CORRIGENDA : “MACKEY FORMULA IN TYPE A4”

C. BONNAFE

The author recently noticed two errors in his paper [B3] (from which we keep all the
notation). They concern Theorem 4.1.1 and Formulas 5.1.7 and 5.1.8 : however, they do
not affect the validity of all other results in [B3] as is explained in this note.

1. ABouTr FOorMULAS 5.1.7 AND 5.1.8 IN [B3].

“_m

The sign “4” in these formulas must be changed in This has no consequence
concerning the results of [B3] since both formulas are used for the induction argument :
in each case where they are used, all the terms involved are equal to 0. Because of these
errors, we provide here a complete proof for both formulas.

Proposition 1. Let P, P, Q and Q' be four parabolic subgroups of G and let L, L/,
M and M’ be F-stable Levi subgroups of P, P', Q and Q' respectively. We assume that
PcP, LcLl/, QcQ and MCM'. Then

G _ AG M’
(a) ALcP,McQ = ALCP,M’CQ’ ORMCQOM’
E L Y
+ RLsz/ cLN=Q’ o ALOIM/ CPN*M/,*M C *(QNM/) 9] (ad LE)M

2€LF\Sg (L,M/)F /M'F
G _ xpL/ G
(b) ALcP,McQ = "Ricpnw © AL'cP/,McQ

L/ * DTM
+ E AL cprr LneMcneq ©  Brimem c proen © (2d )
2€L/F\Sq (L, M)F /MF

G _ xplL/ G M’
(c) ALCP,MCQ ="Ricprw © AL’CP',M’CQ’ o RMCQmM/
* L/ L/ IM/
+ E , Ry cpow © RL'an/cL/an' ° AL'sz'cp/mwM/,ch =(QnM/) © (ad 2)m
2€L/F\Sg (L/,M/)F /M'F
L/ * DTM
+ g ALCPOL’,L/QZMCL/OIQ o RL/OIMCP’QZM o} (ad .Z’)M

2€L/F\Sg (L/,M)F /MF
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PROOF - Note that (b) follows from (a) by adjunction and that (c) follows by applying
(a) and (b) successively. Now, let us prove (a). Let Ay denote the right-hand side of the
equality (a). By definition of the A-maps, we easily get

Ay = *RSCP © RS/ICQ

+ _RL O*RQM’ O(d ) ORMI
LNYyM’ C LN9Q’ LnsM/ c Pnovr © (@d g)mr M C QNM/
gELF\Sg (L,M/)F /M/F
+R£mgM/chgQ/ o *Ri}x{gM'chgM/ o (adg)m o Rl\l\//{CQﬂM’

L YIM
- E Rt nvom ¢ LnvsQ © RyAvam ¢ Pmng> .

yeLFNIM'F\S 1 (LNIM!,9M)F /IMF

Therefore,
Ag = *RSCP © RE/ICQ

L vIM
- § < § Rinvom ¢ LnveQ © Ryqvom ¢ Pmng> :

gELM\Sa (L, M) /M'F yeLFNIMF\S, 1/ (LNIM/,9M) F /9IMF

The argument at the end of the proof of [B1, Lemma 3.2.1] completes the proof of (a). m

2. ABouTr THEOREM 4.1.1 IN [B3].

The second error is much more serious : Theorem 4.1.1 is false ! However, its corollary
4.1.2 is still correct ; it follows from Theorem 3 below. Fortunately, we use only Corollary
4.1.2 in the rest of [B3] (and not Theorem 4.1.1). This means that all the other results
in [B3] are valid.

Our mistake in the proof of [B3, Theorem 4.1.1] is the following (here we keep the
notation of this “theorem”) : it may happen that w stabilizes a cuspidal local system but
that it acts on the characteristic function by multiplication by a scalar different from 1.

