t, x) (t,x) e DT\ D~

VH(E, ) = V(EX)
= OPV(t,%) =10




Example (Linear-quadratic with input constraint)

o7(x) = x* with T =1

x=au+b (a>b>0)
ue[-1,1]

HJB : Vi(t,x)—a|Vi(t,x)|+bVi(t,x) =0, t <1 with V(1,x) = x°

» V>0 = Vi(t,x)—(a— b)Vi(t,x) =0: transport eq. (E™)
= VT(t,x) = (x —(a—b)(1 —t))%is sol. of (ET)
But VF >00n D" = {(t,x) sit. x > (a— b)(1L —t)}

> V<0 = Vi(t,x)+ (a+ b)Vi(t,x) =0 transport eq. (E~)
= V(t,x) = (x+ (a+ b)(1 — t))? is sol. of (E7)
But V; <0on D™ ={(t,x) st. x < —(a+ b)(1 —¢t)}



Example (Linear-quadratic with input constraint)

V=(t,x) (t,x)e D™
V(t,x)=| VT(t,x) (t,x)e€ D"
0 (t,x)¢ D~ UD*

VL x)=0=

9PV(E,%) = [0,1]

Vo(t,x)=0=

9PV (E,%) = [0,1]




Proximal solutions for the minimal time problem

Theorem. Assume Al, A2 and T is a closed subset of X. Then V

is the unique s.c.i. function bounded from below that satisfies the
proximal H.J.B. eq.

1+ H(,A) =0, YA€d”V(x), ¥xeDyn(X\T)
with the boundary condition

{ V(x)=0,VxeT
1+ H(x,\) >0, VA€ dPV(x), Vx € OT



Proximal solutions for the minimal time problem

Theorem. Assume Al, A2 and T is a closed subset of X. Then V

is the unique s.c.i. function bounded from below that satisfies the
proximal H.J.B. eq.

1+ H(,A) =0, YA€d”V(x), ¥xeDyn(X\T)
with the boundary condition

{ V(x)=0,VxeT
1+ H(x,\) >0, VA€ dPV(x), Vx € OT



Proximal solutions for infinite horizon problems

V(to, xp) = inf _lim ' e 7 I(x(7), u(r))dr (6 >0)

u(-) T=+o0 Jg,

Theorem. Let /(x) = max I(x, u). Assume that f and / satisfies
ue

H1 and for any x € X

flxu) is convex
uLeJU l vi(x,u) + (1 — v)I(x) 1
ve[-1,1]

Then the value function is V/(t,x) = e %t W(x) where W is the
unique s.c.i. function bounded from below that satisfies

H(x,\) —6W(x) =0, VYA€ dPW(x), Vxc Dy
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