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�Prenez un bout de bois, cassez-le en deux bouts,il y aura toujours deux bouts à chaque bout !� R. Devos [Dev00]
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Introduction
0.1 ProblèmesCette thèse a pour objet l'étude de la croissance des groupes et de propriétésproches comme la moyennabilité. La notion de croissance de groupe a été introduitepar Svarc [Sva55] et Milnor [Mil68b] dans le cadre de l'étude des variétés riema-niennes.La fonction de croissance notée bΓ,S(R) d'un groupe de type �ni Γ relativementà un système �ni donné de générateurs S est le nombre d'éléments du groupe quipeuvent s'écrire comme produit d'au plus R générateurs et de leurs inverses. Lecomportement asymptotique de la fonction de croissance est indépendant du systèmegénérateur choisi. En particulier, si Γ = π1(X) est le groupe fondamental d'unevariété riemanienne fermée X, sa croissance est équivalente à la croissance du volumedes boules riemaniennes dans le revêtement universel X̃.La notion de croissance des groupes s'est émancipée de la géométrie riemaniennedès les travaux de Wolf [Wol68] démontrant qu'un groupe résoluble est à croissancesoit exponentielle, soit polynomiale, et que dans ce dernier cas le groupe est virtuel-lement nilpotent. Ce résultat a mené Milnor à poser (à titre d'exercice !) les deuxquestions suivantes :Questions 0.1.1. Milnor [Mil68a]1. Existe-t-il un groupe dont la croissance ne serait ni polynomiale, ni exponen-tielle ?2. Existe-t-il des groupes à croissance polynomiale qui ne soient pas virtuellementnilpotents ?Dans son célèbre article Groups of polynomial growth and expanding maps, Gro-mov a répondu négativement à la deuxième question, ce qui permet de décrire en-tièrement la croissance polynomiale :Théorème 0.1.2 (Gromov [Gro81a], Guivarc'h [Gui73], Pansu [Pan83]). Si Γ estun groupe dont la fonction de croissance est bornée par un polynome, alors le groupe
Γ est virtuellement nilpotent. En particulier, sa fonction de croissance véri�e :

bΓ,S(R) ∼R→∞ CΓ,SRd(Γ),11



12 TABLE DES MATIÈRESoù CΓ,S est une constante positive et d(Γ) est un entier qui dépend explicitement dela structure du groupe nilpotent d'indice �ni dans Γ.Peu après, Grigorchuk [Gri83] a répondu par l'a�rmative à la première question,montrant que des groupes d'automates introduits par Aleshin [Ale72] sont solutions.De tels groupes sont dits à croissance intermédiaire. Ce sont les groupes non virtuel-lement nilpotents dont le coe�cient de croissance exponentiel hΓ(S) = lim R
√

bΓ,S(R)vaut 1 (indépendemment du système générateur S). A contrario, pour les groupes àcroissance exponentielle, ce coe�cient excède strictement 1 pour tous les systèmesgénérateurs. La question de la dépendance vis-à-vis du système générateur choisi aété formalisée par Gromov :Question 0.1.3. Gromov (Remarque 5.12 dans [Gro81b]) Existe-t-il des groupes àcroissance exponentielle non uniforme ? C'est-à-dire des groupes à croissance expo-nentielle pour lesquels on ait infS hΓ(S) = 1.Wilson a répondu par l'a�rmative à cette question dans deux articles récents[Wil04b], [Wil04a]. L'étude des groupes à croissance intermédiaire et des groupesà croissance non uniforme présente de nombreuses similarités. Voyons d'abord desexemples de classes de groupes dans lesquels ces propriétés sont prescrites.Il est évident que les groupes libres n'ont pas de telles propriétés, ce qui se généra-lise aux produits libres avec amalgamations et aux extensions HNN [BdlH00], ainsiqu'aux groupes hyperboliques [Kou98] et aux groupes à un relateur ayant croissanceexponentielle [GdlH01].L'alternative de Tits [Tit72] stipulant qu'un sous-groupe de type �ni de GLn(K)contient un groupe libre s'il n'est pas résoluble, jointe au résultat de Wolf susmen-tionné, assure que les sous-groupes de type �ni des groupes linéaires ne peuvent avoircroissance intermédiaire. Ce résultat a été étendu par Eskin, Mozes et Oh [EMO02]pour montrer que des groupes à croissance non uniforme ne sauraient non plus êtrelinéaires.Le résultat de Wolf assurant que les groupes résolubles n'ont pas croissance in-termédiaire admet une double généralisation. Il a d'abord été étendu aux groupesélémentairement moyennables par Chou [Cho80]. Ensuite, Osin a montré que desgroupes résolubles ont croissance exponentielle uniforme (si non polynomiale) [Osi03],avant de montrer la même chose pour les groupes élementairement moyennables[Osi04].0.2 Exemples archétypauxLe bon contexte pour fabriquer des groupes à croissance intermédiaire ou non uni-forme est celui de groupes agissant sur un arbre enraciné ou de manière équivalentepar échange d'intervalles sur l'espace [0, 1] \ Q. La classe des groupes d'automatesconstitue une large classe d'exemples de groupes agissant de manière naturelle sur



0.2. EXEMPLES ARCHÉTYPAUX 13un arbre enraciné de valence �xe. Les premiers exemples de tels groupes ont étéconstruits par Aleshin [Ale72], a�n d'obtenir des groupes in�nis de torsions. Desconstructions similaires de groupes de torsion sont dues à Sushchansky [Sus79], Gri-gorchuk [Gri80] et à Gupta et Sidki [GS83].Ces groupes de torsions constituaient les premiers exemples de groupes à crois-sance intermédiaire comme l'a montré Grigorchuk dans [Gri83]. Plus généralement,il a construit dans l'article Degrees of growth of �nitely generated groups and thetheory of invariant means une famille de groupes Gω, agissant �dèlement sur unarbre binaire enraciné, indexée par des suites ω à valeurs dans un ensemble à troiséléments {0, 1, 2} véri�ant le :Théorème 0.2.1. Grigorchuk [Gri85]1. Si ω n'est pas asymptotiquement constante, le groupe Gω a croissance inter-mediaire.2. Si ω est homogène 1, le groupe Gω est un groupe de torsion et l'on disposed'estimations explicites (β < 1) :
eR

1
2 ≤ bGω(R) ≤ eRβ

.De plus dans ce cas, le groupe est moyennable mais pas élémentairementmoyennable (Chou [Cho80]).3. Il est possible d'obtenir une variété indénombrable de taux de croissance in-térmediaire deux à deux non comparables et en particulier on peut obtenir destaux de croissance arbitrairement proches de la croissance exponentielle.Le troisième point du théorème est à mettre en contraste avec la conjecture dumême auteur selon laquelle un groupe à croissance bornée par e
√

R est automatique-ment à croissance polynomiale et donc virtuellement nilpotent. Cette conjecture aété prouvée pour les groupes résiduellement p-groupes (voir [BG00]) ou résiduelle-ment nilpotents (voir [LM91]).Dans la même veine, Grigorchuk et Zuk ont introduit un groupe G engendrépar un automate à trois états sur un alphabet à deux lettres, c'est-à-dire agissant�dèlement sur un arbre binaire enraciné, ayant les propriétés suivantes :Théorème 0.2.2. 1. (Grigorchuk Zuk [GZ02a]) Le groupe G est sans torsion, àcroissance exponentielle et n'est pas sous-exponentiellement moyennable.2. (Bartholdi Virag [BV05]) Le groupe G est moyennable.En particulier, il s'agit du premier exemple de groupe moyennable hors de laclasse SG des groupes sous exponentiellement moyennables (plus petite classe degroupes contenant les groupes à croissance sous exponentielle et stable par extension,1
ω est dite r-homogène si toute sous-suite de longueur r prend les trois valeurs 0, 1 et 2.



14 TABLE DES MATIÈRESquotient, sous-groupe et limite directe). Ce groupe est aussi le groupe de monodromieitérée du polynome z2 − 1 et est appellé groupe du �Basilica� dans la littérature.Toujours avec des méthodes similaires, Wilson a répondu par l'a�rmative à laquestion de Gromov en construisant des groupes à croissance non uniforme :Théorème 0.2.3 (Wilson [Wil04a]). 1. Si χ est une classe de groupes parfaitsengendrés par des involutions, et dont tous les groupes G sont isomorphes à unproduit en couronne permutationnel G1 oAd pour un autre G1 dans χ et où Adest le groupe des permutations alternées d'un ensemble à d (≥ 29) éléments,alors chaque groupe de la classe χ admet une famille (Sn) de générateurs pourlesquels hG(Sn)→ 1.2. Le groupe d'automorphisme d'un arbre enraciné de valence non bornée contientune telle classe χ de groupes contenant un groupe libre (en particulier à crois-sance exponentielle et non moyennables).Tous les exemples ci-dessus sont groupes d'automorphismes d'arbres enracinés.La structure de l'arbre y joue un rôle prépondérant. Un arbre enraciné (disonssphériquement homogène) se décompose comme d sous-arbres enracinés attachésaux sommets du premier niveau, c'est-à-dire aux sommets à distance 1 de la racine(notée ∅) :
T = T1 ∪ · · · ∪ Td ∪ {∅}.Cette structure entraîne une propriété essentielle du groupe d'automorphismes d'untel arbre T (c'est-à-dire les automorphismes de graphe préservant la racine) :

Aut(T ) ' (Aut(T1)× · · · × Aut(Td)) o Sd = Aut(T ) o Sd,où le groupe Sd des permutations de d éléments agit sur les coordonnées du produitdirect. En identi�ant canoniquement les arbres Ti, on retrouve la dé�nition du pro-duit en couronne permutationnel o. Ainsi, se donner un automorphisme g de l'arbrerevient à se donner d automorphismes gi d'un (autre) arbre et une permutation σ.On notera cette identi�cation :
g = (g1, . . . , gd)σ.Un exemple essentiel de sous-groupes de type �ni de Aut(T ) est fourni par les groupesd'automates (pour des arbres à valence �xée). Ce sont les groupes engendrés par unepartie �nie A appelée ensemble des états, dont les éléments ont des coordonnées aidans l'écriture a = (a1, . . . , ad)σ qui sont elles-mêmes dans A. On peut leur associerun automate au sens de l'informatique théorique (voir par exemple [Zuk06]).Les exemples des trois théorèmes énoncés ci-dessus disposent d'une propriétéparticulière de réduction de la longueur des mots dans le produit en couronne. C'estpar récurrence sur la longueur des mots que l'on montre que certains groupes sontde torsion, ou qu'ils en sont libres. Le lien entre la norme d'un élément et les normesde ses images dans le produit en couronne est à l'origine de toutes ces estimationssur la croissance. On a les énoncés informels suivants :



0.3. RÉSULTATS DE CETTE THÈSE 151. Si la longueur des mots réduits diminue lors du passage au produit en cou-ronne, alors le groupe a croissance sous-exponentielle, et l'on obtient une borned'autant meilleure que la diminution est forte.Plus généralement, une hypothèse de diminution montre que la croissance dugroupe G est plus petite que celle du groupe image G1 o Sd.2. Inversement si un d-uplet de mots réduits admet un antécédent par produiten couronne de courte longueur, alors la croissance du groupe est rapide. Laconstruction de certains semi-groupes libres est basée sur la même idée (voirremarque 2.3.4).3. Si la longueur des mots aléatoires décroît lors du passage en couronne, legroupe est moyennable.0.3 Résultats de cette thèseCette thèse comporte quatre chapitres. Les trois premiers, rédigés en anglais, sontdes articles écrits pendant ma thèse. Le premier chapitre décrit un travail e�ectuéessentiellement au cours de ma première année sous le titre Lower bound on thegrowth of some torsion 2-groups, le deuxième présente un travail récent toujours encours sous le titre Groups with oscillating growth function. Le troisième chapitre, leplus conséquent, présente un théorème de moyennabilité et divers résultats sur lesgroupes à croissance non uniforme de Wilson ; il a été soumis au journal Mathema-tische Zeitschrift le 12 février 2008 sous le titre Amenability and non uniform growthof some directed automorphism groups of a rooted tree. Le quatrième chapitre (enfrancais) présente deux généralisations du théorème de moyennabilité du chapitre 3,mises en place après la parution sur arXiv d'un article de Bartholdi, Kaimanovichet Nekrashevych sur la moyennabilité des groupes d'automates [BKN08].0.3.1 Chapitre 1 : Étude de bornes inférieuresLe résultat principal de ce premier chapitre est une amélioration de la borneinférieure sur la croissance des groupes Gω. On y montre le :Théorème 0.3.1. 1. Si ω = 012012 . . . , la fonction de croissance de Gω estminorée par eRα3 pour α3 = 0.5207 . . . .2. Plus généralement, si ω est r-homogène, il existe un exposant αr > 1
2
tel quela fonction eRαr minore la croissance de Gω.Les résultats obtenus sont numériquement décevants, la meilleure borne connueauparavant (Bartholdi [Bar01], par ordinateur) valant α3 = 0.5157 . . . . La borneinférieure reste donc très éloignée de la borne supérieure eRβ3 où β3 = 0.7674 . . . .Par ailleurs, le nombre αr s'approche exponentiellement vite de 1

2
alors que l'onvoudrait penser que αr ≥ α3.



16 TABLE DES MATIÈRESLa méthode utilisée consiste à construire un antécédent pour le produit en cou-ronne d'un couple (g0, g1) d'éléments de longueur R. Si l'antécédent est de longueur
≤ 4R, on obtient la borne classique de Grigorchuk. En m'inspirant du travail e�ec-tué par Muchnik et Pak ([MP01]) sur la borne supérieure, j'ai montré que l'on peutconstruire, en utilisant un algorithme élaboré par Leonov [Leo01], un antécédent delongueur ≤ (4 − cδ)R où δ est le nombre d'apparitions d'un générateur (noté d)spéci�que du groupe dans le couple (g0, g1) et c = 3

2
est une constante (voir Lemmede réduction 1.3.7).Ceci permet d'améliorer la borne de Grigorchuk si l'on peut s'assurer que legénérateur d apparaît su�sament. Malheureusement il n'est pas possible de satisfaireune telle hypothèse. Il s'agit alors d'appliquer la méthode une deuxième fois, et des'assurer que les générateurs b contribuent à fournir des générateurs d. Au pire descas, il faut pratiquer une troisième itération.Cette méthode est limitée en pratique, d'abord parce que les estimations de ré-duction de longueur n'ont lieu que sous un certain régime de l'algorithme. Je discutedans la section 1.4.2 les estimations que l'on obtiendrait si l'on connaissait la duréedu régime. En particulier, si cette durée est maximale (hypothèse vraisemblable),on améliore α3 = 0.5476 . . . . D'autre part, pour des raisons techniques, la troisièmeitération ne peut se faire via l'algorithme de Leonov, entrainant une baisse de qua-lité des estimations. En�n, il est vraisemblable que la constante c = 3

2
ne soit pasoptimale.0.3.2 Chapitre 2 : Groupes à croissance oscillantePortant sur la même famille de groupe Gω, ce chapitre a pour but de construire desgroupes dont la fonction de croissance soit oscillante (on note f ≺ g pour f

g
→ 0) :Théorème 0.3.2. Soit ρ(R) et τ(R) deux fonctions véri�ant Rβ3 ≺ τ(R) ≺ ρ(R) ≺

R, il existe une suite ω à valeurs dans {0, 1, 2} telle que le groupe Gω ait une fonctionde croissance bω(R) véri�ant :
log(bω(R)) ≥ ρ(R) pour une in�nité de R,
log(bω(R)) ≤ τ(R) pour une in�nité de R.On dit que log(bω(R)) oscille entre τ(R) et ρ(R).On peut de plus construire de tels groupes qui soient de torsion.On peut également construire de tels groupes sans torsion, quitte à remplacer lafonction Rβ3 par une fonction sous-linéaire non explicite.L'idée de la démonstration est de munir l'espace Y des groupes Gω de la métriquede coïncidence sur les boules, pour laquelle deux groupes (munis de leurs partiesgénératrices respectives) sont proches si leurs graphes de Cayley coïncident sur degrandes boules. Quitte à modi�er la dé�nition du groupe Gω pour certains ω (en



0.3. RÉSULTATS DE CETTE THÈSE 17quantité dénombrable), l'application
Ψ : (Ω, d) → (Y , d)

ω 7→ Gω,est alors continue, où Ω = {0, 1, 2}N est muni de la distance de coïncidence sur lesparties �nies. De plus, l'espace Y contient une partie dense dont les groupes ont unelog croissance majorée par CRβ3 et une autre dont les fonctions de log croissancesont minorées par cR (ces propriétés dépendent seulement de l'asymptotique dela suite ω). La construction de cet espace, sous-jacente à l'article [Ale72] d'Aleshin,explicitée par Grigorchuk [Gri85], est détaillée dans les sections 2.2 et 2.3. Le résultatest démontré dans la section 2.4, où l'on fournit aussi des estimations sur la fréquencedes oscillations.La section 2.5 concerne le cas des groupes sans torsion, où l'on considère un pen-dant G̃ω sans torsion des groupes Gω, également introduit par Grigorchuk [Gri86].De tels groupes agissent �dèlement sur un arbre enraciné de valence in�nie :
T =

⋃

i∈Z

Ti ∪ {∅},où l'action sur l'arbre Ti dépend seulement de la parité de i.0.3.3 Chapitres 3 et 4 : Résultats de moyennabilitéLes sections 3.2, 3.3, 3.4 et 3.5 du chapitre 3 présentent un résultat de moyenna-bilité pour les groupes dirigés d'automorphismes d'un arbre enraciné sphériquementhomogène. Un tel arbre Td̄ est décrit par la suite d̄ = (di)i∈N des valences de niveau i.Un automorphisme g est dit enraciné s'il agit seulement en permutant les sous-arbres du premier niveau, l'ensemble de tels automorphismes forme un sous-groupeisomorphe au groupe Sd0 de permutations. Un automorphisme g est dit dirigé parune géodésique G si son portrait est trivial sur cette géodésique et contenu dans un
1-voisinage de celle-ci. Plus explicitement, on peut supposer que cette géodésiqueest celle de gauche G = (111 . . . ) et que l'automorphisme est de la forme g = g0 avecles identi�cations par produit en couronne :

gk = (gk+1, σ2(k), . . . , σdk
(k)),où chaque σi(k) est enraciné. On note H̄ l'ensemble de tels automorphismes, ilest isomorphe à un produit direct in�ni de groupes �nis. On appelle groupe desautomorphismes dirigés et l'on note G(Sd0 , H̄) le sous-groupe de Aut(Td̄) engendrépar Sd0 et H̄. Le résultat principal du chapitre 3 est le :Théorème 0.3.3. Le groupe G(Sd0 , H̄) est moyennable si et seulement si l'arbre Td̄est de valence bornée.



18 TABLE DES MATIÈRESLa nécessité est facile, car en valence non bornée le groupe H̄ lui-même n'est pasmoyennable. Pour montrer la su�sance, on se restreint au cas des sous-groupes detype �ni, donc aux groupes de la forme G(Sd0 , H) où H est un sous-groupe �ni de
H̄ . On peut de plus le supposer saturé, c'est-à-dire que sa projection sur chaquefacteur du produit direct in�ni H̄ est équidistribuée.Dans ce cadre, on adopte une démarche similaire à celle de Bartholdi et Viragpour le théorème 0.2.2, dite méthode du �baron de Münchhausen� (qui ne coulaitpas car sa tête coulait moins vite que ses pieds). Il s'agit de construire une pseudo-norme ν (plus précisement une famille νk indexée par le niveau k) qui augmente parpassage au produit en couronne :

ν(g) ≤ ν(g1) + · · ·+ ν(gd),quand on écrit g = (g1, . . . , gd)σ. On construit aussi une marche aléatoire (non sy-métrique) Yn ayant une propriété d'auto-similarité, c'est à dire que lorsqu'on écritles coordonnées Yn = (Y 1
n , . . . , Y d

n )σn dans le produit en couronne, chaque coordon-née Y t
n se comporte comme la marche aléatoire d'origine Yn mais pour un temps(aléatoire) nt moindre. On a :

Y t
n ∼loi Ynt , pour un temps nt ∼n→∞

(
d− 1

d

)
n

d
presque sûrement.Ces propriétés permettent de montrer que la vitesse d'échappement (drift) lim ν(Yn)

nest nulle. On en déduit alors que cette vitesse est encore nulle pour la marche aléa-toire simple ZN pour le système générateur Sd ∪H .La pseudo-norme ν construite ayant une croissance des boules exponentielle, onpeut appliquer le critère de moyennabilité de Kesten sur les probabilités de retour[Kes59b].Le chapitre 4 fait suite à la parution sur arXiv d'un article de Bartholdi, Kaimano-vich et Nekrashevych [BKN08] montrant la moyennabilité des groupes d'automatesbornés. Il présente deux généralisations du théorème 0.3.3.La première est une légère extension de la notion d'automorphisme dirigé. Ondit qu'un automorphisme g est δ-dirigé par une géodésique G s'il �xe la géodésiqueet son portrait est contenu dans un δ-voisinage de celle-ci. On note M̄(δ) le sous-groupe formé par ces automorphismes. Comme précédemment, M̄(δ) est produitdirect in�ni de groupes �nis :̄
M(δ) = F0 × F1 × F2 × . . . .Théorème 0.3.4. Le groupe G(Sd0 , M̄(δ)) des automorphismes δ-dirigés est moyen-nable.Le nombre δ est ici peu signi�catif, on se ramène à δ = 1 en restreignant lastructure d'arbre aux niveaux multiples de δ (ce qui augmente la valence). Ce résultatconstitue une extension du résultat intermédiaire crucial dans l'article [BKN08] sur



0.3. RÉSULTATS DE CETTE THÈSE 19le �Mother group� qui n'est autre que G(Sd, M) où M est l'injection diagonale d'unfacteur du produit direct des Fi (valence �xe). On en déduit un dernier résultat quigénéralise légèrement le théorème sur les groupes d'automates bornés.On conclut le chapitre 4 par un résultat noté par Erschler stipulant que le groupe
G(S2, H̄) < Aut(T2) des automorphismes dirigés d'un arbre binaire est plus quemoyennable, il a croissance intermédiaire.0.3.4 Chapitre 3 : Liens entre la croissance intermédiaire etla croissance non uniformeLes sections 3.6, 3.7, 3.8 sont consacrées aux groupes à croissance non uniformeintroduits par Wilson. Pour construire de tels groupes, Wilson utilise des partiesgénératrices très particulières du groupe de permutation alterné Ad (pour d ≥ 29).Ces générateurs, l'un d'ordre 2, l'autre d'ordre 3, décrits explicitement dans[Wil04a], disposent de propriétés de point �xe, qui permettent d'obtenir des réduc-tions lors du passage au produit en couronne. C'est un calcul basé sur cette propriétéqui permet à Wilson de montrer une diminution de hG(Sn) en passant d'un systèmegénérateur à l'autre, dans le cadre de la classe de groupes χ du théorème 0.2.3. Deplus, Wilson construit des exemples de sous-groupes de G(Sd0 , H̄) qui sont dans laclasse χ et qui sont à croissance exponentielle (car ils contiennent un groupe libre).On étend son résultat :Théorème 0.3.5. Soit Td̄ de valences di ≥ 29, alors1. Si la valence est non bornée, le groupe G(Sd0 , H̄) intersecte la classe χ par dessous-groupes contenant un groupe libre, en particulier des groupes à croissanceexponentielle non uniforme non moyennables (Wilson [Wil04a]).2. Si la valence est bornée, le groupe G(Sd0 , H̄) intersecte la classe χ par des sous-groupes contenant un semi groupe libre, en particulier des groupes à croissanceexponentielle non uniforme moyennables.Le deuxième point est à mettre en contraste avec le résultat susmentionné de Osin[Osi04] assurant que des groupes à croissance exponentielle non uniforme ne peuventêtre élémentairement moyennables. Notons que dans le cas de valence constante, onfabrique des groupes d'automates à croissance exponentielle non uniforme moyen-nables. Un tel exemple avait été fabriqué par Bartholdi [Bar03]. Sa moyennabilité(notée a posteriori dans [BKN08]) résulte de notre théorème 0.3.3.De plus, le calcul de Wilson sur hG(Sn) peut s'interpreter géométriquement. Ene�et, les parties génératrices de Ad introduites par Wilson permettent de construirede nouveaux groupes Hd̄ à croissance intermédiaire, engendrés par deux élémentsd'ordre 2 et 3, agissant �dèlement sur un arbre enraciné de valences di ≥ 29. Cesgroupes, tout comme les groupes de la classe χ, ont aussi la propriété d'être denses



20 TABLE DES MATIÈRES(au sens de la topologie pro�nie) dans le groupe Aute(Td̄) des automorphismes al-ternés de l'arbre enraciné Td̄. On notera qu'a contrario, le groupe Aut(Td̄) n'admetaucun sous-groupe dense de type �ni.La non uniformité de la croissance des groupes de Wilson résulte de la :Proposition 0.3.6. Soit G un groupe appartenant à la classe χ, il existe un groupe
Hd̄ à croissance intermédiaire engendré par une partie �nie T , et une suite Sn departies génératrices de G avec :

d((G, Sn), (Hd̄, T )) −→
n→∞

0,où d est la distance de coïncidence sur les boules dé�nie au chapitre 2.Cette proposition (sous-jacente au calcul de Wilson, explicite dans l'article [Bar03])implique la non uniformité de la croissance. Notons que la proposition reste vraiemême si G n'est pas moyennable, et même si l'action de G sur Td̄ n'est pas �dèle.Elle montre une proximité au sens géométrique entre les groupes à croissance inter-médiaire et ces groupes à croissance non uniforme, proximité à opposer au résultatde dichotomie algébrique :Proposition 0.3.7. Soit G un groupe résiduellement �ni appartenant à la classe χ,alors l'une seulement des possibilités suivantes est véri�ée :1. soit G est à croissance sous-exponentielle,2. soit G n'est pas dans la classe SG des groupes sous-exponentiellement moyen-nables.En particulier, aucun des groupes du théorème 0.3.5 à croissance exponentielle nonuniforme n'est dans la classe SG.Notons que ce résultat renforce dans ce contexte celui d'Osin et présente denouveaux exemples de groupes moyennables hors de la classe SG. Il est basé surun lemme dû à Neumann de classi�cation des sous-groupes normaux de G. Je neconnais à ce jour pas de groupe dans χ qui ne soit pas résiduellement �ni, ni degroupe parfait à croissance intermédiaire.



