
ENDOMORPHISM ALGEBRA OF AN INDUCED
CUSPIDAL CHARACTER SHEAF

CÉDRIC BONNAFÉ

Abstract. The endomorphism algebra A of the perverse sheaf K on a
connected reductive groupG obtained by induction from a Levi subgroup
L and a cuspidal local system supported by a unipotent class C of L is
isomorphic to the group algebra of the Weyl group WG(L) = NG(L)/L.
Such an isomorphism was first constructed by Lusztig : it is character-
ized by the action on the stalk of K at a unipotent element of G lying in
the induced class of C. We construct here another isomorphism using a
particular choice of representatives of elements of WG(L). These isomor-
phisms differ by a linear character of WG(L). This linear character has
been computed explicitly whenever C is the regular unipotent class of
L : this fact is used to obtain a precision of Digne, Lehrer and Michel’s
theorem on Lusztig restriction of Gel’fand-Graev characters.

Introduction.

Let G be a connected reductive group defined over an algebraic closure
Fq of a finite field with q = p? elements Fq. We assume that G is actually
defined over Fq, with Frobenius endomorphism denoted by F : G→ G. Let

` be a prime number different from p and let Q` denote an algebraic closure
of the `-adic field Q`. To parametrize the irreducible characters (over Q`)
of the finite reductive group GF , Lusztig introduced an orthonormal basis
AlmGF of the space of class functions Class(GF ) (with values in Q`) whose
elements are called almost characters of GF . They are defined by using
Deligne-Lusztig theory. The transition matrix between the orthonormal
bases IrrGF and AlmGF is explicit and pretty simple. Also, one can check
on small examples that the values of almost characters of elements of GF

have a much simpler expression than the values of irreducible characters.
In the middle 80’s, Lusztig proposed a geometric theory for trying to un-

derstand this phenomenon. The main object of this theory is the study of
a particular class of G-equivariant perverse sheaves on G, called character
sheaves. To each F -stable character sheaf, one can associate a characteris-
tic function, defined up to a scalar multiple. These characteristic functions,
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with suitable normalizations, form an orthonormal basis ChShGF . Lusztig
also provided a theoretical algorithm for computing the values of these char-
acteristic functions of character sheaves on elements of GF .

Lusztig’s conjecture : The transition matrix between the
orthonormal bases AlmGF and ChShGF is diagonal.

Hence, proving Lusztig’s conjecture (and, more precisely, computing the
diagonal coefficients) leads to an algorithm for computing the character
table of the finite group GF .

This conjecture has been proved by Shoji [S] whenever Z(G) is connected.
It has recently been proved by Waldspurger [W] for orthogonal and sym-
plectic groups (whenever q is large enough).

What about SLn ? Whenever G = SLn, this conjecture has been proved
for characteristic functions of cuspidal character sheaves [B3]. If, moreover,
F is split, then the Lusztig induction functors have been computed in [B1].
One can expect that an induction argument based on these two results could
lead to a proof of Lusztig’s conjecture for SLn(q), at least for q large enough.

This last result on Lusztig induction in SLn(q) depends on a theorem
by Digne, Lehrer and Michel that says that, for any finite reductive group,
the Lusztig restriction of a Gel’fand-Graev character is again, up to sign,
a Gel’fand-Graev character. However, they were not able to determine
explicitly which Gel’fand-Graev character is obtained by this way. We filled
the gap by investigating the endomorphism algebra of an induced cuspidal
character sheaf [B5]. This precision is certainly necessary for computing
explicitly the diagonal coefficients appearing in Lusztig’s conjecture.

Endomorphism algebra. The aim of this paper is to give a brief account of
[B5] : more precisely, we will concentrate on the geometric construction of
an isomorphism between the endomorphism algebra of an induced cuspidal
character sheaf and the group algebra of some relative Weyl group (note
that, for this, we can forget F and assume that G is defined over any alge-
brically closed field). A first isomorphism has been constructed by Lusztig
[L, Theorem 9.2] and our isomorphism differ from Lusztig’s one by a linear
character. We explain how this linear character can be computed using
stabilizers. This computation can be done explicitly whenever the cuspi-
dal character sheaf is supported by the regular unipotent class (this case
is sufficient for getting the desired precision on Digne, Lehrer and Michel’s
theorem).
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A. Recollection

Let G be a connected reductive group defined over an algebraically closed
field F of characteristic p > 0. Let P be a parabolic subgroup of G, let L be a
Levi subgroup of P , let U be the unipotent radical of P , let C be a unipotent
class of L and let E be a cuspidal local system on C. We fix an element
v ∈ C and an element u ∈ vU lying in the induced class CG of C. We
denote by ζ the irreducible character of AL(v) = CL(v)/C◦L(v) associated to
E . We recall here some consequences of the fact that C supports a cuspidal
local system.

