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Introduction

0.1 Problémes

Cette thése a pour objet ’étude de la croissance des groupes et de propriétés
proches comme la moyennabilité. La notion de croissance de groupe a été introduite
par Svarc [Sva55| et Milnor [Mil68b| dans le cadre de 'étude des variétés riema-
niennes.

La fonction de croissance notée br g(R) d'un groupe de type fini I" relativement
a un systéme fini donné de générateurs S est le nombre d’éléments du groupe qui
peuvent s’écrire comme produit d’au plus R générateurs et de leurs inverses. Le
comportement asymptotique de la fonction de croissance est indépendant du systéme
générateur choisi. En particulier, si I' = m(X) est le groupe fondamental d'une
variété riemanienne fermée X, sa croissance est équivalente a la croissance du volume
des boules riemaniennes dans le revétement universel X.

La notion de croissance des groupes s’est émancipée de la géométrie riemanienne
dés les travaux de Wolf [Wol68| démontrant qu'un groupe résoluble est a croissance
soit exponentielle, soit polynomiale, et que dans ce dernier cas le groupe est virtuel-
lement nilpotent. Ce résultat a mené Milnor & poser (a titre d’exercice!) les deux
questions suivantes :

Questions 0.1.1. Milnor [Mil68a/

1. Existe-t-il un groupe dont la croissance ne serait ni polynomiale, ni exponen-
tielle ¢

2. Existe-t-il des groupes a croissance polynomiale qui ne soient pas virtuellement
nilpotents ¢

Dans son célébre article Groups of polynomial growth and expanding maps, Gro-
mov a répondu négativement a la deuxiéme question, ce qui permet de décrire en-
tierement la croissance polynomiale :

Théoréme 0.1.2 (Gromov [Gro8la|, Guivarc’h [Gui73|, Pansu [Pan83]). Si I' est
un groupe dont la fonction de croissance est bornée par un polynome, alors le groupe
I' est virtuellement nilpotent. En particulier, sa fonction de croissance vérifie :

brs(R) ~goo CrsR™),

11
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ot Cr.g est une constante positive et d(I') est un entier qui dépend explicitement de
la structure du groupe nilpotent d’indice fini dans I.

Peu aprés, Grigorchuk |Gri83| a répondu par I'affirmative a la premiére question,
montrant que des groupes d’automates introduits par Aleshin [Ale72| sont solutions.
De tels groupes sont dits a croissance intermédiaire. Ce sont les groupes non virtuel-
lement nilpotents dont le coefficient de croissance exponentiel hp(S) = lim {/br s(R)
vaut 1 (indépendemment du systéme générateur S). A contrario, pour les groupes a
croissance exponentielle, ce coefficient excéde strictement 1 pour tous les systémes
générateurs. La question de la dépendance vis-a-vis du systéme générateur choisi a
été formalisée par Gromov :

Question 0.1.3. Gromov (Remarque 5.12 dans [Gro81b]) Eziste-t-il des groupes a
croissance exponentielle non uniforme ? C’est-a-dire des groupes a croissance expo-
nentielle pour lesquels on ait infg hp(S) = 1.

Wilson a répondu par 'affirmative a cette question dans deux articles récents
[Wil04b], [Wil04a]. L’étude des groupes a croissance intermédiaire et des groupes
a croissance non uniforme présente de nombreuses similarités. Voyons d’abord des
exemples de classes de groupes dans lesquels ces propriétés sont prescrites.

Il est évident que les groupes libres n’ont pas de telles propriétés, ce qui se généra-
lise aux produits libres avec amalgamations et aux extensions HNN [BAIH00]|, ainsi
qu’aux groupes hyperboliques [Kou98| et aux groupes a un relateur ayant croissance
exponentielle |GAIHO1|.

L’alternative de Tits [Tit72| stipulant qu’un sous-groupe de type fini de GL,(K)
contient un groupe libre s’il n’est pas résoluble, jointe au résultat de Wolf susmen-
tionné, assure que les sous-groupes de type fini des groupes linéaires ne peuvent avoir
croissance intermédiaire. Ce résultat a été étendu par Eskin, Mozes et Oh [EMO02]
pour montrer que des groupes a croissance non uniforme ne sauraient non plus étre
linéaires.

Le résultat de Wolf assurant que les groupes résolubles n’ont pas croissance in-
termédiaire admet une double généralisation. Il a d’abord été étendu aux groupes
élémentairement moyennables par Chou |Cho80|. Ensuite, Osin a montré que des
groupes résolubles ont croissance exponentielle uniforme (si non polynomiale) |Osi03],
avant de montrer la méme chose pour les groupes élementairement moyennables

[Osi04].

0.2 Exemples archétypaux

Le bon contexte pour fabriquer des groupes a croissance intermédiaire ou non uni-
forme est celui de groupes agissant sur un arbre enraciné ou de maniére équivalente
par échange d’intervalles sur I'espace [0,1] \ Q. La classe des groupes d’automates
constitue une large classe d’exemples de groupes agissant de maniére naturelle sur



0.2. EXEMPLES ARCHETYPAUX 13

un arbre enraciné de valence fixe. Les premiers exemples de tels groupes ont été
construits par Aleshin [Ale72], afin d’obtenir des groupes infinis de torsions. Des
constructions similaires de groupes de torsion sont dues a Sushchansky [Sus79|, Gri-
gorchuk |Gri80| et & Gupta et Sidki [GS83].

Ces groupes de torsions constituaient les premiers exemples de groupes a crois-
sance intermédiaire comme ’a montré Grigorchuk dans |Gri83|. Plus généralement,
il a construit dans D'article Degrees of growth of finitely generated groups and the
theory of invariant means une famille de groupes G, agissant fidélement sur un
arbre binaire enraciné, indexée par des suites w a valeurs dans un ensemble a trois
¢léments {0, 1,2} vérifiant le :

Théoréme 0.2.1. Grigorchuk [Gri85]

1. Si w n'est pas asymptotiquement constante, le groupe G, a croissance inter-
mediaire.

2. Si w est homogeéne ', le groupe G, est un groupe de torsion et l’on dispose
d’estimations explicites (f < 1) :

NI

eft? < bg,(R) < el

De plus dans ce cas, le groupe est moyennable mais pas élémentairement

moyennable (Chou [Cho80]).

3. 1l est possible d’obtenir une variété indénombrable de taux de croissance in-
térmediaire deuzr o deux non comparables et en particulier on peut obtenir des
tauz de croissance arbitrairement proches de la croissance exponentielle.

Le troisiéeme point du théoréme est a mettre en contraste avec la conjecture du
méme auteur selon laquelle un groupe a croissance bornée par eV est automatique-
ment & croissance polynomiale et donc virtuellement nilpotent. Cette conjecture a
été prouvée pour les groupes résiduellement p-groupes (voir [BG00|) ou résiduelle-
ment nilpotents (voir [LM91]).

Dans la méme veine, Grigorchuk et Zuk ont introduit un groupe G engendré
par un automate a trois états sur un alphabet a deux lettres, c’est-a-dire agissant
fidelement sur un arbre binaire enraciné, ayant les propriétés suivantes :

Théoréme 0.2.2. 1. (Grigorchuk Zuk [GZ02a]) Le groupe G est sans torsion, @
croissance exponentielle et n’est pas sous-exponentiellement moyennable.

2. (Bartholdi Virag [BV05]) Le groupe G est moyennable.

En particulier, il s’agit du premier exemple de groupe moyennable hors de la
classe SG des groupes sous exponentiellement moyennables (plus petite classe de
groupes contenant les groupes a croissance sous exponentielle et stable par extension,

Lw est dite r-homogene si toute sous-suite de longueur 7 prend les trois valeurs 0, 1 et 2.
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quotient, sous-groupe et limite directe). Ce groupe est aussi le groupe de monodromie
itérée du polynome z? — 1 et est appellé groupe du “Basilica” dans la littérature.

Toujours avec des méthodes similaires, Wilson a répondu par I'affirmative a la
question de Gromov en construisant des groupes a croissance non uniforme :

Théoréme 0.2.3 (Wilson |Wil04a|). 1. Si x est une classe de groupes parfaits
engendrés par des involutions, et dont tous les groupes G sont isomorphes a un
produit en couronne permutationnel G Ay pour un autre Gy dans x et ou Ay
est le groupe des permutations alternées d’un ensemble a d (> 29) éléments,
alors chaque groupe de la classe x admet une famille (S,,) de générateurs pour
lesquels ha(Sy,) — 1.

2. Le groupe d’automorphisme d’un arbre enraciné de valence non bornée contient
une telle classe x de groupes contenant un groupe libre (en particulier a crois-
sance exponentielle et non moyennables).

Tous les exemples ci-dessus sont groupes d’automorphismes d’arbres enracinés.
La structure de l'arbre y joue un role prépondérant. Un arbre enraciné (disons
sphériquement homogéne) se décompose comme d sous-arbres enracinés attachés
aux sommets du premier niveau, c’est-a-dire aux sommets a distance 1 de la racine
(notée 0) :

T=TU---UT,U{0}.

Cette structure entraine une propriété essentielle du groupe d’automorphismes d’'un
tel arbre T' (c’est-a-dire les automorphismes de graphe préservant la racine) :

Aut(T) = (Aut(Ty) x -+ x Aut(Ty)) x Sq = Aut(T) 1 Sy,

ot le groupe Sy des permutations de d éléments agit sur les coordonnées du produit
direct. En identifiant canoniquement les arbres 7T}, on retrouve la définition du pro-
duit en couronne permutationnel ?. Ainsi, se donner un automorphisme g de 'arbre
revient a se donner d automorphismes ¢g; d'un (autre) arbre et une permutation o.
On notera cette identification :

g=1(91,--.,9q)0.

Un exemple essentiel de sous-groupes de type fini de Aut(7T') est fourni par les groupes
d’automates (pour des arbres a valence fixée). Ce sont les groupes engendrés par une
partie finie A appelée ensemble des états, dont les éléments ont des coordonnées a;
dans l'écriture a = (aq, . .., aq)0 qui sont elles-mémes dans A. On peut leur associer
un automate au sens de I'informatique théorique (voir par exemple |Zuk06]).

Les exemples des trois théorémes énoncés ci-dessus disposent d’une propriété
particuliére de réduction de la longueur des mots dans le produit en couronne. C’est
par récurrence sur la longueur des mots que ’on montre que certains groupes sont
de torsion, ou qu’ils en sont libres. Le lien entre la norme d’un élément et les normes
de ses images dans le produit en couronne est a l'origine de toutes ces estimations
sur la croissance. On a les énoncés informels suivants :
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1. Si la longueur des mots réduits diminue lors du passage au produit en cou-
ronne, alors le groupe a croissance sous-exponentielle, et ’on obtient une borne
d’autant meilleure que la diminution est forte.

Plus généralement, une hypothése de diminution montre que la croissance du
groupe G est plus petite que celle du groupe image G0 .Sy.

2. Inversement si un d-uplet de mots réduits admet un antécédent par produit
en couronne de courte longueur, alors la croissance du groupe est rapide. La
construction de certains semi-groupes libres est basée sur la méme idée (voir
remarque 2.3.4).

3. Si la longueur des mots aléatoires décroit lors du passage en couronne, le
groupe est moyennable.

0.3 Reésultats de cette thése

Cette thése comporte quatre chapitres. Les trois premiers, rédigés en anglais, sont
des articles écrits pendant ma thése. Le premier chapitre décrit un travail effectué
essentiellement au cours de ma premiére année sous le titre Lower bound on the
growth of some torsion 2-groups, le deuxiéme présente un travail récent toujours en
cours sous le titre Groups with oscillating growth function. Le troisiéme chapitre, le
plus conséquent, présente un théoréme de moyennabilité et divers résultats sur les
groupes a croissance non uniforme de Wilson ; il a été soumis au journal Mathema-
tische Zeitschrift le 12 février 2008 sous le titre Amenability and non uniform growth
of some directed automorphism groups of a rooted tree. Le quatriéme chapitre (en
francais) présente deux généralisations du théoréme de moyennabilité du chapitre 3,
mises en place aprés la parution sur arXiv d’un article de Bartholdi, Kaimanovich
et Nekrashevych sur la moyennabilité des groupes d’automates [BKNOS|.

0.3.1 Chapitre 1 : Etude de bornes inférieures

Le résultat principal de ce premier chapitre est une amélioration de la borne
inférieure sur la croissance des groupes GG,,. On y montre le :

Théoréme 0.3.1. 1. Si w = 012012..., la fonction de croissance de G, est
minorée par e®° pour as = 0.5207. . ..

2. Plus généralement, si w est r-homogene, il existe un exposant o, > % tel que
. {e% . .
la fonction e minore la croissance de G,,.

Les résultats obtenus sont numériquement décevants, la meilleure borne connue
auparavant (Bartholdi [BarO1], par ordinateur) valant a3 = 0.5157.... La borne
inférieure reste donc trés éloignée de la borne supérieure e on By = 0.7674.. ..
Par ailleurs, le nombre «, s’approche exponentiellement vite de % alors que l'on
voudrait penser que a, > as.
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La meéthode utilisée consiste a construire un antécédent pour le produit en cou-
ronne d'un couple (go, g1) d’éléments de longueur R. Si I’antécédent est de longueur
< 4R, on obtient la borne classique de Grigorchuk. En m’inspirant du travail effec-
tué par Muchnik et Pak (|]MPO01|) sur la borne supérieure, j’ai montré que ’on peut
construire, en utilisant un algorithme élaboré par Leonov |Leo01|, un antécédent de
longueur < (4 — ¢d)R o 0 est le nombre d’apparitions d'un générateur (noté d)
spécifique du groupe dans le couple (go, g1) et ¢ = % est une constante (voir Lemme
de réduction 1.3.7).

Ceci permet d’améliorer la borne de Grigorchuk si I'on peut s’assurer que le
générateur d apparait suffisament. Malheureusement il n’est pas possible de satisfaire
une telle hypothése. Il s’agit alors d’appliquer la méthode une deuxiéme fois, et de
s’assurer que les générateurs b contribuent a fournir des générateurs d. Au pire des
cas, il faut pratiquer une troisiéme itération.

Cette méthode est limitée en pratique, d’abord parce que les estimations de ré-
duction de longueur n’ont lieu que sous un certain régime de 1’algorithme. Je discute
dans la section 1.4.2 les estimations que l'on obtiendrait si I'on connaissait la durée
du régime. En particulier, si cette durée est maximale (hypothése vraisemblable),
on améliore ag = 0.5476 . ... D’autre part, pour des raisons techniques, la troisiéme
itération ne peut se faire via I'algorithme de Leonov, entrainant une baisse de qua-

3

lité des estimations. Enfin, il est vraisemblable que la constante ¢ = 5 ne soit pas

optimale.

0.3.2 Chapitre 2 : Groupes a croissance oscillante

Portant sur la méme famille de groupe G,,, ce chapitre a pour but de construire des
groupes dont la fonction de croissance soit oscillante (on note f < g pour g —0):

Théoréme 0.3.2. Soit p(R) et 7(R) deux fonctions vérifiant R% < 7(R) < p(R) <
R, il existe une suite w & valeurs dans {0, 1,2} telle que le groupe G, ait une fonction
de croissance b,(R) vérifiant :

log(b.,(R))

b > p(R)  pour une infinité de R,
log(b,(R)) < T

(R) pour une infinité de R.
On dit que log(b,(R)) oscille entre T(R) et p(R).

On peut de plus construire de tels groupes qui soient de torsion.

On peut également construire de tels groupes sans torsion, quitte a remplacer la
fonction R% par une fonction sous-linéaire non explicite.

L’idée de la démonstration est de munir 'espace ) des groupes G, de la métrique
de coincidence sur les boules, pour laquelle deux groupes (munis de leurs parties
génératrices respectives) sont proches si leurs graphes de Cayley coincident sur de
grandes boules. Quitte & modifier la définition du groupe G, pour certains w (en
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quantité dénombrable), I'application

U (Q,d (V,d)

ﬁ
w — Gy,

est alors continue, ot Q = {0, 1,2} est muni de la distance de coincidence sur les
parties finies. De plus, I’espace ) contient une partie dense dont les groupes ont une
log croissance majorée par CR% et une autre dont les fonctions de log croissance
sont minorées par cR (ces propriétés dépendent seulement de I'asymptotique de
la suite w). La construction de cet espace, sous-jacente a I'article [Ale72| d’Aleshin,
explicitée par Grigorchuk [Gri85|, est détaillée dans les sections 2.2 et 2.3. Le résultat
est démontré dans la section 2.4, ot ’on fournit aussi des estimations sur la fréquence
des oscillations.

La section 2.5 concerne le cas des groupes sans torsion, ou I’'on considére un pen-
dant G, sans torsion des groupes G, également introduit par Grigorchuk |Gri86|.
De tels groupes agissent fidélement sur un arbre enraciné de valence infinie :

T=JTu{0},

1€EZL

ou l'action sur I'arbre 7T; dépend seulement de la parité de i.

0.3.3 Chapitres 3 et 4 : Résultats de moyennabilité

Les sections 3.2, 3.3, 3.4 et 3.5 du chapitre 3 présentent un résultat de moyenna-
bilité pour les groupes dirigés d’automorphismes d’un arbre enraciné sphériquement
homogeéne. Un tel arbre T} est décrit par la suite d = (d;);en des valences de niveau i.

Un automorphisme g est dit enraciné s’il agit seulement en permutant les sous-
arbres du premier niveau, I'ensemble de tels automorphismes forme un sous-groupe
isomorphe au groupe S;, de permutations. Un automorphisme ¢ est dit dirigé par
une géodésique G si son portrait est trivial sur cette géodésique et contenu dans un
1-voisinage de celle-ci. Plus explicitement, on peut supposer que cette géodésique
est celle de gauche G = (111...) et que 'automorphisme est de la forme g = g, avec
les identifications par produit en couronne :

gk = (gk-i-la 02(k)’ R Udk(k))>

ot chaque o;(k) est enraciné. On note H l'ensemble de tels automorphismes, il
est isomorphe a un produit direct infini de groupes finis. On appelle groupe des

automorphismes dirigés et 'on note G(Sg,, H) le sous-groupe de Aut(7T;) engendré
par Sy, et H. Le résultat principal du chapitre 3 est le :

Théoréme 0.3.3. Le groupe G(Sq,, H) est moyennable si et seulement si 'arbre Ty
est de valence bornée.
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La nécessité est facile, car en valence non bornée le groupe H lui-méme n’est pas
moyennable. Pour montrer la suffisance, on se restreint au cas des sous-groupes de
type fini, donc aux groupes de la forme G(Sy,, H) ot H est un sous-groupe fini de
H. On peut de plus le supposer saturé, c’est-a-dire que sa projection sur chaque
facteur du produit direct infini H est équidistribuée.