Chapitre 1Lower bounds on growth
1.1 IntroductionGiven a �nitely generated group Γ endowed with a generating set S the growthfunction bΓ,S(n) is de�ned as the number of group elements which are products ofless than a given number n of generators and their inverses. Given two di�erent ge-nerating sets S and S ′ of Γ there exists a constant C such that bΓ,S′(n) ≤ bΓ,S(Cn).De�ning the order relation f - g if there exists C such that f(n) ≤ g(Cn) and theequivalence relation f ∼ g if f - g and g - f , the growth rate of the �nitely gene-rated group Γ is well de�ned up to equivalence. Milnor asked in 1968 the questionof existence of groups of intermediate growth (see [Mil68a]). This means groups forwhich the growth rate would be faster than any polynomial and slower than anyexponential.Grigorchuk constructed a family of groups Gω of intermediate growth in [Gri83](see also [Gri85]). These groups are commensurable with those constructed by Ale-shin in [Ale72] (see Theorem 2.3 in [Gri85]) and therefore they share properties oftorsion and growth. The key example G associated to the sequence ω = 012012 . . .generated by an automaton satis�es the explicit estimates :

enα

- bG(n) - enβ

.It is a natural question whether if there exists γ such that bG(n) ∼ enγ , which hasmotivated a series of papers to estimate more accurately the exponents α and β. Inthe paper [Gri83], Grigorchuk established α = 1
2
and β = log32(31) = 0.9908 . . . .The upper bound has been improved by Bartholdi to β = log(2)

log(2/ν)
= 0.7674 . . . where

ν is the real root of the polynomial X3 + X2 + X − 2 (see [Bar98]). This result wasobtained in a di�erent way by Muchnik and Pak (see [MP01]) which generalizes toget bGω - enβr with βr = log(2)
log(2/νr)

with νr the real root of Xr +Xr−1+X−2 providedthe sequence ω is r-homogeneous. The lower bound was improved successively byLeonov ([Leo01]) to get α = 0.5093 . . . and Bartholdi α = 0.5157 . . . ([Bar01]).This paper improves the estimate on the lower bound :21



22 CHAPITRE 1. LOWER BOUNDS ON GROWTHTheorem 1.1.1. The group G = G012012... has a growth function satisfying :
enα

- bG(n),with α = 0.5207 . . . .The proof is based on the algorithm used by Leonov in [Leo01], which is studiedcarefully (Section 1.3.2) to obtain induction relations on the growth function inSection 1.4 similar to that in [MP01]. In view of the proof the bound could be asgood as α = 0.5476 . . . as explained in Section 1.4.2.In Section 1.5, the result of the previous sections is generalized to get a lowerbound strictly better than e
√

n for the growth function of groups Gω for homogeneoussequences ω.1.2 Preliminary results1.2.1 The group G = G012012... generated by an automatonLet us denote by T a 2-regular rooted tree and T0 and T1 the subtrees underthe two vertices of the �rst level. These three trees are canonically isomorphic. Thegroup Aut(T ) of tree automorphism �xing the root satis�es :
Aut(T ) ' Aut(T ) o S2 ' (Aut(T0)×Aut(T1)) o S2,where S2 is a permutation group with two elements acting on the two factors bypermutations. Therefore an element f of the automorphism group Aut(T ) can bewritten f = (f0, f1)σ where f0 (respectively f1) belongs to Aut(T0) (resp. Aut(T1))and σ is a permutation of {0, 1} (denoted by ε if non trivial, nothing otherwise)representing the action on the �rst level. The computation rule is the following ff ′ =

(f0, f1)σ(f ′
0, f

′
1)σ

′ = (f0f
′
σ(0), f1f

′
σ(1))σσ′. The group G = G012012... is a subgroup of

Aut(T ) generated by the recursively de�ned elements :
a = (1, 1)ε, b = (a, c), c = (a, d), d = (1, b).The elements of G of the form g = (g0, g1) form a subgroup of G called thestabilizer of the �rst level, denoted by St1(G). The following properties are well-known and can be found in [dlH00] :Property 1.2.1. The group G is a quotient of the free product S2 ∗ V between thegroup at two elements S2 and a Klein group V . More precisely, the following relationshold :

a2 = b2 = c2 = d2 = bcd = 1.Lysionok ([Lys85]) has given the following presentation of this group :
G = 〈a, b, c, d|a2 = b2 = c2 = d2 = bcd = W 4

n = (WnWn+1)
4 = 1〉



1.2. PRELIMINARY RESULTS 23where W0 = ad and Wn+1 = σ(Wn) with σ de�ned by σ(a) = aca, σ(b) = d, σ(c) =
b, σ(d) = c. Grigorchuk has shown that these relations are independent (see [Gri99]).Moreover, this group G is known (see [Ale72] or [Gri85]) to be a 2-group, whichmeans any element g is of �nite order a power of 2. In particular :

(ad)4 = (ac)8 = (ab)16 = 1.Any element g of the group G is a product of elements in the generating set
S = {a, b, c, d} and thus is represented by a word w = w(a, b, c, d) (remark that theirinverses are not required as these generators are of order 2). A reduced representative
w of an element g is a word of length |g| = min{lg(w)}, where the minimum is takenamong all representatives w of g, and the length lg(w) of a word w is its number ofletters. The number |g| is called the norm of g relatively to the generating system Ssince it satis�es |g−1| = |g|, |gg′| ≤ |g||g′| and |g| = 0 if and only if g = 1. The ballof radius n is the set BS(n) = {g ∈ G||g| ≤ n}. The growth function is its numberof elements bS(n) = #BS(n).The Lemmas of reduction in Section 1.3.3 will involve the number of each ge-nerator appearing in reduced representative words. So that for x in {a, b, c, d}, thenumber of x appearing in the word w is denoted by |w|x. Note that an element grepresented by w belongs to St1(G) if and only if |w|a is even.By proposition 1.2.1, a reduced representative has form w = aτu1au2au3...unaτ ′with uk ∈ {b, c, d} and τ, τ ′ in {0, 1}, which justi�es the :De�nition 1.2.2. As any word w = aτu1au2au3...una

τ ′ is of length 2n − 1 ≤
lg(w) ≤ 2n + 1, set l(w) = n = |w|b + |w|c + |w|d de�ning a new length functionon reduced words. This new length induces on G a function ‖.‖ which is a normup to the fact that l(a) = 0 ; in particular it is a norm when restricted to St1(G).Setting B(n) = {g ∈ G|l(g) ≤ n}, the function b(n) = #B(n) is a growth functionequivalent to bS.The relation (ad)4 = 1 implies that none of the pairs (uk, uk+1) is equal to (d, d),except for the unique case g = adad = dada. Indeed, the subword aukauk+1a wouldbe equal to adada = dad, thus contradicting minimality. Let us be more preciseconcerning the sequence {uk}.A word w is said to be a d-word if it is of the form w = x0adax1adax2....adaxk,with xi ∈ {b, c}. As da = ada = (b, 1), such a word represents a d-element g of thestabilizer St1(G) of the �rst level such that g = (a(ba)k, λ) where λ = x′

0x
′
1 . . . x′

kwith x′
i = c if xi = b and x′

i = d if xi = c, so that λ belongs to {1, b} if k is odd, andto {c, d} if k is even (use Property 1.2.1).Thus all the d-elements are described by the following family of representatives
{x(dac)k|k ∈ {1, . . . , 15}, x ∈ {b, c}} said to be of c-type. We can assume k ≤ 15because (ab)16 = 1 so that (dac)16 = 1. A representative w of an element g of G issaid to satisfy the hypothesis (Hc) if all the maximal d-subwords of w are writtenwith c-type representatives. Any element g has a representative (not necessarilyunique) satisfying (Hc) which can be chosen to be of length ‖g‖. This justi�es the :



24 CHAPITRE 1. LOWER BOUNDS ON GROWTHAssumption 1.2.3. Unless stated otherwise, it is assumed that reduced represen-tative words w = aτu1au2au3...unaτ ′ of elements of G satisfy the hypothesis (Hc),which means that whenever uk = d then uk+1 = c (it is always possible except for
g = adad).1.2.2 A growth result on sequences of integersThe estimates on the growth function reduce to word combinatorics using the :Proposition 1.2.4 (Lower bound on growth functions). If b(n) is an unboundedsequence such that for each n large enough at least one of the following inequalitiesis true :

b(n)p1 ≤ Kb(η1n + K)
. . .

b(n)pq ≤ Kb(ηqn + K)where p1, . . . , pq ≥ 2 are �xed integers and η1, . . . , ηq, K are constants, then :
b(n) % enα

,where α = min{ log(p1)
log(η1)

, . . . , log(pq)
log(ηq)

}.Proof. The proof is given for q = 1, the general case is similar. Iterating the inequa-lity, we obtain for each integer k :
b(n)pk ≤ K

pk
−1

p−1 b(ηkn + K(
ηk − 1

η − 1
))so that

(
b(n)

K

)pk

≤ b(ηkn + K(
ηk − 1

η − 1
)).Let L be an integer such that λ = b(L)

K
> 1. For an integer n large enough, choose kmaximal such that : N = η−k(n−K(ηk − 1)/(η − 1)) ≥ L and get :

b(n) ≥
(

b(N)

K

)pk

≥ λpkwith k ≈ log(n)/ log(η), which proves the proposition.1.3 Pull back methodsGiven two arbitrary elements g0, g1 of the group G, each of the following twomethods produces an element g such that g = (g0z0, g1) where z0 belongs to 〈a, c〉which is a �nite dihedral group D8 = 〈a, c〉 = 〈a, c|a2 = c2 = (ac)8 = 1〉 of order 16.



1.3. PULL BACK METHODS 251.3.1 The classical methodThis method is described by Grigorchuk in [Gri85]. Fix two arbitrary minimalrepresentatives w0, w1 of g0, g1. The word w0 has the form w0 = aτu1au2au3...umaτ ′where the ui are elements of {b, c, d}. Set :
W0 = bεũ1

abũ2
abũ3

a....ũm
abε′ , where ũ =







b if u = c,
c if u = d,
d if u = b.The following equalities :

b = (a, c), ba = aba = (c, a)
c = (a, d), ca = aca = (d, a)
d = (1, b), da = ada = (b, 1)imply that W0 = (w0, z1) with z1 ∈ 〈a, c〉. Then as z−1

1 w1 = aτv1av2av3...vnaτ ′ forsome vi in {b, c, d}, set W1 = bτaṽ1b
aṽ2b

aṽ3....b
aṽnbτ ′a which ensures W1 = (z0, z

−1
1 w1)with z0 ∈ 〈a, c〉. The element g required is represented by :

Wcl = W0W1 = (w0z0, z1z
−1
1 w1) = (w0z0, w1).Lemma 1.3.1. The word Wcl satis�es :

l(Wcl) = 2(l(w0) + l(w1))± 10,
|Wcl|b = |w0|a + |w1|a + |w0|c + |w1|c ± 8,
|Wcl|c = |w0|d + |w1|d,
|Wcl|d = |w0|b + |w1|b.Proof. The construction implies that l(W0) = 2m±1, |W0|b = |w0|a + |w0|c, |W0|c =

|w0|d and |W0|d = |w0|b. Moreover, as z1 ∈ 〈a, c〉 = D8, we have l(z−1
1 ) ≤ 4 and

0 ≤ |z−1
1 |a + |z−1

1 |c ≤ 8 . Thus l(z−1
1 w1) ≤ l(w1) + 4, so that l(W1) = 2l(w1)± 9, and

|W1|b = |w1|a + |w1|c ± 8. The lemma follows.This lemma and the classical pull back method give the :Proposition 1.3.2 (The classical lower bound [Gri85]). The growth of the Grigor-chuk group G satis�es :
b(n) % e

√
n.Proof. To any pair of elements g0, g1 of B(n) is associated an element g of length

l(g) = l(Wcl) ≤ 4n + 10. Moreover, such an element g can be obtained through thismethod from at most #〈a, c〉 = 16 di�erent couples, which gives the estimate :
b(n)2 ≤ 16b(4n + 10) (1.3.1)and Proposition 1.2.4 allows to conclude.



26 CHAPITRE 1. LOWER BOUNDS ON GROWTH1.3.2 An algorithm due to LeonovInstead of pulling back successively the two elements g0, g1, the following methodpulls back both at the same time. This algorithm was given by Leonov in [Leo01].Its presentation is simpli�ed by Assumption 1.2.3. Depending on the �rst letters of
w0, w1, each step of the algorithm provides W = (v0, v1) such that

l(w′
0) + l(w′

1) < l(w0) + l(w1),where w′
0 = v−1

0 w0 and w′
1 = v−1

1 w1. The next step is run on w′
0, w

′
1. The number ofletters, d, c and b pulled back at a step of the algorithm are respectively :

n = (l(w0) + l(w1))− (l(w′
0) + l(w′

1)) > 0,
nd = (|w0|d + |w1|d)− (|w′

0|d + |w′
1|d),

nc = (|w0|c + |w1|c)− (|w′
0|c + |w′

1|c),
nb = (|w0|b + |w1|b)− (|w′

0|b + |w′
1|b).The algorithm is described for pairs of words (type I) of the form :

w0 = x0ax1ax2a . . .
w1 = ay1ay2ay3 . . .

(1.3.2)The case of pairs of words (type II) of the form :
w0 = ax1ax2ax3 . . .
w1 = y0ay1ay2a . . .reduces to the previous type replacing W by W a and remarking that l(W a) = l(W )and |W a|x = |W |x for x in {b, c, d}. The pair of words (w′

0, w
′
1) will always belongto these �rst types (I and II).In the other types, it is su�cient to initiate the algorithm : if w0 and w1 bothstart with a (type III), set W = da = (b, 1) which reduces to type I. If none of w0and w1 starts with a (type IV ), discuss on x0 : if x0 = b, set W = da to get type

I, if x0 = c, set W = ba to get to type III, and if x0 = d, set W = ca to get totype III. So that up to increasing l(W ), l(w0), l(w1) by at most 2, the algorithm isinitiated.The possible steps of the algorithm are described in Figure 1.1. The algorithmis run under Assumption 1.2.3 that the representatives chosen for g0, g1 satisfy thehypothesis (Hc), that is whenever xk = d, then xk+1 = c and the same holds for the
yk. Cases from 0d to 5 exhaust all possibilities, more precisely :Fact 1.3.3. Given two elements g0, g1 and �xed c-type representatives w0, w1 of theform (1.3.2), at least one case from 0d to 5 of Figure 1.1 can be applied. Moreover,such a case is unique unless x0 = x1 = y1 = b, in which situation both cases 1 and5 can apply. Priority is given to case 1.
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case w0(a, b, c, d)

w1(a, b, c, d)
W (a, b, c, d)

v0(a, b, c, d)
v1(a, b, c, d)

w′
0

w′
10d dxa

1 . . .
ya

1 . . .
ca d

a
xa

1 . . .
y1y

a
2 . . .0c cxa

1 . . .
ya

1 . . .
ba c

a
xa

1 . . .
y1y

a
2 . . .1 bxa

1 . . .
bay2 . . .

badca b
ba

xa
1 . . .

y2y
a
3 . . .2d bdacxa

3 . . .
dacya

3 . . .
baccab

cda

dac
bxa

3 . . .
ya

3 . . .2c bdacxa
3 . . .

cay2 . . .
babca cad

ca

bax3 . . .
y2y

a
3 . . .3 bcax2 . . .

dacya
3 . . .

dacbac
bca

dad
x2x

a
3 . . .

bay3 . . .41d bcax2 . . .
cadcay4 . . .

babcaccab
cdada
cadac

bxa
2 . . .

ya
4 . . .41c bcax2 . . .

cacya
3 . . .

babcabca cdad
caca

bax2 . . .
y3y

a
4 . . .42d bcadcax4 . . .

cabya
3 . . .

dacdaccabcadba bcadac
caba

xa
4 . . .

y3y
a
4 . . .42c bcacxa

3 . . .
cabya

3 . . .
dacbacbaccadcad

bcaca
cab

x3x
a
4 . . .

ya
3 . . .43d bcabdacxa

5 . . .
cabya

3 . . .
dacbacbaccacdab

bcacdaba
ac

x5x
a
6 . . .

bay3 . . .43c bcabcax4 . . .
cabya

3 . . .
dacbacdacbac

bcabca

1
x4x

a
5 . . .

cabya
3 . . .44d bca(bba)qdcax6 . . .

cabya
3 . . .

dacbac(dacdac)q−1

dacbaccabcadba

bca(bba)q−1bcadab
caba

xa
6 . . .

y3y
a
4 . . .44c bca(bba)qcxa

5 . . .
cabya

3 . . .
dacbac(dacdac)q

baccadcad
bca(bba)qca
cab

x5x
a
6 . . .

ya
3 . . .45d bca(bba)qbdacxa

7 . . .
cabya

3 . . .
dacbac(dacdac)q

daccacbab
bca(bba)qbdaca
ac

x7x
a
8 . . .

bay3 . . .45c bca(bba)qbcax6 . . .
cabya

3 . . .
dacbac(dacdac)q

dacbac
bca(bba)qbca

1
x6x

a
7 . . .

cabya
3 . . .5 bbax2 . . .

ya
1 . . .

dacdac
bba

1
x2x

a
3 . . .

ya
1 . . .6 ca(bba)q+1cxa

7 . . .
bcay3 . . .

bbac(dacdac)q+1bac
ca(bba)q+1ca
cdad

x7 . . .
bay3 . . .Fig. 1.1 � The possible steps of the Leonov algorithm



28 CHAPITRE 1. LOWER BOUNDS ON GROWTHProof of Fact 1.3.3. When x0 = d, apply case 0d, when x0 = c apply case 0c.Otherwise x0 = b.When y1 = b, apply case 1. Otherwise y1 ∈ {c, d}.When x1 = d, and y1 = x ∈ {c, d}, apply case 2x. Otherwise x1 ∈ {b, c}.When x1 = b, apply case 5. Otherwise x1 = c.When y1 = d, apply case 3. Otherwise y1 = c.When y2 = x ∈ {c, d}, apply case 41x. Otherwise y2 = b.At this point, x0 = b, x1 = c, y1 = c, y2 = b. Discuss on x2ax3a . . . whichhas necessarily the form (ba)kxa . . . for an integer k ≤ 8 (because (ab)16 = 1) and
x ∈ {c, d}.When k = 0, apply case 42x.When k = 1, apply case 43x.When k ≥ 2 is even, apply case 44x.When k ≥ 3 is odd, apply case 45x.This Fact allows to de�ne a �rst algorithm to pull back w0, w1. Once the algorithmis initiated, apply the appropriate case S1 from 0d to 5. Then apply the appropriatecase S2 to the remaining w′

0, w
′
1, etc. This de�nes (uniquely) a sequence of cases

(S1, S2, S3, . . . ).After k steps, the algorithm provides a word W = WinitialW (S1) . . .W (Sk) =
(v0, v1) and there remains to pull back (w′

0, w
′
1) = (v−1

0 w0, v
−1
1 w1).Remarks 1.3.4. 1. To compute (w′

0, w
′
1), the relation (ad)4 = 1 is sometimes usedsuch as in case 2d (w′

0 = (adacbada)cax3 · · · = dcax3 . . . ). This implies thatafter stepping the algorithm, w′
0, w

′
1 are not necessarily subwords of w0, w1.However the only possible modi�cation is to turn a c into a b (cases 2d, 2c, 3,41d and 41c) which would be the �rst letter of w′

0, w
′
1, so that hypothesis (Hc)remains.2. In cases 44, 45 and 6, q is an integer ≤ 3. Indeed, since (ab)16 = 1 the subword

a(ba)8 = b(ab)7 cannot appear in a reduced word.3. This algorithm, though better than the classical algorithm, is not su�cient toobtain the good estimates of Lemma 1.3.7 of d-reduction. It will be slightlymodi�ed (see Remark 1.3.8 for the improved version of the algorithm). Case6 will be used only in the modi�ed algorithm.De�nition 1.3.5. Given a word w = aτu1au2au3...unaτ ′ and λ ∈ [0, 1], we de�ne
λw = aτu1au2au3...uka, for k = [λn], where [x] denotes the integer part of x.Remark 1.3.6. [End of the algorithm] The discussion of the algorithm can be appliedprovided both l(w0) and l(w1) are ≥ 11 (case 45d with q = 3), so that we get a word
WL such that WL = (v0, v1) and the words left to pull back are w′

0 = v−1
0 w0 and

w′
1 = v−1

1 w1, with either l(w′
0) ≤ 10 or l(w′

1) ≤ 10. Up to reindex, assume l(w′
0) ≤ 10



1.3. PULL BACK METHODS 29and then by construction, the word v1 is of the form λw1 for some λ in [0, 1] (butits three last letters if the algorithm ends with case 2, 3 or 41). The pair (w′
0, w

′
1) ispulled back with the classical method, so that we get Wcl = (w′

0z0, w
′
1). All in all,we constructed W = WinitialWLWcl = (w0z0, w1).1.3.3 Lemmas of reductionIn this section is shown that the Leonov algorithm provides shorter pulled backthan the classical algorithm. In particular, Lemma 1.3.7 of d-reduction shows thatwhenever two generators d are pulled back, the length of WL is reduced by threecomparing with the classical algorithm. A number Nred will denote the number ofother reductions occurring.By lack of information on the number of generators d occurring in reduced words,the process will be applied again to the outputs of the Leonov method. Lemma 1.3.9of b-reduction asserts that generators b contribute to give generators d on theseoutputs unless they raise other reductions. Another Lemma 1.4.6 (of c∗-reduction)will also be used in the proof of Proposition 1.4.1. The numbers Nred, Ne, N ′

red and
N ′

e are de�ned at each step of the algorithm in this purpose as (the number nc∗ willbe de�ned before Remark 1.4.5) :
Nred = 2n− 3

2
nd − l(W ),

N ′
red = 2n− nd − l(W ),

Ne = |W |d + 4
3
Nred − nb,

N ′
e = |W |d + 4

3
N ′

red − nb.They are given in Figure 1.2 as well as the number of generators pulled back. Concer-ning cases 44 and 45, we assume q = 1 since they are equivalent to the successionof q − 1 cases 5 and the concerned case with q = 1. Concerning case 6, we assume
q = 0 for the same reason.Lemma 1.3.7 (of d-reduction). After stepping the algorithm k times, we haveconstructed WL = WinitialW1W2 . . .Wk = (v0, v1) which satis�es :

l(WL) ≤ 2(l(v0) + l(v1))−
3

2
(|v0|d + |v1|d) + 10.Proof. Check in the tab that at each step, the following inequality is true l(W ) ≤

2n− 3
2
nd, or equivalently Nred ≥ 0. This is always true but for case 0d. Note also thatfor all cases but 0d, a better bound l(W ) ≤ 2n− 2nd (or equivalently N ′

red ≥ nd) isobtained.There remains to treat case 0d, which is paired with the next case(s) S, setting
W = W (0d)W (S), in order to compensate for the lack of reduction. (Note that thenumbers Nred, Ne, N ′

red and N ′
e satisfy : Nred(W1W2) = Nred(W1) + Nred(W2)).If S is the case 0d, then the two following cases will be cases 0c, the result holdswith l(W ) ≤ 2n− 2nd (for W = cacbab). If S belongs to the list L1 = {0c, 1, 2d, 2c}



30 CHAPITRE 1. LOWER BOUNDS ON GROWTHcase nb nc nd n l(W ) |W |d Nred N ′
red Ne N ′

e nc∗ ≤0d 0 0 1 1 1 0 −1
2

0 −2
3

0 00c 0 1 0 1 1 0 1 1 4
3

4
3

11 2 0 0 2 3 1 1 1 1
3

1
3

02d 0 2 2 4 4 0 1 2 4
3

8
3

22c 0 2 1 3 3 0 3
2

2 2 8
3

23 0 2 1 3 4 1 1
2

1 5
3

7
3

241d 0 3 1 4 6 0 1
2

1 2
3

4
3

341c 0 3 0 3 5 0 1 1 4
3

4
3

242d 2 3 1 6 9 3 3
2

2 3 11
3

342c 2 3 0 5 10 3 0 0 1 1 243d 2 3 1 6 10 2 1
2

1 2
3

4
3

243c 2 2 0 4 8 2 0 0 0 0 044d 4 3 1 8 13 3 3
2

2 1 5
3

244c 4 3 0 7 14 5 0 0 1 1 245d 4 3 1 8 14 4 1
2

1 2
3

4
3

245c 4 2 0 6 12 4 0 0 0 0 05 2 0 0 2 4 2 0 0 0 0 06 2 3 0 5 9 2 1 1 4
3

4
3

2Fig. 1.2 � The numbers of letters pulled back in the Leonov algorithmthen l(W ) ≤ 2n−2nd, and if S belongs to L′
1 = {3, 41d, 41c, 42d, 43d, 44d, 45d} then

l(W ) ≤ 2n− 3
2
nd.Otherwise, case 0d is followed by a succession of cases in the list L2 = {42c, 43c,

44c, 45c, 5}. If this succession has no end, case 0d was the last letter d to pull back.Otherwise there is a next case S ′, which can belong to L1, then l(W ) ≤ 2n − 2nd,or belong to L′
1, then l(W ) ≤ 2n− 3

2
nd.The last unchecked situation is 0d followed by a succession of cases in the list L2,then case 0d again, which is followed by a succession of l1 (possibly 0) cases 5 andthen a case S ′′ 6= 5.If S ′′ is in the list L1, then l(W ) ≤ 2n − 3

2
nd. If S ′′ equals 0d, then the twofollowing cases are cases 0c and l(W ) ≤ 2n − 3

2
nd holds. Otherwise,that is if S ′′ iscase 3 or one of the cases 4, the algorithm has to be slightly modi�ed (see Remark1.3.8 below for a complete description of the modi�ed algorithm).The situation has the form :Case 0d 42c, 44c 43c, 45c 5 0d 5l1 S ′′ ∈ {3, 4}

w0 = d acab a (baba)l1 bacaxa . . .
w1 = a baca(baba)qca baca(baba)qbaca baba d aya . . .where at least one of the cases 42c or 44c occurs within the terms of the list L2,



1.3. PULL BACK METHODS 31otherwise w0 would not satisfy (Hc). This can be rewritten :
w0 = d(acab)la(baba)l1bacaxa . . .
w1 = av′

1daya . . .where v′
1 is a product of baca(baba)qca (case 42c and 44c), baca(baba)qbaca (case43c and 45c) and baba (case 5). Discuss on the parity of l (which is the numberof occurrence of cases 42c and 44c between the two cases 0d) how to modify thealgorithm.If the number l = 2l′ is even, set :

W = ca(cbacdacbacda)l′bdac =

(
d(acabacab)l′aba
ab

)which is equivalent to applying case 0d, then l′ time a modi�ed version of case 43c(conjugate by a and inverse) and �nally case 1. There comes l(W ) ≤ 2n− 2nd.If l = 2l′ + 1 is odd, set :
W = ca(dcadca)l′′(cbacda)2l′bbac(dacdac)l1+1bac =

(
d(acab)2l′acaba(baba)l1baca
a(baba)l′′cadad

)where w1 was written in the form w1 = a(baba)l′′bacay . . . . This is equivalent to applysuccessively case 0d, l′′ cases 5 (modi�ed by a-conjugacy), l′ cases 43c (modi�ed)and case 6. There comes l(W ) ≤ 2n− 2nd.Remark 1.3.8. [The algorithm as should be run by a computer] Assume given twoelements g0, g1 and their �xed c-type representatives w0, w1. The algorithm is run asfollows :1. First initiate the algorithm to get to type I as (1.3.2).2. While not encountering case 0d, run the �rst algorithm (following Fact 1.3.3),using cases 0c to 5.3. When case Sk = 0d occurs, look at the sequence of next cases (Sk+1, Sk+2, . . . ).(a) If the sequence is not of the following form : Sk+i ∈ L2 = {42c, 43c, 44c,
45c, 5} for 1 ≤ i < j, Sk+j = 0d, Sk+j+1 = · · · = Sk+j+l1 = 5, 5 6=
Sk+j+l1+1 ∈ {3, 4} for some j ≥ 2, l1 ≥ 0, then step case Sk = 0d and goto 2.(b) If the sequence has the above form, and the number l = 2l′ of cases 42cand 44c occuring between Sk+1 and Sk+j is even, then step case Sk = 0d,then step l′ cases 43c modi�ed (conjugate by a and inverse), then stepcase 1 and go to 2.(c) If the sequence has the above form, and the number l = 2l′+1 of cases 42cand 44c is odd, then step case Sk = 0d, then step l′′ case 5 modi�ed by
a conjugacy (the number l′′ is de�ned at the end of the proof of Lemma1.3.7), then step l′ cases 43c (modi�ed by a conjugacy and inverse), thenstep case 6 and go to 2.



32 CHAPITRE 1. LOWER BOUNDS ON GROWTH4. When one of the remaining words w′
0, w

′
1 is too short to apply the �rst algo-rithm, �nish the pull back with the classical method.Lemma 1.3.9 (of b-reduction). In the setting of lemma 1.3.7, denote Nred(WL) =

2(l(v0) + l(v1))− 3
2
(|v0|d + |v1|d)− l(WL), then :

|WL|d +
4

3
Nred(WL) ≥ |v0|b + |v1|b.Note that this inequality holds for the classical algorithm (Lemma 1.3.1), so thatfor the �nal pull back W = WLWcl = (w0z0, w1), we have :

|W |d +
4

3
Nred(WL) ≥ |w0|b + |w1|b.Proof. It is su�cient to check that at each step of the algorithm nb ≤ |W |d + 4

3
Nred,that is Ne ≥ 0. This is true for all cases but case 0d. For the case 0d, pair it withthe next case S. The result holds for any S but case 1 (which does not happen since

w0 and w1 are c-type representatives) and cases 43c, 45c and 5. These three lastcases contribute to modify only the word w1. Apply them until another case S ′ isobtained. If S ′ (which can neither be 1, 43c, 45c, 5) is case 0d, then the two nextones are 0c, and the lemma holds. Otherwise it is an appropriate pairing.Another weaker version of these lemmas of reduction is useful :Lemma 1.3.10. In the setting of lemma 1.3.7 we have :
l(WL) ≤ 2(l(v0) + l(v1))− (|v0|d + |v1|d) + 10.Moreover, if N ′

red(WL) = 2(l(v0) + l(v1))− (|v0|d + |v1|d)− l(WL), then :
|WL|d +

4

3
N ′

red(WL) ≥ |v0|b + |v1|b.Proof. Just check in Figure 1.2 that N ′
red ≥ 0 and N ′

e ≥ 0 for all cases.1.4 The growth of G1.4.1 A new lower boundThe algorithm above allows to replace estimate (1.3.1) in the proof of Proposition1.3.2 by the following :Proposition 1.4.1. For any positive ε, for any integer n, there exist β, γ and δ in
[0, 1] such that 1− 3ε ≤ β + γ + δ ≤ 1 and the three following inequalities are true :

b(n)2 ≤ Kb((4− 3

2
δ)n + K),

b(n)4 ≤ Kb((16− 6δ − 3β)n + K),

b(n)8 ≤ Kb((56 + 2δ − 4γ + ε)n + K),



1.4. THE GROWTH OF G 33where K is a constant (depending on ε).Corollary 1.4.2. The growth of G satis�es :
b(n) % enαwhere α = 0.5207 . . . .Proof of the corollary. Applying Proposition 1.2.4, we get

α = min
δ+γ+β=1

{max{ log(2)

log(4− 3
2
δ)

,
log(4)

log(16− 6δ − 3β)
,

log(8)

log(56 + 2δ − 4γ)
}} = 0.5207 . . .