Theorem 1. With the above notation, we have :

(a) v is not contained in a proper Levi subgroup of L.
(b) NG(L) stabilizes (C, E).
(c) AL(v) ' AG(v).
(d) CG(u)⊂P .

In the above Theorem, (a) was proved in [L, Proposition 2.8], (b) in
[L, Theorem 9.2], (c) in [B2, Corollary to Proposition 1.1] and (d) in [B4,
Theorem 3.1 (4)].

Let Σ = Z(L)◦C, let

Z(L)◦reg = {z ∈ Z(L)◦ | C◦G(z) = L}

and let Σreg = Z(L)◦regC. We denote by F the local system Q`�E on Σ and

by Freg its restriction to Σreg. We set Ŷ = G×Σreg and Ỹ = G×LΣreg, where

this last notation stands for the quotient of Ŷ by the diagonal action of L
(by right translation on G and by conjugation on Σreg). Let α : Ŷ → Σreg

denote the projection on the first factor and let β : Ŷ → Ỹ , (g, l) 7→ g ∗L l
denote the canonical projection. Finally, we denote by Y the set of elements
of G which are conjugate to some element of Σreg. Then, by [L, §3.1], Y is a
locally closed smooth subvariety of G, stable under G-conjugacy. Now, let
π : Ỹ → Y , g ∗L l 7→ glg−1. Then, by [L, §3.2], π is a Galois étale covering
of Y with group WG(L) (this last group acts on Ỹ on the right as follows :
if w ∈ WG(L) and g ∗L l ∈ Ỹ , then (g ∗L l).w = gẇ ∗L ẇ−1lẇ, where ẇ is a
representative of w in NG(L)). We have thus constructed a diagram

Σreg Ŷ
αoo

β
// Ỹ

π // Y.
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By [L, §3.2], there exists a local system F̃reg on Ỹ such that α∗Freg ' β∗F̃reg.

Then, π being finite an étale, π∗F̃reg is a local system on Y . We set

(2) K = IC(Y , π∗F̃reg)[dimY ].

It is a semi-simple perverse sheaf. We denote by A its endomorphism alge-
bra. The functor IC(Y , .) being fully faithful, A is also the endomorphism
algebra of the local system π∗F̃reg.

B. Isomorphisms between A and Q`WG(L).

Choice of representatives. Let WG(L, v) = (NG(L) ∩ CG(v))/C◦L(v) and
W ◦
G(L, v) = (NG(L)∩C◦G(v))/C◦L(v). Then W ◦

G(L, v) and AL(v) are normal
subgroups of WG(L, v) and W ◦

G(L, v)∩AL(v) = {1}. By Theorem 1 (c), we
thus have

(3) WG(L, v) = W ◦
G(L, v)× AL(v).

Moreover, by Theorem 1 (b), WG(L, v)/AL(v) ' WG(L), so W ◦
G(L, v) is

naturally isomorphic to WG(L). Therefore, instead of working with the
group WG(L), we will work with the group W ◦

G(L, v). If w ∈ W ◦
G(L, v), we

choose a representative ẇ of w in NG(L) ∩ C◦G(v).

Lusztig’s construction. Let w ∈ W ◦
G(L, v). By Theorem 1 (b), the local

systems F and (int ẇ)∗F are isomorphic. Let θw denote an isomorphism of
L-equivariant local systems F → (int ẇ)∗F . Then θw induces an isomor-

phism θ̃w : F̃reg → ν∗wF̃reg where νw : Ỹ → Ỹ , (g, xL) 7→ (g, xẇ−1L) (see [L,

proof of Proposition 3.5]). But π∗ν∗w = π∗. Hence π∗θ̃w is an automorphism

of K. By applying the functor IC(Y , .)[dimY ], π∗θ̃w induces an automor-
phism Θw of K. The automorphism Θw, as well as θw, is defined up to

multiplication by an element of Q×` . By [L, Proposition 3.5], (Θw)w∈W ◦G(L,v)

is a basis of the endomorphism algebra A of K ; moreover, by [L, Remark

3.6], there exists a family (aw,w′)w,w′∈W ◦G(L,v) of elements of Q×` such that
ΘwΘw′ = aw,w′Θww′ for all w and w′ in W ◦

G(L, v). Lusztig proved that it
is possible to choose in a canonical way the family (θw)w∈W ◦G(L,v) such that
ΘwΘw′ = Θww′ for all w and w′ in W ◦

G(L, v). The next theorem [L, Theorem
9.2] explains his construction (recall that u ∈ vU ∩ CG).