Dans ce cadre, on adopte une démarche similaire a celle de Bartholdi et Virag
pour le théoréme 0.2.2, dite méthode du “baron de Miinchhausen” (qui ne coulait
pas car sa téte coulait moins vite que ses pieds). Il s’agit de construire une pseudo-
norme v (plus précisement une famille vy indexée par le niveau k) qui augmente par
passage au produit en couronne :

v(g) <v(g1) + - +v(gd),

quand on écrit g = (g1,...,94)0. On construit aussi une marche aléatoire (non sy-
métrique) Y, ayant une propriété d’auto-similarité, c’est a dire que lorsqu’on écrit
les coordonnées Y, = (Y1, ... ,Yf)an dans le produit en couronne, chaque coordon-

née Y! se comporte comme la marche aléatoire d’origine Y,, mais pour un temps
(aléatoire) n; moindre. On a :

d—1

n
— presque stirement.

d

Ces propriétés permettent de montrer que la vitesse d’échappement (drift) lim @
est nulle. On en déduit alors que cette vitesse est encore nulle pour la marche aléa-

toire simple Zy pour le systéme générateur S; U H.

La pseudo-norme v construite ayant une croissance des boules exponentielle, on
peut appliquer le critére de moyennabilité de Kesten sur les probabilités de retour
[Kes59b.

Le chapitre 4 fait suite a la parution sur arXiv d’un article de Bartholdi, Kaimano-
vich et Nekrashevych [BKN(O8| montrant la moyennabilité des groupes d’automates
bornés. Il présente deux généralisations du théoreme 0.3.3.

La premiére est une légere extension de la notion d’automorphisme dirigé. On
dit qu’un automorphisme g est d-dirigé par une géodésique G s’il fixe la géodésique
et son portrait est contenu dans un d-voisinage de celle-ci. On note M (J) le sous-
groupe formé par ces automorphismes. Comme précédemment, M(J) est produit
direct infini de groupes finis :

M(5)2F0XF1XF2X....

Théoréme 0.3.4. Le groupe G(Sy,, M(5)) des automorphismes §-dirigés est moyen-
nable.

Le nombre § est ici peu significatif, on se raméne a 6 = 1 en restreignant la
structure d’arbre aux niveaux multiples de § (ce qui augmente la valence). Ce résultat
constitue une extension du résultat intermédiaire crucial dans 'article [ BKNO8| sur
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le “Mother group” qui n’est autre que G(Sy, M) ou M est I'injection diagonale d’un
facteur du produit direct des F; (valence fixe). On en déduit un dernier résultat qui
généralise légérement le théoréme sur les groupes d’automates bornés.

On conclut le chapitre 4 par un résultat noté par Erschler stipulant que le groupe
G(S2, H) < Aut(Ty) des automorphismes dirigés d'un arbre binaire est plus que
moyennable, il a croissance intermédiaire.

0.3.4 Chapitre 3 : Liens entre la croissance intermédiaire et
la croissance non uniforme

Les sections 3.6, 3.7, 3.8 sont consacrées aux groupes a croissance non uniforme
introduits par Wilson. Pour construire de tels groupes, Wilson utilise des parties
génératrices trés particuliéres du groupe de permutation alterné A, (pour d > 29).

Ces générateurs, I'un d’ordre 2, 'autre d’ordre 3, décrits explicitement dans
|Wil04a|, disposent de propriétés de point fixe, qui permettent d’obtenir des réduc-
tions lors du passage au produit en couronne. C’est un calcul basé sur cette propriété
qui permet & Wilson de montrer une diminution de hg(S,,) en passant d’un systéme
générateur a 'autre, dans le cadre de la classe de groupes y du théoréeme 0.2.3. De
plus, Wilson construit des exemples de sous-groupes de G(Sy,, H) qui sont dans la
classe y et qui sont a croissance exponentielle (car ils contiennent un groupe libre).

On étend son résultat :
Théoréme 0.3.5. Soit T; de valences d; > 29, alors

1. Si la valence est non bornée, le groupe G(Sg,, H) intersecte la classe x par des
sous-groupes contenant un groupe libre, en particulier des groupes a croissance
exponentielle non uniforme non moyennables (Wilson [Wil04a/).

2. Sila valence est bornée, le groupe G(Sq,, H) intersecte la classe x par des sous-
groupes contenant un semi groupe libre, en particulier des groupes a croissance
exponentielle non uniforme moyennables.

Le deuxiéme point est & mettre en contraste avec le résultat susmentionné de Osin
[Osi04] assurant que des groupes a croissance exponentielle non uniforme ne peuvent
étre élémentairement moyennables. Notons que dans le cas de valence constante, on
fabrique des groupes d’automates a croissance exponentielle non uniforme moyen-
nables. Un tel exemple avait été fabriqué par Bartholdi [Bar03]. Sa moyennabilité
(notée a posteriori dans [BKNO8]) résulte de notre théoréme 0.3.3.

De plus, le calcul de Wilson sur hg(S,,) peut s’interpreter géométriquement. En
effet, les parties génératrices de A, introduites par Wilson permettent de construire
de nouveaux groupes H; a croissance intermédiaire, engendrés par deux éléments
d’ordre 2 et 3, agissant fideélement sur un arbre enraciné de valences d; > 29. Ces
groupes, tout comme les groupes de la classe x, ont aussi la propriété d’étre denses
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(au sens de la topologie profinie) dans le groupe Aut®(T;) des automorphismes al-
ternés de l'arbre enraciné T;. On notera qu’a contrario, le groupe Aut(T;) n’admet
aucun sous-groupe dense de type fini.

La non uniformité de la croissance des groupes de Wilson résulte de la :

Proposition 0.3.6. Soit G un groupe appartenant a la classe x, il existe un groupe
Hj; a croissance intermédiaire engendré par une partie finie T, et une suite S, de
parties génératrices de G avec :

d((G, Sn), (Hg, T)) — 0,

n—oo

ot d est la distance de coincidence sur les boules définie au chapitre 2.

Cette proposition (sous-jacente au calcul de Wilson, explicite dans I’article [Bar03])
implique la non uniformité de la croissance. Notons que la proposition reste vraie
méme si G n’est pas moyennable, et méme si I'action de G sur T n’est pas fidéle.
Elle montre une proximité au sens géométrique entre les groupes a croissance inter-
médiaire et ces groupes a croissance non uniforme, proximité a opposer au résultat
de dichotomie algébrique :

Proposition 0.3.7. Soit G un groupe résiduellement fini appartenant a la classe x,
alors l'une seulement des possibilités suivantes est vérifiée :

1. soit G est a croissance sous-exponentielle,

2. soit G n’est pas dans la classe SG des groupes sous-exponentiellement moyen-
nables.

En particulier, aucun des groupes du théoréme 0.3.5 a croissance exponentielle non
uniforme n’est dans la classe SG.

Notons que ce résultat renforce dans ce contexte celui d’Osin et présente de
nouveaux exemples de groupes moyennables hors de la classe SG. 1l est basé sur
un lemme di & Neumann de classification des sous-groupes normaux de G. Je ne
connais a ce jour pas de groupe dans Y qui ne soit pas résiduellement fini, ni de
groupe parfait a croissance intermédiaire.



Chapitre 1

Lower bounds on growth

1.1 Introduction

Given a finitely generated group I' endowed with a generating set S the growth
function br 5(n) is defined as the number of group elements which are products of
less than a given number n of generators and their inverses. Given two different ge-
nerating sets S and S’ of I' there exists a constant C' such that bp ¢/(n) < bp s(Cn).
Defining the order relation f = g if there exists C' such that f(n) < g(Cn) and the
equivalence relation f ~ g if f 3 g and g = f, the growth rate of the finitely gene-
rated group I' is well defined up to equivalence. Milnor asked in 1968 the question
of existence of groups of intermediate growth (see [Mil68a|). This means groups for
which the growth rate would be faster than any polynomial and slower than any
exponential.

Grigorchuk constructed a family of groups G,, of intermediate growth in [Gri83|
(see also |Gri85|). These groups are commensurable with those constructed by Ale-
shin in [Ale72| (see Theorem 2.3 in [Gri85|) and therefore they share properties of
torsion and growth. The key example GG associated to the sequence w = 012012. ..
generated by an automaton satisfies the explicit estimates :

et S ba(n) 2 e’

It is a natural question whether if there exists v such that bg(n) ~ €"', which has
motivated a series of papers to estimate more accurately the exponents a and 3. In
the paper |Gri83|, Grigorchuk established o = § and § = logs,(31) = 0.9908.. ..

The upper bound has been improved by Bartholdi to 8 = 152?2(2) = 0.7674 ... where

v is the real root of the polynomial X3 + X? + X — 2 (see |Bar98]). This result was
obtained in a different way by Muchnik and Pak (see [MPO01]) which generalizes to

get bg, 3 e with B, = % with v, the real root of X"+ X" !4+ X — 2 provided

the sequence w is r-homogeneous. The lower bound was improved successively by
Leonov (|Leo01]) to get a = 0.5093 ... and Bartholdi o = 0.5157... (|Bar01]).

This paper improves the estimate on the lower bound :

21
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Theorem 1.1.1. The group G = Goio012... has a growth function satisfying :
ena ;\<./ bG(n)v

with o = 0.5207 . . ..

The proof is based on the algorithm used by Leonov in |Leo01|, which is studied
carefully (Section 1.3.2) to obtain induction relations on the growth function in
Section 1.4 similar to that in [MPO1]. In view of the proof the bound could be as
good as a = (0.5476 ... as explained in Section 1.4.2.

In Section 1.5, the result of the previous sections is generalized to get a lower
bound strictly better than evV™ for the growth function of groups G, for homogeneous
sequences w.

1.2 Preliminary results

1.2.1 The group G = Gpig012... generated by an automaton

Let us denote by T a 2-regular rooted tree and Ty and 7T the subtrees under
the two vertices of the first level. These three trees are canonically isomorphic. The
group Aut(T') of tree automorphism fixing the root satisfies :

Aut(T) ~ Aut(T) 1 Sy =~ (Aut(Ty) x Aut(Ty)) x Sa,

where Sy is a permutation group with two elements acting on the two factors by
permutations. Therefore an element f of the automorphism group Aut(T) can be
written f = (fo, fi)o where fy (respectively fi) belongs to Aut(Tp) (resp. Aut(1}))
and o is a permutation of {0,1} (denoted by ¢ if non trivial, nothing otherwise)
representing the action on the first level. The computation rule is the following f f' =
(fo, fr)o(fo, f1)o" = (fof(;(o),flf;(l))aa’. The group G' = Goiao12... is a subgroup of
Aut(T') generated by the recursively defined elements :

a=(1,1)e,b=(a,c),c=(a,d),d=(1,0b).

The elements of G of the form g = (go,g1) form a subgroup of G called the
stabilizer of the first level, denoted by St;(G). The following properties are well-
known and can be found in [dIHOO] :

Property 1.2.1. The group G is a quotient of the free product Sy * V' between the
group at two elements Sy and a Klein group V. More precisely, the following relations
hold :

=0V =c=d"=bed=1.

Lysionok (|Lys85|) has given the following presentation of this group :
G = (a,b, C,d|a2 — =2 =d%=bed = W:Ll — (Wan+1)4 — 1)
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where Wy = ad and W, 11 = o(W,,) with o defined by o(a) = aca,o(b) = d,o(c) =
b,o(d) = c. Grigorchuk has shown that these relations are independent (see [Gri99]).
Moreover, this group G is known (see [Ale72| or |Gri85|) to be a 2-group, which
means any element ¢ is of finite order a power of 2. In particular :

(ad)* = (ac)® = (ab)'® = 1.

Any element g of the group G is a product of elements in the generating set
S ={a,b,c,d} and thus is represented by a word w = w(a, b, ¢, d) (remark that their
inverses are not required as these generators are of order 2). A reduced representative
w of an element ¢ is a word of length |g| = min{lg(w)}, where the minimum is taken
among all representatives w of g, and the length lg(w) of a word w is its number of
letters. The number |g| is called the norm of ¢ relatively to the generating system S
since it satisfies g7t = |g|, |9¢'| < |g]l¢'| and |g| = O if and only if g = 1. The ball
of radius n is the set Bg(n) = {g € G||g| < n}. The growth function is its number
of elements bg(n) = #Bg(n).

The Lemmas of reduction in Section 1.3.3 will involve the number of each ge-
nerator appearing in reduced representative words. So that for z in {a,b, ¢, d}, the
number of x appearing in the word w is denoted by |w|,. Note that an element g
represented by w belongs to St;(G) if and only if |w|, is even.

!

By proposition 1.2.1, a reduced representative has form w = a”ujauqsaus...u,a”
with u € {b,c,d} and 7,7" in {0, 1}, which justifies the :

Definition 1.2.2. As any word w = aTuyausaus.. upa’ is of length 2n — 1 <
lg(w) < 2n+1, set l(w) =n = |wly + |w|. + |w|s defining a new length function
on reduced words. This new length induces on G a function ||.|] which is a norm
up to the fact that [(a) = 0; in particular it is a norm when restricted to St;(G).
Setting B(n) = {g € G|i(g) < n}, the function b(n) = #B(n) is a growth function
equivalent to bg.

The relation (ad)* = 1 implies that none of the pairs (ug, uz11) is equal to (d, d),
except for the unique case g = adad = dada. Indeed, the subword augaus1a would
be equal to adada = dad, thus contradicting minimality. Let us be more precise
concerning the sequence {uy}.

A word w is said to be a d-word if it is of the form w = xqadaxr,adax,....adaxy,
with z; € {b,c}. As d* = ada = (b, 1), such a word represents a d-element g of the
stabilizer St;(G) of the first level such that g = (a(ba)*, \) where \ = z{z} ...}
with o} = cif x; = b and 2} = d if x; = ¢, so that X belongs to {1,b} if k is odd, and
to {c,d} if k is even (use Property 1.2.1).

Thus all the d-elements are described by the following family of representatives
{x(d%)*|k € {1,...,15},2 € {b,c}} said to be of c-type. We can assume k < 15
because (ab)'® = 1 so that (d%c)'® = 1. A representative w of an element g of G is
said to satisfy the hypothesis (H.) if all the maximal d-subwords of w are written
with c-type representatives. Any element g has a representative (not necessarily
unique) satisfying (H,.) which can be chosen to be of length ||g||. This justifies the :
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Assumption 1.2.3. Unless stated otherwise, it is assumed that reduced represen-
tative words w = a"ujausaus...upa” of elements of G satisfy the hypothesis (H,),
which means that whenever uy = d then ug,; = ¢ (it is always possible except for
g = adad).

1.2.2 A growth result on sequences of integers

The estimates on the growth function reduce to word combinatorics using the :

Proposition 1.2.4 (Lower bound on growth functions). If b(n) is an unbounded
sequence such that for each n large enough at least one of the following inequalities
18 true :

b(n)Pr < Kb(mn + K)

b(n) < Kb(nn + K)

where p1,...,py > 2 are fized integers and n,...,n,, K are constants, then :

b(n) e,

log(p1) log(pq) }
log(m )’ " "7 log(ng)

where o = min{

Proof. The proof is given for ¢ = 1, the general case is similar. Iterating the inequa-
lity, we obtain for each integer k :

pF - k1
b(n)"* < K57 b(nFn + K(Z —))
so that .
b(n)\" k n* -1
— <b K
(") < v+ wT =0
Let L be an integer such that A = % > 1. For an integer n large enough, choose k

maximal such that : N = n~%(n — K(n* —1)/(n — 1)) > L and get :

()

bn) > (2

v

with k£ ~ log(n)/log(n), which proves the proposition. O

1.3 Pull back methods

Given two arbitrary elements gg, g; of the group G, each of the following two
methods produces an element g such that g = (go20, 91) where zy belongs to (a,c)
which is a finite dihedral group Dg = (a,c) = (a, c|a® = ¢® = (ac)® = 1) of order 16.
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1.3.1 The classical method

This method is described by Grigorchuk in [Gri85]. Fix two arbitrary minimal
representatives wg, wy of gg, g1. The word wy has the form wgy = a7 UL AU U3 . Uy @7
where the u; are elements of {b, ¢, d}. Set :

b ifu=c,
Wo = b0, bt bz ..., b, where . =<{ ¢ ifu=d,
d ifu=0b.

The following equalities :

= (a,c), b*=aba = (c,a)
, ¢ =aca=(d,a)
, d*=ada=(b1)

imply that Wy = (wp, 1) with z; € (a,c). Then as z;'w, = a"viaveavs...v,a” for
some v; in {b, ¢, d}, set Wy = b7%6, 00,0 0s.....b%0G,b™ @ which ensures W = (2o, 2 “wy)
with 2y € (a,c). The element g required is represented by :

Wy = WoWi = (wozo, 2127 'w1) = (wozo, wy).

Lemma 1.3.1. The word W satisfies :

I{(Wa) = 2(I(wo) + (wy)) £ 10,

|Wcl|b - |w0|a+ |wl|a+|w0|c+ |wl|cj:8>
‘Wcl‘c = |w0‘d+ ‘w1|d7
Wala = |wols + [wile.

Proof. The construction implies that [(Wy) = 2m =+ 1, [Wyl, = |wola + |wole, |Wole =

lwolg and [Wolg = |wo|s. Moreover, as z; € (a,c) = Dg, we have [(z;') < 4 and
0< |z o+ |27 e £ 8. Thus I(z; 'wy) < I(wy) +4, so that [(W,) = 2I(w,) £9, and
|[Wilp = |wi]s + |wi|e £ 8. The lemma follows. O

This lemma and the classical pull back method give the :

Proposition 1.3.2 (The classical lower bound |Gri85|). The growth of the Grigor-

chuk group G satisfies :
b(n) = V™.