Let us first introduce some notation. If + = (C, L) € U(G)F, we fix once and for
all an isomorphism ¢, : F*£ = £ and we denote by 2, (or 9 if we need to make the
ambient group precise) the characteristic function associated to this isomorphism. Let
CUS i (GT) denote the Q,-vector subspace of Class,,i(G) generated by the functions ),
(L e U(G)E,). Let Aut(G, F) denote the group of automorphisms of G commuting with
F. The group Inn(G?) of inner automorphisms of G*" is a normal subgroup of Aut(G, F).
We set Out(G, F) = Aut(GF)/Inn(GF). Tt is clear that Aut(G, F) (or Out(G, F')) acts

on the vector spaces Class,ni(G!), Cusyi(G) and CUS.i (GF).

We fix an F-stable Borel subgroup B of G and an F-stable maximal torus T of B. Let
W denote the Weyl group of G relative to T and let S be the set of simple reflections in W
corresponding to the choice of B. If I C .S, we denote by W; the subgroup of W generated
by I and we set P; = BW;B. We denote by L; the Levi subgroup of P; containing T.
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If I is a subset of S, we denote by A; the stabilizer of (B N Ly, T) in the group
Aut(L;, F). We have Aut(G, F) = Inn(G%).Ag. So studying the action of Aut(G, F') on
Classui(GT), Cusui(GT) or CUS i (GT) is equivalent to studying the action of Ag.

2.A. Generalized Springer correspondence. We denote by P(S) the set of subsets
of S and by P(S)eus the set of subsets I of S such that U (Lj)ews # @. Note that F and
Ag act on W, S, P(S) and P(S)cus and that these two actions commute.

Let U'(G) denote the set of triples (1, ¢, p) where I C S, ¢ € U(Ly)eus and p € Irr W (Ly).
The generalized Springer correspondence [L, Theorems 6.5 and 9.2] is a well-defined bi-
jection ¥ : U'(G) — U(G). This bijection commutes with the actions of F' and Ag.

2.B. Action of automorphisms on characteristic functions of local systems.
The vector space Class,,i(G!) admits (9D.).cu(ary as a basis. With respect to this basis,
the action of an element of Aut(G, F') is monomial. We are interested here in the way
to determine the non-zero coefficients of this monomial matrix. Since the characteristic
function ), (for ¢ = (C,£) € U(G)F) depends on the choice of the isomorphism ¢, :
F*L — L that we have fixed once and for all, the interesting question is the following :
if 0 € Aut(G, F) and if « € U(G)" are such that o(:) = ¢, then what is the root of unity
.o (or fﬁ, if we want to emphasize the ambient group) such that 7)), =&, ,9,, 7

2.B.1. Permutation of unipotent classes in G¥'. Let 0 € Aut(G, F) and let . = (C, L) €
U(G)F be such that o(1) = 1. We fix u € C¥ such that 9,(u) # 0 and we denote by ¢
the irreducible character of Ag(u) defined by L. Let ¢ denote the extension of ¢ to the
semi-direct product Ag(u)x < F' > (here, < F' > is viewed as an infinite cyclic group)
associated to the isomorphism ¢,.

If a € HY(F, Ag(u)), we denote by g, an element of G such that g;'F(g,) € Ca(u)
and such that the image a of g;'F(g,) in Ag(u) belongs to the class a. We set u, =
gaug,t € CT. Then {u, | a € H'(F, Ag(u))} is a set of representatives of G'-conjugacy
classes in CF and

(2) 9. (ua) = C(aF).

Therefore, if a, denotes the unique element of H!(F, Ag(u)) such that o=1(u) is GF'-
conjugate to u,,, we have

(3) gL,a =
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2.B.2. Going down to cuspidal local systems. Let + € U(G)F. We denote by Ag, the
stabilizer of ¢ in Ag and we set &, = % : Ag, — @gx, o &, It is clear that ¢, is a
linear character. Now, let (7,0, p) = ¢"!(:). Then Ag, stabilizes L;, BN L;, T, ¢ and
p. Therefore, we get a morphism Ag, — Ay ,,.