Theoreme 4 (Lusztig). There exists a unique family of isomorphisms of
local systems (θw : F → (int ẇ)∗F)w∈W ◦G(L,v) such that the following condi-

tion holds : for each w ∈ W ◦
G(L, v), Θw acts trivially on H− dimY

u K.
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As a consequence, one gets that the linear mapping

Θ : Q`W
◦
G(L, v) −→ A
w 7−→ Θw

is an isomorphism of algebras. If χ is an irreducible character of W ◦
G(L, v),

we denote by Kχ an irreducible component of K associated to χ via the
isomorphism Θ.

Corollary 5 (Lusztig). We have :

(a) H− dimY
u K1 = H− dimY

u K 6= 0.
(b) H− dimY

u Kχ = 0 for any non-trivial irreducible character χ of the
group W ◦

G(L, v).

Another isomorphism. The action of an element ẇ ∈ NG(L) ∩ C◦G(v) on

Σreg, Ŷ , and Ỹ commutes with the action of G. Therefore, there exists an

isomorphism θ′w : F → (int ẇ)∗F (resp. τ ′w : F̃reg → (int ẇ)∗F̃reg) which
induces the identity on the stalks at zv (resp. 1 ∗L zv) for every z ∈ Z(L)◦

(resp. for every z ∈ Z(L)◦reg). Then

(6) β∗τ ′w = α∗θ′w|Σreg .

Now, let Θ′w = IC(Y , π∗τ ′w)[dimY ] : K
∼−→ K. By 6, there exists an ele-

ment γw ∈ Q`

×
such that

(7) Θw = γwΘ′w.

Now, the fact that ẇ ∈ ẋẏC◦L(v) for every x,y and w in W ◦
G(L, v) such

that w = xy implies that

(8) Θ′xΘ
′
y = Θ′xy.

Therefore, if we extend Θ′ by linearity to a map Q`W
◦
G(L, v)→ A, we get :

Theorem 9. The linear map Θ′ : Q`W
◦
G(L, v) → A is an isomorphism of

algebras. There exists a linear character γGL,C,E : W ◦
G(L, v) → {1,−1} such

that Θ′w = γGL,C,E(w)Θw.

In the above Theorem, the fact that γGL,C,E has values in {1,−1} just
follows from the fact that W ◦

G(L, v) ' WG(L) is a Weyl group for its action
on X(Z(L)◦) (see [L, Theorem 9.2]). The fact that it actually depends on
(C, E) and not on the choice of v is obvious.
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About the linear character γGL,C,E . Lusztig’s isomorphism is better for com-
puting the generalized Springer correspondence (see [L, §6] for the defini-
tion) because it gives at least what corresponds to the trivial character of
W ◦
G(L, v) and this fact combined with induction arguments leads to the com-

putation of the whole generalized Springer correspondence in many groups.
On the other hand, it is less explicit than the isomorphism Θ′ which de-

pends on explicit actions of the isomorphisms θ′w. For instance, the isomor-
phisms θ′w are pretty useful to compute characteristic functions of cuspidal
character sheaves (see [B5, Part I]).

Therefore, computing the linear character γGL,C,E would allow to take ad-
vantage of both isomorphisms. We explain in the next section how this
problem can be attacked by extending the action of W ◦

G(L, v) (and in fact
of WG(L, v)) to bigger varieties. We just state here two facts which can be
proved a priori (see [B5]).

Proposition 10. (a) Let Q be a parabolic subgroup of G containing P and
let M be the Levi subgroup of Q containing L. Then

γML,C,E = Res
W ◦G(L,v)

W ◦M (L,v) γ
G
L,C,E .

(b) Let σ : G′ → G be a morphism of connected reductive groups such that
Kerσ is central in G′ and Imσ contains the derived group of G. Let L′ =
σ−1(L), let C ′ be the unique unipotent class of L′ contained in σ−1(C), let E ′
denote the restriction to C ′ of σ∗E and let v′ be the unique element of C ′ such
that σ(v′) = v. Then E ′ is a cuspidal local system, σ induces an isomorphism
between W ◦

G′(L
′, v′) and W ◦

G(L, v) and, through this identification,

γG
′

L′,C′,E ′ = γGL,C,E .

Using these two facts and [L, Theorem 9.2], the computation of γGL,C,E
reduces to the following case : G is semisimple and simply connected and
L is a Levi subgroup of a maximal parabolic subgroup of G.