Proof. To any pair of elements gy, g; of B(n) is associated an element g of length
l(g) = (W) < 4n + 10. Moreover, such an element g can be obtained through this
method from at most #(a, ¢) = 16 different couples, which gives the estimate :

b(n)? < 16b(4n + 10) (1.3.1)

and Proposition 1.2.4 allows to conclude. O
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1.3.2 An algorithm due to Leonov

Instead of pulling back successively the two elements gg, g1, the following method
pulls back both at the same time. This algorithm was given by Leonov in [Leo01].
Its presentation is simplified by Assumption 1.2.3. Depending on the first letters of
wo, w1, each step of the algorithm provides W = (v, v1) such that

lwy) + L(wh) < U(wp) + L(w),

where wj, = vy 'wy and w; = vy 'w;. The next step is run on w}, w}. The number of
letters, d, ¢ and b pulled back at a step of the algorithm are respectively :

n = (l(wo) + I(w1)) — (l(wy) + (wy)) >0,
na = (|wola + [wila) — (Jwpla + |wila),
ne = (Jwole + [wile) = (Jwple + [wile),
ny = (Jwolp + [wils) — (Jwplo + [wis)-

The algorithm is described for pairs of words (type I) of the form :

Wy = Toax1ax2a . . .

(1.3.2)
w1 = ayiay2ays . ..

The case of pairs of words (type I7) of the form :

Wy = ariarqoalrs . . .
w1 = YoaYr1aY2a . . .

reduces to the previous type replacing W by W% and remarking that [(W®) = (W)
and |We|, = |W|, for x in {b,¢,d}. The pair of words (wj,w]) will always belong
to these first types (I and I7).

In the other types, it is sufficient to initiate the algorithm : if wy and w; both
start with a (type I11), set W = d* = (b, 1) which reduces to type I. If none of wy
and w starts with a (type IV), discuss on xq : if 29 = b, set W = d” to get type
I, if xg = ¢, set W = b® to get to type [1I, and if xqg = d, set W = ¢* to get to
type I11. So that up to increasing [(W),(wy), (w;) by at most 2, the algorithm is
initiated.

The possible steps of the algorithm are described in Figure 1.1. The algorithm
is run under Assumption 1.2.3 that the representatives chosen for gg, g; satisfy the
hypothesis (H,.), that is whenever x; = d, then 24,1 = ¢ and the same holds for the
yr. Cases from 0d to 5 exhaust all possibilities, more precisely :

Fact 1.3.3. Given two elements gy, g1 and fized c-type representatives wg, wy of the
form (1.8.2), at least one case from 0d to 5 of Figure 1.1 can be applied. Moreover,
such a case is unique unless xo = x1 = y; = b, in which situation both cases 1 and
b can apply. Priority is given to case 1.
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wo(a, b, c,d) vo(a, b, c,d) wy

% | wyabie.d) Wieb e d (a,b,c,d) !

od dfl... o d xla
Y- a Y1ys -

0c c:sl . " c x§ =
yi- - a Y195 -
bz ... b x$. ..

1 1 badc® 1
by ... ‘ b Ya2ys -

9 bcal Ci(ll,’?) e beecth ccal bf3
dcys ... dc Ys

9 bfll crg ... Bahee cgd b xz
My ... c Y2Us -
bcz, . .. S bc® ToT§ .

S| duey .. diebc dad by

41d bac xi o b*bc*ccb Cad da b?
ctdctyy . .. c*dac (M

Ale bac xi o Bt cad d b xz .
cteys ... ctca Ysyg . -

soq | b doedecbet db be"dac U
cbys ... c“ba Ysyy - - .

42¢ bac C?’ o d*cb®cb*ectdcd bac «a x2x4 o
cbys . .. cb (T

434 bac bil crd ... d0ebe bl ectedh bctcd*ba xjx() o
cbys ... ac b ys . ..

43¢ bac bi Tq... docbe cdichic bcbe xjx%. .
cbys . .. 1 cbys . ..

24d be® (bb)dcx . . . dch®c(dcd®c)?™" | be*(bb*)1 b dab |
cbys ... d*ch*cc®betdb® c“ba Ysyy - - .

Ade be (bb*)icad . .. d*ch®c(d®cd®c)? bc® (bb*)ca T5Tg . ..
cbys ... b%ecdcd c*b ys ...
be® (bb*)9bd cx? . . . d*ch®c(d®cd®c)? bc®(bb*)1bdca T7xd ...

45d a a a a a a
cbys . .. d®cc*cbd ac b ys ...
bc® (bb*) b xg . . . d*ch®c(d®cd®c)? b (bb™)1bc” Texd . ..

45¢
cbys ... d*cb®c 1 cbys ...

5 bll)l Ty... doedic bb xgxg o
yr ... 1 yr ...
(bb*) s .. 01010 N c(bb*) " ea T7. ..

6 by . .. bbte(ded e)™™ b | g by . ..

FiG. 1.1 The possible steps of the Leonov algorithm
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Proof of Fact 1.5.3. When xy = d, apply case 0d, when zy = ¢ apply case Oc.
Otherwise x¢ = b.

When y; = b, apply case 1. Otherwise y; € {c, d}.

When 27 = d, and y; = = € {c,d}, apply case 2x. Otherwise z; € {b, c}.
When z; = b, apply case 5. Otherwise z; = c.

When y; = d, apply case 3. Otherwise y; = c.

When y, = x € {c, d}, apply case 41x. Otherwise y, = b.

At this point, g = b, 1 = ¢, y1 = ¢, yo = b. Discuss on xsarsa... which
has necessarily the form (ba)*xa... for an integer k < 8 (because (ab)'® = 1) and
x € {c,d}.

When k = 0, apply case 42x.

When k = 1, apply case 43x.

When k£ > 2 is even, apply case 44x.

When k£ > 3 is odd, apply case 45x. O

This Fact allows to define a first algorithm to pull back wg, w;. Once the algorithm
is initiated, apply the appropriate case S; from 0d to 5. Then apply the appropriate
case Sy to the remaining w(, w], etc. This defines (uniquely) a sequence of cases
(S1, 59,55, ...).

After k steps, the algorithm provides a word W = WiiiaW (S1) ... W(Sy) =
(vo,v1) and there remains to pull back (w), w!) = (vy  wo, vy twy).

Remarks 1.3.4. 1. To compute (w), w}), the relation (ad)* = 1 is sometimes used
such as in case 2d (wy = (adacbada)caxs--- = dcaxs...). This implies that
after stepping the algorithm, wyj,w] are not necessarily subwords of wy, w.
However the only possible modification is to turn a ¢ into a b (cases 2d, 2c, 3,
41d and 41c¢) which would be the first letter of wy, w}, so that hypothesis (H,)
remains.

2. In cases 44, 45 and 6, ¢ is an integer < 3. Indeed, since (ab)'® = 1 the subword
a(ba)® = b(ab)” cannot appear in a reduced word.

3. This algorithm, though better than the classical algorithm, is not sufficient to
obtain the good estimates of Lemma 1.3.7 of d-reduction. It will be slightly
modified (see Remark 1.3.8 for the improved version of the algorithm). Case
6 will be used only in the modified algorithm.

Definition 1.3.5. Given a word w = a’ujausaus...u,a”™ and X € [0,1], we define
Aw = a"uyauqaus...uga, for k = [An|, where [z] denotes the integer part of z.

Remark 1.3.6. [End of the algorithm| The discussion of the algorithm can be applied
provided both [(wg) and I(w;) are > 11 (case 45d with ¢ = 3), so that we get a word
Wy, such that Wy = (vg,v;) and the words left to pull back are w) = vy wy and
w) = vy twy, with either [(w)) < 10 or I(w}) < 10. Up to reindex, assume [(w)) < 10
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and then by construction, the word v; is of the form Aw; for some A in [0, 1] (but
its three last letters if the algorithm ends with case 2, 3 or 41). The pair (w(, w]) is
pulled back with the classical method, so that we get W, = (wjzo,w}). All in all,
we constructed W = WiiuiaWirWea = (wozo, wy).

1.3.3 Lemmas of reduction

In this section is shown that the Leonov algorithm provides shorter pulled back
than the classical algorithm. In particular, Lemma 1.3.7 of d-reduction shows that
whenever two generators d are pulled back, the length of W, is reduced by three
comparing with the classical algorithm. A number N,.; will denote the number of
other reductions occurring.

By lack of information on the number of generators d occurring in reduced words,
the process will be applied again to the outputs of the Leonov method. Lemma 1.3.9
of b-reduction asserts that generators b contribute to give generators d on these
outputs unless they raise other reductions. Another Lemma 1.4.6 (of ¢*-reduction)
will also be used in the proof of Proposition 1.4.1. The numbers N,.4, N, N/, and
N! are defined at each step of the algorithm in this purpose as (the number n. will
be defined before Remark 1.4.5) :

Nyeqg = 2n — %nd — (W),
Nl .,=2n—ng— (W),

Ne = |W|d + %Nred — Ny,
N = Wla+ INTL, —

They are given in Figure 1.2 as well as the number of generators pulled back. Concer-
ning cases 44 and 45, we assume ¢ = 1 since they are equivalent to the succession
of ¢ — 1 cases 5 and the concerned case with ¢ = 1. Concerning case 6, we assume
q = 0 for the same reason.

Lemma 1.3.7 (of d-reduction). After stepping the algorithm k times, we have
constructed W, = WiniiaWi1Ws ... Wy = (vg, v1) which satisfies :

3

Z(WL) < 2([(’110) + Z(Ul)) — §(|’Uo|d + |U1|d) + 10.

Proof. Check in the tab that at each step, the following inequality is true (W) <
2n— %nd, or equivalently N,.; > 0. This is always true but for case 0d. Note also that
for all cases but 0d, a better bound (W) < 2n — 2n, (or equivalently N/ , > ng) is

obtained.

There remains to treat case 0d, which is paired with the next case(s) S, setting
W =W (0d)W(S), in order to compensate for the lack of reduction. (Note that the
numbers N4, Ne, N/, and N! satisty : Nyea(WiW3) = Npea(Wh) + Nypea(Ws)).

If S is the case 0d, then the two following cases will be cases Oc, the result holds
with (W) < 2n —2ny4 (for W = ¢*cb®b). If S belongs to the list L; = {0c, 1, 2d, 2¢}
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case | ny | ne | na [ n [ IW) | [Wla | Nyea | Nlea | Ne | N | ne- < |

od [o]O][1]1] 1 0 [ -3 0 [ZF]0] 0
Oc [0 ]1]0]1] 1 0 1 1| 2] 3 1

1 |2]0]0]2] 3 1 1 1 [ ]3] O
2d [0 [ 2[2 |4 4 0 1 2 [ 2] 8] 2
2 |0 [ 2|1[3] 3 0 2 2 [2] 8] 2

3 ]0[2]1 3] 4 1 5 1 [ 2] ] 2
Aad o[ 3] 1[4] 6 0 z 1| 2] 3 3
Ac |0 [ 3]0 |3] 5 0 1 1 | 3] 3 2
2d [ 2 |3 ]1]6] 9 3 3 2 [ 3]4] 3
42¢ |2 | 3]0 [5] 10 [ 3 0 [ 0o J1]1] 2
43d | 2 |3 |1 [6] 10 2 z 1 [ 2] 3] 2
43¢ | 2|20 [4] 8 2 0Ol oJoJof[ o
44d | 4 |3 |1 [8] 13 3 2 2 [1 ] 2] 2
d4c |4 |30 7] 14 | 5 0 [ 0o 1 ]1] 2
45d | 4 | 3|1 [8] 14 4 z 1 [ 2]3] 2
45¢c 4120 6] 12 | 4 0Ol oJoJof[ o

5 |2]o0ofof2] 4 2 0Ol oJoJof[ o

6 |2[3]0]|5] 9 2 1 1 [ 2] 3] 2

Fi1G. 1.2 The numbers of letters pulled back in the Leonov algorithm

then [(W) < 2n—2n,4, and if S belongs to L] = {3,41d,41c¢, 42d,43d,44d, 45d} then
(W) < 2n—3ng.

Otherwise, case 0d is followed by a succession of cases in the list Ly = {42¢, 43¢,
44c,45¢,5}. If this succession has no end, case 0d was the last letter d to pull back.
Otherwise there is a next case S’, which can belong to Ly, then (W) < 2n — 2ny,

or belong to L}, then [((W) < 2n — 2n,.

The last unchecked situation is 0d followed by a succession of cases in the list Lo,
then case 0d again, which is followed by a succession of [; (possibly 0) cases 5 and
then a case S” # 5.

If S” is in the list Ly, then I[(W) < 2n — 2ng. If S” equals 0d, then the two
following cases are cases Oc and (W) < 2n — 3ny holds. Otherwise,that is if 5" is
case 3 or one of the cases 4, the algorithm has to be slightly modified (see Remark
1.3.8 below for a complete description of the modified algorithm).

The situation has the form :

Case 0d 42c,44c 43c, 45¢ 5 0d 5n S" e {3,4}
wop= d acab a  (baba) bacaza. ..
wy = a baca(baba)lca baca(baba)lbaca baba d aya. ..

where at least one of the cases 42¢ or 44c¢ occurs within the terms of the list Lo,
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otherwise wy would not satisfy (H.). This can be rewritten :

wo = d(acab)la(baba) bacaza . . .
w = avidaya . . .

where v} is a product of baca(baba)lca (case 42¢ and 44c), baca(baba)?baca (case
43c and 45¢) and baba (case 5). Discuss on the parity of [ (which is the number
of occurrence of cases 42¢ and 44c between the two cases 0d) how to modify the
algorithm.

If the number [ = 2[’ is even, set :

l/
W = c®(cbedcbcd®)! bd®c = < ;i[()acabacab) aba )

which is equivalent to applying case 0d, then I’ time a modified version of case 43c
(conjugate by a and inverse) and finally case 1. There comes [(W) < 2n — 2n,.

If | =2I' + 1 is odd, set :

o L
W = c*(dc®dc®)!" (cb®cd®)? bboe(d®cd®c) b = ( d(acab) ™ acaba(baba)" baca )

a(baba)" cadad

where w; was written in the form w; = a(baba)" bacay . . .. This is equivalent to apply
successively case 0d, [ cases 5 (modified by a-conjugacy), I’ cases 43¢ (modified)
and case 6. There comes [(W) < 2n — 2n,. O

Remark 1.3.8. [The algorithm as should be run by a computer| Assume given two
elements gy, g1 and their fixed c-type representatives wg, wy. The algorithm is run as
follows :

1. First initiate the algorithm to get to type I as (1.3.2).

2. While not encountering case 0d, run the first algorithm (following Fact 1.3.3),
using cases Oc to 5.

3. When case Sy = 0d occurs, look at the sequence of next cases (Sk+1, Skt2, - - - )-
(a) If the sequence is not of the following form : Sy, € Ly = {42¢,43c¢, 44c,

450,5} for 1 S 1< j, Sk_;,_] = Od, Sk+j+1 = - = Sk+j+l1 = 5, 5! 7£
Sktjti41 € {3,4} for some j > 2, [; > 0, then step case S, = 0d and go
to 2.

(b) If the sequence has the above form, and the number | = 2" of cases 42¢
and 44c occuring between Si41 and Sy, is even, then step case S, = 0d,
then step ' cases 43¢ modified (conjugate by a and inverse), then step
case 1 and go to 2.

(c) If the sequence has the above form, and the number [ = 2I'+1 of cases 42¢
and 44c is odd, then step case S = 0d, then step [” case 5 modified by
a conjugacy (the number [” is defined at the end of the proof of Lemma
1.3.7), then step [’ cases 43¢ (modified by a conjugacy and inverse), then
step case 6 and go to 2.



32 CHAPITRE 1. LOWER BOUNDS ON GROWTH
4. When one of the remaining words wy, w] is too short to apply the first algo-
rithm, finish the pull back with the classical method.
Lemma 1.3.9 (of b-reduction). In the setting of lemma 1.5.7, denote N,..q(Wp) =
2(I(vo) +1(v1)) = 3(lvola =+ [vila) — L(WL), then :
4
(Wila+ gNred(WL) > |voly + [v1le-

Note that this inequality holds for the classical algorithm (Lemma 1.3.1), so that
for the final pull back W = W W, = (wyzo, w1 ), we have :

4
W14+ gNred(WL) > |wolp + wilp-

Proof. 1t is sufficient to check that at each step of the algorithm n, < |W|,+ %Nred,
that is N, > 0. This is true for all cases but case 0d. For the case 0d, pair it with
the next case S. The result holds for any S but case 1 (which does not happen since
wp and wy are c-type representatives) and cases 43c, 45¢ and 5. These three last
cases contribute to modify only the word w;. Apply them until another case S’ is
obtained. If S’ (which can neither be 1, 43¢, 45¢, 5) is case 0d, then the two next
ones are Oc, and the lemma holds. Otherwise it is an appropriate pairing. ]

Another weaker version of these lemmas of reduction is useful :

Lemma 1.3.10. In the setting of lemma 1.3.7 we have :
Z(WL) < 2([(’00) + l(’Ul)) — (|’Uo|d + ‘Ul‘d) + 10.
Moreover, if N ,(Wr) = 2(I(vo) + {(v1)) — (|vola + |vi|a) — L(WL), then :

4
(Wela+ gN;ed(WL) > |volp + |v1]p-

Proof. Just check in Figure 1.2 that N/_, > 0 and N. > 0 for all cases. O

red —

1.4 The growth of G

1.4.1 A new lower bound
The algorithm above allows to replace estimate (1.3.1) in the proof of Proposition
1.3.2 by the following :

Proposition 1.4.1. For any positive €, for any integer n, there exist 3, v and ¢ in
[0,1] such that 1 —3e < f+~v+ 3 <1 and the three following inequalities are true :

b(n)? < Kb((4— gam + K),

Kb((16 — 66 — 38)n + K),

<
< Kb((56 + 20 — 4y +e)n + K),
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where K is a constant (depending on ).