Before proving the proposition, �rst de�ne the numbers β, γ and δ involved, apositive ε being �xed. Given a word w = aτu1au2au3...umaτ ′ with ui ∈ {b, c, d} and
w in B(n), set :

δw =
|w|d
n

, γw =
|w|c
n

, βw =
|w|b
n

.It implies δw, γw, βw ∈ [0, 1] and δw + γw + βw = m
n
≤ 1. Choose for each g in

B(n) a representative word wg of minimal length satisfying (Hc) (remind l(wg) =
|wg|d + |wg|c + |wg|b).Fact 1.4.3. For any ε > 0, and for any integer n, there exist β, γ, δ such that
β + γ + δ ≤ 1, and a subset B′(n) ⊂ B(n) such that #B′(n) ≥ ε3#B(n) and for all
g in B′(n) :

β ≤ βwg ≤ β + ε,
γ ≤ γwg ≤ γ + ε,
δ ≤ δwg ≤ δ + ε.Moreover, setting n′ = max{l(wg)|g ∈ B′(n)} ≤ n ensures that for all g ∈ B′(n),we have :

(1− 3ε)n′ ≤ l(wg) ≤ n′.This Fact ensures that, given an error ε, there exists a substantial subset B′(n)of B(n) in which all representatives have nearly the same length and proportion ofgenerators d, c, b.Proof of Fact 1.4.3. For any ε > 0, the cube [0, 1]3 splits in (1/ε)3 cubes of the form
Ci,j,k = [iε, (i+1)ε]× [jε, (j +1)ε]× [kε, (k+1)ε] for i, j, k integers in [0, 1/ε]. Therenecessarily exists i0, j0, k0 such that :

#{g ∈ B(n)|(δwg , γwg , βwg) ∈ Ci0,j0,k0} ≥ ε3#B(n).For such i0, j0, k0, set δ = i0ε, γ = j0ε, β = k0ε and denote B′(n) = {g ∈
B(n)|(δwg , γwg , βwg) ∈ Ci0,j0,k0}.



34 CHAPITRE 1. LOWER BOUNDS ON GROWTHRemark 1.4.4. In the following proof, we will assume for ease of notations that
n′ = n. If this were not the case, it would be su�cient to rescale, replacing n, δ, γ, βby n′, δ′, γ′, β ′ with :

δ′ =
δ

δ + γ + β
, γ′ =

γ

δ + γ + β
, β ′ =

β

δ + γ + β
.This would provide Proposition 1.4.1 with n′ instead of n in the right side of theinequalities, which would improve the estimates.Proof of Proposition 1.4.1. To get the �rst inequality, consider all pairs of elements

(g0, g1) in B′(n) (de�ned in Fact 1.4.3) and their chosen c-type representatives
(w0, w1). Applying the Leonov method to pull back this pair, the resulting W satis-�es (Lemma 1.3.7) :

l(W ) ≤ 2(l(w0) + l(w1))−
3

2
|w0|d −

3

2
|λw1|d + K,and so in particular l(W ) ≤ (4−3

2
δ)n+K, where we use |w0|d ≥ δn and l(w0), l(w1) ≤

n (Fact 1.4.3). Note that the constant K includes the di�erence between (w0, λw1)and WL = (v0, v1), as well as the initiation of the algorithm. Moreover, by lack ofinformation on the number λ ∈ [0, 1], the term |λw1|d cannot be estimated (see nextsection 1.4.2). We obtain :
b(n)2 ≤ #B′(n)2

ε6
≤ 16

ε6
b((4− 3

2
δ)n + K),since at most 16 di�erent pairs can give the same element g represented by W .To get the second inequality, consider a 4-tuple (g00, g01, g10, g11) in B′(n), withtheir c-type representatives. Applying the Leonov method to the pair (w00, w01)raises a word w0 such that (Lemma 1.3.7) :

l(w0) ≤ 2(l(w00) + l(w01))−
3

2
|w00|d −

3

2
|λ0w01|d −Nred,0 + K,

≤ (4− 3

2
δ)n− 3

2
|λ0w01|d −Nred,0 + K.Moreover Lemma 1.3.9 gives also :

|w0|d +
4

3
Nred,0 ≥ |w00|b + |w01|b = 2βn.The word w1 is built in a similar way, hence satis�es the same estimates. We intendto apply the Leonov algorithm to (w0, w1), however those words might not satisfythe hypothesis (Hc), therefore we build other words w′

i =G wi as follows.First if a subword of the form uadadav with u, v ∈ {b, c} appears, replace it as
u(adada)v = u(dad)v = (ud)a(dv). This lowers |wi|d by 1 but increases Nred,i by 1too, so that estimates above remain. Secondly we modify all d-subwords as c-type



1.4. THE GROWTH OF G 35representatives, which modi�es the numbers of c and b but not the number of d.(Note that these words w′
i are not minimal length representatives of gi =G wi).Now the Leonov method can be applied to (w′

0, w
′
1) providing a word W suchthat :

l(W ) ≤ 2(l(w′
0) + l(w′

1))−
3

2
|w′

0|d −
3

2
|λw′

1|d + K

≤ 4(4− 3

2
δ)n− 3|λ0w01|d − 3|λ1w11|d − 2Nred,0 − 2Nred,1

−3

2
|w′

0|d −
3

2
|λw′

1|d + K

≤ (16− 6δ)n− 3

2
(|w′

0|d +
4

3
Nred,0)−

3

2
(|λw′

1|d +
4

3
Nred,1)

−3|λ0w01|d − 3|λ1w11|d + K

≤ (16− 6δ − 3β)n− 3

2
(|λw′

1|d +
4

3
Nred,1)− 3|λ0w01|d − 3|λ1w11|d + K,

≤ (16− 6δ − 3β)n + K,allowing to conclude :
b(n)4 ≤ #B′(n)4

ε12
≤ (16)3

ε12
b((16− 6δ − 3β)n + K).To get the third inequality, consider an 8-tuple (g000, g001, ..., g111) in the set B′(n)with the c-type representatives. We �rst pull back the pairs (wi1i20, wi1i21) using theclassical method and get wi1i2 such that (Lemma 1.3.1) :

l(wi1i2) = 4n± 10,

|wi1i2 |d = |wi1i20|b + |wi1i21|b = 2βn,

|wi1i2 |b = |wi1i20|a + |wi1i21|a + |wi1i20|c + |wi1i21|c ≥ 2(1 + γ)n− 2.Then, pull back the pairs (wi10, wi11) using the Leonov method. This requires tochoose c-type representatives. Thus some of the b appearing in wi10, wi11 (namelymost of those adjacent to d) are changed into c as long as the Leonov algorithm isrun (to �nish the pull back with the classical method, they remain b). This providestwo new representatives w′
i10, w

′
i11
, and we denote by |w′

i10
|c∗, |w′

i11
|c∗ the number of

c = c∗ which come from b in wi10, wi11. At each step of the Leonov algorithm, denoteby nc∗ the number of c∗ pulled back (see Figure 1.2).Remark 1.4.5. [on the numbers nc∗ ] The outputs of the classical algorithm are of theform u1u
a
2u3u

a
4 . . . with u2k = b so that c∗ are obtained only at even places, contraryto d which occur only on odd places. This explains why nc∗ = 2 < 3 = nc in case 43for instance. Moreover, since a letter c∗ is adjacent to a generator d it is clear that

|w′|c∗ ≤ 2|w|d.Lemma 1.4.6. [of c∗ reduction] If w0 and w1 are obtained as outputs of the classicalalgorithm, and if W is their pulled back using the Leonov method, then :
|v0|b + |v1|b +

1

2
(|v0|c∗ + |v1|c∗) ≤ |W |d +

4

3
N ′

red.



36 CHAPITRE 1. LOWER BOUNDS ON GROWTHProof. It is su�cient to check that at each step nc∗ ≤ 2N ′
e. This is always true butfor case 41d. Then, if nc∗ ≤ 2 the result holds, and if nc∗ = 3 the next case is case 1or case 2 and the result holds.At this point, we have constructed words w′

i1i2 satisfying l(w′
i1i2) = 4n ± 10and |w′

i1i2
|d = 2βn. Moreover |w′

i1i2
|c∗ = γ∗n ≤ 2|w′

i1i2
|d = 4βn, thus |w′

i1i2
|b =

(2 + 2γ − γ∗)n. Applying the Leonov algorithm raises w0 and w1 such that (Lemma1.3.10) :
l(wi) ≤ 2(l(w′

i0) + l(w′
i1))− |w′

i0|d − |λiw
′
i1|d −N ′

red,i + K

≤ (16− 2β)n− |λiw
′
i1|d −N ′

red,i + Kwhere the number of d is bounded by (Lemma 1.4.6) :
|wi|d +

4

3
N ′

red,i ≥ |w′
i0|b + |w′

i1|b +
1

2
(|w′

i0|c∗ + |w′
i1|c∗)

≥ 2(2 + 2γ − γ∗)n +
1

2
(2γ∗)n

≥ (4 + 4γ − γ∗)n.Finally apply the Leonov algorithm to w0 and w1 (as for the second inequality,they should be modi�ed �rst as c-type representatives, which does not change theestimates above and below). We get W which satis�es :
l(W ) ≤ 2(l(w0) + l(w1))−

3

2
|w0|d −

3

2
|λw1|d + K

≤ 4(16− 2β)n− 2|λ0w01|d − 2|λ1w11|d − 2N ′
red,0 − 2N ′

red,1

−3

2
|w0|d −

3

2
|λw1|d + K

≤ (64− 8β)n− 3

2
(|w0|d +

4

3
N ′

red,0) + K

≤ (64− 8β − 3

2
(4 + 4γ − γ∗))n + Kand as 1−3ε ≤ β+γ+δ ≤ 1 (Remark 1.4.4), there comes 64−8β− 3

2
(4+4γ−γ∗) ≤

58− 8β − 6γ + 6β = 58− 2β − 6γ ≤ 58− 2(β + γ)− 4γ ≤ 56 + 2δ − 4γ + 6ε. It isnow possible to conclude :
b(n) ≤ #B′(n)8

ε24
≤ 167

ε24
b((56 + 2δ − 4γ + 6ε)n + K).

1.4.2 Expectable other lower boundsImproving the lower bound reduces to minimizing the length of W knowing
l(wi) ≤ n. The lemmas of reduction give inequalities of the form :

l(W ) ≤ 2(l(w0) + l(w1))−
3

2
|w0|d −

3

2
|λw1|d + K.



1.5. GENERALIZATION TO THE GROUPS Gω 37
λ0 0 0.2 0.4 0.6 0.8 1
α 0.5207 0.5255 0.5306 0.5359 0.5416 0.5476Fig. 1.3 � Expectable lower boundsHowever, in the proof of Proposition 1.4.1 the term |λw1|d was not estimated. Inthis section we give the bounds that would be obtained if we could prove λ ≥ λ0 fora �xed λ0 in [0, 1] (recall that this λ depends on the pair (w0, w1)).De�nition 1.4.7. A representative word w is said to be λ0-homogeneous if it sa-tis�es |λ0w|x = λ0|w|x for x = b, c, d.Proposition 1.4.8. If we assume that λ ≥ λ0 ∈ [0, 1] and that the c-type repre-sentatives of the elements of the ball B(n) are λ0-homogeneous for all n, then theinequalities obtained in Proposition 1.4.1 would be :

b(n)2 ≤ Kb(ηd(λ0)n + K),

b(n)4 ≤ Kb(ηb(λ0)n + K),

b(n)8 ≤ Kb((ηc(λ0) + ε)n + K),where ηd(λ0) = 4 − (1 + λ0)
3
2
δ, ηb(λ0) = 16 − (1 + λ0)(6δ + 3β) and ηc(λ0) =

64− (1 + λ0)(8− 2δ + 4γ).Thus the exponent of the lower bound would become :
α = min

δ+γ+β=1
{max{ log(2)

log(ηd(λ0))
,

log(4)

log(ηb(λ0))
,

log(8)

log(ηc(λ0))
}}.The numerical values of α such that b(n) % enα given λ0 are listed in Figure 1.3.1.5 Generalization to the groups Gω1.5.1 The family of groups GωThe group G is a particular case of an uncountable family of groups de�ned ina similar way in [Gri85]. Given a sequence ω = ω0ω1ω2ω3 . . . in Ω = {0, 1, 2}N, anddenoting the shift application by σ (so that σω = ω1ω2ω3 . . . ), four automorphisms

a, bω, cω, dω of the binary rooted tree T are de�ned recursively by :
a = (1, 1)ε, bω = (ub

ω, bσω), cω = (uc
ω, cσω), dω = (ud

ω, dσω),where :
(ub

ω, uc
ω, ud

ω) =







(a, a, 1) if ω0 = 0,
(a, 1, a) if ω0 = 1,
(1, a, a) if ω0 = 2.The group Gω = 〈a, bω, cω, dω〉 is the subgroup of Aut(T ) generated by these auto-morphisms. Property 1.2.1 still holds :



38 CHAPITRE 1. LOWER BOUNDS ON GROWTHProperty 1.5.1. The group Gω is a quotient of the free product S2 ∗ V between thegroup at two elements S2 and a Klein group V . Indeed, the following relations hold :
a2 = b2

ω = c2
ω = d2

ω = bωcωdω = 1.De�nition 1.5.2. A sequence ω is said to be �at if there exist integers k such that
ωk+1 = ωk+2 = · · · = ωk+r for arbitrarily large r. It is said to be r-homogeneous iffor any k in N the subsequence ωk+1ωk+2 . . . ωk+r contains the three numbers 0, 1and 2. The set of r-homogeneous sequences is denoted by Ωr.Remark 1.5.3. It is an obvious but crucial fact that Ωr is stable under the shift σ.The group G considered in the previous sections is canonically isomorphic toeach of the three groups G012012..., G120120... and G201201.... It is known ([Gri85]) thatthe growth function bω(n) of Gω is bounded below by e

√
n provided ω is not �at.Muchnik and Pak have shown in [MP01] that the growth is bounded above by enβrprovided ω is r-homogeneous, where βr = log(2)

log(2)−log(νr)
with νr a positive real root ofthe equation xr + xr−1 + x = 2. The lower bound is improved by the :Theorem 1.5.4. If ω is an r-homogeneous sequence, then the growth function of

Gω satis�es :
bω(n) % enαrwhere αr = log 2r−1

log ηr
> 1

2
, with ηr = 4r−1 − 2

2r+1+1
.1.5.2 Generalization of the pull back methodsThe relations (ad)4 = (ac)8 = (ab)16 = 1 were crucial to apply Leonov method.In the generalized case of Gω, they are replaced by the :Proposition 1.5.5. Let ω be an r-homogeneous sequence, then (ax)2r+2

= 1 for all
x in {bω, cω, dω}. Moreover :

(adω)4 = 1 if ω0 = 0,
(acω)4 = 1 if ω0 = 1,
(abω)4 = 1 if ω0 = 2.Proof. If ω0 = 0, then (adω)4 = (adωadω)2 = (dσω, dσω)2 = 1. The same computationgives cases ω0 = 1 and ω0 = 2. More generally, compute (axω)2s

= (axωaxω)2s−1
=

(xσωa, axσω)2s−1
= · · · = (axσjω, xσjωa, . . . , axσjω)2s−j . For xω = dω (respectively cω,

bω), choose j minimal such that (σjω)0 = ωj−1 = 0 (respectively 1, 2), which ensures
(axσjω)4 = (xσjωa)4 = 1, thus (axω)2s

= 1 for s = j + 2 with j ≤ r.These relations allow us to consider subwords similar to the d-subwords introdu-ced in section 1.2. Indeed, de�ne dω-subwords if ω0 = 0, cω-subwords if ω0 = 1 and
bω-subwords if ω0 = 2, with the appropriate dω, cω or bω-type representatives.
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ω0 ω1 = 0 ω1 = 1 ω1 = 20 W (a, bω, cω, dω)

w0, w1(a, bσω, cσω, dσω)
W (a, bω, cω, dω)
w0, w1(a, dσω, bσω, cσω)

W (a, cω, bω, dω)
w0, w1(a, dσω, cσω, bσω)1 W (a, bω, dω, cω)

w0, w1(a, cσω, bσω, dσω)
W (a, dω, bω, cω)
w0, w1(a, dσω, bσω, cσω)

W (a, dω, bω, cω)
w0, w1(a, cσω, dσω, bσω)2 W (a, cω, dω, bω)

w0, w1(a, bσω, cσω, dσω)
W (a, dω, cω, bω)
w0, w1(a, bσω, dσω, cσω)

W (a, cω, dω, bω)
w0, w1(a, cσω, dσω, bσω)Fig. 1.4 � Appropriate permutations in the pull back methodsThe pull back methods produced a word W (a, b, c, d) given two words w0(a, b, c, d)and w1(a, b, c, d). They can be generalized to produce a word W (a, e1

ω, e2
ω, e3

ω) giventwo words w0, w1(a, e1
σω, e2

σω, e3
σω) where (e1

ω, e2
ω, e3

ω) and (e1
σω, e2

σω, e3
σω) are appro-priate permutations described in Figure 1.4 of (bω, cω, dω) and (bσω, cσω, dσω) depen-ding on (ω0, ω1). The classical method can be used for any values of (ω0, ω1), theLeonov method can be used provided ω0 6= ω1. The only properties required are

(ae3
ω)4 = (ae3

σω)4 = (ae1
σω)2r+2

= 1, e1
ω = (a, e2

σω), e2
ω = (a, e3

σω) and e3
ω = (1, e1

σω). Sothat the Leonov algorithm can be applied to e2
σω-type representatives and Lemma1.3.10 generalizes in :Lemma 1.5.6 (of reduction). Let W be the pulled back of w0, w1 with the generalizedLeonov method, then either :

l(W ) ≤ 2(l(w0) + l(w1))− |w0|e3
σω

+ K,either the same inequality holds interchanging w0 and w1. Moreover :
|W |e3

ω
+ 2N ′

red ≥ |w0|e1
σω

+ |w1|e1
σω

.Proof. The proof of Lemma 1.3.10 of reduction applies here, the constant K dependson the order of (ae1
ω) which is bounded by 2r+2 provided ω is r-homogeneous. Thesecond inequality follows from checking that |W |d + 2N ′

red ≥ nb in Figure 1.2.1.5.3 Proof of Theorem 1.5.4Proposition 1.2.4 is used to prove Theorem 1.5.4 once the following lemma isknown :Lemma 1.5.7. Let ω belong to Ωr, then for any positive ε, there exists constants
K1, K2 such that for any n :

bσr−1ω(n)2r−1 ≤ K1bω((ηr + ε)n + K2)with ηr = 4r−1 − 2
2r+1+1

.



40 CHAPITRE 1. LOWER BOUNDS ON GROWTHDe�ne br(N) = min{bω(N)|ω ∈ Ωr}. The minimum is reached for some ωN sincethe set takes values in the positive integers. Set n =
[

N−K2

ηr+ε

], there comes :
br(n)2r−1 ≤ bσr−1ωN

(n)2r−1 ≤ K1bωN
(N) = K1br(N) = K1br((ηr + ε)n + K2).As Gω is in�nite for all ω non �at, bω(n) ≥ n+1, thus br(n) ≥ n+1 is an unboundedsequence. Apply Proposition 1.2.4 to get br(n) % enαr which ensures Theorem 1.5.4with the extra property that the lower bound function is uniform on ω ∈ Ωr.Proof of Lemma 1.5.7. Given a positive ε, Fact 1.4.3 allos to de�ne a subset B′

σr−1ω(n)and ε1, ε2, ε3 in [0, 1] such that for any e2
σω-type representative w of an element g in

B′
σr−1ω(n) we have εjn ≤ |w|ej

σω
≤ (εj + ε)n. Moreover, we can assume ε1 + ε2 + ε3 ≥

1−3ε and #B′
σr−1ω(n) ≥ ε3bσr−1ω(n). Thus the proof reduces to building a pull back

W of length l(W ) ≤ ηrn+K2 given a 2r−1-tuple (w0...0, . . . , w1...1) in B′
σr−1ω(n). Theprocedure will depend on ω.We say that ω changes at place k if ωk 6= ωk+1 and consider the two last changesin the sequence ω0 . . . ωr−1, say at places t and s. First use the classical method

r − s− 2 times to get a 2s+1-tuple (w0...0, . . . , w1...1) in Bσs+1ω(n) such that :
l(wi1...is+1) ≤ 4r−s−2n + K,
|wi1...is+1 |ej

σs+1ω

≥ εjn,for all j = 1, 2, 3. Then at place s, use the Leonov method to get wi1...is satisfying :
l(wi1...is) ≤ 2(l(wi1...is0) + l(wi1...is1))−N ′

red,i1...is − |wi1...is0|e3
σs+1ω

+ K

≤ (4r−s−1 − ε3)n−N ′
red,i1...is + K,and |wi1...is |e3

σsω
+2N ′

red,i1...is
≥ |wi1...is0|e1

σs+1ω
+ |wi1...is1|e1

σs+1ω
≥ 2ε1n (Lemma 1.5.6).Now the classical method applied s− t− 1 times raises a 2t+1-tuple such that :

l(wi1...it+1) ≤ 4s−t−1l(wi1...is) + K,
|wi1...it+1|ej

σt+1ω

≥ |wi1...is |ej
σsω

.The Leonov algorithm applied at place t gives wi1...it such that :
l(wi1...it) ≤ 2(l(wi1...it0) + l(wi1...it1))− |wi1...it0|e3

σt+1ω
+ K

≤ 4s−tl(wi1...is)− |wi1...is|e3
σsω

+ K

≤ 4s−t(4r−s−1 − ε3)n−N ′
red,i1...is)− |wi1...is |e3

σsω
+ K

≤ (4r−t−1 − 4s−tε3 − 2ε1)n + K.The classical method applied t times �nally gives W such that :
l(W ) ≤ 4t(4r−t−1 − 4s−tε3 − 2ε1)n + K ≤ (4r−1 − 4ε3 − 2ε1)n + K.As (ae2

σr−1ω)2r+2
= 1, there can be at most 2r+1 successive e2

σr−1ω in wi1...ir−1, so that
ε2 ≤ 2r+1

2r+1+1
and ε1 +ε3 ≥ 1

2r+1+1
−3ε. Finally (4r−1−4ε3−2ε1) ≤ 4r−1− 2

2r+1+1
+3ε,and the Lemma follows.



Chapitre 2Groups with oscillating growth
2.1 IntroductionGiven a group Γ and a �nite generating set S = S−1, the ball BΓ,S(R) of radius Ris de�ned as BΓ,S(R) = {γ ∈ Γ||γ|S ≤ R}, where |γ|S = min{r|γ = s1 . . . sr for si ∈
S ∪ {idΓ}} de�nes a norm on Γ (this means |γγ′|S ≤ |γ|s + |γ|S, |γ−1|S = |γ|S and
|γ|S = 0 if and only if γ = idΓ). Note that it coincides with the ball of center idΓand radius R in the Cayley graph Cay(Γ, S) of Γ with respect to S. The growthfunction is bΓ,S(R) = #BΓ,S(R). The following two properties are well known :Property 2.1.1. Let Γ be a �nitely generated group. Let S = S−1 and S ′ = S ′−1two �nite generating sets, then :1. (submultiplicativity) for all R, R′ one has bΓ,S(R + R′) ≤ bΓ,S(R)bΓ,S(R′).2. (dependance on generating set) let us denote CS,S′ = max{|s|S′|s ∈ S}, then :

bΓ,S′(
1

CS′,S

R) ≤ bΓ,S(R) ≤ bΓ,S′(CS,S′R).The second property implies that though the growth function of a group Γ de-pends on the generating set S, its asymptotic behavior does not. The growth functionmodulo the relation ≈ below is a group invariant.Notation 2.1.2. Let us introduce a few relations between functions f, g : N→ R≥0.1. f - g if there exists a constant C such that f(R) ≤ g(CR) for all R.2. f ≈ g if f - g and g - f .3. f = o(g) if for every ε > 0 there exists Rε such that f(R) ≤ εg(R) for all
R ≥ Rε.Submultiplicativity implies that the function log(bΓ,S(R)) is subadditive, hence :

log(bΓ,S(R))

R
−→ λΓ,S ≥ 0,41



42 CHAPITRE 2. GROUPS WITH OSCILLATING GROWTHwhere the property λΓ,S > 0 does not depend on the generating set S. When this isthe case, the group is said to have exponential growth. The log growth function isthen linear :
log(bΓ,S(R)) = λΓ,SR + o(R).The growth of the group Γ is quali�ed subexponential when λΓ,S = 0 for one (hencefor all) generating set S. It is the case for instance when Γ is abelien and moregenerally nilpotent. In this case the growth rate of bΓ,S is polynomial and moreprecisely :

log(bΓ,S(R)) = d(Γ) log(R) + C + o(1),where d(Γ) is an integer (see [Gui73]) and the second term is due to Pansu (see[Pan83]). The famous theorem of Gromov ([Gro81a]) states that these groups arethe only ones (up to �nite extension) for which the growth function is bounded bya polynomial.It was a question of Milnor whether if there exists groups of subexponentialgrowth which are not virtually nilpotent (see [Mil68a]). Such groups are said to haveintermediate growth. A large family of exemples has been constructed by Grigrochukin [Gri85] (see also [Gri86]). These groups are recursively de�ned as 3-generatedautomorphism groups Gω of a binary tree and are indexed by a Cantor space Ω(section 2.2). The dependence on the index is continuous with respect to the distanceof coincidence on large balls, for which both subgroups of exponential growth and ofsmaller growth are dense (section 2.3). Classical estimates due to Grigorchuk (andothers) are of the form :
Rα - log(bΓ(R)) - Rβ ,for some α < β in [1

2
, 1[.The main Theorem 2.4.2 of this paper stating the existence of groups the growthfunction of which is oscillating (section 2.4) implies in particular that there aregroups the growth function of which is in�nitely often less than such a lower boundand in�nitely often more than such an upper bound. Some estimates on the frequencyof oscillation are also given.Oscillating groups can moreover be chosen to be torsion, or torsion free whichrequires to construct another similar space of groups as studied in section 2.5.2.2 Preliminary2.2.1 Automorphism of the binary rooted treeLet T = T2 denote the binary rooted tree, that is the graph with vertices �nitesequences (i1i2 . . . ik) of ij ∈ {0, 1} including the empty sequence (denoted ∅) andnon oriented edges linking (i1 . . . ik) to (i1 . . . ikik+1). Endowed with the graph metric(every edge has length 1), the sphere of center ∅ and radius k is called the level (layer)
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k and consists of sequences in {0, 1} of length k. To each vertex v = (i1 . . . ik) is as-sociated the hanging subtree Tv which is the restriction of the graph to vertices (andlinks associated) of the form (vik+1 . . . ik+m). Note that each tree Tv is canonicallyisomorphic to T .The group Aut(T ) of automorphisms of T = T2 is the subgroup of graph auto-morphisms �xing the root. This implies that the layers are preserved and that anautomorphism g ∈ Aut(T ) acts on each layer by permutation. The identi�cationbetween T , T0 and T1 raises the following isomorphism :

Aut(T ) ' (Aut(T0)× Aut(T1)) o S2 ' Aut(T ) o S2,where S2 is the group with two elements acting by permutation of coordinates onthe direct product Aut(T0)×Aut(T1) ' Aut(T )×Aut(T ). This isomorphism allowsto decompose automorphisms in the wreath product as g = (g0, g1)σ, which means
g(i1i2 . . . ik) = σ(i1)gi1(i2 . . . ik). In particular there is a projection p : Aut(T )→ S2such that p(g) = σ. The kernel of p is called the stabilizer of the �rst level denoted
St1(Aut(T )). More generally there is another isomorphism :

Aut(T ) ' (Aut(T )× · · · × Aut(T ))
︸ ︷︷ ︸

2ntimes

o(S2 o · · · o S2) ' Aut(T ) o Aut(T n),where Aut(T n) ' (S2 o · · ·oS2) is the automorphism group of the rooted �nite tree T nwhich is the subtree of T consisting of vertices in the n �rsts levels. This allows todecompose automorphisms in the iterated wreath product as g = (g0...0, . . . , g1...1)nσnwhere σn is the image of the projection pn : Aut(T )→ Aut(T n), the kernel of whichis denoted Stn(Aut(T )). Note that Stn+1(Aut(T )) C Stn(Aut(T )) and that theirintersection is the trivial group :
⋂

n∈N

Stn(Aut(T )) = {idAut(T )}.In particular, the group of automorphism of the rooted tree T is pro�nite via :
Aut(T ) = lim←−

n→∞
Aut(T n).Another description of an automorphism g ∈ Aut(T2) is given by its portrait,which is the function :

p(g) : T2 → S2

v 7→ pv(g),de�ned by the recursive relations gv = (gv0, gv1)pv(g) for any vertex v of T2 (initiationby g∅ = g = (g0, g1)p∅(g)). The following formula shows that the restriction of p(g)to the �rst n layers describes the action of g on the n �rst layers :
g(i1, i2, . . . , ik) = (p∅(g)i1, pi1(g)i2, . . . , pi1...ik−1

(g)ik).