Lemma 4. With the above notation, we have £& = Resﬁ;’i‘) ff(‘)f.

PROOF - Let Xf, denote the characteristic function of the restriction to the unipotent
elements of the F-stable perverse sheaf defined by induction from the datum (7, ¢y). Then
o € Ag, acts on X¥,_ by multiplication £~ (o). Moreover,

I7LO
G _ G
X7 = > xR,

pe(lrr We (L)) *

where X7 ,,, is the characteristic function of the F-stable perverse sheaf associated to

(I, v, p) via the generalized Springer correspondence and n, € Q,”. Therefore, if p
is o-invariant, then o acts on X¢, , by multiplication by §li(0) (indeed, the family
(X1.10,0) pe(ur we(Lp))F 18 linearly independent).

But X¢ and A@g(l’bw) coincide on CF where (C, L) = (I, 19, p) for some \ € Q.

Lo,p
So o acts on ng( Lo,y PY multiplication by £&(c). O

2.B.3. About cuspidal local systems. Lemma 4 shows that, in order to determine the linear
characters &,, we can restrict our attention to the case of cuspidal local systems. The first
result in this direction is the following.

Lemma 5. If L is a rational Levi subgroup of a parabolic subgroup of G, then Ngr(L)
acts trivially on CUS; (LY).

PROOF - Let n € Ngr(L), let ¢ = (C,£) € U(L)E, and let v € C¥. Then, by [B4,

Proposition 1.8.3], non~! and v are L¥-conjugate. This proves Lemma 5. m

We close this section with a result concerning geometrically conjugate F-stable Levi
subgroups. We need some further notation. Let A denote a set of representatives of
GP-conjugacy classes of F-stable Levi subgroups L of proper parabolic subgroups of G
such that U (L)L # @. By [L, Theorem 9.2], we have :

Lemma 6. (a) IfI, J € P(S)cus and if there exists w € W such that 1 = J, then [ = J.
(b) Every L € A is geometrically conjugate to a unique Ly with I € P(S)E

cus”*
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If I € P(S)E ., then the set of GF-conjugacy classes of F-stable Levi subgroups (of par-
abolic subgroups of G) geometrically conjugate to L; are parametrized by H'(F, Wg(Ly))
where Wg(L;) = Ng(L;)/L;. Let C be the set of pairs (I, w) such that I € P(S)E ., I # S

and w € H'(F,Wg(L;)). We then have a bijection C — A denoted by (I,w) — Ly .

We now fix in this subsection, and only in this subsection, an element ¢ € A, a subset
I of S and an element w € H'(F, Wq(L;)) such that o(I,w) = (I,w). Let g € G be such
that L, = 9L;. We set w = g 'F(g) € Ng(L;) (w is a representative in Ng(L;) of w).
Then, conjugacy by g induces a bijection U (L))" S U(Ly )", ¢ — 9.

Since the group Ng(Lj) acts trivially on U (Ly)cys by [L, Theorem 9.2}, we get a bijection
UL1)zs = UL1w)cus:

Since o stabilizes w, there exists z € G¥ such that °Lrw = “Li,. We then set
o' =Inn(z™!) o o so that "/LLw =Ly,

L 9.

Lemma 7. Let . € U(Lp)E .. Then :
(a) o(t) =t if and only if o’(9L) = 9.
(b) If () = ¢, then €kt = €50,

di,0

PROOF - Let 7 = Inn(g™') o 0’ o Inn(g). Then 7 € Aut(LI,Inn(w) o F'). Moreover, o’
stabilizes 9. if and only if 7 stabilizes t. But 7 = Inn(g 'z~ 7g) oo, so g~ la™! 7g €
Ng(Lj) : this proves that g~'z=! 7¢g acts trivially on U(L;)es by [L, Theorem 9.2].