Corollary 1.4.2. The growth of G satisfies :
b(n) "
where o = 0.5207 . . ..

Proof of the corollary. Applying Proposition 1.2.4, we get

o= min {max{ log(2) log(4) log(8)
 btp=1 log(4 — 26) " log(16 — 66 — 3) " log(56 + 20 — 4)

}}=0.5207. .

O

Before proving the proposition, first define the numbers 3, v and ¢ involved, a
positive ¢ being fixed. Given a word w = a"ujausaus...u,a” with u; € {b,c,d} and
w in B(n), set :

|wla |wle |wly
5w:—a7w: >ﬁw:—-
n n
It implies 6., Yu, Bw € [0,1] and 6, + v + B = = < 1. Choose for each g in
B(n) a representative word w, of minimal length satisfying (H,.) (remind I(w,) =
[wyla + [wgle + |wgly).

Fact 1.4.3. For any ¢ > 0, and for any integer n, there exist (3,7,0 such that
B+v+06 <1, and a subset B'(n) C B(n) such that #B'(n) > 3#B(n) and for all
g in B'(n) :

B < Bu, <B+e,

Y= Ywy SV TE,

0 <0y, <d+e.

Moreover, setting n’ = max{l(w,)|g € B'(n)} < n ensures that for all g € B'(n),
we have :
(1—=3e)n" <l(wy) <n'.

This Fact ensures that, given an error €, there exists a substantial subset B'(n)
of B(n) in which all representatives have nearly the same length and proportion of
generators d, ¢, b.

Proof of Fact 1.4.3. For any € > 0, the cube [0, 1]3 splits in (1/)? cubes of the form
Cijk = lie, (i+1)e| x [je, (j+1)e] x [ke, (k+ 1)¢] for 4, 5, k integers in [0, 1/¢]. There
necessarily exists 4, Jo, ko such that :

#{g € B(n)|(5wga ’ng>ﬁwg) € Cio,jo,ko} Z 53#B(n)

For such g, jo, ko, set & = idpe, v = Jjog, B = koc and denote B'(n) = {g €
B(n)‘(5w977wgvﬁw9> € CioJo,ko}' ]
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Remark 1.4.4. In the following proof, we will assume for ease of notations that
n' = n. If this were not the case, it would be sufficient to rescale, replacing n, d,~,
by n', ¢+, 5 with :

o

_ 0 B

o =—.
o+v+p o+v+p

This would provide Proposition 1.4.1 with n’ instead of n in the right side of the
inequalities, which would improve the estimates.

Proof of Proposition 1.4.1. To get the first inequality, consider all pairs of elements
(go,g1) in B'(n) (defined in Fact 1.4.3) and their chosen c-type representatives
(wo, wy). Applying the Leonov method to pull back this pair, the resulting W satis-
fies (Lemma 1.3.7) :

3 3
(W) <2(l(wo) + l(w1)) — §|w0|d — §|)\7~U1|d + K,

and so in particular [(W) < (4—28)n+K, where we use |wo|g > dn and I(wp), [(wy) <
n (Fact 1.4.3). Note that the constant K includes the difference between (wg, Aw,)
and W, = (vg,v1), as well as the initiation of the algorithm. Moreover, by lack of
information on the number A € [0, 1], the term |Aw;|; cannot be estimated (see next
section 1.4.2). We obtain :

#B'(n)*

16 3
b(n)* < Q= < 5—65((4 - 55)n+ K),

since at most 16 different pairs can give the same element g represented by W.

To get the second inequality, consider a 4-tuple (goo, go1, 910, g11) in B'(n), with
their c-type representatives. Applying the Leonov method to the pair (wgg, wo;)
raises a word wy such that (Lemma 1.3.7) :

3 3
l(wo) < 2(I(woo) + l(wor)) — §|woo|d - §|)\0w01|d — Nyeap + K,
3 3
< (4- 55)71 - §|>\0w01\d — Nyego + K.

Moreover Lemma 1.3.9 gives also :

4
lwola + §Nred,0 > |woolp + |wor]p = 20n.

The word wy is built in a similar way, hence satisfies the same estimates. We intend
to apply the Leonov algorithm to (wg,w;), however those words might not satisfy
the hypothesis (H.), therefore we build other words w} =4 w; as follows.

First if a subword of the form wadadav with u,v € {b,c} appears, replace it as
u(adada)v = u(dad)v = (ud)a(dv). This lowers |w;|q by 1 but increases N,.q; by 1
too, so that estimates above remain. Secondly we modify all d-subwords as c-type
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representatives, which modifies the numbers of ¢ and b but not the number of d.
(Note that these words w) are not minimal length representatives of g; =g w;).

Now the Leonov method can be applied to (wj, w)) providing a word W such
that :

3 3
W) < 20wh) + 1wh) — Shetla — SN0+ K

3
< 4(4 - 55)71 — 3| owo1la — 3| Mwi1|a — 2Nred0 — 2Npea

3 3
—§|w6\d— 5\)\w§\d+K
3 4 3 4
< (16 = 69)n — S(Jwpla + 3 Nreao) = 5 (IAwila + 3 Nrea,)

—3|>\0w01|d — 3‘)\111)11‘[1 + K
3 4
S (16 — 60 — Bﬁ)n — §(|)\w;|d + = red71) — 3|)\0w01|d — 3|)\1w11|d + K,

3
< (16— 60 —38)n + K,

allowing to conclude :
/ 4
AW (103

512 - 512

b(n) b((16 — 66 — 30)n + K).

To get the third inequality, consider an 8-tuple (gooo, goot, ---, g111) in the set B'(n)
with the c-type representatives. We first pull back the pairs (w40, Wiyi,1) using the
classical method and get w;,;, such that (Lemma 1.3.1) :

l(wi1i2) = 4n+ 10,
(Wiyinla = |Wiyisols + [Wiyin1]s = 261,
[Wiriyls = |Wiyizola + [Wirig1]a + [Wiisole + |Wiyini]e > 2(1 +7)n — 2.

Then, pull back the pairs (w0, w;,1) using the Leonov method. This requires to
choose c-type representatives. Thus some of the b appearing in wj, o, w;;1 (namely
most of those adjacent to d) are changed into ¢ as long as the Leonov algorithm is
run (to finish the pull back with the classical method, they remain ). This provides
two new representatives wj o, w; ;, and we denote by |wj g|e, |w; |~ the number of
¢ = ¢* which come from b in w;, o, w;,1. At each step of the Leonov algorithm, denote

by ne« the number of ¢* pulled back (see Figure 1.2).

c*y

Remark 1.4.5. |on the numbers n.«| The outputs of the classical algorithm are of the
form wjujusug ... with ug, = b so that ¢* are obtained only at even places, contrary
to d which occur only on odd places. This explains why n. = 2 < 3 = n,. in case 43
for instance. Moreover, since a letter ¢* is adjacent to a generator d it is clear that
|w'| o < 2|w)g-

Lemma 1.4.6. [of ¢* reduction] If wy and wy are obtained as outputs of the classical
algorithm, and if W is their pulled back using the Leonov method, then :

4
o) < Wi+ 5N

c* + |Ul

1
[vols + |v1]s + §(|U0
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Proof. Tt is sufficient to check that at each step n. < 2N!. This is always true but
for case 41d. Then, if n.» < 2 the result holds, and if n.- = 3 the next case is case 1

or case 2 and the result holds. O
At this point, we have constructed words wj ,;, satisfying I(wj;,) = 4n £ 10
and |wj; [a = 26n. Moreover |w; ; | = v'n < 2w, |¢ = 46n, thus |wi [, =

(24 27 —v*)n. Applying the Leonov algorithm raises wg and w; such that (Lemma
1.3.10) :

[(w;) 2(1(wig) + Uwiy)) — |wipla = [Niwy|a — Neq; + K
(16 — 28)n — |>‘z‘w§1|d - N;ed,i + K

where the number of d is bounded by (Lemma 1.4.6) :

<
<

4 1
|wi|d‘|‘_N/ > |w§0|b+ |w21|b+§(|w§o c* +|w§1 )

3 red,i =

1
> 2242y —9")n+ 5(27*)71
> (4+4y —9")n.

Finally apply the Leonov algorithm to wy and w; (as for the second inequality,
they should be modified first as c-type representatives, which does not change the
estimates above and below). We get W which satisfies :

3 3
Z(W) S 2(Z(U)0) + l(wl)) — §‘U)0|d — 5‘)\w1|d + K
< 4(16 — 26)n — 2| Aoworla — 2l Mwiila — 2N g0 — 2N ean

3 3
—§|w0|d_ §|>\w1|d‘|’K
3 4
< (64 —88)n — §(|w0|d + gN;ed,O) + K
3
< (64=8F—S(A+dy =7 )n+ K

and as 1 -3 < f+~+6 < 1 (Remark 1.4.4), there comes 64 —83 —2(44 4y —~*) <
58 =83 — 67+ 65 =58 — 20 — 67 < 58 —2(F + ) — 4y < 56 + 2§ — 4 + 6e. It is
now possible to conclude :

/ 3
#B'(n) < 1

7
bn) < E—ib((56 126 — dy 4 66)n + K.

1.4.2 Expectable other lower bounds

Improving the lower bound reduces to minimizing the length of W knowing
[(w;) < n. The lemmas of reduction give inequalities of the form :

3 3
(W) <2(l(wo) + l(w1)) — §|w0|d — §|)\7~U1|d + K.
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Ao 0 0.2 0.4 0.6 0.8 1
o | 0.5207 | 0.5255 | 0.5306 | 0.5339 | 0.5416 | 0.5476

Fi1G. 1.3 — Expectable lower bounds

However, in the proof of Proposition 1.4.1 the term |A\wy|; was not estimated. In
this section we give the bounds that would be obtained if we could prove A > \j for
a fixed Ao in [0, 1] (recall that this A depends on the pair (wp, wy)).

Definition 1.4.7. A representative word w is said to be A\p-homogeneous if it sa-
tisfies | Aow|, = Ao|w|, for x = b, ¢, d.

Proposition 1.4.8. If we assume that X > Ay € [0,1] and that the c-type repre-
sentatives of the elements of the ball B(n) are \g-homogeneous for all n, then the
inequalities obtained in Proposition 1.4.1 would be :

b(n)* < Kb(na(Mo)n + K),

b(n)* Kb(mp(Ao)n + K),

b(n)" Kb((ne(ho) +€)n + K),

where ng(Ng) = 4 — (1 + )\0)%5, M(Xo) = 16 — (1 4+ Xo)(60 + 35) and n.(Ao) =
64 — (14 Ao)(8 — 20 + 47).

Thus the exponent of the lower bound would become :

a= min {max{ log(2) log(4) log(8)
S4+~+8=1 log(na(Mo)) log(ms(Xo)) log(ne(Xo))

<
<

1

The numerical values of « such that b(n) = €™ given )y are listed in Figure 1.3.

1.5 Generalization to the groups G,

1.5.1 The family of groups G,

The group G is a particular case of an uncountable family of groups defined in
a similar way in [Gri85]. Given a sequence w = wowiwsws . .. in 2 = {0,1,2}, and
denoting the shift application by o (so that ow = wjwows . .. ), four automorphisms
a, b, c,,d, of the binary rooted tree T" are defined recursively by :

a = (17 1>57 b, = (UZ, ba’w)7 Cy = (ui)7 Cow)7 d, = (uf,,l;a do‘w)7
where :
(a,a,1) if wy =0,
(ul,ut,ul) =< (a,1,a) if wy=1,
(1,a,a) if wy=2.
The group G, = (a, b,,, c,, d,) is the subgroup of Aut(T) generated by these auto-
morphisms. Property 1.2.1 still holds :
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Property 1.5.1. The group G, is a quotient of the free product Ss x V' between the
group at two elements Sy and a Klein group V. Indeed, the following relations hold :
a? =0 =c=d> =b,c.d, =1.

Definition 1.5.2. A sequence w is said to be flat if there exist integers k such that
Wgt1 = Wiio = -+ = Wiy, for arbitrarily large r. It is said to be r-homogeneous if

for any k£ in N the subsequence wy1wkyis...wWgy, contains the three numbers 0, 1
and 2. The set of r-homogeneous sequences is denoted by 2".

Remark 1.5.3. It is an obvious but crucial fact that " is stable under the shift o.

The group G considered in the previous sections is canonically isomorphic to
each of the three groups Goiaoia.., Giao120... and Gagizo1.... It is known (|Gri85]) that
the growth function b, (n) of G, is bounded below by ev™ provided w is not flat.
Muchnik and Pak have shown in [MP01] that the growth is bounded above by ™"

% with v, a positive real root of

the equation 2" + 2"~! + 2 = 2. The lower bound is improved by the :

provided w is r-homogeneous, where (3, =

Theorem 1.5.4. If w is an r-homogeneous sequence, then the growth function of
G, satisfies :

«
bo(n) = e™”
_ log2r—t 1 . _oqr—1 2
where o, = oz > 27 with n, =47 — T

1.5.2 Generalization of the pull back methods

The relations (ad)* = (ac)® = (ab)'® = 1 were crucial to apply Leonov method.
In the generalized case of G, they are replaced by the :

Proposition 1.5.5. Let w be an r-homogeneous sequence, then (a:t)y+2 =1 for all
x in {b,, Cy,d,}. Moreover :

(adw)A‘ =1 1ifwy =0,
(ac,)* =1 ifwy =1,
(abw)‘l =1 Zf Wy = 2.

Proof. If wyg = 0, then (ad,)* = (ad,ad,)? = (dgs, dy,)* = 1. The same computation

gives cases wy = 1 and wy = 2. More generally, compute (az,)* = (axwaxw)2371 =
(Zowl, aLey)2 = = (aLpiu, Toiwls - - - aTyin)> . For xz, = d, (respectively c,,
b,), choose j minimal such that (0’w)y = wj_1 = 0 (respectively 1, 2), which ensures
(aryi)t = (255,a)* = 1, thus (az,)* =1 for s = j + 2 with j <. O

These relations allow us to consider subwords similar to the d-subwords introdu-
ced in section 1.2. Indeed, define d,-subwords if wy = 0, ¢,-subwords if wy = 1 and
b,-subwords if wg = 2, with the appropriate d,,, ¢, or b,-type representatives.
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wWo w1 = 0 w1 = 1 w1 = 2
0 W{(a, by, c,,dy,) W{(a, by, c,,dy,) W(a,c,,b,,dy,)

Wo, W1 (CL, bowu Cows dow) Wo, W1 (a, dgw, bowu Cow) Wo, W1 (a, dgw, Cows bow)
1 W{(a,by,,dy,c,) W(a,dy,, by, c,) W(a,dy,by,c.)

Wo, W1(a, Cow, bow,s dow) Wo, W1 (@, Ay, bows Cow) Wo, W1 (A, Cowy Aoy bow)
5 W(a,c,,dy,,by,) W(a,dy,cy,by) W(a,c,,dy,,by,)

Wo, W1 (@, byw, Cows Aow) Wo, W1 (@, bw, Aoy Cow) Wo, W1 (A, Cowy Aoy bow)

Fic. 1.4 Appropriate permutations in the pull back methods

The pull back methods produced a word W (a, b, ¢, d) given two words wq(a, b, ¢, d)

and wy (a, b, c,d). They can be generalized to produce a word W (a,el, €2, e?) given

» Cwr Cws bw
1 .2 3 1 .2 .3 2 .3

two words wo, w1 (a,el €2 ,e3 ) where (el e2,e3) and (el ,e2 ,e3. ) are appro-
priate permutations described in Figure 1.4 of (b,,, c,, d,) and (byy, Cow, dy) depen-
ding on (wp,w;). The classical method can be used for any values of (wg,w;), the
Leonov method can be used provided wy # w;. The only properties required are
(ae3)* = (ae3 )* = (ael )7 =1, el = (a,e2,), €2 = (a,€e3,) and €3 = (1,€l). So

that the Leonov algorithm can be applied to e2_-type representatives and Lemma
1.3.10 generalizes in :

Lemma 1.5.6 (of reduction). Let W be the pulled back of wy, wy with the generalized
Leonov method, then either :

I(W) < 2(U(wo) + L(wr)) — |woles + K,
either the same inequality holds interchanging wy and wy. Moreover :

(Wles, + 2N/ eq > |woler, + |wiler,.

Proof. The proof of Lemma 1.3.10 of reduction applies here, the constant K depends
on the order of (ael)) which is bounded by 2"*% provided w is r-homogeneous. The
second inequality follows from checking that |W|; + 2N/, , > ny in Figure 1.2. O

1.5.3 Proof of Theorem 1.5.4

Proposition 1.2.4 is used to prove Theorem 1.5.4 once the following lemma is
known :

Lemma 1.5.7. Let w belong to )", then for any positive €, there exists constants
Ky, Ky such that for any n :

barflw(n)yil < Kibo((nr +&)n + Ko)

: _ gqr—1 2
with N = 4 RS



40 CHAPITRE 1. LOWER BOUNDS ON GROWTH

Define b,(N) = min{b,(N)|w € Q"}. The minimum is reached for some wy since

N—-Ko
Nr+e€

the set takes values in the positive integers. Set n = [ }, there comes :

b(n)? ' < bgrflw(n)?” < Kb,y (N) = Kib.(N) = Kib,((n, +)n + Ks).

As G,, is infinite for all w non flat, b, (n) > n+1, thus b.(n) > n+1is an unbounded
sequence. Apply Proposition 1.2.4 to get b,.(n) == €™ which ensures Theorem 1.5.4
with the extra property that the lower bound function is uniform on w € Q".

Proof of Lemma 1.5.7. Given a positive e, Fact 1.4.3 allos to define a subset B!, (n)
and €1, 9,3 in [0, 1] such that for any e -type representative w of an element g in
B, ., (n) we have e;n < |w[; < (g;+¢)n. Moreover, we can assume €1 + &5 +e3 >
1—3cand #B/,,_(n) > &*,r-1,(n). Thus the proof reduces to building a pull back
W of length (W) < n,n+ K, given a 2" '-tuple (wq_g,...,w;._ 1) in B/, . (n). The
procedure will depend on w.