44 CHAPITRE 2. GROUPS WITH OSCILLATING GROWTH2.2.2 Groups recursively de�nedLet Ω = {0, 1, 2}N be the set of in�nite sequences ω = ω0ω1ω2ω3 . . . taking valuesin {0, 1, 2}. This set can be endowed with the following distance :
d(ω, ω′) = min{ 1

n + 1
|ω0 = ω′

0, . . . , ωn = ω′
n},which turns it into a Cantor set. The shift on sequences denoted by σ : Ω → Ωwhere σ(ω0ω1ω2 . . . ) = ω1ω2ω3 . . . is a continuous application.To each sequence ω in Ω is associated a subgroup Gω of Aut(T ) the action ofwhich is recursively de�ned as follows (see [Gri85]). De�ne via the wreath product

a = (1, 1)ε with ε the non trivial element of S2 and 1 the identity of Aut(T ) (actingon the vertices as a(i1 . . . ik) = (ε(i1)i2 . . . ik)).Three automorphisms of Aut(T ) are recursively de�ned via the formulas :
bω = (ub

ω, bσω), cω = (uc
ω, cσω), dω = (ud

ω, dσω),where :
(ub

ω, uc
ω, ud

ω) =







(a, a, 1) if ω0 = 0,
(a, 1, a) if ω0 = 1,
(1, a, a) if ω0 = 2.It follows from this de�nition that it is su�cient to know the n �rst values of thesequence ω to know the action of these associated automorphisms on the subtree T nof the n �rsts levels.Property 2.2.1. The three automorphisms bω, cω, dω ∈ Aut(T ) satisfy :

b2
ω = c2

ω = d2
ω = bωcωdω = 1.In particular they generate a Klein group (non cyclic with four elements) providedthe sequence ω is not constant.Proof. Independently of the sequence ω, the automorphism bω (hence its square)belongs to St1(Aut(T )). Show by joint (on ω) induction on n that b2

ω ∈ Stn(Aut(T ))for any integer n. Indeed, provided b2
σω belongs to Stn(Aut(T )) equalities :

b2
ω = (ub

ω, bσω)2 = ((ub
ω)2, b2

σω) = (1, b2
σω)ensure that b2

ω belongs to Stn+1(Aut(T )). This proves (and similarly for cω and dω)that b2
ω belongs to the intersection of stabilizers of all levels hence is trivial. Thesame process and the calculation :

bωcωdω = (ub
ω, bσω)(uc

ω, cσω)(ud
ω, dσω) = (ub

ωuc
ωud

ω, bσωcσωdσω) = (1, bσωcσωdσω)provide the last equality. This shows that they generate a quotient of a Klein group.There remains to show that when ω is not constant, none of bω, cω, dω is trivial.



2.2. PRELIMINARY 45Show for instance that dω 6= 1 when ω is not taking constant value 0. Let n be theminimum integer such that ωn 6= 0, then :
dω(1 . . . 1
︸ ︷︷ ︸

n

0i) = 1dσω(1 . . . 1
︸ ︷︷ ︸

n−1

0i) = · · · = 1 . . . 1
︸ ︷︷ ︸

n

dσnω(0i) = 1 . . . 1
︸ ︷︷ ︸

n

0a(i),which shows dω is not the trivial automorphism.Remark 2.2.2. Note that d000... = c111... = b222... = 1, so that if ω is constant, bω, cω, dωonly generate the group S2 with two elements.De�nition 2.2.3 (Grigorchuk [Gri85]). The group Gω associated to the sequence
ω is the subgroup of Aut(T ) generated by the 4-tuple Sω = (a, bω, cω, dω). It followsfrom Property 2.2.1 that Gω is a quotient of the free product S2 ∗ V , where V is aKlein group. The growth function of the group Gω relatively to the generating set
Sω will be denoted bGω ,Sω(R) = bω(R).2.2.3 A distance between colored graphsLet us consider G = (V, E1, . . . , Ek) and H = (W, F1, . . . , Fk′) two colored graphs,where V, W denote the set of vertices and Ei, Fj the set of edges of color ei, fj.The colored graphs are said to be isomorphic (denoted G ' H) if there exist twobijections ϕ : V → W and σ : {e1, . . . , ek} → {f1, . . . , fk′} such that for any edge
(v, v′) in Ei of color ei one has ϕ((v, v′)) = (ϕ(v), ϕ(v′)) ∈ Fσ(i) and conversely forany edge (w, w′) in Fj there exists (v, v′) in Eσ−1(j) such that ϕ−1((w, w′)) = (v, v′).Moreover if v0 and w0 are marked points respectively in V and W , and if ϕ(v0) = w0,the bijection ϕ will be called an isomorphism of marked colored graphs.When G = (V, v0, E1, . . . , Ek) is a marked colored graph, call BG(R) the ball ofcenter v0 and radius R for the graph distance (every edge has length 1 independentlyof its color). This allows to de�ne the following distance (as in [Gro81a] or [Gri85]) :De�nition 2.2.4. Let G = (V, v0, E1, . . . , Ek) and H = (W, w0, F1, . . . , Fk′) be twomarked colored connected graphs, set :

d(G,H) = inf{ 1

R
|BG(R) ' BH(R)}.The following Proposition is essentially contained in both [Gro81a] and [Gri85] :Proposition 2.2.5. Let Xm,k be the space of marked connected colored graphs ofvalency bounded by m and number of colors bounded by k. Then the space (Xm,k, d)is a compact metric space.Proof. Let (Gn)n∈N be a sequence of graphs of the space (Xm,k, d). It is su�cient toprove that there exists a graph G∞ with less than k colors and valency bounded by

m, and an in�nite subsequence (nj)j such that d(Gnj
,G∞) → 0, which follows fromthe :



46 CHAPITRE 2. GROUPS WITH OSCILLATING GROWTHFact 2.2.6. Given such a sequence (Gn)n∈N in Xm,k, an integer R and an in�nitesubset I ⊂ N, there exists an in�nite subset I ′ ⊂ I such that for all i, i′ in I ′ :
BGi

(R) ' BGi′
(R).Proof of Fact 2.2.6. A ball of radius R in a colored graph is determined by thenumber Nv of vertices (bounded by mR+1 as the valency is bounded by m) andthe colored edges between them, which is described by a function f : Nv × Nv →

{colors}∪{∅}, allowing less than (k +1)N2
v possibilities. In particular the number ofisomorphism classes is �nite, so that one occurs in�nitely many (I ′) times in I.Indeed, this Fact allows to construct inductively in�nite subsets IR+1 ⊂ IR ⊂ I0 =

N for every integer R such that BGi
(R) ' BGi′

(R) for all i, i′ in IR. Set nj = min(Ij \
{0, 1, . . . , nj−1}). The graph G∞ is de�ned by the isomorphisms BG∞

(R) ' BGi
(R)for all i ∈ IR and thus belongs to Xm,k. The construction implies d(G∞,Gnj

) ≤ 1
j
.2.2.4 The particular case of Cayley graphsLet Γ be a group and S ⊂ Γ a �nite generating subset, and assume that S = S−1.The Cayley graph Cay(Γ, S) of the group Γ relatively to the generating set S is thecolored graph with set of vertices Γ and edges (γ, γs) of color s ∈ S. Moreover theidentity of the group is a canonical marked vertex.Note also that in the case of Cayley graph, edges of a given color are in bijectionwith the set of vertices via : Γ 3 γ 7→ (γ, γs) ∈ Es. This implies that to a word

w = s1 . . . sk in S is associated a unique path starting from the identity in the Cayleygraph cw = (1, s1, s1s2, . . . , s1 . . . sk). The path is said freely reduced if w is reducedin the free group FS of basis S.Fact 2.2.7. Let Ym ⊂ Xm,m be the subspace of graphs which are Cayley graphs of
m-generated groups (ie groups with generating set S = S−1 of size less than m),then Ym is a closed subspace of (Xm,m, d).Proof of Fact 2.2.7. Let Gn = Cay(Γn, Sn) where Sn is a generating set of size lessthan m for Γn for each n. Assume that Gn → G in the space Xm,m, which is possibleby compactness. Aim to show existence of a group Γ generated by a subset S of sizeless than m such that G = Cay(Γ, S).Note that as soon as d(Gn,G) ≤ 1

2
the number #Sn = #BGn(1) − 1 is constant(assumed equal to m). Let S denote the vertices of G at distance exactly one fromthe marked point. From each vertex of G there is exactly one edge of a given color

s ∈ S (indeed, this is locally true for all Gn for n large enough). This permits tode�ne given an element w = si1 . . . sik of the free group FS of basis S, a path cw inthe graph G starting from the marked point 1G and following successively edges ofcolor sij . Denote cw(1) the endpoint of such a path. This provides an application :
ϕ : F(S) → V ertex(G)

w 7→ cw(1).



2.3. SPACE OF GROUPS Gω 47Aim to show this application induces on V ertex(G) a structure of quotient group of
FS the Cayley graph of which (relatively to the generating set ϕ(S)) is G itself.This is the case as soon as the operation de�ned by cw1(1).cw2(1) = cw1w2(1) iswell de�ned, which is the case provided that if cw1(1) = cw′

1
(1) and cw2(1) = cw′

2
(1),then cw1w2(1) = cw′

1w′
2
(1). This is indeed the case since this holds as soon as n is bigenough so that d(Gn,G) ≤ 1

|w1|S+|w′
1|S+|w2|S+|w′

2|S
.De�nition 2.2.8. Let w(s1, . . . , sk) a reduced representative word of the free group

FS = F(s1,...,sk) on the basis S, we call oracle on w for (Γ, S) the knowledge of wetherif w(s1, . . . , sk) = idΓ or w(s1, . . . , sk) 6= idΓ, equivalently wether if cw is a loop ornot.More precisely, the oracle on (Γ, S) is the function O : FS → {0, 1} taking value
O(w) = 1 if cw is a loop in Cay(Γ, S) and O(w) = 0 otherwise.Say that the groups Γ and ∆ with ordered generating set S = (s1, . . . , sk) and
T = (t1, . . . , tk) have same l-oracle if (the generating sets S and T have same sizeand) their oracles coincide for w word of length less than l. This will be denoted :

(Γ, S) ∼l (∆, T ).The following Lemma relating oracles and Cayley graphs will be helpfull :Lemma 2.2.9. The colored ball BCay(Γ,S)(R) depends only on the class of (2R +1)-oracle of (Γ, S). More precisely, if (Γ, S) ∼2R+1 (∆, T ) then :
d(Cay(Γ, S), Cay(∆, T )) ≤ 1

R
.Proof. Consider reduced words w1, w2 on the free group FS of word length less than

R. The equivalence classes modulo the relation O(w1(S)w2(S)−1) = 1 provide therepresentatives of length less than R of the elements γ ∈ BCay(Γ,S)(R), in particular,the 2R-oracle class gives the size of the ball BCay(Γ,S)(R).Once is �xed an arbitrary representative word wγ (say of minimal length) of everyelement of the R-ball in Γ. There remains to draw edges (γ1, γ2) where γ2 = γ1s, forwhat the values of the (2R + 1)-oracle O(s−1wγ1(S)−1wγ2(S)) are su�cient.2.3 Space of groups Gω2.3.1 Metric space of Cayley graphsDenote Y the space of Cayley graphs Gω = Cay(Gω, Sω) of the Grigorchuk groups.The metric d from De�nition 2.2.4 turns it into a metric space. The following Lemmashows that the application :
Ψ : (Ω0, d) → (Y , d)

ω 7→ Gω



48 CHAPITRE 2. GROUPS WITH OSCILLATING GROWTHis continuous where Ω0 is the subset of Ω consisting of non asymptotically constantesequences.Lemma 2.3.1. Let ω and ω′ sequences in Ω which are not asymptotically constantand coincide on their n �rst values (that is d(ω, ω′) ≤ 1
n+1

), then :
d(Cay(Gω, Sω), Cay(Gω′, Sω′)) ≤ 1

Rn
,where Rn ≥ 2n−2.Remark 2.3.2. The assumption of non asymptotic constance ensures that for everyinteger k the balls Bσkω(1) and Bσkω′(1) are isomorphic, or equivalently that theKlein groups of Property 2.2.1 are non degenerate. This allows to initiate inductionin the following proof.Proof. Proceed by joint (on sequences ω in Ω non asymptotically constant) inductionon n to show that the rn-oracle class of (Gω, Sω) depends only on the n �rst valuesof ω, for rn = 2n−1 + 1, which implies the Lemma in accordance with Lemma 2.2.9.Let w(Sω) be a free reduced word in F4 = FSω of length less than rn+1 = 2n + 1.If w′(Sω) is a reduced representative of w in the quotient S2 ∗V of F4, then w(Sω) =

idGω if and only if w′(Sω) = idGω . Now w′ has the speci�c form :
w′(a, bω, cω, dω) = aτx1ax2ax3...xnaτ ′

,with τ, τ ′ in {0, 1} and xi in {bω, cω, dω}. Use the following relations :
bω = (ub

ω, bσω), cω = (uc
ω, cσω), dω = (ud

ω, dσω),
abωa = (bσω, ub

ω), acωa = (cσω, uc
ω), adωa = (dσω, ud

ω).
(2.3.1)to obtain a result of the form :

w′(a, bω, cω, dω) = (w0(a, bσω, cσω, dσω), w1(a, bσω, cσω, dσω))σw′,where σw′ is independent of the sequence ω and the words w0(Sσω) and w1(Sσω)in F4 = FSσω depend only on the value of (ub
ω, uc

ω, ud
ω), that is on ω0. The wreathproduct relations above imply that the word length satisfy |w0|, |w1| ≤ |w′|+1

2
≤

rn+1+1
2

= rn, and as w(Sω) = idGω if and only if σw′ = 1, w0(Sσω) = idGσω and
w1(Sσω) = idGσω , the induction hypothesis can be applied to show the rn+1-oracleof (Gω, Sω) is determined by the n + 1 �rst values of ω.Following section 6 in [Gri85], another group Ḡω generated by a �nite set S̄ω isde�ned for ω ∈ Ω \ Ω0 (asymptotically constant), such that if Ȳ is the space ofCayley graphs Ḡω = Cay(Ḡω, S̄ω) (with Ḡω = Gω if ω ∈ Ω0), then the application Ψextends to a continuous application from Ω to Ȳ.



2.3. SPACE OF GROUPS Gω 49Proposition 2.3.3. If ωu is a constant sequence of Ω, there exists a group Ḡωugenerated by a family S̄ωu = (ā, b̄ωu , c̄ωu , d̄ωu) such that (for ω(n) ∈ Ω0) :
Gω(n) −→

ω(n)→ωu

Ḡωu .Moreover, the group Ḡωu is virtually metabelien of exponential growth :
bωu(R) ≥ θR, for some θ > 1.Proof. The sequence of colored graphs Gn is a sequence in Y4 ⊂ X4,4 hence admitsan accumulation point in X4,4 (Proposition 2.2.5), which is in fact a limit (Lemma2.3.1) and the Cayley graph of some group Ḡωu (Fact 2.2.7). Moreover, all groups

Gω(n) for n ≥ 2 have the same ball of radius 3 so that all relations of Property 2.2.1are satis�ed, as well as non degeneracy of the Klein group V = 〈bω(n) , cω(n), dω(n)〉. Inparticular, the group Ḡωu is generated by four elements S̄ωu = (ā, b̄ωu , c̄ωu, d̄ωu) andis a quotient of S2 ∗ V .Assume for de�niteness that ωu is the constant sequence taking value 0. Letus denote 〈d̄ωu〉N the normal subgroup of Ḡωu generated by d̄ωu. Note that as
V/〈d̄ωu〉N ' S2 ' 〈b̄ωu〉, the quotient group Ḡωu/〈d̄ωu〉N = D is a quotient of thein�nite dihedral group S2 ∗ S2 = D∞, hence is virtually cyclic. There remains toshow 〈d̄ωu〉N is abelian to prove virtual metabelianity of Ḡωu .Proceed by induction on r = max{|g|S̄ωu

, |h|S̄ωu
} to show that if n ≥ Nr is largeenough, then [gdω(n)g−1, hdω(n)h−1] = 1 where g = wg(Sω(n)) and h = wh(Sω(n))(initiated by N1 = 2). Use the wreath product image g = (g0, g1)σ with some σ in

S2 and gi in Gσω(n) of Sσω(n) -word length less or equal to r+1
2
. Compute :

gdω(n)g−1 =

{
(g0dω(n)g−1

0 , 1) if σ = ε,
(1, g1dω(n)g−1

1 ) if σ = 1,so that induction applies as soon as Nr+1 ≥ N r+1
2

+ 1.Assume the virtually solvable group Ḡωu does not have exponential growth, thenby results of Milnor [Mil68b] and Wolf [Wol68] it would be virtually nilpotent, hence�nitely presented. In particular, for n large enough the relations would be satis�edby the group Gω(n), which would be a quotient of Ḡωu hence virtually nilpotentand of polynomial growth. This is absurd, because Gω(n) can be chosen to haveintermediate growth (see section 2.3.2).Remark 2.3.4. Note the di�erence between G000... and Ḡ000.... In the second case,the group can still be thought generated by a = (1, 1)ε, bω = (a, bσω), cω = (a, cσω)and dω = (1, dσω), but d000... should not be considered trivial when computing in thegroup, because this would require to know the whole in�nite sequence ω.This remark provides another (constructive) proof of exponential growth of Ḡ000...,indeed that the semigroup generated by ab and ac is free, (which implies θ ≥
√

2).



50 CHAPITRE 2. GROUPS WITH OSCILLATING GROWTHAssume the contrary and take w, w′ ∈ S2 = 〈ab, ac〉 such that w(ab, ac) =Ḡ000...

w′(ab, ac) and such words of minimal length l, which is assumed even up to mul-tiplying both sides by ab. Then there images in the wreath product w = (w0, w1)and w′ = (w′
0, w

′
1) have the same property but have length ≤ l+1

2
, which is ab-surd. The same argument holds for such words of length less than R provided

ω0 = · · · = ωlog2 R+1 = 0.Now assume that ω ∈ Ω \ Ω0 is asymptotically constant, more precisely assume
σnω is constant, then de�ne :

Ḡω = 〈ā, b̄ω, c̄ω, d̄ω〉 < Ḡσnω o Aut(T n), where :
ā = (1, . . . , 1)npn(a),

b̄ω = (1, . . . , 1, ub
σn−1ω, b̄σnω)npn(bσnω),

c̄ω = (1, . . . , 1, uc
σn−1ω, c̄σnω)npn(cσnω),

d̄ω = (1, . . . , 1, ud
σn−1ω, d̄σnω)npn(dσnω).Note that this de�nition is independent of the n chosen and the construction implies :Proposition 2.3.5. The following application is continuous :

Ψ̄ : (Ω, d) → (Ȳ, d)
ω 7→ ḠωThe following Corollary of Lemma 2.3.1 now applies in this larger setting :Corollary 2.3.6. If d(ω, ω′) ≤ 1

log2(R)+3
or equivalently if ω0 = ω′

0, . . . , ωi = ω′
i for

i = log2(R) + 2, then d(G,G′) ≤ 1
R
and in particular bω(R) = bω′(R).2.3.2 Classical estimates on growth functionsThe family of groups Gω is famous for the following Theorem. Torsion is due toAleshin [Ale72], intermediate growth to Grigorchuk [Gri85] and the computationsof exponents βk appeared in [Bar98], [MP01], that of αk in Chapter 1.Theorem 2.3.7. Let ω be a k-homogeneous sequence (which means every subse-quence (ωi, ωi+1, . . . , ωi+k−1) contains the three di�erent values 0, 1 and 2), then thegroup Gω is a torsion group and there exists constants C1, C2 > 1 such that itsgrowth function satis�es :

C1R
αk ≤ log(bω(R)) ≤ C2R

βk ,with αk > 1
2
and βk < 1 is the positive root of the polynomial Xk + Xk−1 + X − 2.The numerical values for k = 3 are approximately α3 ≈ 0.52 and β3 ≈ 0.76.



2.4. MAIN RESULT 51It is a natural open question whether if there are such groups for which there isan exponent γ and a constant C such that :
1

C
Rγ ≤ log(bω(R)) ≤ CRγ ,and in particular whether if this is the case for the group (generated by an automa-ton) G012012.... The main result stated below shows that there are groups (with ω farfrom periodic) for which it is not the case.Remark 2.3.8. Erschler has given the following estimates for the growth of the group

G010101... which is not torsion (see [Ers04a]). Let ε > 0, then there exists a constant
Cε such that :

1

Cε

R

log(R)2+ε
≤ log(b010101...(R)) ≤ Cε

R

log(R)1−ε
.The next Proposition relates the growth function of the group Gω with that ofthe groups Gσnω and will be crucial in our purpose.Proposition 2.3.9. Let bω(R) be the growth function of the group Gω relatively tothe generating set Sω and n a positive integer, the following estimates hold :

bσnω

(
1

2n+1
R

)

≤ bω(R) ≤ 22n+1

(

bσnω

(
1

2n−1
R

))2n

.The Proposition follows straightforwardly from the :Lemma 2.3.10. Let bω(R) be the growth function of the group Gω relatively to thegenerating set Sω, the following estimates hold :
bσω

(
R− 1

2

)

≤ bω(R) ≤ 2

(

bσω

(
R + 1

2

))2

.Proof. If the image of g ∈ Gω of word length |g| ≤ R in the wreath product has theform g = (g0, g1)σ, then g is determined by σ in S2 and two elements gi of length
|gi| ≤ R+1

2
in Gσω (just notice that a minimal representative word of g has the from

wg = aτx1ax2...xnaτ ′ and use relations (2.3.1)). This proves right inequality.Moreover, given an element g0 of Gσω of word length |g0| ≤ R, there exists (inaccordance with relations (2.3.1)) an element g in Gω of length |g| ≤ 2R + 1 suchthat g = (g0, g1)σ for some g1 and σ. This proves left inequality.2.4 Main result2.4.1 Groups with oscillating growth functionDe�nition 2.4.1. Let ρ, τ : N → R≥0 two functions, a function f(R) is said tooscillate between ρ(R) and τ(R) if there exists in�nitely many integers R such that
f(R) ≥ ρ(R) and in�nitely many such that f(R) ≤ τ(R).
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tn−1

ρ(R)

sn

τ(R)

lbω(R)

tn RFig. 2.1 � Function lbω(R) = log(bω(R)) oscillating between ρ(R) and τ(R).Theorem 2.4.2. There exists groups with oscillating growth functions.More precisely, given a sublinear function ρ(R) (sublinear means ρ(R) = o(R))and a function τ(R) such that Rβ3 = o(τ(R)), there exists a sequence ω in Ω suchthat the log growth function log(bω(R)) of the group Gω relatively to the generatingset Sω oscillates between ρ(R) and τ(R).Moreover, there exists such groups (given ρ(R) and τ(R)) which are torsion.Examples 2.4.3. 1. Taking ρ(R) = R0.9 and τ(R) = R0.8 shows that there aregroups satisfying b(R) ≤ Rβ for in�nitely many R but with no exponent γsuch that log(b(R)) ≈ Rγ .2. Taking ρ(R) = R
log(...(log(R))... )

and τ(R) = Rβ3+ε shows that the amplitude ρ
τ
ofthe oscillations can be made almost as large as R1−β3.Proof of Theorem 2.4.2. The main idea is that (torsion) groups Gω with growthfunction satisfying log(bω(R)) - Rβ3 are dense in the metric space Ȳ of Grigorchukgroups, as well as groups Ḡω with exponential growth function.Proceed by induction on n to construct a sequence ω = ω0 . . . ωi1 . . . ωj1 . . . ωi2 . . .and integers sn such that bω(sn) ≤ τ(sn) and bω(R) depends only on ω0, . . . , ωin(with in = log2(sn) + 2) for R ≤ sn (use Corollary 2.3.6), respectively integers tnsuch that bω(tn) ≥ ρ(tn) and bω(R) depends only on ω0, . . . , ωjn for R ≤ tn. Theinduction is started taking i1 = 0, s0 = 0.Assume already constructed a sequence ω0 . . . ωin and an integer sn such that

log(bω(sn)) ≤ τ(sn) for any sequence ω starting with ω0 . . . ωin . Consider the group
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Ḡω′ associated to the sequence ω′ = ω0 . . . ωinωu (which means σin+1ω′ = ωu is aconstant sequence) which has exponential growth (use Propositions 2.3.9 and 2.3.3) :

bω′(R) ≥ bωu

(
R

2in+2

)

= bωu

(
R

24sn

)

≥ θ
R

24sn , (2.4.1)this estimates and sublinearity of ρ(R) imply :
log(bω′(R)) ≥ R

log(θ)

24sn

≥ ρ(R),where the last inequality holds only for R large enough. The minimal such R iscalled tn, set jn = log2(tn) + 2 and note ωin+1 = · · · = ωjn = 0Now consider the sequence ω′ = ω0 . . . ωjnωl (which means σjn+1ω′ = ωl =
012012 . . . ). Its growth function satis�es (use Proposition 2.3.9 and Theorem 2.3.7) :

bω′(R) ≤ 22jn+2

bωl

(
R

2jn

)2jn+1

≤ 224tn

(

e
C2

“

R

22tn

”β3
)23tn

≤ CneCnRβ3 , (2.4.2)where Cn depends only on tn. This estimate together with the assumption on τ(R)ensure :
log(bω′(R)) ≤ CnRβ3 + log(Cn) ≤ τ(R),where the last inequality holds only for R large enough. The minimal such R iscalled sn+1, set in+1 = log2(sn+1) + 2 and note (ωjn+1 . . . ωin+1) = (012012 . . .012).To ensure torsion, the number sn+1 constructed in the procedure should be re-placed by an a priori larger number s′n+1. As every element g of the group gω′ istorsion (see Theorem 2.3.7) there exists an integer eg such that geg = 1. Let usset en = max{eg|g ∈ Bω′(tn)}, and s′n+1 = max(sn+1, t

en
n ). This guarantees that

log(bω(s′n+1)) ≤ τ(s′n+1) and that all elements of Sω-word length less than tn aretorsion in Gω.The required sequence ω has the form :
ω = 0 . . . 0

︸ ︷︷ ︸

i1

012 . . . 012
︸ ︷︷ ︸

j1−i1

0 . . . 0
︸ ︷︷ ︸

i2−j1

012 . . . 012
︸ ︷︷ ︸

j2−i2

. . .

2.4.2 Quantitative estimatesGiven functions ρ(R) = o(R) and Rβ3 = o(τ(R)), the previous Theorem 2.4.2provides two sequences (sn) and (tn) of integers such that :
sn ≤ tn ≤ sn+1 ≤ tn+1 ≤ . . . ,

ρ(tn) ≤ lbω(tn),
lbω(sn) ≤ τ(sn),



54 CHAPITRE 2. GROUPS WITH OSCILLATING GROWTHwhere lbω(R) = log(bω(R)) is the log growth function. Our aim is to estimate thefrequency of the oscillations, more speci�cally, give estimates on the sequences :
λn =

tn
sn

, µn =
sn+1

tn
,called respectively upper and lower pseudo period of the log growth function lbω(R)oscillating between ρ(R) and τ(R). A key example of these estimates will be for thecase ρ(R) = Rβ and τ(R) = Rα with β3 < α < β < 1.Proposition 2.4.4 (Estimates on the upper pseudo period). Assume lbω(s) ≤ τ(s)and ρ(t) ≤ lbω(t) for some t = λs, then :1. the subadditivity condition implies ρ(λs)

λ
≤ τ(s) (thus λ ≥ s

β−α
1−β for the keyexemple),2. but in the scope of Theorem 2.4.2 it is su�cient to take λ satisfying

ρ(λs)

λ
≤ cfor some constant c independent of s (thus λ = cs

β
1−β in the key exemple).Remark 2.4.5. For the exemple ρ(R) = R0.9 and τ(R) = R0.8, subadditivity impliesonly λn ≥ sn whereas the group is constructed with an upper pseudo period λn ≈ s9

n.Proof. By subadditivity compute :
ρ(t) ≤ lbω(t) = lbω(λs) ≤ λlbω(s) ≤ λτ(s).In practice, estimate (2.4.1) gives bω(t) = bω0...bi000...(t) ≥ b000...(

t
2i+2 ) ≥ θ

t

24s (remind
i = log2(s) + 2), so that t

24s
log(θ) ≥ ρ(t) which proves the second part with c =

log(θ)
24 .Proposition 2.4.6 (Estimate on the lower pseudo period). Assume lbω(s′) ≤ τ(s′)and ρ(t) ≤ lbω(t) for some s′ = µt, then it is su�cient to take µ satisfying

µβ3

τ(µt)
≤ c′

tfor some constant c′ independent of t (thus µ = c′t
1−α

α−β3 in the key exemple).Remark 2.4.7. The factor 1
t
in the above inequality shows that it is slightly harderto lower the growth rate than to increase it.Proof. Estimate (2.4.2) provides bω(s′) = bω0...ωj012012...(s

′) ≤ 224tb012012...(
s′

22t
)23twhere j = log2(t) + 2, so that :

lbω(s′) ≤ 23tlb012012...(
s′

22t
) + 24t log(2) ≤ 23tC

(
s′

22t

)β3

+ 24t log(2),so that it is su�cient to take µ such that c′tµβ3 ≤ τ(s′), which proves the Proposition.