C. Extension of the action of the relative Weyl group.

The aim of this section is to describe a strategy for computing the linear
character γGL,C,E of W ◦

G(L, v). For this, we need to give an alternative de-
scription of the endomorphism algebra A involving varieties on which the
group WG(L, v) acts. Then, by extending this action of WG(L, v) to some-
what bigger varieties leads to a description of γGL,C,E in terms of stabilizers
in WG(L, v) (see Theorem 15).
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Alternative description of Θ′. We assume here that the canonical morphism
fv : L/C◦L(v) → C, lC◦L(v) 7→ lvl−1 is étale (note that this holds whenever
p = 0 or p is large enough : whenever fv is not étale, it is still possible
to make a similar construction as the one explained in this subsection (for
details, see [B5, Part I])). Let Σ′ = L/C◦L(v) × Z(L)◦, Σ′reg = L/C◦L(v) ×
Z(L)◦reg, Ŷ ′ = G×Σ′reg and Ỹ ′ = G×L Σ′reg = G/C◦L(v)×Z(L)◦reg. Consider
the following commutative diagram

Σ′reg

f

��

Ŷ ′
α′oo

β′
//

f̂

��

Ỹ ′

f̃

��

π′

��?????????????????

Σreg Ŷ
αoo

β
// Ỹ

π // Y,

where α′ is the projection on the second factor, β ′ is the canonical map,
f , f̂ and f̃ are induced by fv in the obvious way and π′ = π ◦ f̃ . Then
f , f̂ and f̃ are Galois étale coverings with group AL(v), WG(L, v) acts on
the right on Ỹ ′ and π′ is a Galois étale covering with group WG(L, v). It
is easy to check that F̃reg is the local system associated to the irreducible

character ζ of AL(v) through the étale morphism f̃ . So π∗F̃reg is the local

system on Y associated to the character Ind
WG(L,v)
AL(v) ζ of WG(L, v) through

the étale morphism π′.
Therefore, the endomorphism algebra of π∗F̃reg is isomorphic to the en-

domorphism algebra of Ind
WG(L,v)
AL(v) ζ. But, by 3, this endomorphism algebra

is canonically isomorphic to Q`W
◦
G(L, v). Hence we have constructed an

isomorphism between Q`W
◦
G(L, v) and A which is easily seen, by looking at

the action on the stalks, to coincide with Θ′.

Alternative description of K. Let X = Y and X̃ = G×P ΣU . The canonical
morphism Ỹ → X̃ is an open immersion with image G ×P ΣregU . The

image of the morphism X̃ → G, g ∗P x 7→ gxg−1 is exactly X. We denote
by π̄ : X̃ → X this morphism of varieties (it extends π). It is a projective
morphism.

Let X̃0 = G ×P ΣU and X̃ ′0 = G ×P (Σ′ × U). Here the action of P on

Σ′ × U is the unique one such that the natural morphism f̃0 : X̃ ′0 → X̃0

exists. Note that f̃0 is again a Galois étale covering with group AL(v). Let

F̃ denote the local system on X̃0 associated to ζ through f̃0. Since X̃ ′0 is
smooth, we can consider the perverse sheaf K̃ = IC(X̃, F̃)[dim X̃] on X̃.
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Then [L, Proposition 4.5]

(11) K = Rπ̄∗K̃.

Stabilizers. If x ∈ X, then dimCG(x) > dimCL(v) and

dim π̄−1(x) 6(dimCG(x)− dimCL(v))/2

(see [L, Proposition 1.2]). Moreover, if x ∈ Y , then dimCG(x) = dimCL(v)
and, if dimCG(x) = dimCL(v) then π̄−1(x)⊂X̃0. Therefore, if we denote
by

Xmin = {x ∈ X | dimCG(x) = dimCL(v)}
and X̃min = π̄−1(Xmin),

then Xmin is an open subset of X containing Y and u, X̃min is contained in
X̃0 so that we can define

X̃ ′min = f̃−1
0 (X̃min).

The morphism πmin : X̃min → Xmin obtained by restriction from π̄ is projec-
tive (by base change) and quasi-finite (by the above remarks on dimensions),
so it is finite. Also X̃min, being contained in X̃0, is smooth, as well as X̃ ′min.

Finally, we set π′min = πmin ◦ f̃min. Here is a diagram summarizing the
situation :

Ỹ ′

π′

��

� � //

f̃

��

X̃ ′min

��

� � //

f̃min

��

X̃ ′0

f̃0

��

π′min

Ỹ
� � //

π

��

X̃min

πmin

��

� � // X̃0
� � // X̃

π̄

��
Y

� � // Xmin
� � // X.