We say that w changes at place k if w, # wgy1 and consider the two last changes
in the sequence wy...w,_1, say at places t and s. First use the classical method
r — s — 2 times to get a 2°T-tuple (wp_g,...,w;. 1) in Bgs+1,(n) such that :

l(wilmiSJrl) S 4“8_271 + K,
|wi1---is+1|ejs+1 > gjn,

for all j = 1,2,3. Then at place s, use the Leonov method to get w;, ,, satisfying :

Hwiyi,) < 20wy i,0) + Hwis i) = Nea, i, — [winisoles  + K
< (@t —e3)n— N + K,

= red,ii...is

> |wiy ol

Now the classical method applied s —t — 1 times raises a 2/*!-tuple such that :

wiy ipey) <47 H(wy, 4,) + K,

|wWiy iy ] i > wiy gl -
1041 eo't+1w - 1...1s e s,

and |w;, . |e§sw +2N/

red,il...is

+|wiyinle > 2emn (Lemma 1.5.6).

The Leonov algorithm applied at place t gives w;, ;, such that :
Wwiy q) < 2(Uwiy o) + Hwiy 1)) — Wiy aoles, | + K

< 4w ay) = i e, + K
S 4s—t(4r—s—1 - 63)”’ - N;ed,h...is) - |wi1~~~is e3s + K
< (@ -4y = 20 )0+ K,

The classical method applied ¢ times finally gives W such that :
Z(W) S 4t(4r—t—1 — 4S_t€3 — 281)7’L + K S (4T_1 — 483 — 261)’)’1, + K.

T+2 . .
As (ae2,_, ) =1, there can be at most 2"t successive e2 in w;, 4., so that

o 1w

e2 < g2y and 61463 > gy — 3e. Finally (471 —4e3 —2e1) <4771 — 52— + 3¢,
and the Lemma follows.

r—1.,



Chapitre 2

Groups with oscillating growth

2.1 Introduction

Given a group I" and a finite generating set S = S™!, the ball Br g(R) of radius R
is defined as Br s(R) = {vy € I'||7|s < R}, where |y|s = min{r|y =s;...s, for s; €
S U {idr}} defines a norm on I' (this means |[yy'|s < |v|s + [7]s, [77|s = |v]s and
|7|ls = 0 if and only if v = idr). Note that it coincides with the ball of center idr
and radius R in the Cayley graph Cay(T',S) of I' with respect to S. The growth
function is br g(R) = #Br s(R). The following two properties are well known :

Property 2.1.1. Let I' be a finitely generated group. Let S = S™t and S’ = S'~1
two finite generating sets, then :

1. (submultiplicativity) for all R, R’ one has br s(R+ R') < br s(R)br s(R').

2. (dependance on generating set) let us denote Cs g = max{|s|s/|s € S}, then :

1

S8

br.s( R) <brgs(R) <brs(CssR).

The second property implies that though the growth function of a group I' de-
pends on the generating set S, its asymptotic behavior does not. The growth function
modulo the relation ~ below is a group invariant.

Notation 2.1.2. Let us introduce a few relations between functions f, g : N — R>.

1. f = g if there exists a constant C' such that f(R) < g(CR) for all R.

2. fmgif fZ3gand g3 f.

3. f = o(g) if for every ¢ > 0 there exists R. such that f(R) < eg(R) for all

R>R..

Submultiplicativity implies that the function log(br s(R)) is subadditive, hence :

log(br s(R))

R B )\F,S Z Oa

41
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where the property Ar s > 0 does not depend on the generating set S. When this is
the case, the group is said to have exponential growth. The log growth function is
then linear :

log(bp,g(R)) = >\F,SR + O(R)

The growth of the group I' is qualified subexponential when Ar g = 0 for one (hence
for all) generating set S. It is the case for instance when I' is abelien and more
generally nilpotent. In this case the growth rate of br g is polynomial and more
precisely :

log(br.s(R)) = d(T) log(R) + C + o(1),

where d(I") is an integer (see |Gui73|) and the second term is due to Pansu (see
[Pan83|). The famous theorem of Gromov ([Gro81a|) states that these groups are
the only ones (up to finite extension) for which the growth function is bounded by
a polynomial.

It was a question of Milnor whether if there exists groups of subexponential
growth which are not virtually nilpotent (see [Mil68a|). Such groups are said to have
intermediate growth. A large family of exemples has been constructed by Grigrochuk
in [Gri85] (see also |Gri86]). These groups are recursively defined as 3-generated
automorphism groups G, of a binary tree and are indexed by a Cantor space {2
(section 2.2). The dependence on the index is continuous with respect to the distance
of coincidence on large balls, for which both subgroups of exponential growth and of
smaller growth are dense (section 2.3). Classical estimates due to Grigorchuk (and
others) are of the form :

R* 3 log(br(R)) 3 R,
for some o < 3 in [, 1.

The main Theorem 2.4.2 of this paper stating the existence of groups the growth
function of which is oscillating (section 2.4) implies in particular that there are
groups the growth function of which is infinitely often less than such a lower bound
and infinitely often more than such an upper bound. Some estimates on the frequency
of oscillation are also given.

Oscillating groups can moreover be chosen to be torsion, or torsion free which
requires to construct another similar space of groups as studied in section 2.5.

2.2 Preliminary

2.2.1 Automorphism of the binary rooted tree

Let T" = T3 denote the binary rooted tree, that is the graph with vertices finite
sequences (i1is...1) of i; € {0,1} including the empty sequence (denoted @) and
non oriented edges linking (iy .. .14x) to (4 ...4xigs1). Endowed with the graph metric
(every edge has length 1), the sphere of center () and radius & is called the level (layer)
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k and consists of sequences in {0, 1} of length k. To each vertex v = (i1 . ..14) is as-
sociated the hanging subtree T, which is the restriction of the graph to vertices (and
links associated) of the form (vigyq...ik1m). Note that each tree T, is canonically
isomorphic to T'.

The group Aut(T) of automorphisms of 7' = T5 is the subgroup of graph auto-
morphisms fixing the root. This implies that the layers are preserved and that an
automorphism g € Aut(T) acts on each layer by permutation. The identification
between T', Ty and T raises the following isomorphism :

Aut(T) = (Aut(Ty) x Aut(T})) % Sa =~ Aut(T)1 Ss,

where S5 is the group with two elements acting by permutation of coordinates on
the direct product Aut(Ty) x Aut(Ty) ~ Aut(T) x Aut(T'). This isomorphism allows
to decompose automorphisms in the wreath product as g = (go, g1)o, which means
g(i1da ... i) = 0(i1)gi, (42 . . . ig). In particular there is a projection p : Aut(T) — Sy
such that p(g) = 0. The kernel of p is called the stabilizer of the first level denoted
St1(Aut(T)). More generally there is another isomorphism :

Aut(T) ~ (Aut(T) x -+ x Aut(T)) x(Sa -+ -152) ~ Aut(T) 1 Aut(T"),

- -
'

2"times

where Aut(T™) ~ (S30- - -1Ss) is the automorphism group of the rooted finite tree 7™
which is the subtree of T" consisting of vertices in the n firsts levels. This allows to
decompose automorphisms in the iterated wreath product as ¢ = (go_.0,- -+, 91..1)n0n
where o, is the image of the projection p,, : Aut(T) — Aut(T™), the kernel of which
is denoted St,(Aut(T")). Note that St, i (Aut(T)) < St,(Aut(T)) and that their
intersection is the trivial group :

(M) Sta(Aut(T)) = {id ).

neN

In particular, the group of automorphism of the rooted tree T is profinite via :

Aut(T) = lim Aut(T").

n—oo

Another description of an automorphism g € Aut(T5) is given by its portrait,
which is the function :
plg): Ty — S
v o= pu(9),

defined by the recursive relations g, = (gv0, gu1)P»(g) for any vertex v of Ts (initiation
by 96 = g = (g0, 91)pe(g)). The following formula shows that the restriction of p(g)
to the first n layers describes the action of g on the n first layers :

g(ir, i, ..., ix) = (Po(9)i1, i (9)i2, - - - Diyip, (9)Tk)-
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2.2.2 Groups recursively defined

Let Q = {0,1,2}" be the set of infinite sequences w = wowwyws . . . taking values
in {0,1,2}. This set can be endowed with the following distance :

1
n+1

d(w,w") = min{ lwo = W), .o wn = Wi}y
which turns it into a Cantor set. The shift on sequences denoted by o : 2 —
where o(wowiws ... ) = wiwsews . .. is a continuous application.

To each sequence w in  is associated a subgroup G, of Aut(T') the action of
which is recursively defined as follows (see |Gri85|). Define via the wreath product
a = (1,1)e with € the non trivial element of Sy and 1 the identity of Aut(7T) (acting
on the vertices as a(iy ... 1) = (e(i1)iz .. . ix)).

Three automorphisms of Aut(T') are recursively defined via the formulas :
bw = (ufz)? bO’W)7Cw = (U/E),Co-w),dw = (U/Z,do—w),

where :
(a,a,1) if wy =0,
(uz,ufu,uf)) =2 (a,1,a) ifwy=1,
(1,a,a) if wy=2.
It follows from this definition that it is sufficient to know the n first values of the

sequence w to know the action of these associated automorphisms on the subtree 7™
of the n firsts levels.

Property 2.2.1. The three automorphisms by, c,,d, € Aut(T) satisfy :

W2 =c2 =d*> =b,c,d, = 1.

w w w

In particular they generate a Klein group (non cyclic with four elements) provided
the sequence w s not constant.

Proof. Independently of the sequence w, the automorphism b, (hence its square)
belongs to St; (Aut(T)). Show by joint (on w) induction on n that b2 € St,(Aut(T))
for any integer n. Indeed, provided b2 belongs to St,(Aut(T)) equalities :

0% = (ug bow)® = ((ug)?, b3,) = (1,07,)
ensure that b2 belongs to St, 1 (Aut(T)). This proves (and similarly for ¢, and d,)
that b2 belongs to the intersection of stabilizers of all levels hence is trivial. The
same process and the calculation :

bwcwdw = (ufi)a baw)(uf‘;a Caw)(ug> daw) = (UWUE)UZ, bawcawdaw) = (]-7 bawcawdaw)

provide the last equality. This shows that they generate a quotient of a Klein group.
There remains to show that when w is not constant, none of b,,c,,d,, is trivial.
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Show for instance that d, # 1 when w is not taking constant value 0. Let n be the
minimum integer such that w, # 0, then :

d,(1...100) = 1dw(1...110@) =---=1...1d,m,(00) =1...10a(7),
which shows d,, is not the trivial automorphism. O

Remark 2.2.2. Note that dggg.. = c111... = baoo. = 1, so that if w is constant, b, c,,, d,,
only generate the group Sy with two elements.

Definition 2.2.3 (Grigorchuk [Gri85|). The group G, associated to the sequence
w is the subgroup of Aut(T') generated by the 4-tuple S, = (a, by, ¢, d,). It follows
from Property 2.2.1 that G, is a quotient of the free product Sy x V', where V is a
Klein group. The growth function of the group G, relatively to the generating set

S, will be denoted b¢,, g, (R) = b, (R).

2.2.3 A distance between colored graphs

Let us consider G = (V, Ey, ..., Ey) and H = (W, F, ..., Fy) two colored graphs,
where V, W denote the set of vertices and E;, F; the set of edges of color e;, f;.
The colored graphs are said to be isomorphic (denoted G ~ H) if there exist two
bijections ¢ : V. — W and o : {e1,...,ex} — {f1,..., fwr} such that for any edge
(v,7") in E; of color e; one has ¢((v,v")) = (p(v), (V) € Fy;) and conversely for
any edge (w,w’) in Fj there exists (v,v) in E,-1(j) such that ¢~ ((w,w’)) = (v,v’).
Moreover if vy and wy are marked points respectively in V and W, and if ¢(vy) = wy,
the bijection ¢ will be called an isomorphism of marked colored graphs.

When G = (V, vy, E1, ..., Ey) is a marked colored graph, call Bg(R) the ball of
center vy and radius R for the graph distance (every edge has length 1 independently
of its color). This allows to define the following distance (as in |Gro81a| or [Gri85|) :

Definition 2.2.4. Let G = (V,vg, E, ..., Ey) and H = (W, wy, F, ..., Fi) be two
marked colored connected graphs, set :

d(G. H) = mf{%wg(.}z) ~ Bu(R)}.

The following Proposition is essentially contained in both [Gro81la] and [Gri85] :

Proposition 2.2.5. Let X, be the space of marked connected colored graphs of
valency bounded by m and number of colors bounded by k. Then the space (X, x, d)
18 a compact metric space.

Proof. Let (G,)nen be a sequence of graphs of the space (X, x,d). It is sufficient to
prove that there exists a graph G, with less than k colors and valency bounded by
m, and an infinite subsequence (n;); such that d(G,,,G) — 0, which follows from
the :
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Fact 2.2.6. Given such a sequence (Gp)nen in Xpk, an integer R and an infinite
subset I C N, there exists an infinite subset I' C I such that for all i,i" in I’ :

Bgi (R) = Bgi, (R)

Proof of Fact 2.2.6. A ball of radius R in a colored graph is determined by the
number N, of vertices (bounded by mf*! as the valency is bounded by m) and
the colored edges between them, which is described by a function f : N, x N, —
{colors} U {0}, allowing less than (k+ 1) possibilities. In particular the number of
isomorphism classes is finite, so that one occurs infinitely many (I’) times in /. [

Indeed, this Fact allows to construct inductively infinite subsets Iz C Ig C Iy =

N for every integer R such that Bg, (R) ~ Bg, (R) for all 4,i" in Ig. Set n; = min(I;\
{0,1,...,n;_1}). The graph G is defined by the isomorphisms Bg_(R) ~ Bg,(R)
U

for all ¢ € I and thus belongs to X, 5. The construction implies d(G, gnj) < %

2.2.4 The particular case of Cayley graphs

Let I be a group and S C I a finite generating subset, and assume that S = S~
The Cayley graph Cay(T", S) of the group I relatively to the generating set S is the
colored graph with set of vertices I' and edges (y,~ys) of color s € S. Moreover the
identity of the group is a canonical marked vertex.

Note also that in the case of Cayley graph, edges of a given color are in bijection
with the set of vertices via : I' 3 v — (v,vs) € E,. This implies that to a word
w = s1...5 in S is associated a unique path starting from the identity in the Cayley
graph ¢, = (1, 51, 8182,...,81...5). The path is said freely reduced if w is reduced
in the free group Fg of basis S.

Fact 2.2.7. Let Y,, C X, be the subspace of graphs which are Cayley graphs of
m-generated groups (ie groups with generating set S = S™1 of size less than m),
then Y, is a closed subspace of (X, m,d).

Proof of Fact 2.2.7. Let G, = Cay(T',,, S,) where S, is a generating set of size less
than m for I'), for each n. Assume that G,, — G in the space X,, ,,, which is possible

by compactness. Aim to show existence of a group I' generated by a subset S of size
less than m such that G = Cay(T, S).

Note that as soon as d(G,,G) < 3 the number #S,, = #Bg, (1) — 1 is constant
(assumed equal to m). Let S denote the vertices of G at distance exactly one from
the marked point. From each vertex of G there is exactly one edge of a given color
s € S (indeed, this is locally true for all G, for n large enough). This permits to
define given an element w = s;, ...s;, of the free group Fg of basis S, a path ¢, in
the graph G starting from the marked point 1g and following successively edges of
color s;;. Denote ¢w(1) the endpoint of such a path. This provides an application :

o :F(S) — Vertex(G)
w = cy(1).
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Aim to show this application induces on Vertex(G) a structure of quotient group of
Fg the Cayley graph of which (relatively to the generating set ¢(.S)) is G itself.

This is the case as soon as the operation defined by ¢y, (1).Cuy(1) = Cupyuw, (1) 18
well defined, which is the case provided that if c,, (1) = ¢, (1) and cy, (1) = cyuy (1),
then cyyuw, (1) = Curwy(1). This is indeed the case since this holds as soon as n is big
enough so that d(G,,G) < L O

= |wi|s+|wl|s+|wals+|whls

Definition 2.2.8. Let w(sy, ..., sx) a reduced representative word of the free group
Fg = Fs,,...5) on the basis S, we call oracle on w for (I', S) the knowledge of wether
if w(sy,...,sx) = idr or w(sy,...,Sx) # idr, equivalently wether if ¢, is a loop or
not.

More precisely, the oracle on (I',S) is the function O : Fg — {0, 1} taking value
O(w) = 1if ¢, is a loop in Cay(T', ) and O(w) = 0 otherwise.

Say that the groups I' and A with ordered generating set S = (s1,...,s;) and

T = (t1,...,tx) have same [-oracle if (the generating sets S and T have same size
and) their oracles coincide for w word of length less than . This will be denoted :
(I',S) ~ (A, T).

The following Lemma relating oracles and Cayley graphs will be helpfull :

Lemma 2.2.9. The colored ball Beayr,s)(R) depends only on the class of (2R+1)-
oracle of (I, S). More precisely, if (I, S) ~opi1 (A, T) then :

1

d(Cay(T,S),Cay(A,T)) < 7

Proof. Consider reduced words wy, wy on the free group Fg of word length less than
R. The equivalence classes modulo the relation O(w;(S)w,(S)™!) = 1 provide the
representatives of length less than R of the elements v € Beqgyr,s)(R), in particular,
the 2R-oracle class gives the size of the ball Begyr,g)(R).

Once is fixed an arbitrary representative word w., (say of minimal length) of every
element of the R-ball in I'. There remains to draw edges (71, 72) where v, = 715, for
what the values of the (2R + 1)-oracle O(s 1w, (S) 'w,,(S)) are sufficient. O

2.3 Space of groups G,

2.3.1 Metric space of Cayley graphs

Denote ) the space of Cayley graphs G, = Cay(G,,, S,,) of the Grigorchuk groups.
The metric d from Definition 2.2.4 turns it into a metric space. The following Lemma
shows that the application :

U (Qo,d) — (V,d)

w +— G,
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is continuous where () is the subset of ) consisting of non asymptotically constante
sequences.