2.5. TORSION FREE EXEMPLES 552.5 Torsion free exemples2.5.1 A space of torsion free groupsIn his paper [Gri86], Grigorchuk constructs a torsion free group of intermediategrowth, very similar to the group G012012.... On this model, a whole family indexedby Ω of torsion free groups can be constructed. They are de�ned as groups actingon an in�nite valency rooted tree T∞ = TZ (ie graph with vertices �nite sequences
(i1, . . . , ik) of ij ∈ Z and links between (i1, . . . , ik) and (i1, . . . , ik, ik+1). The auto-morphism group of such a graph satis�es :

Aut(TZ) ' Aut(TZ) oZ SZ.To each sequence ω ∈ Ω is associated as above a group G̃ω of automorphisms of
TZ generated by a �nite family S̃ω = (ã, b̃ω, c̃ω, d̃ω), where ã is a rooted permutationde�ned as ã = (. . . , 1, 1, 1, . . . )ε̃ with ε̃ : Z → Z the shift application ε̃(n) = n + 1,and the three other generators de�ned as :

b̃ω = (. . . , b̃σω, ũb
ω, b̃σω, ũb

ω, . . . ),
c̃ω = (. . . , c̃σω, ũc

ω, c̃σω, ũc
ω, . . . ),

d̃ω = (. . . , d̃σω, ũd
ω, d̃σω, ũd

ω, . . . ),with ũx
ω in odd positions, taking values :

(ũb
ω, ũc

ω, ũd
ω) =







(ã, ã, 1) if ω0 = 0,
(ã, 1, ã) if ω0 = 1,
(1, ã, ã) if ω0 = 2.Note that this de�nition implies that :

ϕ : G̃ω ↪→ (G̃σω × G̃σω) o 〈ε̃〉,where ε̃ acts on the two copies by permutation S2 ' 〈ε̃〉/〈ε̃2〉. Indeed, a priori G̃ωinjects only into a wreath product on in�nite base (
∏

Z
G̃σω) o 〈ε̃〉, but the imageson even (respectively odd) coordinates are canonically isomorphic by de�nition ofthe generators. As in the torsion case an element g ∈ G̃ω is identi�ed with its imagevia ϕ, written g = (go, ge)σ̃ (note that σ̃ belongs to 〈ε̃〉 = Z).The portrait of automorphisms of TZ de�ned as in section 2.2.1 factorizes simi-larly when the automorphisms belong to G̃ω. Indeed, it is clear that pv(g) = pv′(g)whenever v = i1 . . . ik and v′ = i′1 . . . i′k and ij = i′j mod 2 for each j. Thus anelement of G̃ω is described by a portrait :

p̃(g) : T2 → Z
v 7→ p̃v(g).



56 CHAPITRE 2. GROUPS WITH OSCILLATING GROWTHProperty 2.5.1. The three automorphisms b̃ω, c̃ω, d̃ω ∈ Aut(TZ) satisfy :
[̃bω, c̃ω] = [c̃ω, d̃ω] = [d̃ω, b̃ω] = 1.In particular they generate a free abelien group Z3 of rank 3 provided the three values0, 1 and 2 appear in the sequence ω.Proof. Compute [̃bω, c̃ω] = ([̃bσω, c̃σω], [ũb

σω, ũc
σω]) and use a joint (on ω) induction on

n to show the commutator acts trivially on the n �rst levels of the rooted in�nitevalency tree TZ.This property implies that the group G̃ω is a quotient of the free product Z ∗Z3,where the copy of Z3 generated by (b̃ω, c̃ω, d̃ω) degenerates to Z2 (respectively Z)if only two of the three values 0, 1 and 2 appear in ω (respectively ω constantsequence).Note that every element g ∈ G̃ω admits a minimal representative word withrespect to the generating set S̃ω = (ã, b̃ω, c̃ω, d̃ω) (and inverses) of the form :
g = aε1bp1cq1dr1aε2bp2cq2dr2 . . . aεkbpkcqkdrkam, (2.5.1)where m, pi, qi, ri ∈ Z and εi ∈ {±1} (use the relation a2x = xa2 for x ∈ {b, c, d}),which permits to prove :Proposition 2.5.2. The group G̃ω is torsion free.Proof. Proceed by induction on |g|S̃ω

= |m|+∑i |εi|+ |pi|+ |qi|+ |ri| to show that
gn = 1 implies g = 1, which is true for |g|S̃ω

≤ 1. Let g = (go, ge)σ̃ with σ̃ ∈ 〈ε̃〉.If σ̃ 6= 1, then gn 6= 1 for any n. Otherwise gn = (gn
o , gn

e ) where |go|S̃ω
, |ge|S̃ω

≤
∑ |pi| + |qi| + |ri| < |g|S̃ω

and induction applies unless g ∈ 〈b̃ω, c̃ω, d̃ω〉 which istorsion free by Property 2.5.1.Let us denote Ω1 the space of sequences of Ω for which there is a value in {0, 1, 2}that appears only �nitely many times. A sequence in Ω\Ω1 guarantees that the freeabelian group of Property 2.5.1 has indeed rank 3, which allows to initiate inductionin the proof of the next lemma similar to Lemma 2.3.1 :Lemma 2.5.3. Let ω and ω′ belong to Ω\Ω1 such that d(ω, ω′) ≤ 1
n+1

(equivalentlythe n �rst entries of the two sequence coincide), then :
d(Cay(G̃ω, S̃ω), Cay(G̃ω′, S̃ω′)) ≤ 1

2n−2
.Proof. Independently of the sequence ω every element g admits a representative wgof the form (2.5.1) with bω, cω, dω mutually distincts as soon as ω /∈ Ω1. This showsthat the oracle O(wg) is independent of ω if k ≤ 1. Indeed, wg = aε1bb1cq1dr1am istrivial in G̃ω if and only if ε1 + m = p1 = q1 = r1 = 0.



2.5. TORSION FREE EXEMPLES 57Note also that if g = (go, ge)ã
m′ has normal form (2.5.1), where m′ = m +

∑
εi,then :

go = an1bp2cq2dr2an3 . . . bpko−1cqko−1drko−1anko ,
ge = an0bp1cq1dr1an2 . . . bpke−1cqke−1drke−1anke ,where ko, ke ≤ k+1

2
. This permits to show (as for Lemma 2.3.1) by induction on kthat the oracle O|{wg|k≤2n−1+1} depends only on the n �rst values of ω. This provesthe result using k ≤ |wg| = |g|S̃ω

and Lemma 2.2.9.This Lemma provides us with a continuous application as in Proposition 2.3.5 :
Ψ̃ : (Ω, d) → (Ỹ, d)

ω 7→ G̃ω,where G̃ω = Cay(G̃ω, S̃ω) when ω ∈ Ω \ Ω1, and G̃ω = limn Cay(G̃ω(n), S̃ω(n)) for
ω ∈ Ω1 independent of the approximating sequence Ω \ Ω1 3 ω(n) → ω and Ỹ ⊂ Y8is a compact subspace.By abuse of notations, the group with Cayley graph Ψ̃(ω) = G̃ω is denoted G̃ωin the next sections even if ω ∈ Ω1 (despite homogeneous notations would imply todenote it ¯̃Gω).2.5.2 Growth properties of the groups G̃ωLet us denote b̃ω(R) the growth function of the group G̃ω with respect to thegenerating set S̃ω ∪ S̃−1

ω , then :Proposition 2.5.4. Given a �xed sequence ω ∈ Ω, for each integer R, the followingholds :
b̃ω(R) ≥ bω(R).Proof. There are bω(R) di�erent words of the form w = aτx1ax2 . . . xnaτ ′ with xi ∈

(bω, cω, dω) of length less than R for which the portraits p(w) : T2 → S2 are pairwisedistincts.The construction of G̃ω implies that the words w̃ = ãτ x̃1ãx̃2 . . . x̃nãτ ′ with x̃i ∈
(b̃ω, c̃ω, d̃ω) have portraits p̃(w̃) : T2 → Z which are pairwise distincts (more preciselythe reductions mod 2 are pairwise distincts (T2

p̃(w̃)→ Z→ Z/2Z) = (T2
p(w)→ S2)). Thisproves b̃ω(R) ≥ bω(R).As in the torsion case, the growth function of G̃ω is equivalent to that of G̃σnω.Proposition 2.5.5. For each integer R, the following holds :

b̃σnω

(
R

2n+1

)

≤ b̃ω(R) ≤ (2R + 1)2n+1

b̃σnω(R)2n

.



58 CHAPITRE 2. GROUPS WITH OSCILLATING GROWTHThis follows straightforwardly from the :Lemma 2.5.6. For each integer R, the following holds :
b̃σω

(
R− 1

2

)

≤ b̃ω(R) ≤ (2R + 1)b̃σω(R)2.Proof. Let go = aε1bb1cq1dr1aε2 . . . am ∈ B̃σω(R) and assume for instance ω0 = 0. Set
g = bε1(ba)b1(ca)q1(da)r1bε2 . . . bm ∈ B̃ω(2R + 1) and check that g = (go, ge) so thatleft inequality holds.On the other hand, if g = (go, ge)σ̃ belongs to B̃ω(R) then |go|S̃σω

, |ge|S̃σω
≤ R and

σ̃ belongs to B〈ε̃〉,{ε̃±1}(R) hence can take at most (2R + 1) di�erent values, whichprovides the right inequality.Some torsion free groups G̃ω also have intermediate growth :Theorem 2.5.7 (Grigorchuk [Gri86]). The group G̃012012... has intermediate growth.2.5.3 Torsion free groups with oscillating growth functionsTheorem 2.5.8. There exists torsion free groups with oscillating growth function.More precisely, given a sublinear function ρ(R) and a function τ(R) such that
log(b̃012012...(R)) = o(τ(R)), there exists a sequence ω in Ω such that the log growthfunction of the group G̃ω with respect to the generating set S̃ω oscillates between
ρ(R) and τ(R).Proof. The proof of Theorem 2.4.2 applies here. If there is sn such that log(bω(sn)) ≤
τ(sn) for all sequence ω starting with ω0, . . . , ωin for in = log2(sn), look at the group
G̃ω0,...ωin000... which has exponential growth function (Proposition 2.5.4 and 2.5.5) to�nd tn such that log(bω(tn)) ≥ ρ(tn) for all sequences ω starting with ω0, . . . , ωjn for
jn = log2(tn).Then look at the group G̃ω0,...ωin012012... the growth function of which is o(τ(R))in accordance with Theorem 2.5.7 and Proposition 2.5.5 to �nd sn+1.



Chapitre 3Amenability and non uniform growth
3.1 IntroductionGiven a �nitely generated group Γ endowed with a generating set S the growthfunction, bΓ,S(r) is de�ned as the number of group elements which are productsof less than a given number r of generators and their inverses. The growth of Γis quali�ed exponential when the exponential growth rate hS(Γ) = lim r

√

bΓ,S(r)strictly exceeds 1 for some, hence for all, generating set S. The growth is saidintermediate if hS(Γ) = 1 and the growth function is not polynomial, that is whenthe group is not virtually nilpotent ([Gro81a]). The growth is quali�ed uniform whenthe in�mum of the exponential growth rates over all generating sets strictly exceeds1, non uniform when exponential but : infS hS(Γ) = 1.The question of existence of groups of non uniform exponential growth was askedby Gromov in 1981 in the little green book [Gro81b]. It has been shown that suchgroups do not occur in several classes such as hyperbolic groups (see [Kou98]),linear groups (see [EMO02]), elementary amenable groups (see [Osi04]). A pleasantexposition is given in [dlH02]. The �rst examples of such groups have been providedby Wilson in [Wil04b] and [Wil04a]. They contain free subgroups. Another exampleis due to Bartholdi in [Bar03]. The main object of this paper is the following :Theorem 3.1.1. There exists uncountably many pairwise non isomorphic amenablegroups of non uniform exponential growth.Those groups will appear as subgroups of the group Aut(Td̄) of automorphisms ofa spherically homogeneous rooted tree, which is described in section 3.2. In section3.3 a subgroup of Aut(Td̄) is proved to be amenable when the tree has boundedvalency. This Main Theorem 3.3.1 implies in particular that the group consideredin [Bar03] is amenable. Sections 3.4 and 3.5 are devoted to the proof of this MainTheorem. In section 3.6, using speci�c generating sets of the alternate group ofpermutation, some groups of intermediate growth are introduced. Those groups areproved to be dense in the pro�nite group of alternate automorphism of the rooted59



60 CHAPITRE 3. AMENABILITY AND NON UNIFORM GROWTHtree. The groups of Theorem 3.1.1 are constructed in section 3.7, using results of Wil-son ([Wil04a]). Some part of Wilson Theorem 3.7.1, namely the convergence to 1 ofthe exponential growth rates associated to di�erent generating sets, is reinterpretedas a convergence of the Cayley graphs to Cayley graphs of the groups of intermediategrowth introduced in the previous section. The last section 3.8 deals with the ques-tion of subexponential amenability. The groups of non uniform exponential growthconstructed are proved not to be in the class SG.3.2 Automorphisms of rooted trees3.2.1 Spherically homogeneous rooted treeGiven a sequence d̄ = {dj}j≥0 of integers dj ≥ 2, the associated sphericallyhomogeneous rooted tree denoted Td̄ is de�ned as follows : the vertices are indexedby all �nite sequences v = (i1i2 . . . ik) with ij in {1, 2, . . . , dj−1}, including the emptysequence ∅ called the root, and the edges link the pairs {(i1i2 . . . ik), (i1i2 . . . ikik+1)}.Note that the sequence d̄ need not be in�nite in which case the tree is �nite.The distance (each edge has length 1) from a vertex to the root is called thelevel of the vertex. The vertices of level l(v) = n form the nth layer (or level) ofcardinality d0d1 . . . dn−1.Each vertex v of level n gives rise to a spherically homogeneous rooted subtree Tvwhen restricting to vertices of the form (vinin+1 . . . in+k). The tree Tv is isomorphicto the tree Tσnd̄ associated to the sequence σnd̄ = {dj}j≥n (with σ denoting theusual shift σ : (d0d1d2 . . . ) 7→ (d1d2d3 . . . )).3.2.2 Automorphism groupAn automorphism of Td̄ is a graph automorphism, that is a bijection of the set ofvertices mapping edges to edges, which �xes the root. These properties imply thatthe layers are preserved, and an automorphism acts on a layer by permutation. Thegroup of all such automorphisms will be denoted Aut(Td̄). Spherical homogeneityensures that Aut(Td̄) and Aut(Tσd̄) are related by an isomorphism :
Aut(Td̄) ' Aut(Tσd̄) o Sd0 . (3.2.1)Recall that G o Sd ' (G × · · · × G) o Sd where Sd (the group of permutation ofthe set {1, 2, . . . , d}) acts on the d copies of G by permutation. This identi�cationwill allow to write extensively f = (f1, f2, . . . , fd0)σ with f in Aut(Td̄), the fi in

Aut(Tσd̄) and σ in Sd0 . The product rule is fg = (f1, f2, . . . , fd0)σ(g1, g2, . . . , gd0)τ =
(f1gσ(1), . . . , fd0gσ(d0))στ . In particular, there is a projection p : Aut(Td̄)→ Sd0 calledrestriction to the �rst level. The kernel of this projection is called the stabilizer ofthe �rst level, denoted St1(Aut(Td̄)), easily checked to be isomorphic to the directproduct Aut(Tσd̄)× · · · × Aut(Tσd̄) with d0 factors.



3.2. AUTOMORPHISMS OF ROOTED TREES 61
∅

1 2 . . . d0

11 12 . . . 1d1 21 22 . . . v Tv . . . d01 d02 . . . d0d1

. . . . . . v1 v2 . . . vd2 . . . . . .Fig. 3.1 � Spherically homogeneous rooted tree, subtree.More generally for each integer n, there is an isomorphism :
Aut(Td̄) ' Aut(Tσnd̄) o Aut(Td0...dn−1), (3.2.2)where Aut(Td0...dn−1) acts by permutation on d0 . . . dn−1 copies of Aut(Tσn d̄) the wayit acts on the set of leaves (the boundary) of the �nite tree ∂Td0...dn−1 . There isalso a projection pn : Aut(Td̄) → Aut(Td0...dn−1), the kernel of which constitutesthe stabilizer Stn(Aut(Td̄)) of the nth level. This is a normal subgroup of Aut(Td̄)isomorphic to the direct product Stn(Aut(Td̄)) ' Aut(Tσn d̄) × · · · × Aut(Tσnd̄), theelements of which will occasionally be written g = (g1...1, . . . , gd0...dn−1)n.The full group of automorphism can be viewed as a pro�nite group via :

Aut(Td̄) = lim←−
n→∞

Aut(Td0...dn−1) = lim←−
n→∞

(Sdn−1 o Sdn−2 o · · · o Sd0). (3.2.3)A basis of open sets for the pro�nite topology associated is {Stn(Aut(Td̄))}n≥0. Thistopology can also be de�ned as associated to any of the following metrics δλ̄ on
Aut(Td̄). Given a decreasing sequence λ̄ = {λn}n≥0 of positive numbers tending tozero, set :

δλ̄(g, h) = inf{λn|g(v) = h(v) for all vertices v of level ≤ n}.A nice description of automorphisms of a rooted tree is to draw portraits. Aportrait is a function g from the set of all vertices v of the tree Td̄ taking permutationvalues g(v) ∈ Sdl(v)
. A portrait gives rise to a unique automorphism via the formula :

g(i1i2i3 . . . ik) = (g(∅)i1)(g(i1)i2)(g(i1i2)i3) . . . (g(i1 . . . ik−1)ik).Conversely, every automorphism has a unique portrait. The metrics δλ̄ are such thattwo automorphisms are n-close if their portraits coincide on the n �rsts layers.



62 CHAPITRE 3. AMENABILITY AND NON UNIFORM GROWTHAn automorphism is said to be even (or alternate) if all the permutations g(v) ∈
Sdl(v)

involved in the portrait are alternate permutations g(v) ∈ Adl(v)
. The group ofalternate automorphisms will be denoted Aute(Td̄). It satis�es :

Aute(Td̄) = lim←−
n→∞

Aute(Td0...dn−1) = lim←−
n→∞

Adn−1 o Adn−2 o · · · o Ad0 , (3.2.4)the pro�nite topology, the distances associated and the stabilizers of levels are de�-ned in the same way as for the full automorphism group. Note that if T2 is a 2-regularrooted tree, then Aute(T2) is the trivial group.3.2.3 Directed automorphism subgroupsThis paper focuses on speci�c subgroups of Aut(Td̄), those directed by a givenin�nite geodesic of the tree Td̄ starting from the root. Such a geodesic can always bechosen to be that passing at all vertices indexed by 11 . . . 1 (the leftmost geodesicin the illustrations). First introduce actions of some permutation groups on Td̄. Thegroup Sd0 acts on the rooted tree by permuting the subtrees of the �rst layer :
ι0 : Sd0 ↪→ Aut(Td̄).More precisely, ι0 is de�ned by ι0(σ)(i1i2 . . . ik) = σ(i1)i2 . . . ik. For simplicity ofnotations, we will identify σ = ι0(σ) = (idTσd̄

, . . . , idTσd̄
)σ and call those rootedautomorphisms (their portrait is trivial outside of the root).The in�nite direct product H̄ = Sd1×· · ·×Sd1×Sd2×· · ·×Sd2×. . . of permutationgroups where Sdk

appears dk−1− 1 times also acts on a canonical (once the geodesicis chosen) way on the rooted tree Td̄ :
ι : H̄ ↪→ Aut(Td̄).Indeed, consider the vertices 1ki = 1 . . . 1i with k ones and i in {2, . . . , dk}. Theyform the set P of vertices at distance exactly 1 of the leftmost geodesic 111 . . . .Each permutation group Sdk

acts on a subtree T1ki via the above homomorphism
ι0 (corresponding to the rooted tree Tσk d̄). More precisely, the action is recursivelyde�ned through the wreath product by :

ι(σ2, . . . , σd0 , σ12, . . . , σ1d1 , . . . ) = (ι′(σ12, . . . , σ1d1 , . . . ), σ2, . . . , σd0),where ι′(σ12, . . . , σ1d1 , . . . ) represents the action of the restriction H̄ � H̄1 via :
ι′ : H̄1 = Sd1−1

d2
× Sd2−1

d3
× . . . ↪→ Aut(T1) ' Aut(Tσd̄)The geometry of the set P ensures that the action of di�erent factors commute,thus ι is a well de�ned injection. This is best understood by Figure 3.2, showing theportrait is non trivial only on P . The automorphisms obtained in ι(H̄) are said tobe directed by the geodesic 111 . . . .
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... σ112 σ113 . . . σ11d2

σ12 σ13 . . . σ1d1

σ2 σ3 . . . σd0

Fig. 3.2 � The ι-action of H̄ .Given a subgroup A of Sd0 and a subgroup H of H̄ , denote by G(A, H) thesubgroup of Aut(Td̄) generated by ι0(A) and ι(H). Such a group will be called adirected group of automorphisms. Note that the group H might not be countable as
H̄ is not. The group G(Sd0 , H̄) will be called full group of directed automorphisms.Note that the full tree automorphism group isomorphism (3.2.1) descends to the fulldirected automorphism groups :

G(Sd0 , H̄) ' G(Sd1 , H̄1) o Sd0 . (3.2.5)The class of groups of the form G(A, H) has been considered in [Gri00]. It gathersmany famous examples such as the family of Aleshin-Grigorchuk groups known tobe torsion (see [Ale72]) and of intermediate growth (see [Gri85]). Other interestingexamples are some groups of non uniform growth constructed by Wilson ([Wil04b],[Wil04a]) and Bartholdi ([Bar03]), to which section 3.7 is devoted.3.3 The Main TheoremIn this section the Main theorem on full directed automorphism groups is statedand its proof is reduced to the proof of the a priori weaker Theorem 3.3.2.Theorem 3.3.1 (Main Theorem). Let d̄ = (di)i≥0 be a sequence of integers di ≥ 2,let Sd0, H̄ and G(Sd0 , H̄) be the full directed subgroup of Aut(Td̄), then :1) if the sequence d̄ is bounded, the group G(Sd0 , H̄) is amenable.2) if the sequence d̄ is unbounded, the group G(Sd0 , H̄) contains a free group F2 ontwo generators.The proof of part 1) of the Main Theorem 3.3.1 reduces to proving the following,which will be the object of sections 3.4 and 3.5.



64 CHAPITRE 3. AMENABILITY AND NON UNIFORM GROWTHTheorem 3.3.2. Let d̄ = (di)i≥0 be a bounded sequence of integers 2 ≤ di ≤ D,let H < H̄ be a �nite saturated subgroup, then the directed subgroup G(Sd0 , H) of
Aut(Td̄) is amenable.Proof of part 2). The second part of the Main Theorem is an immediate consequenceof the following lemma stated in [Wil04a] (see also [TW84]).Lemma 3.3.3 ([Wil04a]). Let F be the free product of two non-trivial �nite groupswhich are not both of order 2, and S be any in�nite subset of N. Then the alternatepermutation group Ad is a homomorphic image of F for all su�ciently large d andthe intersection of the kernels of all epimorphisms from F to groups Ad with d ∈ Sis the trivial subgroup.This implies that if d̄ is unbounded then the group H̄ already contains a freegroup F2 on two generators. Indeed, let F = Z/2Z ? Z/3Z the free group generatedby elements x of order 2 and y of order 3. Let D be such that there is an ontohomomorphism ϕd : F → Ad when d ≥ D. De�ne :

h1 = (ϕd1(x), . . . , ϕd1(x), ϕd2(x), . . . , ϕd2(x), . . . ) ∈ H̄
h2 = (ϕd1(y), . . . , ϕd1(y), ϕd2(y), . . . , ϕd2(y), . . . ) ∈ H̄where ϕd(x) = ϕd(y) = 1 ∈ Ad ⊂ Sd if d < D. Then Lemma 3.3.3 ensures that thesubgroup 〈h1, h2〉 < H̄ is isomorphic to F which contains F2 as a subgroup of �niteindex.If the sequence d̄ is bounded then the properties of the group H̄ are much di�erent.Fact 3.3.4. Let H̄ = T1 × T2 × . . . where the groups Ti belong to a �nite family

F = {F1, . . . FD} of �nite groups, then every �nitely generated subgroup H ′ of H̄ is�nite.Proof. Let h1, . . . , hk be generators of H ′, they are of the form hj = (h1
j , h

2
j , . . . )with hi

j ∈ Ti. There are at most M = D.(max{#Fi})k di�erent k + 1-tuples
(hi

1, h
i
2, . . . , h

i
k, Fi). Let I be a subset of N of size less than M such that all di�erent

(k + 1)-tuples appear when i describes I. Then the projection πI : H̄ → ×i∈ITi isinjective, so that H ′ is �nite.De�nition 3.3.5. A �nite subgroup H of the group H̄ = T1 × T2 × . . . wherethe Ti belong to a �nite family F of �nite group is said to be saturated if theequidistributed probability measure qH on H projects on each coordinate i to theequidistributed probability measure qTi
on Ti, that is if h = (h1, h2, . . . ) ∈ H then

qH(hi = t) = qTi
(t) = 1

#Ti
.Fact 3.3.6. Every �nite subgroup H ′ of H̄ is included in a �nite saturated group H.Proof. With the above notations set for each i in I :

Ji = {j ∈ N|(hj
1, h

j
2, . . . , h

j
k, Fj) = (hi

1, h
i
2, . . . , h

i
k, Fi)}.



3.4. SCHEME OF THE PROOF OF THEOREM 3.3.2 65There is a diagonal embedding Ti → ×j∈Ji
Tj and as ∪i∈IJi = N we get a diagonalinjection :

×i∈ITi ↪→ H̄the image H of which contains H ′ and is saturated by construction, knowing a �nitedirect product is always saturated.Proof that Theorem 3.3.2 implies the Main Theorem. To prove the group G(Sd0 , H̄)is amenable, it is su�cient to prove amenability for every �nitely generated subgroup
Gf (Theorem 1.2.7. in [Gre69]), which reduces, assuming Theorem 3.3.2, to showthat Gf is included in some G(Sd0 , H) for H �nite saturated. Indeed, let s1, . . . , skbe generators of Gf , each sj is of the form sj = a1

jh
2
ja

3
j . . . h

nj

j , with ai
j ∈ Sd0and 〈(hi

j)i,j〉 < H̄ �nitely generate a subgroup H ′ which is included in some �nitesaturated subgroup H by Facts 3.3.4 and 3.3.6.3.4 Scheme of the proof of Theorem 3.3.2This section is devoted to the scheme of the proof of Theorem 3.3.2 which im-plies the Main Theorem 3.3.1. The details are given in section 3.5. Groups of theform G(Sd0, H) share similarities with the Basilica group de�ned by a three stateautomaton introduced by Grigorchuk and Zuk in [GZ02a]. The Basilica group wasshown to be amenable by Bartholdi and Virag (see [BV05]) using selfsimilarity ofsome random walks. This method, called the �Münchhausen trick�, has been usedto show amenability of a few other groups (see [Kai05] and [Muc05]). We proceedwith the same methods, using Kesten's criterion on symmetric random walks.As H is a �nite saturated subgroup of H̄ = Sd0−1
d1
×Sd1−1

d2
× . . . , let us denote Hkits restriction to H̄k = Sdk−1

dk+1
×S

dk+1−1
dk+2

× . . . which is also a �nite saturated subgroupand it follows from (3.2.5) that G(Sd0 , H) ↪→ G(Sd1 , H1) o Sd0 , and more generallythe group G(Sdk
, Hk) is a directed subgroup of Aut(Tσk d̄) satisfying the crucial :

G(Sdk
, Hk) ↪→ G(Sdk+1

, Hk+1) o Sdk
.The word metric does not behave appropriately enough through this wreath productembedding, rather use :Proposition 3.4.1 (A fractal family of pseudo norms of exponential growth). Thereexists a family of pseudo norms νk on G(Sdk

, Hk) (which means symmetric positivefunctions νk : G(Sdk
, Hk)→ R+ satisfying the triangle inequality) such that :a) if g belongs to G(Sdk

, Hk) and has image g = (g1, . . . , gdk
)σ in G(Sdk+1

, Hk+1) oSdk
,then νk(g) ≤ νk+1(g1) + · · ·+ νk+1(gdk

), andb) if Bνk(r) = {g ∈ G(Sdk
, Hk)|νk(g) ≤ r}, then #Bνk(r) ≤ Cr where C is a constantdepending only on the bound D on the valencies of the tree and the size of the �nitegroup H (which contains Hk for every k).