Therefore, 7 stabilizes ¢ if and only if o stabilizes ¢. This proves (a).

Let us now prove (b). Let « = (C,L£) € U(Ly)E, be such that o(1) = 1. We fix an
element v € C* such that YL (v) # 0.

We write n = g~'a~! 9g € Ng(L;). Then 7 = Inn(n) o 0 commutes with Inn(w) o F.
Since Ng(Lj) stabilizes C' and since Ar,(v) = Ag(v) (see [B2, Corollary to Proposition
1.1]), we may (and we will) assume that w € Ng(L;) N Cg&(v). Now, o and n stabilize
C. So there exists [ and m in L; such that o(v) = lwl™' and non™" = mom™'. So
m~'n € Cg(v). Since Ay, (v) = Ag(v), we may (and we will) choose m in such a way
that m™'n € Cg(v).

We have

I7'F(l) € Cy,(v), 7(v) = Inn(nln~'m)(v)

and (nin~'m) M0 F(nin " 'm)w™" € Cy, (v).

According to Formula 3, and since w acts trivially on Ay, (v) (see [B4, Lemma 1.3.12]),
it is sufficient to prove that {7 F (1) and (nin='m)~'wF (nln~'m)w~! represent the same
element of Ayr,(v). Since Ar,(v) = Ag(v), we need to determine the class in Ag(v) of
= (nin~tm) ' F (nin"'m)w~'. But,

= (m~ ')l ' o F ()~ (wF (n~im)i ),
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m~'n € Cg(v) and wF(n 'm)w™! € C&(v) because Inn(w) o F' stabilizes v. Therefore,
the class of ;1 in Ag(v) is equal to the class of p/ = I"'n M F(nl)w™". Tt is also easily

checked that wF(n) = n “w. Therefore,
W o=1"n"tn CwF (Dt =171 Tl R (D

But, [7! 7wl € Cg(v) because [~'o(v)l = v and w € Cg(v). So the class of ' in Ag(v)
is equal to the class of [71F(I), which is the desired result. m

2.C. The main result. We recall (see for example [B3, Conjecture C]) that it is con-
jectured that Cus,,(G) = CUS.i(G) whenever p is almost good for G. The next
theorem goes in this direction.

Theorem 8. If the Mackey formula holds in G (in the sense of [B3, Definition 1.4.2]),
then Cus,i(GT) and CUS.wi(GF) are isomorphic as Q, Out(G, F)-modules.

PROOF - We proceed as for the proof of [B3, Theorem 4.1.1]. But we avoid the mistake
mentioned above ! So we assume that the Mackey formula holds in G. Note that this
implies that the Lusztig induction and restriction maps do not depend on the choice of the
parabolic subgroup. Therefore, if L is an F-stable Levi subgroup of a parabolic subgroup
P of G, we will denote by RE and *RE the maps RE_p and *RE_p.

We argue by induction on dim G. The result is obvious if G is a torus. Therefore, we
may assume that Theorem 8 holds for every F-stable Levi subgroup of a proper parabolic
subgroup of G. Since Out(G, F)) acts on Cus,,;(G) and CUS,.,i(G") through a finite
quotient (namely its image in Out(GT)), it is sufficient to prove the following : if o € Ag,
then

(%) Tr(o, Cusyni (GF)) = Tr(o, CUS i (GF)).

First step. Let us first evaluate the right-hand side of (x). Let U’'(G), denote the set
of (I,1,p) € U'(G) such that I # S. Then, since (Yy(1.,0))(1,0p)cr(c)F is a basis of
Class i (GT), we have

Tr(o, Classum(GF)) = Tr(o, CUSum(GF)) + Z 51(;'([’“)) (o).