Lemma 2.3.1. Let w and W' sequences in  which are not asymptotically constant
and coincide on their n first values (that is d(w,w') < =), then :

1

d(cay(Gwa Sw)> Cay(Gw’a SW’)) < R_a

where R, > 2" 2,

Remark 2.3.2. The assumption of non asymptotic constance ensures that for every
integer k the balls B, (1) and B,/ (1) are isomorphic, or equivalently that the
Klein groups of Property 2.2.1 are non degenerate. This allows to initiate induction
in the following proof.

Proof. Proceed by joint (on sequences w in {2 non asymptotically constant) induction
on n to show that the r,-oracle class of (G, S,) depends only on the n first values
of w, for r, = 2"~ + 1, which implies the Lemma in accordance with Lemma 2.2.9.

Let w(S,) be a free reduced word in Fy = Fg of length less than r,,; = 2" + 1.
If w'(S,) is a reduced representative of w in the quotient Sy %V of Fy, then w(S,) =
idg, if and only if w'(S,,) = idg,. Now w’ has the specific form :

!

w'(a, by, ¢y, d,) = a’riarsaxs..va"
with 7,7/ in {0,1} and z; in {b,, c.,, d.,}. Use the following relations :
7 ) ) ) g

by = (ugvbow>v Co = (U, Cow), d, = (ui,dcw),

d

abya = (bow,ul), ac,a = (Cou,u’), ady,a = (dy,,ul). (2.3.1)

to obtain a result of the form :
w/(a'> bw> Cw), dw) = ('lUQ(CL, baw> Cow) daw)> 'lUl(CL, bawa Cow, daw))gw’a

where 0, is independent of the sequence w and the words wy(Sy,) and wq(Syw)

in Fy = Fg, depend only on the value of (u?, u¢,ul), that is on wy. The wreath

product relations above imply that the word length satisfy |wyl, |wi| < W% <

r"+2—1+1 = 1y, and as w(S,) = idg, if and only if o,y = 1, wo(Sy,) = idg,, and
wy(S,w) = idg,,, the induction hypothesis can be applied to show the r,;-oracle
of (G, S,) is determined by the n + 1 first values of w. O

Following section 6 in |Gri85|, another group G,, generated by a finite set S, is
defined for w € Q\ Qy (asymptotically constant), such that if ) is the space of
Cayley graphs G, = Cay(G,,, S,) (with G, = G,, if w € Qq), then the application ¥
extends to a continuous application from € to V.
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Proposition 2.3.3. If w, is a constanl sequence of ), there exists a group Gy,
generated by a family S, = (@, b, , Cu,, dw, ) such that (for w™ € Qq)

Moreover, the group G, is virtually metabelien of exponential growth :

b, (R) > 0%, for some 0 > 1.

Proof. The sequence of colored graphs G, is a sequence in Y, C X, 4 hence admits
an accumulation point in X, 4 (Proposition 2.2.5), which is in fact a limit (Lemma
2.3.1) and the Cayley graph of some group G, (Fact 2.2.7). Moreover, all groups
G ) for n > 2 have the same ball of radius 3 so that all relations of Property 2.2.1
are satisfied, as well as non degeneracy of the Klein group V' = (b m), ¢ym), dym). In
particular, the group G, is generated by four elements S,,, = (@, b,,, ¢, ,d.,) and
is a quotient of Sy *x V.

Assume for definiteness that w, is the constant sequence taking value 0. Let
us denote (d,,)n the normal subgroup of G, generated by d,, . Note that as
V/{dy, )N = Sy = (b,,), the quotient group G, /{d,,)x = D is a quotient of the
infinite dihedral group Sy % S; = D, hence is virtually cyclic. There remains to

show (d,, )y is abelian to prove virtual metabelianity of G,,,.

Proceed by induction on r = max{|g|g, ,|h|g, } to show that if n > N, is large
enough, then [gd,mg ', hd mh™'] = 1 where g = wy(S,m) and h = wy,(S,m)

w

(initiated by Ny = 2). Use the wreath product image g = (go, g1)o with some o in

Sy and g; in G, of S, m-word length less or equal to % Compute :

_ d,mgyt,1) ifo=¢
d oot = ] (9odumgy 1) i :
Jlumd { (L gidymgr") ifo=1,

so that induction applies as soon as N, > NrTJrl + 1.

Assume the virtually solvable group G, does not have exponential growth, then
by results of Milnor |[Mil68b| and Wolf [Wol68| it would be virtually nilpotent, hence
finitely presented. In particular, for n large enough the relations would be satisfied
by the group G_m), which would be a quotient of G, hence virtually nilpotent
and of polynomial growth. This is absurd, because G =) can be chosen to have
intermediate growth (see section 2.3.2). O

Remark 2.3.4. Note the difference between Gggo.. and Gogo... In the second case,
the group can still be thought generated by a = (1,1)e, b, = (a,bsw), cw = (a, Cow)
and d, = (1, dyw), but dggo... should not be considered trivial when computing in the
group, because this would require to know the whole infinite sequence w.

This remark provides another (constructive) proof of exponential growth of Gooo...
indeed that the semigroup generated by ab and ac is free, (which implies § > /2).
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Assume the contrary and take w,w’ € Sy = (ab, ac) such that w(ab,ac) =g,
w'(ab, ac) and such words of minimal length [, which is assumed even up to mul-
tiplying both sides by ab. Then there images in the wreath product w = (wg, w;)
and w’' = (w{,w;) have the same property but have length < 2l which is ab-
surd. The same argument holds for such words of length less than R provided

Wo ="+ = Wiog, R+1 = 0.

Now assume that w € Q\ € is asymptotically constant, more precisely assume
o™w is constant, then define :

G, = (a,by,,Cy,d,) < Ggny, L Aut(T™), where :

a (1,...,D)ppn(a),
bo = (1,..., 1,0l 1, bgnw)npn(bon),
o = (1, L ubn iy, Conw)nPn(Conw),
I, = (1,..., 1, uds s, doni)npn(dony).

Note that this definition is independent of the n chosen and the construction implies :

Proposition 2.3.5. The following application is continuous :

@:(Q,d) — (37,d)

w — G,

The following Corollary of Lemma 2.3.1 now applies in this larger setting :

Corollary 2.3.6. If d(w,w’) < m or equivalently if wo = wy,...,w; = w, for

i = logy(R) + 2, then d(G,G") < % and in particular b,(R) = b, (R).

2.3.2 Classical estimates on growth functions

The family of groups G,, is famous for the following Theorem. Torsion is due to
Aleshin [Ale72|, intermediate growth to Grigorchuk [Gri85| and the computations
of exponents [ appeared in [Bar98|, [MP01|, that of oy in Chapter 1.

Theorem 2.3.7. Let w be a k-homogeneous sequence (which means every subse-
quence (Wi, Wit1, - .., wirk—1) contains the three different values 0,1 and 2), then the
group G, is a torsion group and there exists constants Cy,Cy > 1 such that its
growth function satisfies :

ClRak S log(bw(R)) S CgRﬁk,

with oy > % and By < 1 is the positive root of the polynomial X* 4+ X*~1 4 X — 2.
The numerical values for k = 3 are approximately as = 0.52 and (3 ~ 0.76.
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It is a natural open question whether if there are such groups for which there is
an exponent v and a constant C' such that :

1
o < log(bu(R)) < CRY,

and in particular whether if this is the case for the group (generated by an automa-
ton) Goizo12.... The main result stated below shows that there are groups (with w far
from periodic) for which it is not the case.

Remark 2.3.8. Erschler has given the following estimates for the growth of the group
Goro101... which is not torsion (see [ErsO4al). Let € > 0, then there exists a constant
C. such that :

1 R R

- < S Cer—m—.
C.log(R)** = log(boio101...(R)) < C; log(R)—*

The next Proposition relates the growth function of the group G, with that of
the groups G,n,, and will be crucial in our purpose.

Proposition 2.3.9. Let b,(R) be the growth function of the group G, relatively to
the generating set S, and n a positive integer, the following estimates hold :

1 -~ 1 2
bo”w (WR) S bw(R) S 22 (bo—nw (FR)) .

The Proposition follows straightforwardly from the :

Lemma 2.3.10. Let b,(R) be the growth function of the group G, relatively to the
generating set S, the following estimates hold :

(1) sm o (12)

Proof. Tf the image of g € G, of word length |g| < R in the wreath product has the
form g = (go, g1)o, then g is determined by ¢ in Sy and two elements g; of length
|9i] < % in G5, (just notice that a minimal representative word of ¢ has the from
w, = a"T1axy...x,a” and use relations (2.3.1)). This proves right inequality.

Moreover, given an element gy of G, of word length |go| < R, there exists (in
accordance with relations (2.3.1)) an element g in G, of length |g| < 2R + 1 such
that g = (go, g1)o for some g; and o. This proves left inequality. O

2.4 Main result

2.4.1 Groups with oscillating growth function

Definition 2.4.1. Let p,7 : N — R two functions, a function f(R) is said to
oscillate between p(R) and 7(R) if there exists infinitely many integers R such that
f(R) > p(R) and infinitely many such that f(R) < 7(R).
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F1G. 2.1 - Function b, (R) = log(b,(R)) oscillating between p(R) and 7(R).

Theorem 2.4.2. There exists groups with oscillating growth functions.

More precisely, given a sublinear function p(R) (sublinear means p(R) = o(R))
and a function T(R) such that R = o(7(R)), there exists a sequence w in Q such
that the log growth function log(b,(R)) of the group G, relatively to the generating
set S, oscillates between p(R) and T7(R).

Moreover, there exists such groups (given p(R) and T(R)) which are torsion.

Ezamples 2.4.3. 1. Taking p(R) = R*® and 7(R) = R°® shows that there are
groups satisfying b(R) < RP for infinitely many R but with no exponent -y
such that log(b(R)) ~ R".

2. Taking p(R) = m and 7(R) = RP*¢ shows that the amplitude £ of
the oscillations can be made almost as large as R,

Proof of Theorem 2.4.2. The main idea is that (torsion) groups G, with growth
function satisfying log(b,(R)) < R” are dense in the metric space Y of Grigorchuk
groups, as well as groups G,, with exponential growth function.

Proceed by induction on n to construct a sequence w = wp ... w;, ... Wj, ... Wi, - ..
and integers s, such that b,(s,) < 7(s,) and b,(R) depends only on wy,...,w;,
(with 4, = logy(s,) + 2) for R < s, (use Corollary 2.3.6), respectively integers ¢,
such that b,(t,) > p(t,) and b,(R) depends only on wy,...,w;, for R < t,. The
induction is started taking iy =0, so = 0.

Assume already constructed a sequence wy...w;, and an integer s, such that
log(b,(sn)) < 7(sy) for any sequence w starting with wy . ..w;, . Consider the group
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G, associated to the sequence W' = wy...w;, w, (which means o™’ = w, is a
constant sequence) which has exponential growth (use Propositions 2.3.9 and 2.3.3) :
R R r
this estimates and sublinearity of p(R) imply :
log(6)

log(b/(R)) > R
o (b () = R =
where the last inequality holds only for R large enough. The minimal such R is
called t,, set j, = log,(t,) + 2 and note w;, 41 = -+ =wj, =0

Now consider the sequence w’' = wy...wj,w; (which means o/ ™o/ = w; =
012012...). Its growth function satisfies (use Proposition 2.3.9 and Theorem 2.3.7) :

23t

. 2in+1 -\ B3
b (R) < 22" b, <£) < 2%t (eoz(zz‘ln) ) < Chen i (2.4.9)
2]n

where C,, depends only on t,. This estimate together with the assumption on 7(R)
ensure :

log(bu(R)) < CuR™ +1og(Cy,) < 7(R),

where the last inequality holds only for R large enough. The minimal such R is
called s,11, set i,41 = logy(Sp41) + 2 and note (wj, 11...w;,,,) = (012012...012).

To ensure torsion, the number s,,; constructed in the procedure should be re-
placed by an a priori larger number s ;. As every element g of the group g, is
torsion (see Theorem 2.3.7) there exists an integer e, such that g% = 1. Let us
set e, = max{e,lg € Bu(t,)}, and s, = max(s,+1,t5"). This guarantees that
log(by(s),,1)) < 7(sl,41) and that all elements of S,-word length less than t, are
torsion in G,.

The required sequence w has the form :

w=0...0012...0120...0012...012. ..

i1 Ji—11 i2—J1 J2—i2

2.4.2 Quantitative estimates

Given functions p(R) = o(R) and R” = o(7(R)), the previous Theorem 2.4.2
provides two sequences (s,) and (¢,) of integers such that :

SnStnSSnHSthS...,

p(tn) < 1by(tn),
by (8n) < 7(8n),
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where b, (R) = log(b,(R)) is the log growth function. Our aim is to estimate the
frequency of the oscillations, more specifically, give estimates on the sequences :

tn Sn+1
Ay ="

Sn tn

called respectively upper and lower pseudo period of the log growth function lb,(R)
oscillating between p(R) and 7(R). A key example of these estimates will be for the
case p(R) = R’ and 7(R) = R* with 33 < a < < 1.

Proposition 2.4.4 (Estimates on the upper pseudo period). Assume lb,(s) < 7(s)
and p(t) < 1b,(t) for some t = Xs, then :

1. the subadditivity condition implies p(f\‘s) < 7(s) (thus A > §15 for the key
exemple),

2. but in the scope of Theorem 2.4.2 it is sufficient to take \ satisfying

p(As)
A

<c

8
for some constant ¢ independent of s (thus A = cs1-¢ in the key exemple).

Remark 2.4.5. For the exemple p(R) = R%? and 7(R) = R%®, subadditivity implies
only A, > s, whereas the group is constructed with an upper pseudo period ), ~ s2.
Proof. By subadditivity compute :

p(t) < 1b,(t) = lb,(As) < Alby(s) < A7(s).

In practice, estimate (2.4.1) gives b, (t) = by, p,000..(t) > booo...(#) > En (remind
i = logy(s) + 2), so that 5i-log(6) > p(t) which proves the second part with ¢ =

105&0) . ]

Proposition 2.4.6 (Estimate on the lower pseudo period). Assume b, (s") < 7(s')
and p(t) < 1b,(t) for some s = put, then it is sufficient to take u satisfying

/

9}

MﬁS
T(ut)

11—«
for some constant ¢’ independent of t (thus pu = c't*=5s in the key exemple).

<

=+

Remark 2.4.7. The factor % in the above inequality shows that it is slightly harder

to lower the growth rate than to increase it.

Proof. Estimate (2.4.2) provides b,(s") = bu..w012012..(8") < 224tb012012___(%)23t
where j = log,(t) + 2, so that :

/ /N B3
Ib,(s") < 23t16012012,,,(25—%) + 2% log(2) < 2%tC <25—2t) + 2% log(2),

so that it is sufficient to take u such that ¢'tp® < 7(s), which proves the Proposition.
U
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2.5 Torsion free exemples

2.5.1 A space of torsion free groups

In his paper |Gri86|, Grigorchuk constructs a torsion free group of intermediate
growth, very similar to the group Ggiop12.... On this model, a whole family indexed
by €2 of torsion free groups can be constructed. They are defined as groups acting
on an infinite valency rooted tree T,, = Ty, (ie graph with vertices finite sequences
(i1,...,1) of i; € Z and links between (i1,...,4) and (i1, ..., %, ix41). The auto-
morphism group of such a graph satisfies :

Aut(Tz) ~ Aut(Tz) 7 Sz.

To each sequence w € 2 is associated as above a group G,, of automorphisms of
Ty, generated by a finite family S = (a, bw, Cws dw) where a is a rooted permutation
defined as a = (...,1,1,1,...)¢ with & : Z — Z the shift application £(n) = n + 1,
and the three other generators defined as :

( Bawauuﬂbawa UJ"")’
(. 5~ aw,éow,aw,...)

(oo o, 0 dgy T2, ),

[k
g
N1

€

with 4 in odd positions, taking values :

d,a,1) if wy =0,
(uz,uz,ud) =< (a,1,a) ifwy=1,
(1,d,a) if wy =

where £ acts on the two copies by permutation Sy ~ (£)/(£?). Indeed, a priori G.,
injects only into a wreath product on infinite base ([, Gow) * (£), but the images
on even (respectively odd) coordinates are canonically isomorphic by definition of
the generators. As in the torsion case an element g € G., is identified with its image
via ¢, written g = (go, g)0 (note that & belongs to (¢) = Z).

The portrait of automorphisms of 77 defined as in section 2.2.1 factorizes simi-
larly when the automorphisms belong to G,,. Indeed, it is clear that p,(g) = py(9)
whenever v = iy...4; and v = ¢} ...4) and i; = z; mod 2 for each j. Thus an

element of G, is described by a portrait :
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Property 2.5.1. The three automorphisms by, ¢,,d, € Aut(Ty) satisfy :

by, &) = [C0, do] = [dw, by] = 1.

In particular they generate a free abelien group Z* of rank 8 provided the three values
0, 1 and 2 appear in the sequence w.

Proof. Compute [b,,, ¢,] = ([bow, Cow], [iL,, @C,]) and use a joint (on w) induction on
n to show the commutator acts trivially on the n first levels of the rooted infinite
valency tree Ty. O

This property implies that the group G., is a quotient of the free product Z  Z3,
where the copy of Z3 generated by (b, ¢, d,) degenerates to Z? (respectively Z)
if only two of the three values 0, 1 and 2 appear in w (respectively w constant
sequence).

Note that every element g € G., admits a minimal representative word with
respect to the generating set S, = (@, b,,, ¢y, d,,) (and inverses) of the form :

g =a“' P d a2 cd"™? Lt OPR TR d T a™, (2.5.1)

where m, p;, qi,7; € Z and g; € {£1} (use the relation e’z = xa® for z € {b,c,d}),
which permits to prove :

Proposition 2.5.2. The group G,, is torsion free.

Proof. Proceed by induction on |g|g = |m|+ )", |ei| + |pi| + |qi| + [ri| to show that
g" = 1 implies g = 1, which is true for |g|g < 1. Let g = (g0, ge)0 with ¢ € (€).
If & # 1, then g" # 1 for any n. Otherwise g" = (g}, g¢) where |go|g ,[gelg, <

> Ipil + lail + |ri| < |glg, and induction applies unless g € (b, ¢y, d,) which is
torsion free by Property 2.5.1. 0

Let us denote 2 the space of sequences of €2 for which there is a value in {0, 1,2}
that appears only finitely many times. A sequence in 2\ Q; guarantees that the free
abelian group of Property 2.5.1 has indeed rank 3, which allows to initiate induction
in the proof of the next lemma similar to Lemma 2.3.1 :

Lemma 2.5.3. Let w and W' belong to Q\ € such that d(w,w’) < n%rl (equivalently
the n first entries of the two sequence coincide), then :

d(cay(éwa Sw)a Cay(éw’a SW’)) !