66 CHAPITRE 3. AMENABILITY AND NON UNIFORM GROWTHLet p denote the symmetric probability measure on the �nite generating set Sd0 ∪
H of G(Sd0, H) de�ned by p(a) = 1

2#Sd0
for a ∈ Sd0 and p(h) = 1

2#H
for h ∈ H .The random walk associated is ZN = s1 . . . sN where the si are independent randomvariables identically p-distributed. The set of random sequences (ZN)N∈N is endowedwith the product measure (de�ned on the sigma algebra generated by cylinders)

P = p⊗∞. The drift of this random walk with respect to the pseudo norm ν = ν0vanishes :Proposition 3.4.2. The random walk (ZN) satis�es :
ν(ZN )

N
−→

N→+∞
0, P a.s..To prove this proposition, another (non symmetric) random walk is usefull. Letus de�ne Yn = t0t1t2 . . . tn where t2i are random variables equidistributed on Sd0and t2i+1 are equidistributed on H and all the ti are independent. Denote Q =

(qSd0
⊗ qH)⊗∞ the associated measure on the set of sequences (Yn)n∈N (with respectto the cylindrical sigma algebra), then :Proposition 3.4.3. The random walk (Yn) satis�es :

ν(Yn)

n
−→

n→+∞
0, Q a.s..The key argument to prove Proposition 3.4.3 is the next Lemma 3.4.6 togetherwith Proposition 3.4.1 a).Remark 3.4.4 (On the dependence on t0). The pseudo norm ν = ν0 satis�es ν(ah) =

ν(h) for every a in Sd0 and h in H (Proposition 3.5.2 (2)), which ensures ν(Yn) =
ν(t−1

0 Yn) = ν(t1t2 . . . tn), showing that ν(Yn) is independent of t0. This will be ofimportance and justi�es the :De�nition 3.4.5. Two random variables U and V on the group G(Sd0 , H) are said
ν-equivalent if ν(U) and ν(V ) have the same distribution law on N, which will bedenoted :

U ∼ν-law V.Consider the random walk (Yn)n∈N and its image in the wreath product of theform Yn = (Y 1
n , . . . , Y d0

n )σn where σn is a random variable in Sd0 and the coordinates
Y t

n for t ∈ {1, . . . , d0} are random variables in G(Sd1 , H1). The point is that (Y t
n)nfollows the law of the similarly de�ned random walk (Y ′

m)m∈N on G(Sd1 , H1) (whichis taking independent equidistributed increments alternatively in Sd1 and H1), butat a slower speed. More precisely :Lemma 3.4.6 (Similarity of the random walks (Yn) and (Y ′
m)). Let (Yn)n∈N therandom walk de�ned above and Yn = (Y 1

n , . . . , Y d0
n )σn its image in the wreath product.For each coordinate (Y t

n)n the sequence (Yn)n de�nes a sequence of random integers
(mt(n))n and a random sequence (εt(n))n taking values in {0, 1} such that :



3.4. SCHEME OF THE PROOF OF THEOREM 3.3.2 671. For every integer n the values of mt(n) and εt(n) depend only on (Yn′)n′≤n.2. For every integer n the coordinate Y t
n belonging to G(Sd1 , H1) has the same ν1-distribution law as the random variable Y ′

mt(n)+εt(n). More precisely the condi-tional law :
(Y t

n|mt(n), εt(n)) ∼ν1-law Y ′
mt(n)+εt(n).3. The random sequence (mt(n))n satis�es :

mt(n) ∼n→+∞

(
d0 − 1

d0

)
n

d0
, Q a.s..Propositions 3.4.1 and 3.4.2 are su�cient to apply the :Theorem 3.4.7 (Kesten criterion of amenability [Kes59a]). Let Γ be a �nitely ge-nerated group and (ZN) a symmetric random walk on Γ. The group Γ is amenableif and only if the sequence (P (Z2N = idΓ))N does not decay exponentially fast with

N .The following fact is also usefull :Fact 3.4.8. Let (ZN) a symmetric random walk on a �nitely generated group Γ,then for any �xed integer N the function Γ → [0, 1] : g 7→ P (Z2N = g) is maximalfor g = idΓ.Proof of the Fact 3.4.8. Let pk(x, y) denote the probability to go from x to y in ksteps, let δx denote the function on Γ taking values 1 on x and 0 elsewhere and Mthe symmetric random walk operator on the space l2(Γ). Then Cauchy inequalityimplies :
p2N (id, x)2 = 〈M2Nδid, δx〉2 = 〈MNδid, M

Nδx〉2
≤ ||MNδid||.||MNδx|| = p2N (id, id).p2N(x, x) = p2N(id, id)2.Note that Theorem 3.4.7 and Fact 3.4.8 only apply to symmetric random walks.Proof of Theorem 3.3.2. Given an arbitrary positive ε the previous Fact 3.4.8 ap-plied to the symmetric random walk (ZN) constructed above raises :

P (ν(Z2N) ≤ ε2N) =
∑

ν(g)≤ε2N

P (Z2N = g) ≤ P (Z2N = idG(Sd0
,H))#Bν(ε2N),and the Propositions 3.4.1 b) and 3.4.2 ensure :

P (Z2N = id) ≥ P

(
ν(Z2N)

2N
≤ ε

)

C−ε2N ∼N→∞ C−ε2N .Thus P (Z2N = id) does not decrease exponentially fast and Kesten's criterion provesTheorem 3.3.2 and thus the Main Theorem.



68 CHAPITRE 3. AMENABILITY AND NON UNIFORM GROWTH3.5 Details of the proof of Theorem 3.3.23.5.1 Fractal pseudo norms of exponential growth (proof ofProposition 3.4.1).To the symmetric generating set S = (Sd0 ∪ H)\{1} of G(Sd0, H) is associatedthe word norm on G(Sd0 , H) by :
|g| = min{r|g = z1 . . . zr, zi ∈ S}.Denote BS(r) the ball of radius r associated to this norm (that is the set of all gsuch that |g| ≤ r), then #BS(r) ≤ (#S)r.Note that since G(Sd0 , H) is a quotient of the free product Sd0 ∗H a word z1 . . . zris a minimal representative of g (that is r = |g|) only in the following cases : either

z2j ∈ Sd0\{1} and z2j+1 ∈ H\{1}, or conversely. This brings another de�nition :
||g||0 = min{r|g = a1h1a2h2 . . . hrar+1, ai ∈ Sd0 , hj ∈ H}. (3.5.1)The following is straightforward :Properties 3.5.1. The function ||.||0 is a norm when restricted to the stabilizer ofthe �rst level St1(G(Sd0 , H)), namely it satis�es :1. ||gh||0 ≤ ||g||0 + ||h||0 for all g, h in G(Sd0 , H),2. ||g−1||0 = ||g||0 for all g in G(Sd0 , H),3. ||g||0 = 0 if and only if g ∈ Sd0,This function ||.||0 is related to the usual word norm since for g in G(Sd0 , H) :

2||g||0 − 1 ≤ |g| ≤ 2||g||0 + 1,which implies that if B||.||0(r) is the ball of radius r associated to ||.||0 in G(Sd0 , H),then :
#B||.||0(r) ≤ (#S)2r+1.Following [BV05], let us introduce a new function ν on G(Sd0 , H) which is to bethought of as a fractal distance. For g ∈ G(Sd0 , H) and a vertex v on layer k = l(v)of Td̄, denote by gv the action of g on the descendant subtree Tv ' Tσk d̄ of Td̄ and

g(v) ∈ Sdk
the action on the dk children of v. The automorphism gv of the rooted tree

Tv belongs to the group G(Sdk
, Hk). The function de�ned by (3.5.1) for G(Sdk

, Hk)will be denoted by ||.||k.A subtree T of Td̄ is said to be rooted if it contains the root ∅ of Td̄. It is saidregular if for every vertex v ∈ T , either T contains the dl(n) descendant of v, eitherit contains none of them.



3.5. DETAILS OF THE PROOF OF THEOREM 3.3.2 69Given a �nite regular rooted subtree T of Td̄ with set of leaves ∂T , de�ne afunction νT on G(Sd0 , H) by :
νT (g) =

∑

v∈∂T

(1 + ||gv||l(v)).and a function ν : G(Sd0 , H)→ N as :
ν(g) = min{νT (g)|T is a �nite regular rooted subtree of Td̄}. (3.5.2)The construction (3.5.2) de�nes similarly a function νk : G(Sdk

, Hk)→ N for thesubgroup G(Sdk
, Hk) < Aut(Tσk d̄) ' Aut(Tv) for any vertex v on the kth layer. Notethat ν = ν0 and that the following proposition is still true replacing ν by νk and ν1by νk+1.Proposition 3.5.2. The function ν satis�es :1. Let g in G(Sd0 , H) and g = (g1, . . . , gd0)σ be its embedded image in the wreathproduct G(Sd0 , H) ↪→ G(Sd1 , H1) o Sd0, then :

ν(g) = min{ν1(g1) + · · ·+ ν1(gd0), 1 + ||g||0}.2. Let g in G(Sd0 , H), then ν(g) = ν(g−1).3. Let g, g′ be in G(Sd0 , H), then ν(gg′) ≤ ||g||0 + ν(g′).4. Let g, g′ be in G(Sd0 , H), then ν(gg′) ≤ ν(g) + ν(g′).In particular, this function ν is a pseudo-norm on G(Sd0, H).The use of induction in the proof of Proposition 3.5.2 requires the :Property 3.5.3. Let g in G(Sdk
, Hk) have image g = (g1, . . . , gdk

)σ in the wreathproduct G(Sdk+1
, Hk+1) o Sdk

and assume ||g||k ≥ 2 then ||gt||k+1 < ||g||k for anycoordinate t.Proof of Property 3.5.3. An element g admits a minimal representative of the form
g = hσ1

1 . . . hσr
r σr+1 with σi in Sdk

and hi in Hk (remind xy = yxy−1). Moreover byconstruction h = (h′, a2, . . . , adk
) with h′ inHk+1 and ai in Sdk+1

and the conjugate hσis the same dk-tuple where the coordinates are σ permuted. This ensures ||g1||k+1 +
· · · + ||gd0 ||k+1 ≤ ||g||k. It is su�cient to prove the property for ||g||k = 2, thatis g = hσ1

1 hσ2
2 . If σ1(1) 6= σ2(1) the property is obvious. If σ1(1) = σ2(1) then

||gi||k+1 = 0 if i 6= σ1(1) and ||gσ1(1)||k+1 = ||h′
1h

′
2||k+1 = 1 because h′

1h
′
2 is anelement of Hk+1.Proof of Proposition 3.5.2. Note that 1 + ||g||0 = ν{∅}(g) and assume the minimumin de�nition (3.5.2) is obtained for a �nite regular rooted tree T 6= {∅}. Clearly

∂T = ∂T (1)∪· · ·∪∂T (d0) where T (v) denotes the intersection of T with the subtree
Tv of Td̄ hung on vertex v, thus :

νT (g) =
∑

v∈∂T

(1 + ||gv||l(v)) =

d0∑

t=1

∑

v∈∂T (t)

(1 + ||gv||l(v)) =

d0∑

t=1

νT (t)(gt),



70 CHAPITRE 3. AMENABILITY AND NON UNIFORM GROWTHwhich is minimal if and only if νT (t)(gt) = ν1(gt) is minimal for all t. This impliespart (1).It follows that if ||g||0 = 1 then ν(g) = 2 = ν(g−1). Similarly if ||g||k = 1for g ∈ G(Sdk
, Hk) then νk(g) = 2 = νk(g−1). Assume by induction on r that

νk(g) = νk(g−1) if ||g||k ≤ r and this jointly for every level k, then the inverse formula
g−1 = σ−1(g−1

1 , . . . , g−1
d0

) and the induction hypothesis ensuring ν1((g−1)1) + · · · +
ν1((g−1)d0) = ν1(g1) + · · ·+ ν1(gd0) (as ||gt||k+1 < ||g||k by Property 3.5.3) togetherwith part (1) show part (2).To prove part (3), note �rst that ν(ag) = ν(g) for all a ∈ Sd0 . Indeed, a onlypermutes the subtrees of the �rst level and does not increase any of the ||gv||l(v). Toconclude, it is su�cient to show that when h is in H , we have νT (hg) ≤ 1+νT (g) forany �nite regular subtree T . Proceed by induction on the size of T . Indeed, this istrue for T = {∅} by Property 3.5.1 (1). More generally, denoting g = (g1, . . . , gd0)σ0and h = (h1, a2, . . . , ad0) with gt in G(Sd1 , H1), h1 in H1 and at in Sd1 , we get
hg = (h1g1, a2g2, . . . , ad0gd0)σ0 and :

νT (hg) = νT (1)(h1g1) +

d0∑

t=2

νT (t)(atgt) ≤ 1 + νT (1)(g1) +

d0∑

t=2

νT (t)(gt) = 1 + νT (g)using the induction hypothesis on T (1).Part (4) is implied by part (3) in case ν(g) = 1 + ||g||0 or ν(g′) = 1 + ||g′||0.Otherwise :
ν(gg′) ≤

d0∑

t=1

ν1((gg′)t) =

d0∑

t=1

ν1(gtg
′
σ(t)) ≤

d0∑

t=1

ν1(gt) + ν1(gσ(t)) = ν(g) + ν(g′),where the second inequality comes by joint induction on ||g||k using Property 3.5.3.Let Bν(r) = {g ∈ G(Sd0 , H)|ν(g) ≤ r} denote the ball of radius r associated tothe function ν. The next proposition is crucial for our purpose.Proposition 3.5.4. Consider a spherically homogeneous rooted tree Td̄ of boundedvalency 2 ≤ di ≤ D, a �nite subgroup H of H̄ and the function ν constructed above,then the balls Bν(r) ⊂ G(Sd0 , H) grow at most exponentially fast. Namely, thereexists a constant C depending only on D and the size of H such that :
#Bν(r) ≤ (C)r, for all r su�ciently large.In order to prove this proposition, recall classical estimates on the number ofrooted subtrees of a rooted tree. The formula below can be found in [PR87], theequivalent is derived from Stirling's formula.Proposition 3.5.5. The number of (not necessarily regular) rooted subtrees of a

D-regular tree TD containing r vertices is :
s(D)

r =
1

r
Cr−1

Dr ∼r→+∞
1

D − 1

√

D

2(D − 1)π
r−

3
2

(
DD

(D − 1)(D−1)

)r

.



3.5. DETAILS OF THE PROOF OF THEOREM 3.3.2 71More precisely the following is su�cient :Corollary 3.5.6. The number t
(D)
r of regular rooted subtrees of Td̄ (with d̄ boundedby D) containing at most r leaves satis�es :

t(D)
r ≤ (KD)r, for KD =

D2D

(D − 1)2(D−1)
,provided r is su�ciently large.Proof. It is well known that a subtree with at most r leaves contains at most 2r− 1vertices and the asymptotic equivalent of s

(D)
r gives the corollary.Proof of Proposition 3.5.4. If ν(g) ≤ r then there exists a regular rooted subtree

T such that νT (g) ≤ r. In particular, such a subtree has less than r leaves so thatthere are at most (KD)r choices for T (corollary 3.5.6). Given T , the element g isdescribed by all g(v) ∈ Sdl(v)
where v ∈ T̊ , which allow at most (D!)#T̊ ≤ (D!)rchoices, and all gv ∈ G(Sdl(v)

, Hl(v)) with v ∈ ∂T , which satisfy :
∑

v∈∂T

||gv||l(v) ≤ r.The number of possibilities for this last choice is less than (M + 1)2r where M =
max{#B||.||k(1)} (�nite because the size of the generating set Sdk

∪ Hk on layer kdepends only on dk ≤ D and #Hk ≤ #H) bounds the number of symbols whichrepresent an automorphism of norm 1 on a given leaf. An extra symbol (a coma) isadded to denote passing to the next leaf. All in all, taking C = KDD!(M +1)2 givesthe desired result.3.5.2 Similarity of random walks (proof of Lemma 3.4.6).First recall elementary probabilistic facts which will be usefull.Fact 3.5.7. Let (zi)i≥1 be independent random variables equidistributed on a �nitegroup F . Then the sequence (Xk)k≥1 of products Xk = z1 . . . zk is a family of inde-pendent random variables equidistributed on F .Proof of Fact 3.5.7. Denote by qF the equidistribution measure on the �nite group
F . It is su�cient to prove by induction that :

q⊗∞
F (Xi = fi, i ≤ k) =

k∏

i=1

q⊗∞
F (Xi = fi) =

k∏

i=1

qF (Xi = fi),



72 CHAPITRE 3. AMENABILITY AND NON UNIFORM GROWTHfor arbitrary f1, . . . , fk in F , which comes from :
q⊗∞
F (Xi = fi, i ≤ k) = q⊗∞

F (Xk = fk|Xi = fi, i ≤ k − 1)q⊗∞
F (Xi = fi, i ≤ k − 1)

= q⊗∞
F (zk = f−1

k−1fk)

k−1∏

j=1

q⊗∞
F (Xj = fj)

= qF (zk = f−1
k−1fk)

k−1∏

j=1

qF (Xj = fj).

Fact 3.5.8. Let z be a random variable equidistributed on a �nite group F actingtransitively on a �nite set A, then qF (z(t) = t′) = 1
#A

for all t, t′ in A.Proof of Fact 3.5.8. The quotient F/StabF (t) is of size #A. If z0(t) = t′ (transiti-vity) then z0StabF (t) = {z|z(t) = t′} has the same size as StabF (t) by injectivity ofleft translation in F .Fact 3.5.9. Let (ui)i∈N be independent random Bernoulli variables on {0, 1} (say
p(ui = 0) = p and p(ui = 1) = 1− p for some p in ]0, 1[). Let f(wN) be the numberof alternations in the subsequence wN = u1 . . . uN , that is the number of indexes isuch that ui 6= ui+1. Equivalently, 1 + f(wN) is the number of maximal packs ofconstant successive terms. Then :

f(wN) ∼N→+∞ 2p(1− p)N, P = p⊗∞ a.s..Proof of Fact 3.5.9. Apply the law of large numbers to f(wN) =
∑N−1

i=1 1{ui 6=ui+1}knowing that E(1{ui 6=ui+1}) = 2p(1− p) and that the terms are independent.Proof of Lemma 3.4.6. Consider the random walk Yn at step n as :
Yn = t0t1 . . . tn = a1h1a2h2 . . . ashsas+1with s = [n

2
] (as+1 empty if n even), where the terms ai (resp. hi) are randomvariables equidistributed in Sd0 (resp. in H), all being independent. This can berewritten Yn = hσ1

1 . . . hσs
s σs+1 (remind the conjugate notation hσ = σhσ−1) wherethe σi = a1a2 . . . ai are independent random variables equidistributed in Sd0 byFact 3.5.7.Using coordinates in the wreath product an element h of H has the form h =

(h1, a2, . . . , ad0) with h1 in H1 and ai in Sd1 and each of them is equidistributed for hequidistributed in H by saturation (note that the coordinates are not independent).Conjugating by a rooted automorphism σ raises hσ = (aσ(1), . . . , aσ(d0)) with h1 inposition σ(1).Consider now the random walk Yn = (Y 1
n , . . . , Y d0

n )σn at time n and focus oncoordinate t, which is a product Y t
n = u1 . . . us of s independent terms such that
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ui belongs to and is equidistributed in Sd1 (resp. H1) if σi(t) belongs to {2, . . . , d0}(resp. σi(t) = 1). Since the σi are equidistributed in Sd0 the probability that ui is in
Sd1 (resp. H1) for a given i is d0−1

d0
(resp. 1

d0
) by Fact 3.5.8. This is summarized in :

Q(ui = g) =

{ d0−1
d0

1
#Sd1

if g ∈ Sd1 ,
1
d0

1
#H1

if g ∈ H1,and the terms ui are independent. De�ne mt(n) to be the number of maximal packsof successive ui belonging either to Sd1 , or to H1 in the sequence Y t
n = u1 . . . us. Fact3.5.9 ensures that :

mt(n) ∼n→+∞ 2
1

d0

(

1− 1

d0

)

s ∼n→+∞

(
d0 − 1

d0

)
n

d0

.Given an integer n, assume we know the distribution D of which terms ui are in Sd1and H1, then the kth pack of terms vk = uikuik+1 . . . ujk
of constant belonging is aproduct of equidistributed independent elements in the �nite group Sd1 or H1 henceis equidistributed. In this situation Y t

n = v0v1 . . . vmt(n) where two cases are possible :either u1 belongs to Sd1 (set εt(n) = 0), the terms v2k+1 are equidistributed in H1and v2k are equidistributed in Sd1 , which is of the form Y ′
mt(n) ; or u1 belongs to H1(set εt(n) = 1), then re index the vi as Y t

n = idSd1
v1 . . . vmt(n)+1 which is of the form

Y ′
mt(n)+1 except for v0 which follows the Dirac law on idSd1

; this has no in�uence onthe ν-distribution of the sequences (Remark 3.4.4). In both cases :
(Y t

n|D) ∼ν-law Y ′
mt(n)+εt(n),where the condition depends only on the number of alternations mt(n) and thestarting condition εt(n) of the distribution D.3.5.3 Zero drift of (Yn) (proof of Proposition 3.4.3)Note that the Kolmogorov 01-law implies almost sure constance of lim sup ν(Yn)

n
:Lemma 3.5.10. For every integer k denote (Y

(k)
n )n the random walk on G(Sdk

, Hk)which is taking independent equidistributed increments alternatively in Sdk
and Hk,in particular (Yn) = (Y

(0)
n ) and (Y ′

n) = (Y
(1)
n ). Then there exists lk in [0, 1

2
] suchthat :

lim sup
n→+∞

νk(Y
(k)
n )

n
= lk, Qk = (qSdk

⊗ qHk
)⊗∞ a.s..Proof. Proposition 3.5.2 (1) implies νk(Y

(k)
n ) ≤ 1 + ||Y (k)

n ||k ≤ n+1
2

so that the
lim sup is ≤ 1

2
. Given l in [0, 1

2
] the event El = {lim sup νk(Y

(k)
n )

n
≤ l} is a tailevent, that is an event which is independent of any �nite subsequence (Y

(k)
n )n≤N ,hence has probability 0 or 1 by the 01-Kolmogorov law. The function l 7→ Qk(El) is



74 CHAPITRE 3. AMENABILITY AND NON UNIFORM GROWTHincreasing, right continuous and takes values in {0, 1}, so that there exists lk suchthat Qk(El) = 0 for l < lk and Qk(El) = 1 for l ≥ lk. Then :
Qk

(

{lim sup
νk(Y

(k)
n )

n
= lk}

)

= Qk(Elk \ ∪n≥1Elk− 1
n
) = 1.

Proof of Proposition 3.4.3. To show l0 = 0, prove lk ≤ (D−1)
D

lk+1 where D is thebound on the valencies of the spherically homogeneous rooted tree Td̄. This is su�-cient as lk ≤ 1
2
for every k. To ease notations, compute for k = 0. Proposition 3.4.1(a) ensures :

lim sup
n→+∞

ν(Yn)

n
≤ lim sup

n→+∞

d0∑

t=1

ν1(Y t
n)

n
≤

d0∑

t=1

lim sup
n→+∞

ν1(Y t
n)

n
. (3.5.3)To compute the right side introduce the condition (mt(n)) :

lim sup
n→+∞

ν1(Y t
n)

n
= lim sup

n→+∞

ν1(Y t
n)

mt(n)

mt(n)

n
≤ lim sup

n→+∞

ν1(Y t
n)

mt(n)
lim sup
n→+∞

mt(n)

n
,where Lemma 3.4.6 gives lim sup mt(n)

n
= (d0−1

d0
) 1

d0
, Q a.s. and

lim sup
ν1(Y t

n)

mt(n)
= lim sup

ν1(Y ′
mt(n)+εt

n
)

mt(n)
= l1, Q a.s.because mt(n)→ +∞ Q a.s.. The last estimates gathered together on a Q probabi-lity one event show that :

l0 ≤
d0∑

t=1

l1

(
d0 − 1

d0

)
1

d0

=

(
d0 − 1

d0

)

l1 ≤
(

D − 1

D

)

l1.

3.5.4 Zero drift of (ZN) (proof of Proposition 3.4.2)Recall the :Fact 3.5.11. Let (ai)i∈N be a random sequence in {0, 1}N endowed with a probabilitymeasure µ. Assume that there exists an in�nite subset I of N such that µ(ai = 1) ≥
δ > 0 for all i ∈ I, then µ(ai = 1 for in�nitely many i) ≥ δ.Proof of Fact 3.5.11. Let E = {(ai)|ai = 1 in�nitely often} and assume by contra-diction µ(E) = δ′ < δ, this implies µ(Ec ∩ {ai = 1}) ≥ δ − δ′ for all i in I. Howeverthe complement of E is the in�nite increasing union :

Ec = ∪n∈N{(ai)|ai = 0 for i ≥ n} = ∪n∈NFn,



3.5. DETAILS OF THE PROOF OF THEOREM 3.3.2 75so that µ(FN) ≥ 1− δ+δ′

2
for some N . But the case i ≥ N raises the contradiction :

µ(Ec ∩ {ai = 1}) = µ((Ec \ FN) ∩ {ai = 1}) ≤ µ(Ec \ FN) ≤ δ + δ′

2
− δ′ =

δ − δ′

2
.Proposition 3.4.3 will be used in the (a priori) weaker form :Corollary 3.5.12. For every positive ε and α, there exists N0 such that for n ≥ N0 :

Q

(
ν(Yn)

n
≤ ε

)

≥ 1− α.Proof. Assume the statement does not hold, then there exists ε0, α0 and in�nitelymany integers nk with Q
(

ν(Ynk
)

nk
≥ ε0

)

≥ α0 and then
Q

(

lim sup
ν(Yn)

n
≥ ε0

)

≥ α0by Fact 3.5.11, contradicting Proposition 3.4.3.The random walks (ZN) and (Yn) are closely related by :Fact 3.5.13. Let N be a �xed integer. To each walk ZN = s1 . . . sN is associatedthe number of alternations a(N) from si in Sd0 to si+1 in H or vice versa. Then theconditional law of ZN satis�es :
(ZN |a(N)) ∼ν−law Ya(N).Proof. Conditioning by the distribution D of which terms si are in Sd0 and in H ,the walk is rewritten : ZN = s1 . . . si0si0+1 . . . si1 . . . sia(N)

= t0t1 . . . ta(N) where t2j =
si2j−1

. . . si2j
are equidistributed in Sd0 (except maybe t0 which could be empty) and

t2j+1 = si2j
. . . si2j+1

are equidistributed in H , all factors being independent, whichis the de�nition of the random walk Ya(N). The condition matters only on a(N) andnot D.This Fact 3.5.13 allows us to show a weak form :Lemma 3.5.14. For every positive ε and α, there exists M such that for N ≥M :
P

(
ν(ZN )

N
≤ ε

)

≥ 1− α.Proof. Fact 3.5.9 ensures that the conditioning term a(N) satis�es limN→∞
a(N)

N
= 1

2
,

P almost surely. In particular for every positive α there exists an integer N1 suchthat P (a(N) ≥ N
3
) ≥ 1− α for all N ≥ N1.