Therefore, we have proved the following theorem :

Theorem 12. The open subsets X̃min and X̃ ′min of X̃ and X̃ ′0 are smooth
varieties containing Ỹ and Ỹ ′ respectively. Moreover, X̃min contains ũ and
is the normalization of Xmin in Ỹ and X̃ ′min is the normalization of Xmin

in Ỹ ′. Therefore, the action of W ◦
G(L, v) (resp. WG(L, v)) on Ỹ (resp. Ỹ ′)

extends to an action on X̃min (resp. X̃ ′min).



Endomorphism algebra 9

Let ũ = 1 ∗P u ∈ X̃min and ũ′ = 1 ∗P (C◦L(v), 1, v−1u) ∈ X̃ ′min. Then

πmin(ũ) = u, f̃min(ũ′) = ũ and f̃−1
min(ũ) is the AL(v)-orbit of ũ′.

Proposition 13. We have :
(a) π−1

min(u) = {ũ}.
(b) π′−1

min(u) is the AL(v)-orbit of ũ′.

Proof - (a) Let g ∗P x ∈ π−1
min(u). Then gxg−1 = u so x ∈ CU ∩CG. But

CU ∩ CG is a single P -orbit, so there exists h ∈ P such that x = huh−1.
In other words, g ∗P x = g ∗P huh−1 = gh ∗P u. Hence gh ∈ CG(u).
Since CG(u)⊂P (see Theorem 1 (d)), we have gh ∈ P . So g ∗P x = 1 ∗P
ghu(gh)−1 = 1 ∗P u = ũ. The proof of (a) is complete.

(b) By (a), we have π′−1
min(u) = f̃−1

min(ũ). So (b) follows. �

The WG(L, v)-orbit of ũ′ is contained in π′−1
min(u). So, by Proposition 13

(b), π′−1
min(u) is also the WG(L, v)-orbit of ũ′. Therefore, if we denote by

HG(L, v) the stabilizer of ũ′ in WG(L, v), then there exists a morphism
ϕGL,v : W ◦

G(L, v)→ AL(v) such that

(14) HG(L, v) = {(w, a) ∈ W ◦
G(L, v)× AL(v) | a = ϕGL,v(w)}.

Theorem 15. With the above notation, we have

γGL,C,E =
1

ζ(1)
(ζ ◦ ϕGL,v).

Proof - Let χ be an irreducible character of W ◦
G(L, v). We denote by

K ′χ the irreducible component of K associated to the irreducible character
χ through the isomorphism Θ′. In other words, K ′χ = KχγGL,C,E

. Let K ′χ,min

denote the restriction of K ′χ to Xmin. Then

K ′χ,min = π′min,∗Q`[dimY ]⊗Q`WG(L,v) Vχ⊗ζ ,

where Vχ⊗ζ denotes the constant sheaf of Q`WG(L, v)-modules associated
to an irreducible WG(L, v)-module affording χ⊗ ζ as character. Then,

dimQ`H
− dimY
u K ′χ,min = 〈Ind

WG(L,v)
HG(L,v) 1, χ⊗ ζ〉WG(L,v)

= 〈1, χ(ζ ◦ ϕGL,v)〉W ◦G(L,v).

Since the unique irreducible character of W ◦
G(L, v) such that this dimension

is non-zero is γGL,C,E , this means that ζ ◦ϕGL,v is a multiple of γGL,C,E . In other
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words, ϕGL,v has its image contained in the centre of ζ and

γGL,C,E =
1

ζ(1)
(ζ ◦ ϕGL,v),

as expected. �

D. Example : regular unipotent elements

Assume in this last section that v is a regular unipotent element of L and
that p is good for G. In this case, AL(v) ' Z(L)/Z(L)◦. Then the morphism
ϕGL,v is explicitly known in all cases [B5, Part II]. As explained in Section

B, if one has in mind to compute γGL,C,E , we can restrict our attention to
the case where G is semisimple, simply-connected and quasi-simple and L
is a Levi subgroup of a maximal parabolic subgroup of G. Note that in this
case W ◦

G(L, v) has order 2 : we denote by s its unique non-trivial element.
The next table gives the value of ϕGL,v in this situation (for v regular).

Type of (G,L) AL(v) ϕGL,v(s) Remarks

(A2d−1, Ad−1 × Ad−1) µd (−1)d−1 p 6 | d

(B2, A1) µ2 −1 p 6= 2, A1 : long root

(B3, A1 × A1) µ2 1 p 6= 2

(D5, A3 × A1) µ4 1 p 6= 2
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