— 9n-—2 :

Proof. Independently of the sequence w every element g admits a representative w,
of the form (2.5.1) with b,, c,,, d,, mutually distincts as soon as w ¢ €. This shows
that the oracle O(w,) is independent of w if k < 1. Indeed, w, = a®b"* i d™a™ is
trivial in éw if and only ife; +m=p; =¢, =17, = 0.
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Note also that if g = (g,, ge)@™ has normal form (2.5.1), where m/ = m + >_ &,
then :
Jo = anl bpzd]zdrzans L bpkofl C‘]kofl dioﬂanko’
Je = aropPretidrigne | hPke—19ke—1 [ ke—1 a"ke7

where k,, k. < % This permits to show (as for Lemma 2.3.1) by induction on k
that the oracle Oy, |k<2n-141y depends only on the n first values of w. This proves
the result using k < |wy| = |g|g and Lemma 2.2.9. O

This Lemma provides us with a continuous application as in Proposition 2.3.5 :

U:(Q,d) — (V,d)

W'_>gw7

where G, = C’ay(@w,gw) when w € Q\ ©, and G, = lim, Cay(@w(m,gw@) for
w € € independent of the approximating sequence Q\ Q; 3 w®™ — w and Y C Y
is a compact subspace.

By abuse of notations, the group with Cayley graph \if(w) = G, is denoted G,
in the next sections even if w € {; (despite homogeneous notations would imply to

denote it G.,).

2.5.2 Growth properties of the groups G.,

Let us denote Bw(ﬁ) the growth function of the group G, with respect to the
generating set S, U S_1, then :

Proposition 2.5.4. Given a fized sequence w € (), for each integer R, the following
holds :

bo(R) > by(R).
Proof. There are b, (R) different words of the form w = a”z1azy . .. 2,07 with z; €
(b, €y, d,,) of length less than R for which the portraits p(w) : To — So are pairwise
distincts.

_ The construction of G‘w implies that the words @ = a"#1ads . .. &,a” with ; €
(b, C,, d,,) have portraits p(w) : Ty — Z which are pairwise distincts (more precisely

the reductions mod 2 are pairwise distincts (75 "Dz Z)27) = (T P Ss)). This
proves b, (R) > b,(R). O

As in the torsion case, the growth function of G,, is equivalent to that of Gyn,.

Proposition 2.5.5. For each integer R, the following holds :

~ R ~ n+17 mn
@W(Eﬁ)gmuag@R+wawAm2.
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This follows straightforwardly from the :

Lemma 2.5.6. For each integer R, the following holds :

D (%) < bo(R) < (2R + Dby (R)>.

Proof. Let g, = a®*b" ctd™a®? . .. a™ € BUW(R) and assume for instance wy = 0. Set
g = b1 (b)) (cV) 1 (d*) b2 .. 0™ € B,(2R + 1) and check that g = (go, ge) so that
left inequality holds.

On the other hand, if g = (g,, g.)& belongs to B, (R) then 90l5,+19¢l5,, < R and
o belongs to B (s+13(R) hence can take at most (2R + 1) different values, which
provides the right inequality. O

Some torsion free groups G,, also have intermediate growth :

Theorem 2.5.7 (Grigorchuk [Gri86|). The group Goraora. has intermediate growth.

2.5.3 Torsion free groups with oscillating growth functions

Theorem 2.5.8. There exists torsion free groups with oscillating growth function.

More precisely, given a sublinear function p(R) and a function 7(R) such that
log(bo12012...(R)) = o(7(R)), there exists a sequence w in Q such that the log growth

function of the group G., with respect to the generating set S., oscillates between

p(R) and 7(R).

Proof. The proof of Theorem 2.4.2 applies here. If there is s,, such that log(b,(s,)) <
7(sn) for all sequence w starting with wy, ..., w;, for i, =logy(s,), look at the group

G, 000... Wwhich has exponential growth function (Proposition 2.5.4 and 2.5.5) to
find ¢,, such that log(b,(t,)) > p(t,) for all sequences w starting with wy, ..., w;, for

jn = 10g2(tn)'
Then look at the group éwo,...win012012... the growth function of which is o(7(R))
in accordance with Theorem 2.5.7 and Proposition 2.5.5 to find s,.1. U
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Amenability and non uniform growth

3.1 Introduction

Given a finitely generated group I' endowed with a generating set S the growth
function, brg(r) is defined as the number of group elements which are products
of less than a given number r of generators and their inverses. The growth of T’
is qualified exponential when the exponential growth rate hg(I') = lim {/br s(r)
strictly exceeds 1 for some, hence for all, generating set S. The growth is said
intermediate if hg(I') = 1 and the growth function is not polynomial, that is when
the group is not virtually nilpotent (|Gro81a|). The growth is qualified uniform when
the infimum of the exponential growth rates over all generating sets strictly exceeds
1, non uniform when exponential but : infg hg(I") = 1.

The question of existence of groups of non uniform exponential growth was asked
by Gromov in 1981 in the little green book [Gro81b|. It has been shown that such
groups do not occur in several classes such as hyperbolic groups (see [Kou98|),
linear groups (see [EMO02]), elementary amenable groups (see [Osi04]). A pleasant
exposition is given in [dIH02|. The first examples of such groups have been provided
by Wilson in [Wil04b| and [Wil04a|. They contain free subgroups. Another example
is due to Bartholdi in [Bar03|. The main object of this paper is the following :

Theorem 3.1.1. There exists uncountably many pairwise non isomorphic amenable
groups of non uniform exponential growth.

Those groups will appear as subgroups of the group Aut(Tj;) of automorphisms of
a spherically homogeneous rooted tree, which is described in section 3.2. In section
3.3 a subgroup of Aut(Tj;) is proved to be amenable when the tree has bounded
valency. This Main Theorem 3.3.1 implies in particular that the group considered
in [Bar03] is amenable. Sections 3.4 and 3.5 are devoted to the proof of this Main
Theorem. In section 3.6, using specific generating sets of the alternate group of
permutation, some groups of intermediate growth are introduced. Those groups are
proved to be dense in the profinite group of alternate automorphism of the rooted

29
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tree. The groups of Theorem 3.1.1 are constructed in section 3.7, using results of Wil-
son ([Wil04a]). Some part of Wilson Theorem 3.7.1, namely the convergence to 1 of
the exponential growth rates associated to different generating sets, is reinterpreted
as a convergence of the Cayley graphs to Cayley graphs of the groups of intermediate
growth introduced in the previous section. The last section 3.8 deals with the ques-
tion of subexponential amenability. The groups of non uniform exponential growth
constructed are proved not to be in the class SG.

3.2 Automorphisms of rooted trees

3.2.1 Spherically homogeneous rooted tree

Given a sequence d = {d;};>o of integers d; > 2, the associated spherically
homogeneous rooted tree denoted 77 is defined as follows : the vertices are indexed
by all finite sequences v = (414 . ..4) with ; in {1,2,...,d;_1}, including the empty
sequence () called the root, and the edges link the pairs {(iyis ... i1), (i172 . . . ixigs1) }-
Note that the sequence d need not be infinite in which case the tree is finite.

The distance (each edge has length 1) from a vertex to the root is called the
level of the vertex. The vertices of level [(v) = n form the nth layer (or level) of
cardinality dod; ... d,_1.

Each vertex v of level n gives rise to a spherically homogeneous rooted subtree T,
when restricting to vertices of the form (viyiniq...051%). The tree T, is isomorphic
to the tree T,.; associated to the sequence o"d = {d;};>, (with o denoting the
usual shift o : (dodidy . ..) — (didads .. .)).

3.2.2 Automorphism group

An automorphism of T} is a graph automorphism, that is a bijection of the set of
vertices mapping edges to edges, which fixes the root. These properties imply that
the layers are preserved, and an automorphism acts on a layer by permutation. The
group of all such automorphisms will be denoted Aut(7};). Spherical homogeneity
ensures that Aut(T;) and Aut(7,;) are related by an isomorphism :

Aut(Tg) ~ Aut(Tm;) 1 S4,- (3.2.1)

Recall that G154 ~ (G x --- x G) x Sy where Sy (the group of permutation of
the set {1,2,...,d}) acts on the d copies of G by permutation. This identification
will allow to write extensively f = (fi, fo,..., fa,)o with f in Aut(T}y), the f; in
Aut(T,) and o in Sg,. The product rule is fg = (f1, fay- -+ fao)o(91, 92, - - -, Gas )T =
(fi9o(1)s - - - » fdoGo(de))oT- In particular, there is a projection p : Aut(Ty) — Sy, called
restriction to the first level. The kernel of this projection is called the stabilizer of
the first level, denoted St;(Aut(Ty)), easily checked to be isomorphic to the direct
product Aut(T,7) x --- x Aut(T,7) with dy factors.

g
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Fi1G. 3.1 Spherically homogeneous rooted tree, subtree.

More generally for each integer n, there is an isomorphism :
Aut(Ty) ~ Aut(Tong) VAut(Tyy. a, ), (3.2.2)

where Aut(Ty,. 4, ,) acts by permutation on dy . ..d,_; copies of Aut(T,.z) the way
it acts on the set of leaves (the boundary) of the finite tree 97Ty, 4, ,. There is
also a projection p, : Aut(T;) — Aut(Ty,. .4, ,), the kernel of which constitutes
the stabilizer St, (Aut(T}y)) of the nth level. This is a normal subgroup of Aut(7})
isomorphic to the direct product St,(Aut(T;)) ~ Aut(T,ng) X -+ x Aut(T ng), the
elements of which will occasionally be written g = (¢1..1,- - -, Gdo...d,_1 )n-

The full group of automorphism can be viewed as a profinite group via :

Aut(Ty) = lim Aut(Thy.q, ) = lim (Sg,, 1S4, 512 Sa)- (3.2.3)

A basis of open sets for the profinite topology associated is {St,,(Aut(Ty))}n>o- This
topology can also be defined as associated to any of the following metrics 5 on
Aut(Ty). Given a decreasing sequence A = {\, },>¢ of positive numbers tending to
zero, set :

05(g, h) = inf{\,|g(v) = h(v) for all vertices v of level < n}.

A nice description of automorphisms of a rooted tree is to draw portraits. A
portrait is a function g from the set of all vertices v of the tree T; taking permutation
values g(v) € Sg,,- A portrait gives rise to a unique automorphism via the formula :

Conversely, every automorphism has a unique portrait. The metrics 05 are such that
two automorphisms are n-close if their portraits coincide on the n firsts layers.
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An automorphism is said to be even (or alternate) if all the permutations g(v) €
Say,, involved in the portrait are alternate permutations g(v) € Agy,,. The group of
alternate automorphisms will be denoted Aut®(T};). It satisfies :

AUte(TJ) = lﬁl AUte(Tdondnfl) = h£1 Adnfl ZAdnfz Lol Adov (3'2'4)

the profinite topology, the distances associated and the stabilizers of levels are defi-
ned in the same way as for the full automorphism group. Note that if T is a 2-regular
rooted tree, then Aut®(T3) is the trivial group.

3.2.3 Directed automorphism subgroups

This paper focuses on specific subgroups of Aut(Tj;), those directed by a given
infinite geodesic of the tree T starting from the root. Such a geodesic can always be
chosen to be that passing at all vertices indexed by 11...1 (the leftmost geodesic
in the illustrations). First introduce actions of some permutation groups on 7j;. The
group Sy, acts on the rooted tree by permuting the subtrees of the first layer :

to : Say — Aut(Ty).

More precisely, ¢y is defined by (o) (iris ... 1) = o(i1)is...i,. For simplicity of
notations, we will identify o = (o) = (idr ... ,idr )0 and call those rooted
automorphisms (their portrait is trivial outside of the root).

The infinite direct product H = Sg, X+ - - X Sg, X Sg, X+ - - X Sg, X. .. of permutation
groups where Sy, appears dj,_; — 1 times also acts on a canonical (once the geodesic
is chosen) way on the rooted tree T :

v H — Aut(Ty).

Indeed, consider the vertices 154 = 1...1¢ with £ ones and 7 in {2,...,d;}. They
form the set P of vertices at distance exactly 1 of the leftmost geodesic 111....
Each permutation group S, acts on a subtree Tj,; via the above homomorphism
to (corresponding to the rooted tree T, x;). More precisely, the action is recursively
defined through the wreath product by :

. /
(09, o Tdyy 12y« oy O1dyy - - ) = (U (012, o, O1dys -2 )y 02,y oo, Ty ),
where (/(012, ..., 014y, - .. ) represents the action of the restriction H — H; via :

Vo Hy = Sj;_l X Sgg_l X ..o = Aut(Ty) ~ Aut(T,;)

The geometry of the set P ensures that the action of different factors commute,
thus ¢ is a well defined injection. This is best understood by Figure 3.2, showing the

portrait is non trivial only on P. The automorphisms obtained in ¢(H) are said to
be directed by the geodesic 111....
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F1G. 3.2 — The t-action of H.

Given a subgroup A of S, and a subgroup H of H, denote by G(A, H) the
subgroup of Aut(Tj;) generated by ¢o(A) and «(H). Such a group will be called a
directed group of automorphisms. Note that the group H might not be countable as
H is not. The group G(Sg,, H) will be called full group of directed automorphisms.
Note that the full tree automorphism group isomorphism (3.2.1) descends to the full
directed automorphism groups :

G(S4y, H) ~ G(Sy,, Hy) 1 S, - (3.2.5)

The class of groups of the form G(A, H) has been considered in [Gri00]. It gathers
many famous examples such as the family of Aleshin-Grigorchuk groups known to
be torsion (see |Ale72|) and of intermediate growth (see |Gri85|). Other interesting
examples are some groups of non uniform growth constructed by Wilson ([Wil04b],
[Wil04a]) and Bartholdi ([Bar03]), to which section 3.7 is devoted.

3.3 The Main Theorem

In this section the Main theorem on full directed automorphism groups is stated
and its proof is reduced to the proof of the a priori weaker Theorem 3.3.2.

Theorem 3.3.1 (Main Theorem). Let d = (d;)i>0 be a sequence of integers d; > 2,
let Sqy, H and G(Sq4,, H) be the full directed subgroup of Aut(Ty), then :

1) if the sequence d is bounded, the group G(Sq,, H) is amenable.

2) if the sequence d is unbounded, the group G(Sg,, H) contains a free group Fy on
two generators.

The proof of part 1) of the Main Theorem 3.3.1 reduces to proving the following,
which will be the object of sections 3.4 and 3.5.
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Theorem 3.3.2. Let d = (d;)i>o0 be a bounded sequence of integers 2 < d; < D,
let H < H be a finite saturated subgroup, then the directed subgroup G(Sg,, H) of
Aut(Ty) is amenable.

Proof of part 2). The second part of the Main Theorem is an immediate consequence
of the following lemma stated in [Wil04a| (see also [TW84]).

Lemma 3.3.3 ([Wil04a|). Let F be the free product of two non-trivial finite groups
which are not both of order 2, and S be any infinite subset of N. Then the alternate
permutation group Ag is a homomorphic image of F for all sufficiently large d and
the intersection of the kernels of all epimorphisms from F to groups Aq with d € S
18 the trivial subgroup.

This implies that if d is unbounded then the group H already contains a free
group Fs on two generators. Indeed, let F' = 7Z/27 % 7./37 the free group generated
by elements x of order 2 and y of order 3. Let D be such that there is an onto
homomorphism ¢, : FF — A, when d > D. Define :

hy = (Qodl(x)v"’790d1(x>790d2(x>7‘”790d2(x)7"'> € EI
h2 = (Qodl(y)v s '790d1(y>790d2(y)7 s '790d2(y>7‘ . ) S H

where pq(x) = p4(y) =1 € Ay C Sy if d < D. Then Lemma 3.3.3 ensures that the

subgroup (h1, hy) < H is isomorphic to F' which contains Fy as a subgroup of finite
index. O

If the sequence d is bounded then the properties of the group H are much different.

Fact 3.3.4. Let H = Ty, x Ty x ... where the groups T; belong to a finite family
F ={F,...Fp} of finite groups, then every finitely generated subgroup H' of H is
finite.

Proof. Let hy, ..., h; be generators of H', they are of the form h; = (h; h2,...)

Y 77

with h! € T;. There are at most M = D.(max{#F;})" different k + 1-tuples
(R%, Ry, ... hi, F;). Let I be a subset of N of size less than M such that all different
(k + 1)-tuples appear when i describes I. Then the projection 7y : H — X;e/T; is
injective, so that H’ is finite. O

Definition 3.3.5. A finite subgroup H of the group H = T} x Tb x ... where
the T; belong to a finite family F of finite group is said to be saturated if the
equidistributed probability measure gz on H projects on each coordinate ¢ to the
equidistributed probability measure g7, on T;, that is if h = (hq, hs,...) € H then

qu(hi =1t) = qr,(t) = 37

Fact 3.3.6. Fuvery finite subgroup H' of H is included in a finite saturated group H.