76 CHAPITRE 3. AMENABILITY AND NON UNIFORM GROWTHNow compute under the condition a(N) :
P

(
ν(ZN)

N
≤ ε

)

=
∑

a(N)

P

(
ν(ZN )

N
≤ ε|a(N)

)

P (a(N)),but if N ≥ N1 then P (a(N) ≤ N
3
) ≤ α. Moreover for N ≥ 3N0 (de�ned by Corollary3.5.12) the condition a(N) ≥ N

3
≥ N0 ensures via Fact 3.5.13 :

P

(
ν(ZN)

N
≤ ε|a(N)

)

= Q

(
ν(Ya(N))

a(N)

a(N)

N
≤ ε

)

≥ 1− α,because a(N)
N
≤ 1. All in all, when N ≥ max{N1, 3N0} :
P

(
ν(ZN)

N
≤ ε

)

≥
∑

a(N)≥N
3

(1− α)P (a(N)) ≥ (1− α)2,which proves Lemma 3.5.14.The previous Lemma ensures that P almost surely : lim inf ν(ZN )
N

= 0 (Fact3.5.11). To get Proposition 3.4.2 use :Theorem 3.5.15 (Kingman subadditive Theorem ([Kal02] 9.14)). Let (Xm,n) berandom variables such that :1. X0,n ≤ X0,m + Xm,n for all 0 < m < n,2. (Xm+1,n+1) has the same law as (Xm,n),3. E(X+
0,1) < +∞,then the random sequence (

X0,n

n
) converges almost surely.Applying this to Xn,m = ν(Z−1
m Zn) shows that the inferior limit is in fact a limit,proving Proposition 3.4.2. The interested reader will remark that Lemma 3.5.14 issu�cient for our purpose and thus the Main Theorem does not rely on Kingman'sTheorem.3.6 Groups of intermediate growth3.6.1 Generating pairs for alternate groupsIn his paper [Wil04a] (Proposition 2.1), Wilson constructs interesting generatingpairs of alternate groups Ad :Proposition 3.6.1 (Wilson [Wil04a]). Let d ≥ 29, then the alternate group ofpermutation Ad of the �nite set {1, . . . , d} contains an eligible (see [Wil04a] for thefull de�nition) pair of elements xd, yd. In particular :
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xd0

xd1

xd2... 1 . . . 1

1 . . . 1

1 . . . 1

yd0

1 yd1

1 yd2

1 ... 1 . . . 1

1 . . . 1

1 . . . 1

Fig. 3.3 � Portraits of the elements xd̄ and yd̄.1) the pair is generating : 〈xd, yd〉 = Ad, the elements have order 2 and 3 : x2
d =

y3
d = 1, and a �xed point property that there exists α and β in {1, . . . , d} such that :

xd(α) = ydxdy
−1
d (α) = α and yd(β) = β (up to re index we assume α = 1 and

β = 2).2) let x̂ = (u, 1, . . . , 1)xd0 and ŷ = (1, v, 1, . . . , 1)yd0 belong to Aut(Td̄) with d0 ≥ 29and u, v in Aut(Tσd̄) with u2 = v3 = 1, then the group generated by x̂ and ŷ containsthe whole group of alternate rooted automorphisms Ad0. More precisely :
〈x̂, ŷ〉 ' 〈u, v〉 o Ad0 .Given a (not necessarily bounded) sequence d̄ of integers ≥ 29, the above Pro-position 3.6.1 allows to de�ne recursively the following pair of automorphisms ofthe spherically homogeneous rooted tree Td̄ (remind the assumption on �xed points

α = 1 and β = 2) :
xd̄ = (xσd̄, 1, . . . , 1)xd0 ,
yd̄ = (1, yσd̄, 1, . . . , 1)yd0.

(3.6.1)This de�nition is best understood by looking at the portraits on Figure 3.3. Theautomorphism subgroup generated is denoted Hd̄ = 〈xd̄, yd̄〉. Note that in the case
d̄ = σd̄ is a constant sequence the group Hd̄ is generated by a three state automaton.Property 3.6.2. The alternate automorphism xd̄ has order 2, and yd̄ has order 3.Proof. Show by joint (on xσid̄ for i in N) induction on k that x2

σi d̄
acts trivially onthe k �rst levels of Tσid̄. This implies it acts trivially on the whole tree hence istrivial automorphism. Proposition 3.6.1 1) ensures :

x2
σid̄ = (x2

σid̄, 1, . . . , 1)x2
di

= (x2
σid̄, 1, . . . , 1),



78 CHAPITRE 3. AMENABILITY AND NON UNIFORM GROWTHwhich initiates the induction. Moreover x2
σi d̄

acts trivially on the subtrees T2, . . . , Tdiof Tσid̄ and as x2
σi+1d̄

on T1 which acts trivially on the k �rst level of T1 by inductionhypothesis. This proves x2
σid̄

acts trivially on the k + 1 �rst levels of Tσi d̄.3.6.2 Density propertiesProposition 3.6.3. The subgroup Hd̄ = 〈xd̄, yd̄〉 < Aute(Td̄) is dense in Aute(Td̄)endowed with the pro�nite topology from (3.2.4).Proof. It is su�cient to show that the subgroup Adk
o· · ·oAd0 < Aute(Td̄) of alternateautomorphisms of portrait supported on the k �rsts levels is included in Hd̄ forarbitrary k. Proceed by joint (on Hσid̄ for i ∈ N) induction on k to show :

Hσid̄ ' Hσi+kd̄ o Adi−1
o · · · o Adi

, (3.6.2)which will be su�cient taking i = 0 and the trivial subgroup of Hσkd̄. The case k = 0follows from Proposition 3.6.1 2) :
Hσid̄ = 〈xσid̄, yσid̄〉 ' 〈xσi+1d̄, yσi+1d̄〉 o Adi

= Hσi+1d̄ o Adi
. (3.6.3)Assuming isomorphism (3.6.2) then isomorphism (3.6.3) for i+k proves step k +1 :

Hσid̄ ' Hσi+kd̄ o Adi+k−1
o · · · o Adi

' Hσi+k+1d̄ o Adi+k
o Adi+k−1

o · · · o Adi
.This density property is in contrast with the case of the full (non alternate)automorphism group of a rooted tree :Proposition 3.6.4. The group Aut(Td̄) endowed with the pro�nite topology from(3.2.3) admits no �nitely generated dense subgroup.Proof. Denote sgn : Sd → Z/2Z the signature morphism of permutations. Givenan element g in Aut(Td̄), recall that g(v) is the permutation in Sdl(v)

associated tovertex v in the portrait of g.(Recall g = (g1...1, . . . , gv, . . . , gd0...dl(v)−1
)τl(v)−1 with gv in Aut(Tv) ' Aut(Tσl(v)d̄)and τl(v)−1 ∈ Aut(Td0...dl(v)−1

), then gv has image gv = (gv1, . . . , gvdl(v)
)g(v) via theisomorphism Aut(Tσl(v)d̄) ' Aut(Tσl(v)+1d̄) o Sdl(v)

.)Similarly to Lemma 1. in [Ale83], de�ne for each integer k the following morphism(of products of signatures of permutations on level k in the portraits) :
Rk : Aut(Td̄) → Z/2Z

g 7→ Rk(g) =
∏

v∈Level(k) sgn(g(v)).The computations via the isomorphism (3.2.2) show this is a group morphism. Theproduct morphism ϕ : Aut(Td̄) → (Z/2Z)∞ de�ned as ϕ(g) = (R0(g), R1(g), . . . ) is



3.6. GROUPS OF INTERMEDIATE GROWTH 79then a surjective group morphism continuous for the pro�nite topologies. Assumenow there exists a �nitely generated dense subgroup G of Aut(Td̄), then ϕ(G) is a�nitely generated dense subgroup of (Z/2Z)∞. This is impossible since any �nitelygenerated subgroup of (Z/2Z)∞ is �nite thanks to Fact 3.3.4.Density in Aute(Td̄) of a �nitely generated subgroup implies superpolynomialgrowth :Proposition 3.6.5. Let d̄ = (di)i∈N a sequence of integers di ≥ 3, then any dense�nitely generated subgroup of Aute(Td̄) has superpolynomial growth.Proof. Let G be such a group and k an arbitrary integer, then the level k stabilizer
Stk(G) ' G1...1 × · · · × Gd0...dk−1

is a direct product of d0 . . . dk−1 subgroups of
Aute(Tσk d̄) each of which inherits the property to be dense and �nitely generated.In particular each of the groups Gv is in�nite (di ≥ 3) and thus has at least lineargrowth, so that the subgroup Stk(G) of �nite index and thus G have growth functionat least b(r) % rd0...dk−1 , hence superpolynomial.3.6.3 Intermediate growthProposition 3.6.6. The group Hd̄ < Aut(Td̄) has intermediate growth.Proof of Proposition 3.6.6. Superpolynomial growth follows from Propositions 3.6.3and 3.6.5, so there remains to prove subexponential growth. Proceed as in [Gri85].Denote Bk(r) the ball of radius r in Hσk d̄ for the word metric |.|k associated withthe generating set 〈xσk d̄, yσkd̄〉, denote bk(r) its cardinal and ck = lim r

√

bk(r) =
h{x

σkd̄
,y

σkd̄
}(Hσkd̄) its exponential growth rate. The �xed point condition on eligiblepairs ensures :
xd̄yd̄xd̄y

−1
d̄

xd̄ = (xσd̄, 1, . . . , yσd̄, y
−1
σd̄

, . . . , 1)xd0yd0xd0y
−1
d0

xd0 , (3.6.4)with yσd̄ and y−1
σd̄

in positions xd0(2) and xd0yd0xd0(2) and the second and third xσd̄cancel out. As the generators are of order 2 and 3 every element g = (g1, . . . , gd0)σ in
B0(r) admits a minimal representative word of the form g = xd̄y

ε1

d̄
xd̄y

ε2

d̄
. . . xd̄y

εn

d̄
xd̄,with εi in {−1, 1}. Given g (more precisely given a �xed minimal representativeword), denote a(g) the number of alternations in the sequence (εi), equality (3.6.4)implies :

|g1|1 + · · ·+ |gd0 |1 ≤ |g|0 − a(g). (3.6.5)Given any parameter t ≥ 2, split the ball B0(r) into :
B+

0 (r) = {g ∈ B0(r)|a(g) ≥ r
t
},

B−
0 (r) = {g ∈ B0(r)|a(g) ≤ r

t
}.The size of the �rst part of the ball is bounded by :

b+
0 (r) ≤ #Ad0

∑

r1+···+rd0
≤(1− 1

t
)r

b1(r1) . . . b1(rd0). (3.6.6)



80 CHAPITRE 3. AMENABILITY AND NON UNIFORM GROWTHIndeed, each element g = (g1, . . . , gd0)σ of B0(r) is injectively described by thepermutation σ in Ad0 and the coordinates g1, . . . , gd0 the sum of the |.|1 length isbounded by r−a(g) ≤ (1− 1
t
)r thanks to computation (3.6.5). The size of the secondpart of the ball is bounded by (recall notation Ck

n for the number of subsets of size
k in {1, . . . , n}) :

b−0 (r) ≤ 4
∑

s≤ r
t

Cs
r ≤ 4

r

t
C

r
t
r . (3.6.7)Indeed the term 4 corresponds to choosing the start of the representative word (y,

y−1, xy or xy−1), s represents the number of alternation a(g) and Cs
r the number ofchoice for the positions of such alternations.The size is estimated by b0(r) ≤ b+

0 (r)+b−0 (r) ≤ max{2b+
0 (r), 2b−0 (r)}, and takinglimits of r-roots raises c0 ≤ max{c1− 1

t

1 , t
1
t (1− 1

t
)( 1

t
−1)}, since Stirling formula ensures :

(4
r

t
C

r
t
r )

1
r ∼r→∞



4
r

t

√

(2πr)
√

2π r
t

√

2π(1− 1
t
)r





1
r

r
e

( r
et

)
1
t ((1− 1

t
) r

e
)1− 1

t

∼r→∞ t
1
t (1−1

t
)

1
t
−1.The estimate is valid for any level k so that for all parameter t ≥ 2 :

ck ≤ max{c1− 1
t

k+1 , t
1
t (1− 1

t
)

1
t
−1}.In particular, this shows the sequence (ck)k increases (note t

1
t (1 − 1

t
)

1
t
−1 → 1 for

t→∞). Moreover the sequence is bounded by 2 (the groups are quotients of Z/2Z∗
Z/3Z), hence admits a limit c∞, which satis�es by continuity :

c∞ ≤ max{c1− 1
t∞ , t

1
t (1− 1

t
)

1
t
−1}for any parameter t ≥ 2, which is impossible unless c∞ = 1 (otherwise take t largeenough). This shows subexponential growth of the groups Hσk d̄.Remark 3.6.7. When the tree has bounded valency, set f(r) = max{bk(r)|k ∈ N} theestimate (3.6.6) can be made homogeneous on dk ≤ D. This together with estimate(3.6.7) applied for a parameter t of the form t = K

log(r)
raises inequality :

f(r) ≤ K






∑

r1+···+rD≤(1− K
log(r)

)r

D∏

i=1

f(ri)




+ KC

K
log(r)
r .A computation due to Erschler (Lemma 6.4 in [Ers04a]) gives the explicit upperbound on the growth :

b0(r) ≤ f(r) ≤ exp

(
K log(log(r))r

log(r)

)

.



3.7. GROUPS OF NON UNIFORM GROWTH 813.7 Groups of non uniform growth3.7.1 A Theorem of WilsonThe �rst examples of groups with non uniform exponential growth have beenconstructed by Wilson in [Wil04b]. The following Theorem from [Wil04a] is a gene-ralization.Theorem 3.7.1 (Wilson [Wil04a]). Let k be a positive integer and χk a class ofgroups with the two properties :1. each group G in χk is perfect (that is G = [G, G]) and can be generated by kinvolutions ;2. each group G in χk is isomorphic to a permutational wreath product G1 o Adwith G1 ∈ χk and d ≥ 29.Then each group G in χk contains two sequences of elements (a(n)), (b(n)) such that :(a) (a(n))2 = (b(n))3 = 1 and 〈a(n), b(n)〉 = G for each n and,(b) h{a(n) ,b(n)}(G)→ 1 as n→∞.In section 4. of [Wil04a], Wilson constructs subgroups of Aute(Td̄) for unboundedsequences d̄ = (di)i in the classes χk. Unboundedness of the sequence permits toconstruct such groups with a subgroup isomorphic to the free group F2 on twogenerators. This ensures exponential growth, but prevents amenability.In the next section groups in the class χk are constructed similarly but acting onbounded valency rooted tree. The Main Theorem 3.3.1 will apply to show amena-bility. Exponential growth is due to the presence of free semigroups. Note howeverthat in [Wil04b] Wilson constructs groups of automorphism of a regular (in parti-cular bounded valency) rooted tree which have non uniform growth and contain afree group.3.7.2 Amenable groups of non uniform growthLet d̄ = (di)i be a bounded sequence of integers 5 ≤ di ≤ D, de�ne a subgroup ofthe group H̄ (constructed in section 3.2.3) as Ā < H̄ = Sd0−1
d1
× Sd1−1

d2
× . . . where

Ā = Ad1 ×Ad2 × . . . as an abstract group and each group Adk
is acting as a rootedautomorphism on T1k−12 ; this is best understood by Figure 3.4.Now for each integer d in {5, . . . , D}, denote Ed = {i ≥ 1|di = d}. There is adiagonal injection :

jd : Ad ↪→
∏

i∈Ed

Adi
< Ā,and the diagonal product of those injections :

j : Ad̄ =
D∏

d=5

Ad ↪→ Ā.



82 CHAPITRE 3. AMENABILITY AND NON UNIFORM GROWTHTo ease notations the image subgroup of Ad̄ is still denoted Ad̄. It is a �nite saturatedsubgroup of Ā. The subgroup of Aute(Td̄) generated by alternate rooted automor-phisms Ad0 and Ad̄ is denoted G0 = G(Ad0, Ad̄) < Aute(Td̄). Note that when d̄ = σd̄is a constant sequence, then Ad̄ is the diagonal injection of Ad in Ā and the group
G(Ad, Ad̄) is generated by a �nite automaton.Proposition 3.7.2. Let d̄ = (di)i a bounded sequence of integers 29 ≤ di ≤ D, thegroup G0 = G(Ad0 , Ad̄) belongs to the class χk where k depends only on D.Proof. Show this Proposition simultaneously for all groups Gi = G(Adi

, Aσid̄) <
Aute(Tσid̄). The group Gi is perfect because generated by copies of the groups Adi

,
Ad, d ∈ {5, . . . , D} which are perfect (even simple). Moreover, those groups (hence
Gi) are generated by double transpositions, in particular by involutions the numberof which depends only on D, so that the condition (1) of de�nition of groups in theclass χk is satis�ed for some k depending only on D.To check condition (2), note �rst that the injection in the wreath product (3.2.1)has image in :

Gi = G(Adi
, Aσid̄) ↪→ G(Adi+1

, Aσi+1d̄) o Adi
= Gi+1 o Adi

. (3.7.1)This is clear for the generators in Adi
and the generators b in Aσid̄ have image

b = (b′, a, 1, . . . , 1) where a belongs to Adi+1
and b′ to Aσi+1d̄ by construction. Nowremains to prove this injection is onto hence an isomorphism.Given any two elements a1, a2 in Adi+1
there exists b1 = (b′1, a1, 1, . . . , 1) and

b2 = (b′2, a2, 1, . . . , 1) in Aσi d̄. Moreover the double transposition σ = (13)(45) be-longs to Adi
, so that Gi contains bσ

2 = σb2σ
−1 = (1, a2, b

′
2, 1, . . . , 1), hence [b1, b

σ
2 ] =

(1, [a1, a2], 1, . . . , 1) and then 1×Adi+1
×· · ·×1 by perfection. Similarly given any two

b′1, b
′
2 in Aσi+1d̄, the group Gi contains [b1, b

τ
2] = ([b′1, b

′
2], 1, . . . , 1) where τ = (23)(45),hence Aσi+1 d̄× 1× · · · × 1. Since Adi

acts transitively by conjugation on the coordi-nates, this proves injection (3.7.1) is onto.Proposition 3.7.3. Let d̄ = (di)i a bounded sequence of integers 5 ≤ di ≤ D, thegroup G0 = G(Ad0 , Ad̄) has exponential growth.Proof. Each group Ad contains the double transpositions u = (12)(34) and v =
(12)(35). Moreover each of the groups Aσid̄ ' Adi

× Adi+1
× . . . contains the dia-gonal elements ū = (u, u, u, . . . ) and v̄ = (v, v, v, . . . ). The following Lemma due toBartholdi (Proposition 2.3 in [Bar03]) ensures that 〈ūu, v̄v〉 ' S2 is a free semigroup.More precisely :Lemma 3.7.4. [Bartholdi [Bar03]] The quotient semigroup

〈ūu, ūv, v̄u, v̄v〉/(ūu = ūv, v̄u = v̄v) ' S2is freely generated by {ūu, v̄v}.
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... a3 1 . . . 1

a2 1 . . . 1

a1 1 . . . 1

Fig. 3.4 � The group Ā.This ensures exponential growth of the group G0.Corollary 3.7.5 (Theorem 3.1.1). The groups G(Ad0, Ad̄) associated to sequences
d̄ = (di)i of integers 29 ≤ di ≤ D are (uncountably many pairwise non isomorphic)amenable groups of non uniform exponential growth.Proof. This follows from the Main Theorem 3.3.1, Wilson's Theorem 3.7.1, Pro-position 3.7.2 and Proposition 3.7.3. The bracketted part follows from Corollary3.8.2.3.7.3 Convergence of the Cayley graphsThis section is devoted to give another proof of some part of Wilson Theorem3.7.1. Namely the convergence to 1 of the exponential growth rate of the generatingsets {a(n), b(n)} can be understood as the convergence of the associated Cayley graphsof the group to the Cayley graph of a group Hd̄ of intermediate growth introducedin section 3.6.More precisely, let G = G0 belong to some class χk, then by de�nition of the classthere exists a sequence of groups Gi in χk and integers di ≥ 29 such that Gi ' Gi+1 o
Adi

. The Theorem 3.7.1 of Wilson ensures in particular that for each integer i thereexists a generating pair of elements 〈a(0)
i , b

(0)
i 〉 = Gi such that (a

(0)
i )2 = (b

(0)
i )3 = 1.Out of this �rst generating pair, Wilson constructs a sequence of generating pairsfor Gi, de�ned inductively as (also see Figure 3.5 and compare with Figure 3.3) :

a
(n+1)
i = (a

(n)
i+1, 1, . . . , 1)xdi

,

b
(n+1)
i = (1, b

(n+1)
i+1 , 1, . . . , 1)ydi

.
(3.7.2)The fact that a

(n)
i and b

(n)
i have order 2 and 3 and that they generate Gi is a
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xd0

xd1

xd2

xdn−1

a
(0)
n 1 . . . 1

1 . . . 1

1 . . . 1

yd0

1 yd1

1 yd2

ydn−1

1 b
(0)
n 1 . . . 1

1 . . . 1

1 . . . 1

Fig. 3.5 � Portraits of the elements a
(n)
0 and b

(n)
0 .direct consequence of the properties of the generating pairs xdi
, ydi

of the alternategroup Adi
(see Proposition 3.6.1).De�nition 3.7.6 (Distance between Cayley graphs). Let (Γ, S) and (∆, T ) be twogroups with generating sets, denote BΓ,S(R) the restriction of the Cayley graph of

Γ relatively to the generating set S to vertices at distance less than R of the neutralelement (for the word distance in S). The distance between (Γ, S) and (∆, T ) isde�ned as :
d((Γ, S), (∆, T )) = inf{ 1

R
|BΓ,S(R) ∼G B∆,T (R)},where Gr1 ∼G Gr2 if Gr1 and Gr2 are isometric as colored graphs.Non uniform growth of the group G0 comes from the two next propositions, sinceintermediate growth of Hd̄ implies h{xd̄,yd̄}(Hd̄) = 1.Proposition 3.7.7. With the notations above :

d((G0, {a(n)
0 , b

(n)
0 }), (Hd̄, {xd̄, yd̄})) −→

n→+∞
0.Note that this Proposition is true independently of the amenability or not of thegroup G0 in a class χk. In particular, such a convergence is also true for the nonamenable groups constructed by Wilson in [Wil04b], [Wil04a].Proposition 3.7.8. If d((Γ, Sn), (∆, T ))→ 0, then :

lim sup
n→∞

hSn(Γ) ≤ hT (∆).



3.7. GROUPS OF NON UNIFORM GROWTH 85Proof of Proposition 3.7.8. Given a positive ε the de�nition of hT (∆) ensures thatfor R ≥ R0 large enough the ball B∆,T (R) has size #B∆,T (R) ≤ (hT (∆) + ε)R. Nowthe convergence of Cayley graphs shows that for n ≥ N large enough #BΓ,Sn(R) ≤
(hT (∆)+ ε)R, and by subadditivity #BΓ,Sn(kR) ≤ #BΓ,Sn(R)k ≤ (hT (∆)+ ε)kR, sothat :

hSn(Γ) = lim kR

√

#BΓ,Sn(kR) ≤ hT (∆) + ε,which was required.The proof of Proposition 3.7.7 uses the following :Lemma 3.7.9 (of contraction). If x̂ = (u, 1, . . . , 1)xd and ŷ = (1, v, 1, . . . , 1)yd areas in Proposition 3.6.1, then for elements g = (g1, . . . , gd)σ in the wreath productisomorphism 〈x̂, ŷ〉 ' 〈u, v〉 o Ad, one has for each coordinate t :
|gt|{u,v} ≤

1

2
(|g|{x̂,ŷ} + 1),where |.|S denotes the word norm associated to the generating set S (inverses ofelements of S have length 1).Proof. It is su�cient to check that x̂ŷε = (u, 1, . . . , vε, 1, . . . , 1)xdyd with vε on co-ordinate xd(2) 6= 1.Proof of Proposition 3.7.7. Introduce other relations depending on integer l ≥ 1 ongroups with generating sets : (Γ, S) ∼l (∆, T ) if for every free word w of length lessthan l in S (elements and inverses) one has w(S) = idΓ if and only if w(T ) = id∆(for l = 1 the relation ∼1 just means S ∪ S−1 and T ∪ T−1 have the same size).If the relation (Γ, S) ∼2l+1 (∆, T ) is satis�ed then d((Γ, S), (∆, T )) ≤ 1

l
because todescribe BΓ,S(R) it is su�cient to know when g′g−1 = s for every g, g′ in BΓ,S(R)and s in S ∪ S−1.To ease notations set S

(n)
i = {a(n)

i , b
(n)
i } and Ti = {xσid̄, yσid̄}. It is su�cient toshow for all integers i : (Gi, S

(n)
i ) ∼ln (Hσid̄, Ti) with a sequence ln → ∞. Proceedby induction on n, using :

w(S
(n+1)
i ) = (w1(S

(n)
i+1), . . . , wdi

(S
(n)
i+1))w(xdi

, ydi
),

w(Ti) = (w1(Ti+1), . . . , wdi
(Ti+1))w(xdi

, ydi
),where for each coordinate t the elements wt(S

(n)
i+1) and wt(Ti+1) involve the same word

wt because the permutations on the �rst level are the same for generators in S
(n+1)
ior in Ti (namely xdi

and ydi
). Lemma 3.7.9 ensures that |wt(Ti+1)| ≤ 1

2
(|w(Ti)|+ 1)(and |wt(S

(n)
i+1)| ≤ 1

2
(|w(S

(n+1)
i )|+1)) so that if w has length less than ln+1 = 2ln− 1one has w(S

(n+1)
i ) = idGi

if and only if w(Ti) = idH
σid̄
. The result follows since thesequence (ln) starts with l0 = 1 and l1 = 2.Corollary 3.7.10 (of Proposition 3.7.7). The group Hd̄ of intermediate growth isnot �nitely presented.



86 CHAPITRE 3. AMENABILITY AND NON UNIFORM GROWTHProof. Assume the contrary Hd̄ = 〈xd̄, yd̄|r1, . . . , rk〉. Let R be bigger than the maxi-mal length of the relations r1, . . . , rk, and n large enough so that :
d((G0, {a(n)

0 , b
(n)
0 }), (Hd̄, {xd̄, yd̄})) ≤

1

R
.Then the automorphisms a

(n)
0 and b

(n)
0 satisfy all relation r1, . . . , rk. In particular,

G0 is a quotient of Hd̄ hence has subexponential growth. This contradicts Proposi-tion 3.7.3.3.8 Non subexponential amenability3.8.1 Description of normal subgroupsThe normal subgroups of �nite index of groups in a class χk are completelydescribed by the :Proposition 3.8.1 (Neumann [Neu86]). Let (Gi)i∈N be a sequence of �nitely ge-nerated perfect groups such that for each i there exists an integer di ≥ 5 such that
Gi ' Gi+1 o Adi

. Consider the isomorphisms :
G0 ' Gi o Adi−1

o · · · o Ad0 ' (Gi × · · · ×Gi)
︸ ︷︷ ︸

d0...di−1times

oAute(Td0...di−1
),then the subgroups Ki = (Gi × · · · ×Gi) for i ∈ N are the only normal subgroups of

G0 of �nite index. Moreover if one (hence all) of the groups Gi is residually �nite,then (Ki)i∈N are the only non trivial normal subgroups of G0 ; in particular G0 isjust in�nite.Proposition 3.8.1 (as well as Lemma 3.8.3) is a slight generalization of Theorem5.1. in [Neu86]. The proof is given here for the sake of completeness and to avoid thereader multiple references and notations. The second part is also similar to Theorem4. in [Gri00]. Note that all examples in this paper are groups of automorphism of arooted tree. In particular they satisfy the assumption of residual �niteness.Corollary 3.8.2. Two groups G0 and H0 satisfying the hypothesis of Proposition3.8.1 (in particular groups in a class χk) for two di�erent sequences of integers (di)iand (ei)i are non isomorphic.Proof. The index of Ki in G0 has value :
[G0 : Ki] = #Aute(Td0...di−1

) = #(Adi−1
o · · · o Ad0) = a(di−1)

di−2...d0 . . . a(d1)
d0a(d0),where a(d) = d!

2
= #Ad. In particular the sequence of index of subgroups ([G0 : Ki])iis an isomorphism invariant from which the sequence (di)i can be recovered.