(Lup)ed (G)Y
U(I,L,p)Z(I,L,p)

If we denote by & the set of pair (I,:) such that I € P(S)L., I # S and « € U(L;)L,,
and if we use Lemma 4, we get :
Tr(o, CUS i (GT)) = Tr(o, Class,mi (GF))

— D> &alpe MrWa(L)" [ o(p) = p}.

(I)ee
o(I)=(1,)

(A)
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Second step. We now evaluate the left-hand side of (x). If L € A, then Ngr(L) acts
trivially on CUS,; (L) by Lemma 5, so it acts trivially on Cusy,i(G¥) by the induction
hypothesis. So, since Mackey formula holds in G, we have :

Classuni(G") = Cusyi(GH) @ (( EB) RE'W(CUSuni(Liw))),
I,w)eC ’

and the map RY : Cusyy(L{,) — Rf, (Cusuyy(Lf,)) is an isomorphism. Note that
this isomorphism commutes with every element of Aut(G, F') stabilizing Ly ,,. Therefore,

(B) Tr(o, Cusuni(GF)) = Tr(o, Classuni(GF)) — Z Tr(o, Rf’lyw(Cusuni(wa))).

(I,w)eC
o(l,w)=(,w)

Let (I,w) € C be such that o(I,w) = (I,w). Then there exists z € G such that
"L = “Lrw. Weset o/ = Inn(z)"! o 0. Then o’ stabilizes Ly, and

Tr(o, Rfl’w (Cusuni(Liw))) = Tr(o’, Rfl’w (Cusuni(wa))),

so Tr(o, RE, | (Cusuni(LT,))) = Tr(o’, Cusuni(Ly,,)). But, by the induction hypothesis,
we get that Tr(o’, Cusyni(Lf,,)) = Tr(o’, CUSumi(L],,)). Moreover, by Lemma 7, we have
Tr(o', CUSumi(LT,,)) = Tr(o, CUS i (L])). So we deduce from (B) that

Tr(o, Cusyi(GF)) = Tr(o, Class i (GF)) — Z Tr(o, CUS i (LY)).

(I,w)eC
o(l,w)=(,w)

In other words,
Tr(o, Cusyi(GF)) = Tr(o, Class,,; (GF))

— Z Tr(o, CUS i (LY)).{w € H'(F,Wg(Ly)) | o(w) = w}|.

I1€P(S)E,,, 1#S
o(l)=I

Finally, we get
©) Tr(o, Cusuni(GF)) = Tr(o, Class,,i (GF))
- ) &iHwe H(F,Wa(Ly) | o(w) = w}].

(I)ee
o(I)=(1,)

Third step. Let I € P(S)F be such that o(I) = I. Then o acts on Wg(L;) and this
action commutes with the action of F'. Therefore,

(D) Hwe H'(F,Wa(Ly) | o(w) =w}| ={p € (irWa(L1))" | o(p) = p}|.

The proof of (D) is similar to the proof of the well-known theorem of Brauer [I, Theorem
6.32]. By applying (A), (C) and (D), we get (x). m
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2.D. Some consequences of Theorem 8. In [B3, §1.8], we defined a morphism of
groups H'(F,Z) — Out(G, F). So Theorem 8 immediately implies the following result :

Corollary 9. Let ¢ € H'(F,Z)". If the Mackey formula holds in G, then
dim Cusuni(GF)g = dim CZ/{Suni(GF)C.

The last result says that [B3, Corollary 4.1.2] is correct. It is just a straightforward
consequence of Theorem 8 and Lemma 5. Note that in [B3, Corollary 4.1.2 (b)], the term
“cuspidal function” must be replaced by “absolutely cuspidal function”.

Corollary 10. If the Mackey formula holds in G, then

(a) dim Cusi(GF) = |U(G)E |.

(b) If G is a rational Levi subgroup of a parabolic subgroup of a connected reductive
group H (endowed with a Frobenius endomorphism also denoted by F') then all abso-
lutely cuspidal functions on G with unipotent support are invariant under the action of

Nur(G).
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