3.8. NON SUBEXPONENTIAL AMENABILITY 87Lemma 3.8.3. Under the hypothesis of Proposition 3.8.1, the only normal subgroupsof G0 containing Km are K0, K1, . . . , Km.The proof of this lemma will use the :Fact 3.8.4. Given a �nite group Γ, assume ∆ C Γ is a minimal normal subgroup(minimal means the only normal subgroup of Γ strictly contained in ∆ is trivial) andthat the centralizer CentΓ(∆) of ∆ is trivial. Then ∆ is the unique minimal normalsubgroup of Γ.Proof. Assume ∆′ is another such subgroup, then ∆∩∆′ is trivial by minimality. Inparticular, for every δ ∈ ∆ and δ′ ∈ ∆′ the commutator ∆ ∩∆′ 3 [δ, δ′] = 1, whichensures ∆′ ⊂ CentΓ(∆) = {1}, contradiction.Proof of Lemma 3.8.3. By induction on m and using Fact 3.8.4, it is su�cient toprove that :
A(1...1)

dm−1
× · · · × A(d0...dm−2)

dm−1
' Km−1/Km C G0/Km ' Aute(Td0...dm−1)is minimal and has trivial centralizer, which shows Km−1 is the only minimal sub-group of G0 containing Km.Let U a non trivial subgroup normal in G0/Km and included in Km−1/Km.Then 1 6= y ∈ U can be written y = (y1...1, . . . , yd0...dm−1) in the wreath product

G0/Km ' Adm−1 oAute(Td0...dm−2), with some coordinate 1 6= yv ∈ A(v)
dm−1

. By simpli-city, the normal closure of yv is the full alternate group 〈yv〉Adm−1
= Adm−1 . Moreo-ver the group Aute(Td0...dm−2) acts by conjugation transitively on the coordinates,so that U > 〈y〉G0/Km = A(1...1)

dm−1
× · · · × A(d0...dm−2)

dm−1
= Km−1/Km, proving minima-lity. Transitivity also shows that the centralizer CentG0/Km(Km−1/Km) is includedin Stm−1(G0/Km) = Km−1/Km, which has trivial center, hence the centralizer istrivial.Proof of Proposition 3.8.1. Let X be a �nite group and f : G0 → X a homomor-phism. Restricting to factors of the subgroups Km = G

(1...1)
m × · · · × G

(v)
m × · · · ×

G
(d0...dm−1)
m , it appears that for m large enough there exists v 6= v′ such that theassociated factors have the same image f(G

(v)
m ) = f(G

(v′)
m ) = Y , which must beabelian because [G

(v)
m , G

(v′)
m ] = 1, hence Y = {1} because G

(v)
m ' Gm is perfect. Thisshows G

(v)
m ⊂ Ker(f).Moreover for each coordinate v′ there exists ϕ ∈ Aute(Td0...dm−1) such that ϕ(v) =

v′, so that ϕG
(v)
m ϕ−1 = G

(v′)
m ⊂ Ker(f) and consequently Km lies in the kernel of f .Applying Lemma 3.8.3 shows Ker(f) = Ki for some i ≤ m, which proves the �rstpart.Now assume G0 is residually �nite, and N CG0 is an arbitrary normal subgroup.The description of the �rst part ensures that ∩m≥0Km = {1}, and as the sequence ofsubgroups (Km)m is strictly decreasing there exists an integer n such that N ≤ Kn



88 CHAPITRE 3. AMENABILITY AND NON UNIFORM GROWTHand N � Kn+1. To get the second part, it is su�cient to prove N ≥ Kn+1 since the�rst part will force Kn = N .Consider x ∈ N \ Kn+1 and its image x = (x1...1, . . . xd0...dn−1)n in the factordecomposition of Kn. There exists v such that :
xv = (xv1, . . . , xvdn)σv ∈ G(v)

n ' Gn+1 o Adn ,with a non trivial permutation σv, and in particular there are s 6= t in {1, . . . dn}with σv(s) = t. Now given any two elements ξ, η in Gn+1, de�ne f, g in Kn =
(Gn × · · · ×Gn) as :

f = (1, . . . , 1, fv, 1 . . . , 1)n, fv = (1, . . . , 1, ξ, 1, . . . , 1) ∈ Gn+1 o Adn ,
g = (1, . . . , 1, gv, 1 . . . , 1)n, gv = (1, . . . , 1, η, 1, . . . , 1) ∈ Gn+1 o Adn,with ξ, η on coordinate s. The normal subgroup N contains the commutator [f, x] =

fxf−1x−1 = (1, . . . , 1, [fv, xv], 1, . . . , 1)n, where :
[fv, xv] = (1, . . . , ξ, . . . , 1)(xv1, . . . , xvdn)σv(1, . . . , ξ

−1, . . . , 1)σ−1
v (x−1

v1 , . . . , x−1
vdn

)

= (1, . . . , 1, ξ, 1, . . . , 1, xvtξ
−1x−1

vt , 1, . . . , 1),with ξ in coordinate s and xvtξ
−1x−1

vt in coordinate t. Taking another commutator,the subgroup N contains [g, [f, x]] = (1, . . . , 1, [gv, [fv, xv]], 1, . . . , 1)n with :
[gv, [fv, xv]] = (1, . . . , 1, [η, ξ], 1, . . . , 1),and this for ξ, η in Gn+1 arbitrary, which can be rewritten :

N 3 (1, . . . , 1, [η, ξ], 1, . . . , 1)n+1 ∈ Gn+1 o Aute(Td0...dn),with [η, ξ] in position vs. As this group is perfect, the subgroup N contains 1 ×
· · ·×G

(vs)
n+1× · · ·× 1. The transitivity of the action of Aute(Td0...dn) on level n + 1 byconjugation ensures that N contains (Gn+1 × · · · ×Gn+1) = Kn+1 as required.3.8.2 Non subexponential amenabilityDenote SG0 (respectively EG0) the class of groups such that all �nitely generatedsubgroups have subexponential growth (respectively are abelian). Assume that foran ordinal α > 0 the classes SGβ and EGβ are de�ned for every ordinal β < α.When α is a limit ordinal, set SGα = ∪β<αSGβ (respectively EGα = ∪β<αEGβ).When α is a successor ordinal, de�ne SGα (respectively EGα) to be the class ofgroups that can be obtained from groups in the class SGα−1 (respectively EGα−1)either by taking direct limits, or by taking extension by a group from the class SG0(respectively EG0).Each class SGα (respectively EGα) is closed under taking quotients and sub-groups. Moreover, the class SG = ∪αSGα (respectively EG = ∪αEGα) where the



3.8. NON SUBEXPONENTIAL AMENABILITY 89union runs over all ordinals α, is the smallest class of groups containing SG0 (res-pectively EG0) which is closed under the operations of taking subgroups, quotients,extensions and direct limits. As these operations preserve amenability, which is sa-tis�ed in SG0 (respectively EG0), the class SG (respectively EG) is called class ofsubexponentially (respectively elementary) amenable groups.This construction of classes of groups is detailled in [Osi02]. It is obvious that EGαis a subclass of SGα for each ordinal α and that the class SG contains the class EG.This inclusion is strict (see [Cho80] and [Gri85]) and the Basilica group introducedin [GZ02a] was the �rst example of an amenable group out of SG. Osin has shownin [Osi04] that the class EG contains no group of non uniform growth. In particular,groups in the class χ such as the groups G(Ad0, Ad̄) of non uniform exponentialgrowth introduced in section 3.7.2 are not in EG. The following Proposition showsthese groups are not even in SG, providing new examples of amenable groups outsideof the class SG.Proposition 3.8.5. Consider a residually �nite group G belonging to a class χk(see section 3.7), then one of the two following holds :1) either G belongs to the class SG0 of groups of subexponential growth,2) or G does not belong to the class SG of subexponentially amenable groups.In particular, residually �nite groups of exponential growth in a class χk are notin SG.Recall an elementary property of ordinals :Fact 3.8.6 (Theorem 7.3 (5) in [Kun80]). Let C be a non empty set of ordinals,then there exists x ∈ C such that for every y ∈ C, one has x ≤ y. In other words,
C has a minimum.Proof of Proposition 3.8.5. The proof is similar to that in [GZ02a]. Let G a groupin a class χk having exponential growth, in particular not in the class SG0. Denote
Gi the group in the class χk such that G = G0 ' Gi o Adi−1

o · · · o Ad0 . In particularall groups Gi have exponential growth. Assume G0 lies in the class SG, then all thegroups Gi (which are subgroups of G0) lie in SG. For each integer i de�ne αi tobe the minimal ordinal for which Gi belongs to SGαi
(exists by Fact 3.8.6). Thefamily {αi}i∈N admits a minimum αi0 . Now the ordinal αi0 is not a limit ordinalotherwise Gi0 would belong to SGβ for some β < αi0. Moreover, the group Gi0 isnot a direct limit of a strictly increasing in�nite sequence of groups because it is�nitely generated. This forces the existence of N and H in SGαi0

−1 such that thesequence 1 → N → Gi0 → H → 1 is exact. But as G hence Gi0 is residually �nite,Proposition 3.8.1 implies that N = Gi0+m for some integer m, so that αi0+m ≤ αi0−1which contradicts minimality of αi0 , proving G is not in SG.
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Chapitre 4Discussion du Théorème 3.3.1 demoyennabilitéDans un article soumis récemment sur arXiv, Bartholdi, Kaimanovich et Nekra-shevych ont démontré la moyennabilité d'une large classe de groupes d'automates(voir [BKN08]). Pour cela, ils traitent d'abord le cas d'un groupe qu'ils nomment�groupe mère�, similaire au groupes considérés dans le Théorème 3.3.1. On cherchedans la première partie de ce chapitre à donner le résultat de moyennabilité le pluslarge possible dans ce contexte.Dans une deuxième partie, on montrera un renforcement du Théorème 3.3.1 dansle cas de l'arbre binaire, pour lequel le groupe G(S2, H̄) est plus que moyennable, ila croissance intermédiaire.
4.1 Généralisations du Théorème 3.3.14.1.1 Automorphismes δ-dirigés par une géodésiqueOn se donne une géodésique G de l'arbre enraciné Td̄. On peut supposer pour�xer les idées que cette géodésique est constituée des sommets de la forme (1 . . . 1)(c'est-à-dire qu'il s'agit de la géodésique la plus à gauche de l'arbre Td̄.Étant donné un entier δ ≥ 1, on construit un groupe M̄(δ) contenant le groupe
H̄ du Théorème 3.3.1. Il s'agit du groupe des automorphismes de Td̄ qui �xent lagéodésique G et dont le portrait est contenu dans un δ-voisinage de G.C'est-à-dire que si d(v,G) ≥ δ+1 on a gv = idAut(T

σl(v)d̄
) pour tous les éléments g de

M̄(δ), et par ailleurs si v et vi sont deux sommets successifs situés sur la géodésique
G alors gv(vi) = vi. En d'autres termes la permutation pv(g) ∈ S{v1,v2,...,vdl(v)} à laplace v du portrait de g �xe vi. Dans le choix canonique G = (111 . . . ) cela s'écrit
p1...1(g) ∈ S{2,3,...,dl(v)}. 91



92 CHAPITRE 4. DISCUSSION DU THÉORÈME 3.3.1 DE MOYENNABILITÉ
∅ F0

1 F1 2 3

11 12 13 21 22 23 31 32 33

111 112 113 121 122 123 131 132 133

. . . . . . . . .Fig. 4.1 � Le groupe M̄(2) < Aut(T3) dirigé par G = (111 . . . ).Par construction, le groupe M̄(δ) est un produit direct in�ni
M̄(δ) = F0 × F1 × F2 × . . . (4.1.1)où chaque Fi est un groupe �ni de la forme Fi = Aut(T(di−1)di+1...di+δ−1

). On rappelleque l'on note Aut(T δ
d̄
) le groupe (�ni) des automorphismes de Td̄ dont le portraitest supporté par les δ premiers niveaux. Il s'identi�e au groupe d'automorphismes

Aut(Td0...dδ
) de l'arbre �ni Td0...dδ

.4.1.2 Une première généralisationOn note G(Aut(T δ−1
d̄

), M̄(δ)) le sous groupe de Aut(Td̄) engendré par les auto-morphismes appartenant à Aut(T δ−1
d̄

) et ceux appartenant à M̄(δ)). Le Théorème3.3.1 admet la généralisation suivante :Théorème 4.1.1. Soit d̄ une suite bornée d'entiers et δ ≥ 1 �xé, alors le groupe
G(Aut(T δ−1

d̄
), M̄(δ)) est moyennable.Si l'on note M̄i(δ) le groupe M̄(δ) obtenu pour l'arbre Tσid̄ et la géodésique σiG,l'isomorphisme (3.2.5) admet la généralisation suivante :

G(Aut(T δ−1
d̄

), M̄(δ)) ' G(Aut(T δ−1
σd̄

), M̄1(δ))oSd0 ' G(Aut(T δ−1
σnd̄

), M̄n(δ))oAut(T n−1
d̄

).Notons D0 = d0 . . . dδ−1 et plus généralement Di = diδ . . . d(i+1)δ−1 et considéronsla suite D̄ = (Di)i∈N. L'isomorphisme (cf 3.2.2)
Aut(Td̄) ' Aut(Tσδ d̄) o Aut(T δ−1

d̄
),



4.1. GÉNÉRALISATIONS DU THÉORÈME 3.3.1 93montre en restreignant la structure d'arbre de Td̄ aux niveaux multiples de δ que l'ondispose d'une injection qui descend aux sous groupes de type M̄(δ) comme suit :
Aut(Td̄) ↪→ Aut(TD̄)
∨ ∨

M̄d̄(δ) ↪→ M̄D̄(1),
(4.1.2)et toujours sous la même injection Aut(T δ−1

d̄
) ↪→ SD0 ce qui assure :

G(Aut(T δ−1
d̄

), M̄d̄(δ)) ↪→ G(SD0 , M̄D̄(1)),ce qui montre qu'il su�t de prouver le Théorème 4.1.1 pour δ = 1 pour le déduireavec δ arbitraire.Preuve du Théorème 4.1.1. Il s'agit donc de prouver le Théorème pour δ = 1, ouplus précisement de s'assurer que la preuve du Théorème 3.3.1 se généralise dansce cas, où l'on a remplacé la relation recursive h = (h1, a2, . . . , ad0) sur H̄ par
m = (m1, a2, . . . , ad0)τ sur M̄ où τ ∈ S{2,3,...,d0} ⊂ Sd0 .La réduction au cas G(Sd0 , M) où M est un sous groupe �ni saturé de M̄ dé-coule de l'égalité (4.1.1). La dé�nition des normes ||.||k est inchangée ainsi que laPropriété de réduction 3.5.3, ce qui permet de dé�nir la fonction ν. La preuve dela partie 3. de la Proposition 3.5.2 demande le soin de remplacer l'égalité hg =
(h1g1, a2, g2, . . . , hd0gd0)σ0 par mg = (m1g1, a2gτ(2), . . . , ad0gτ(d0))τσ0. La croissancedes ν-boules n'est pas modi�ée. On dispose donc bien d'une famille fractale depseudo normes à croissance exponentielle.Les preuves des Propositions 3.4.2 et 3.4.3 sont également préservées dès lorsqu'on dispose du Lemme 3.4.6 d'auto-similarité de la marche aléatoire. Il s'agit dela partie de la preuve qui requiert le plus de soin pour être généralisée. En e�etle produit aléatoire Yn = a1m1a2m2 . . . asmsas+1 se réécrit Yn = mσ1

1 . . .mσs
s σs+1où σi = a1τ1a2τ2 . . . ai−1τi−1ai avec ai ∈ Sd0 et τi ∈ S{2,...,d0} variables aléatoiresindépendantes et équidistribuées.Il su�t de véri�er que la famille {σi}i∈N est une famille de variables aléatoiresindépendantes et équidistribuée dans Sd0 , et indépendante de la famille {mi}i, cequi se montre par récurrence via le :Fait 4.1.2. Soit b une variable aléatoire suivant une loi de probabilité µ sur ungroupe �ni F et a une variable aléatoire sur F indépendante de b suivant la mesured'équidistribution qF , alors σ = ba est équidistribuée sur F et indépendante de b.Preuve. On note P = µ ⊗ qF la mesure obtenue pour σ = ba. Véri�ons d'abordl'équidistribution :

P (σ = σ0) = P (ba = σ0) =
∑

b

P (a = b−1σ0|b)P (b) =
∑

b

1

#F
P (b) =

1

#F
.



94 CHAPITRE 4. DISCUSSION DU THÉORÈME 3.3.1 DE MOYENNABILITÉOn peut alors véri�er l'indépendance :
P (σ = σ0 et b = b0) = P (a = b−1

0 σ0 et b = b0)

= P (a = b−1
0 σ0)P (b = b0) par indépendance de a et b,

=
1

#F
P (b = b0)

= P (σ = σ0)P (b = b0).Le reste de la preuve du Lemme 3.4.6 d'auto-similarité n'est pas modi�ée.4.1.3 Une deuxième généralisationNotons Dδ(Td̄) le groupe des automorphismes de l'arbre enraciné avec un portraitdont le support est contenu dans le δ-voisinage d'une famille �nie de géodésiques
(G1, . . . ,Gk). On appelle de tels automorphismes δ-dirigés, on note Dδ(Td̄) le groupequ'ils forment. Il est aisé de voir qu'un tel automorphisme est produit d'automor-phismes δ-dirigés par une seule géodésique.Une géodésique G = (i1i2i3 . . . ) est dite rationnelle si la suite (ik)k∈N est pério-dique à partir d'un certain rang. Un automorphisme δ-dirigé g est dit rationnel sil'on peut trouver une famille �nie (G1, . . . ,Gk) de géodésiques rationnelles dont un
δ-voisinage contient le support de g et si le portrait de g est asymptotiquementpériodique le long de ces géodésiques. C'est-à-dire si, identi�ant la géodésique à lasuite de sommets de l'arbre qu'elle parcourt Gj = (∅, v1, v2, v3, . . . ), l'application
i 7→ pvi

(g) ∈ Sdi
est périodique à partir d'un certain rang. On note DRδ(Td̄) legroupe des automorphismes δ-dirigés rationnels.Fait 4.1.3. Les ensembles Dδ(Td̄) et DRδ(Td̄) sont des groupes.Preuve. Quitte à utiliser l'isomorphisme Aut(Td̄) ' Aut(Tσnd̄) o Aut(T n

d̄
) pour nassez grand, il su�t de montrer que si g (respectivement h) est δ dirigé par unegéodésique G (respectivement H), alors le produit gh est δ-dirigé par un nombre �nide géodésiques. Les automorphismes s'écrivent récursivement sous la forme :

gk = (a1(k), . . . , gk+1, . . . , adk
(k))σ(k),

hk = (b1(k), . . . , hk+1, . . . , bdk
(k))τ(k),pour ai(k), bi(k) ∈ Aut(T δ−1

σk d̄
), σ(k), τ(k) ∈ Sdk−1 et avec gk+1 et hk+1 en positionsrespectives xk et yk dans {1, . . . , dk}. Posons k0 = min{k|σ(yk) 6= xk}, on a alors :

gkhk = (a1bσ(1), . . . , gk+1hk+1, . . . , adk
bσ(dk))στ, pour tous k < k0 et :

gk0hk0 = (a1bσ(1), . . . , gk+1bσ(xk0
), . . . , aσ−1(yk)hk+1, . . . , adk

bσ(dk))στ.On en déduit que le produit gh est δ-dirigé par deux géodésiques si k0 est �ni, parla seule géodésique G sinon, et ceci rationnellement si c'était le cas pour g et h.



4.1. GÉNÉRALISATIONS DU THÉORÈME 3.3.1 95On considèrera plus généralement les groupes :
D(Td̄) =

⋃

δ∈N

Dδ(Td̄) et DR(Td̄) =
⋃

δ∈N

DRδ(Td̄)d'automorphismes dirigés et rationnellement dirigés. Nekrashevych a démontré ré-cemment le :Théorème 4.1.4. [Nekrashevych [Nek08a]] Si la suite d̄ est bornée, alors le groupe
D(Td̄) n'admet aucun sous-groupe libre non cyclique.La question de savoir si le groupe d'automorphismes dirigé D(Td̄) est moyennableest à ma connaissance ouverte. On obtient ici un résultat de moyennabilité danscette direction englobant le théorème 3.3.1 et le théorème sur les automates bornésde Bartholdi, Kaimanovich et Nekrashevych ([BKN08]).Théorème 4.1.5. Si la suite d̄ est bornée, alors le groupe DR(Td̄) est moyennable.L'hypothèse de rationnalité contient et a�aiblit l'hypothèse d'automaticité del'article [BKN08]. Elle est su�sante pour utiliser le lemme suivant, qui permet deconjuguer conjointement une famille d'automorphismes rationnellement dirigés àune famille dans G(Aut(T δ−1

d̄
), M̄(δ)).Lemme 4.1.6 ([BKN08]). Notons c = (1, 2, . . . , d) un d-cycle, ci = ci−1 sa puis-sance envoyant 1 sur i, et δ l'automorphisme de l'arbre enraciné d-régulier Td dé�nirécursivement par la formule δ = (δc−1

1 , δc−1
2 , . . . , δc−1

d ). Soit g = g0 satisfaisant lapropriété récursive
gk = (a1(k), . . . , ax−1(k), gk+1, ax+1(k), . . . , ad(k))σ,où ai(k) ∈ Sd sont enracinés et σ et x sont indépendants de k (en d'autres termes,

g est 1-dirigé 1-rationnellement). Sous ces hypothèses, le conjugué δ−1gδ appartientà G(Aut(T 2
d ), M̄d(2)).Preuve du Lemme. Cela découle du calcul suivant. Sachant δ−1 = (c1δ

−1, . . . , cdδ
−1)et σδ = (δc−1

σ(1), . . . , δc
−1
σ(d))σ, on calcule :

δ−1gkδ = (c1δ
−1a1(k)δc−1

σ(1), . . . , cxδ
−1gk+1δc

−1
σ(x), . . . , cdδ

−1ad(k)δc−1
σ(d))σ.Il s'en suit que pour tout entier k :

cxδ
−1gkδc

−1
σ(x) = (cxδ

−1gk+1δc
−1
σ(x), ccx(2)δ

−1acx(2)(k)δc−1
cx(2), . . . )cxσc−1

σ(x),et donc cxδ
−1gδc−1

σ(x) est dans M̄d(2) dés que l'on remarque que
cxσc−1

σ(x)(1) = c−1
σ(x)(σ(cx(1))) = 1(action à droite) et que

δ−1aδ = (c1δ
−1δc−1

a(1), . . . , cdδ
−1δc−1

a(d))a = (c1c
−1
a(1), . . . , cdc

−1
a(d))a ∈ Aut(T 2

d )agit seulement sur les deux premiers niveaux.
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u0

u1

u2... v3 w3

v2 w2

v1 w1

Fig. 4.2 � Exemple de portraits dirigés.Preuve du Théorème 4.1.5. Il s'agit de prouver qu'un sous-groupe Γ de type �ni de
DRδ(Td̄) est moyennable pour un δ �xe commun aux générateurs de Γ, et où l'onpeut supposer la suite d̄ constante quitte à augmenter arti�ciellement la valence.On peut aussi supposer qu'un tel sous-groupe est engendré par des éléments g(j)rationellement dirigés chacun par une géodésique périodique Gj.En utilisant l'isomorphismeAut(Td̄) ' Aut(Tσn d̄)oAut(T n

d̄
) pour n assez grand, onpeut supposer les géodésiques et les portraits les longeant périodiques (on retrouveraalors la moyennabilité par produit direct et extension �nie).Quitte à utiliser l'injection (4.1.2), on peut en�n supposer que δ = 1 et que lespériodes des géodésiques et des applications de portrait en jeu valent 1.Le lemme précédent permet alors de conjuguer le groupe Γ à un sous groupe de

G(Aut(T 2
d ), M̄d(2)), ce qui conclut la preuve via le Théorème 4.1.1.Example 4.1.7. On liste sous quelles hypothèses sur le portrait de la �gure 4.2 onpeut appliquer quel théorème de moyennabilité :1. Si ui = 1 et (vi), (wi) sont périodiques, le théorème sur le �groupe mère� del'article [BKN08] s'applique.2. Si ui = 1 et (vi), (wi) sont quelconques, notre théorème 3.3.1 du chapitre 3s'applique.3. Si (ui) et (vi), (wi) sont périodiques, le théorème sur les automates bornés de[BKN08] s'applique.4. Si (ui) est périodique et (vi), (wi) sont quelconques, notre théorème 4.1.5 surles automorphismes rationellement dirigés s'applique.5. Si (ui) et (vi), (wi) sont quelconques, le théorème 4.1.4 de Nekrashevych surl'abscence de sous-groupe libre s'applique, mais on ignore si le groupe estmoyennable.



4.2. LE CAS DE L'ARBRE BINAIRE 974.2 Le cas de l'arbre binaireDans le cadre d'un arbre binaire, le groupe G(S2, H̄) et le groupe G(S2, M̄(1))coïncident. De plus, H̄ = M̄(1) coïncide avec l'ensembles des générateurs de la forme
bω, cω, dω pour ω ∈ Ω (cf section 2.2.2), et l'on sait que le groupe G(S2, 〈bω, cω, dω〉)est à croissance sous exponentielle (et intermédiaire dés que la suite ω n'est pasasymptotiquement constante). Le théorème plus général suivant est énoncé dans[Ers05]. Il renforce le théorème 3.3.1 de moyennabilité dans ce cas particulier.Théorème 4.2.1. Le groupe G(S2, H̄) < Aut(T2) est à croissance intermédiaire ausens où tous ses sous-groupes de type �ni le sont.Preuve. On sait que tout sous-groupe de type �ni de G(S2, H̄) est contenu dansun groupe G(S2, H) pour un certain sous groupe H de H̄ de type �ni, et donc�ni en vertu du fait 3.3.4. Comme le groupe H̄ est isomorphe à un produit in�ni
H̄ '∏

N
S2, chaque élément h de H s'écrit :

h = (uh
1 , u

h
2 , u

h
3 , . . . ),où chaque uh

i est à valeur dans S2 = {1, ε}. Il y a un unique élément noté b dans H̄véri�ant ub
i = ε pour tout i.On va utiliser les injections usuelles :

G(S2, H) ↪→ G(S2, Hi) o Aut(T i−1
2 ),où Hi =

∏

j≥i+1 S2 est l'image de H sur une coordonnée du produit en couronneitéré i fois.Notons a le générateur du groupe d'automorphismes enracinés S2, tout élément
g de G(S2, H) admet une écriture minimale de la forme :

wg = aτh1ah2a . . . ahka
τ ′

,où τ, τ ′ ∈ {0, 1}, hj ∈ H et k ≤ |g|+1
2

avec |g| la norme de g pour la longueur desmots pour le système générateur S2 ∪ H . On note que si b 6= h ∈ H est �xé, ilexiste un entier i tel que uh
i = 1. Comme chaque hj contribue à au plus un terme

a = ε = u
hj

i , on en déduit que le nombre total de a apparraissant dans l'écriture duproduit en couronne itéré i fois de g = wg = (g1, . . . , g2i)iσ, (où gt ∈ G(S2, Hi) et
σ ∈ Aut(T i−1

2 )) est borné par k − |wg|h (où |w|h est le nombre de h dans le mot w).On a donc :
|g1|+ · · ·+ |g2i| ≤ |g1|a + · · ·+ |g2i|a + 2i

2
≤ |g| − |wg|h + Ki. (4.2.1)Cette inégalité de réduction va nous permettre de montrer le théorème par ladiscussion suivante. On note BHi

(R) la boule de rayon R du groupe G(S2, Hi) pourla partie génératrice S2 ∪Hi, bHi
(R) son cardinal et ci = lim R

√

bHi
(R) son taux de



98 CHAPITRE 4. DISCUSSION DU THÉORÈME 3.3.1 DE MOYENNABILITÉcroissance exponentielle. On discute suivant la fréquence d'apparition de l'élément
b dans les mots réduits. Pour un paramètre t ≥ 2, on note :

B+
H(R) = {g ∈ BH(R)||wg|b ≤ (1− 1

t
)R},et B−

H(R) = BH(R) \ B+
H(R). Si b apparait moins de (1 − 1

t
)R fois dans un motréduit w, alors il existe b 6= h ∈ H qui apparait au moins |w|h ≥ R

t#H
fois, et doncen utilisant (4.2.1), on obtient une partie de taille au moins b+H(R)

#H
et un entier i telsque :

b+
H(R) ≤ #H

∑

R1+···+R
2i≤(1− 1

t#H
)R+Ki

bHi
(R1) . . . bHi

(R2i). (4.2.2)D'autre part, on peut estimer b−H(R) en notant que ses éléments admettent desreprésentants où apparaissent moins de R
t
termes h 6= b. Il y a donc au plus∑s≤R

t
Cs

Rpossibilités pour choisir leurs positions dans le mot réduit et #H
R
t choix des termesà position donnée. On a donc :

b−H(R) ≤ #H
R
t

∑

s≤R
t

Cs
R ≤

R

t
C

R
t

R #H
R
t . (4.2.3)Les inégalités (4.2.2) et (4.2.3) entrainent que pour tout R, il existe i tel que :

bH(R) ≤ max{2#H
∑

R1+···+R2i≤(1− 1
t#H

)R+Ki

bHi
(R1) . . . bHi

(R2i), 2
R

t
C

R
t

R #H
R
t }.On en déduit qu'il existe un certain i tel que (on utilise la formule de Stirling pourévaluer le deuxième terme) :

c0 ≤ max{c(1− 1
t#H

)

i , (#Ht)
1
t (1− 1

t
)

1
t
−1}Notons que (#Ht)

1
t (1− 1

t
)

1
t
−1 −→

t→∞
1, et donc en laissant tendre t vers l'in�ni dansl'inégalité on trouve i0 tel que c0 ≤ ci0 .On itère maintenant le procédé pour trouver une suite ij telle que cij ≤ cij+1

. Parailleurs, comme #Hi ≤ #H pour tout i, la suite ci est majorée. Au total, la suite
(cij )j est croissante, majorée, donc convergente et sa limite λ satisfait par continuité :

λ ≤ max{λ(1− 1
t#H

), (#Ht)
1
t (1− 1

t
)

1
t
−1},pour une in�nité de paramètres t→ ∞. Ceci implique λ = 1, et donc la croissanceintermédiaire de G(S2, H).Remarque 4.2.2. Le lemme 3.7.4 de Bartholdi [Bar03] s'applique pour u = (1, 2)(3, 4)et v = (1, 2). On en déduit que le groupe G(S4, H̄) < Aut(T4) contient des sous-groupes de type �ni à croissance exponentielle. Je ne sais pas si G(S3, H̄) < Aut(T3)en contient.
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