Proof. With the above notations set for each ¢ in [ :

Ji={j €N|(h), B}, ... k. F}) = (hi, Ry, ... hi, F))}.
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There is a diagonal embedding T; — X,c;, T and as UjerJ; = N we get a diagonal
injection : -
Xierly — H

the image H of which contains H' and is saturated by construction, knowing a finite
direct product is always saturated. O

Proof that Theorem 3.8.2 implies the Main Theorem. To prove the group G(Sy,, H)
is amenable, it is sufficient to prove amenability for every finitely generated subgroup
Gy (Theorem 1.2.7. in [Gre69]), which reduces, assuming Theorem 3.3.2, to show
that G is included in some G(Sy,, H) for H finite saturated. Indeed, let sq,..., s

be generators of Gy, each s; is of the form s; = a}h?a?...h?j, with az- € Sd,
and ((h}); ;) < H finitely generate a subgroup H’ which is included in some finite
saturated subgroup H by Facts 3.3.4 and 3.3.6. U

3.4 Scheme of the proof of Theorem 3.3.2

This section is devoted to the scheme of the proof of Theorem 3.3.2 which im-
plies the Main Theorem 3.3.1. The details are given in section 3.5. Groups of the
form G(Sg,, H) share similarities with the Basilica group defined by a three state
automaton introduced by Grigorchuk and Zuk in |[GZ02a|. The Basilica group was
shown to be amenable by Bartholdi and Virag (see [BV05|) using selfsimilarity of
some random walks. This method, called the “Miinchhausen trick”, has been used
to show amenability of a few other groups (see [Kai05] and [Muc05]|). We proceed
with the same methods, using Kesten’s criterion on symmetric random walks.

As H is a finite saturated subgroup of H = ij_l X Sj;_l X ..., let us denote Hj,

: . ~ - djer1—1 Lo :
its restriction to Hy = Sj:ﬂl X Sd:;l X ... which is also a finite saturated subgroup

and it follows from (3.2.5) that G(S4,, H) < G(Sa,, H1) ! Sa,, and more generally
the group G(Sq,, Hy) is a directed subgroup of Aut(T,x;) satisfying the crucial :

G(Sdk, Hk) — G(Sdk+17 Hk+1) l Sdk-

The word metric does not behave appropriately enough through this wreath product
embedding, rather use :

Proposition 3.4.1 (A fractal family of pseudo norms of exponential growth). There
exists a family of pseudo norms v* on G(Sg,, Hy) (which means symmetric positive
functions V* : G(Sy,, H,) — RT satisfying the triangle inequality) such that :

a) if g belongs to G(Sq,, Hy,) and has image g = (g1, - .., ga, )0 in G(SdkH, Hj11)1Sa,,
then v*(g) < V8 (gy) + - - + v (gq, ), and

b) if B,x(r) = {g € G(Sa,, Hy)|V*(9) <1}, then #B,x(r) < C" where C is a constant
depending only on the bound D on the valencies of the tree and the size of the finite
group H (which contains Hy for every k).
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Let p denote the symmetric probability measure on the finite generating set Sy, U

H of G(S4,, H) defined by p(a) = gz for a € Sy, and p(h) = 5357 for h € H.
0

The random walk associated is Zy = s1...sy where the s; are independent random
variables identically p-distributed. The set of random sequences (Zx)yen is endowed
with the product measure (defined on the sigma algebra generated by cylinders)
P = p®>®. The drift of this random walk with respect to the pseudo norm v = 1
vanishes :

Proposition 3.4.2. The random walk (Zy) satisfies :

A
V(NN) N 0, P as.

To prove this proposition, another (non symmetric) random walk is usefull. Let
us define Y,, = totits...t, where ty; are random variables equidistributed on Sy,
and 19,41 are equidistributed on H and all the ¢; are independent. Denote ) =
(¢s4, ® qur)®> the associated measure on the set of sequences (V,)en (With respect
to the cylindrical sigma algebra), then :

Proposition 3.4.3. The random walk (Y,,) satisfies :

M — 0, @ a.s.

n n—-+4oo

The key argument to prove Proposition 3.4.3 is the next Lemma 3.4.6 together
with Proposition 3.4.1 a).

Remark 3.4.4 (On the dependence on ty). The pseudo norm v = 1 satisfies v(ah) =
v(h) for every a in Sy, and h in H (Proposition 3.5.2 (2)), which ensures v(Y,) =
v(ty'Y,) = v(tita. .. t,), showing that v(Y},) is independent of #;. This will be of
importance and justifies the :

Definition 3.4.5. Two random variables U and V' on the group G(Sy,, H) are said
v-equivalent if »(U) and v(V') have the same distribution law on N, which will be
denoted :

U ~y-law V.

Consider the random walk (Y},),en and its image in the wreath product of the
form Y, = (Y,},...,Y%)o, where o, is a random variable in S;, and the coordinates
Y! fort € {1,...,dp} are random variables in G(Sg,, Hy). The point is that (Y)),
follows the law of the similarly defined random walk (Y )men on G(Sq,, Hy) (which
is taking independent equidistributed increments alternatively in Sy, and Hy), but
at a slower speed. More precisely :

Lemma 3.4.6 (Similarity of the random walks (Y;,) and (Y)). Let (Y,)nen the
random walk defined above and Y, = (Y},...,Y%)o, its image in the wreath product.
For each coordinate (Y), the sequence (Y,,), defines a sequence of random integers
(m¢(n)), and a random sequence (e¢(n)), taking values in {0, 1} such that :
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1. For every integer n the values of my(n) and £.(n) depend only on (Y )n<n-

2. For every integer n the coordinate Y,! belonging to G(Sg,, Hy) has the same v -

distribution law as the random variable Yézt(n)ﬁt(n). More precisely the condi-
tional law :

(Yo lmi(n), e:(n)) ~ut 1w Ynlzt(n)—‘,-at(n)'
3. The random sequence (my(n)), satisfies :

do—1\ n
mt(n) ~n—4oo ( Odo ) d_ou Q a.s..

Propositions 3.4.1 and 3.4.2 are sufficient to apply the :

Theorem 3.4.7 (Kesten criterion of amenability [Kes59a|). Let T' be a finitely ge-
nerated group and (Zy) a symmetric random walk on T'. The group T is amenable

if and only if the sequence (P(Zan = idr))n does not decay exponentially fast with
N.

The following fact is also usefull :

Fact 3.4.8. Let (Zn) a symmetric random walk on a finitely generated group T,
then for any fized integer N the function T' — [0,1] : g — P(Zon = g) is mazimal
for g = idr.

Proof of the Fact 3.4.8. Let pi(x,y) denote the probability to go from z to y in k
steps, let 0, denote the function on I' taking values 1 on x and 0 elsewhere and M
the symmetric random walk operator on the space [?(T'). Then Cauchy inequality
implies :

pan(id, x)* = (M*Nbiq,0,)° = (M50, MN6,)°
< |[MY ||| MY 6, ]| = pon(id, id).pan (z, 2) = pan(id, id)*.

O
Note that Theorem 3.4.7 and Fact 3.4.8 only apply to symmetric random walks.

Proof of Theorem 3.3.2. Given an arbitrary positive € the previous Fact 3.4.8 ap-
plied to the symmetric random walk (Zy) constructed above raises :

P(v(Zoy) <e2N) = Y P(Zoy = g) < P(Zoy = ides,, m)#B.(e2N),

v(g)<e2N

and the Propositions 3.4.1 b) and 3.4.2 ensure :

I/(ZQN)

P(Zyy =id) > P ( < 5) C~2N o O

Thus P(Zyn = id) does not decrease exponentially fast and Kesten’s criterion proves
Theorem 3.3.2 and thus the Main Theorem. O
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3.5 Detalils of the proof of Theorem 3.3.2

3.5.1 Fractal pseudo norms of exponential growth (proof of
Proposition 3.4.1).

To the symmetric generating set S = (Sg, U H)\{1} of G(Sy,, H) is associated
the word norm on G(Sy,, H) by :

lg| = min{r|g = 21...2., 2 € S}.
Denote Bg(r) the ball of radius r associated to this norm (that is the set of all g

such that |g| < r), then #Bg(r) < (#5)".

Note that since G(Sg,, H) is a quotient of the free product Sy, * H a word z; ... z,
is a minimal representative of g (that is = |g|) only in the following cases : either
295 € Sg,\{1} and 29,41 € H\{1}, or conversely. This brings another definition :

||g||0 = IIliIl{’l“|g = ajhiashs . .. hrarﬂ,ai € Sdo, hj € H} (351)

The following is straightforward :

Properties 3.5.1. The function ||.||o is a norm when restricted to the stabilizer of
the first level St1(G(Sq,, H)), namely it satisfies :

1. ||ghllo < llgllo + [|R]lo for all g,h in G(Sa,, H),
2. lg™"lo = llgllo for all g in G(S4,, H),
3. |lgllo = 0 if and only if g € Sy,

This function ||.||o is related to the usual word norm since for g in G(Sq,, H) :
2llgllo — 1 < [gl < 2[lgllo+ 1,

which implies that if By () is the ball of radius r associated to ||.||o in G(Sq,, H),
then :

#B)o(r) < (#8) T

Following [BV05], let us introduce a new function v on G(Sy,, H) which is to be
thought of as a fractal distance. For g € G(Sg,, H) and a vertex v on layer k = {(v)
of T3, denote by g, the action of g on the descendant subtree T, >~ T,z of T; and
g(v) € Sy, the action on the dj, children of v. The automorphism g, of the rooted tree
T, belongs to the group G(Sy,, Hi). The function defined by (3.5.1) for G(Sg,, Hy)
will be denoted by |].||.

A subtree T of Tj is said to be rooted if it contains the root () of Tj;. It is said
regular if for every vertex v € T, either T contains the dj,) descendant of v, either
it contains none of them.
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Given a finite regular rooted subtree T of T; with set of leaves JT', define a
function vy on G(Sg,, H) by :

vr(9) = D (L+ l1gulli)-

vedT

and a function v : G(Sg,, H) — N as :

v(g) = min{vr(g)|7T is a finite regular rooted subtree of T;}. (3.5.2)

The construction (3.5.2) defines similarly a function v* : G(Sy, , Hy) — N for the
subgroup G(Sdk, Hy) < Aut(Txg) ~ Aut(T,) for any vertex v on the kth layer Note

that v = 1% and that the followmg proposition is still true replacing v by * and /!
by iany

Proposition 3.5.2. The function v satisfies :

1. Let g in G(Sq4y, H) and g = (g1, ..., ga,)0 be its embedded image in the wreath
product G(Sq,, H) — G(S4,, H1) 1 Sq,, then :

v(g) = min{v'(g1) + -+ + v (ga,), 1 + [lgllo}-

2. Let g in G(Sq,, H), then v(g) = v(g™").
3. Let g,9' be in G(Sa,, H), then v(gg") < ||gllo + v ().

4. Let g,/ be in G(Suy, H), then v(gg’) < v(g) + v(g).
In particular, this function v is a pseudo-norm on G(Sy,, H).

The use of induction in the proof of Proposition 3.5.2 requires the :

Property 3.5.3. Let g in G(Sy,, Hy) have image g = (g1, ..., 9a, )0 in the wreath
product G(Sa,,,, Hi1) U Sa, and assume ||g|| > 2 then ||g¢|[k1 < ||g]|x for any
coordinate t.

Proof of Property 3.5.3. An element g admits a minimal representative of the form
g=h{'...h% 0,41 with o; in Sy, and h; in Hy, (remind 2¢¥ = yzy~!'). Moreover by
construction h = (', ag, ..., aq,) with &’ in Hyy and @; in Sy, ,, and the conjugate h”
is the same dj-tuple where the coordinates are o permuted. This ensures ||g1||x11 +

4 |gdo1k+1 < |lgl|k- It is sufficient to prove the property for ||g||x = 2, that
is g = hT'h3?. If 01(1) # o02(1) the property is obvious. If o1(1) = 02(1) then
|gil k1 = 0 if ¢ # o1(1) and ||go,)|[k+1 = [|P1RS][k+1 = 1 because hihj is an
element of Hj ;. O

Proof of Proposition 3.5.2. Note that 1+ ||g|lo = v{p}(9) and assume the minimum
in definition (3.5.2) is obtained for a finite regular rooted tree T' # {0}. Clearly
OT =0T (1)U---UdT(dy) where T'(v) denotes the intersection of 7" with the subtree

T, of T7 hung on vertex v, thus :

do
vr(g) = > (1+gulliw) Z Z L+ lgolliw) =D vee (90,
t=1

vedT t=1 vedT(t
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which is minimal if and only if v7¢)(g:) = v'(g;) is minimal for all ¢. This implies
part (1).

It follows that if ||g]lo = 1 then v(g) = 2 = v(g~'). Similarly if ||g]lx = 1
for g € G(Sq,, Hy) then vF(g) = 2 = vF(g~1). Assume by induction on r that
*(g) = v¥(g71) if ||g||x < 7 and this jointly for every level k, then the inverse formula
gt =0""g;",...,95") and the induction hypothesis ensuring v*((g7)1) + -+~ +
(i) = 1 (02) -+ v (g) (a5 | Jess < ]l by Property 3.5.3) together
with part (1) show part (2).

To prove part (3), note first that v(ag) = v(g) for all a € Sg,. Indeed, a only
permutes the subtrees of the first level and does not increase any of the ||g,][yw). To
conclude, it is sufficient to show that when h is in H, we have vy (hg) < 14wvr(g) for
any finite regular subtree T'. Proceed by induction on the size of T'. Indeed, this is
true for T'= {0} by Property 3.5.1 (1). More generally, denoting g = (g1, - - -, ga, )0
and h = (hy,as,...,aq,) with g in G(Sg, H1), hy in Hy and a; in Sy, we get
hg = (hlgl, asga, . . . ,adogdo)ao and :

d() dO
vr(hg) = vpay(higr) + Z vra(aige) < 1+ vray(g1) + Z vray(ge) = 1+ vr(g)
t=2 t=2

using the induction hypothesis on T'(1).

Part (4) is implied by part (3) in case v(g) = 1+ ||gllo or v(¢") = 1+ ||¢'||o-
Otherwise :
do dO

do
v(gg) <> v ((99)0) =D v (gighw) < D Vg + v (gow) = v(9) + v(d),

t=1 t=1

where the second inequality comes by joint induction on ||g||x using Property 3.5.3.
]

Let B,(r) = {g € G(S4,, H)|v(g) < r} denote the ball of radius r associated to
the function v. The next proposition is crucial for our purpose.

Proposition 3.5.4. Consider a spherically homogeneous rooted tree T7 of bounded
valency 2 < d; < D, a finite subgroup H of H and the function v constructed above,
then the balls B,(r) C G(S4,, H) grow at most exponentially fast. Namely, there
exists a constant C' depending only on D and the size of H such that :

#B,(r) < (C)", for all r sufficiently large.

In order to prove this proposition, recall classical estimates on the number of
rooted subtrees of a rooted tree. The formula below can be found in [PR87|, the
equivalent is derived from Stirling’s formula.

Proposition 3.5.5. The number of (not necessarily regular) rooted subtrees of a
D-regular tree T containing r vertices is :
DP ’
(=)

1 1 D
(D) _Cr—l ~ —
Tyt et T\ 2D = D

Nl
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More precisely the following is sufficient :

Corollary 3.5.6. The number #P of regular rooted subtrees of Ty (with d bounded
by D) containing at most r leaves satisfies :

D2D

t7(~D) < (Kp)", Jor Kp = m>

provided r is sufficiently large.

Proof. 1t is well known that a subtree with at most r leaves contains at most 2r — 1
vertices and the asymptotic equivalent of san) gives the corollary. O

Proof of Proposition 3.5.4. If v(g) < r then there exists a regular rooted subtree
T such that vy(g) < r. In particular, such a subtree has less than r leaves so that
there are at most (Kp)” choices for T (('orollary 3.5.6). Given T, the element g is
described by all g(v) € Sy, where v € T, which allow at most (DD)#T < (D)
choices, and all g, € G(Sdl(v), Hyy) with v € 0T, which satisfy :

Z Hgle(v) <r

vedT

The number of possibilities for this last choice is less than (M + 1)?" where M =
max{#B) ., (1)} (finite because the size of the generating set Sy U Hj on layer k
depends only on di, < D and #H) < #H) bounds the number of symbols which
represent an automorphism of norm 1 on a given leaf. An extra symbol (a coma) is
added to denote passing to the next leaf. All in all, taking C = KpD!(M +1)? gives
the desired result. O

3.5.2 Similarity of random walks (proof of Lemma 3.4.6).
First recall elementary probabilistic facts which will be usefull.

Fact 3.5.7. Let (z;);>1 be independent random variables equidistributed on a finite
group F'. Then the sequence (Xy)g>1 of products Xy = zy ... 2 is a family of inde-
pendent random variables equidistributed on F.

Proof of Fact 3.5.7. Denote by qr the equidistribution measure on the finite group
F'. 1t is sufficient to prove by induction that :

k

0> (X; = fi,i < k) Hq (Xi = fi) = [[ar(Xs = 1),

i=1
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for arbitrary fi,..., fr in F, which comes from :

(X = fi,i<k) = ¢2°(Xp=filXi=fi,i <k—1)¢2>(X;, = f;,i<k—1)

k—1
= 45 (z = [0 ) H‘J?OO(XJ' = f;)

k-1
= qr(z = i fr) HQF(Xj = fj).

O

Fact 3.5.8. Let z be a random variable equidistributed on a finite group F acting
transitively on a finite set A, then qr(z(t) =1t') = #—1A for all t,t" in A.

Proof of Fact 3.5.8. The quotient F'/Stabp(t) is of size #A. If z,(t) = t' (transiti-
vity) then zStabp(t) = {z|z(t) = t'} has the same size as Stabg(t) by injectivity of
left translation in F'. O

Fact 3.5.9. Let (u;)ien be independent random Bernoulli variables on {0,1} (say
p(u; =0) =p and p(u; = 1) = 1 — p for some p in ]0,1[). Let f(wy) be the number
of alternations in the subsequence wy = uq...uy, that is the number of indexes 1
such that u; # uiyq. Equivalently, 1 + f(wy) is the number of mazimal packs of
constant successive terms. Then :

flwn) ~Notoo 20(L=p)N, P =p" as.

Proof of Fact 3.5.9. Apply the law of large numbers to f(wy) = Zfi;l Luius}
knowing that E(1{y,£u,,,1) = 2p(1 — p) and that the terms are independent. O

Proof of Lemma 3.4.6. Consider the random walk Y,, at step n as :
Yn = totl c. tn = 0,1h1&2h2 c. a8h5a5+1

with s = [§] (as41 empty if n even), where the terms a; (resp. h;) are random
variables equidistributed in Sy, (resp. in H), all being independent. This can be
rewritten Y,, = h{'...hJ°0,; (remind the conjugate notation h” = cho~!) where
the 0, = a@yay...a; are independent random variables equidistributed in Sy, by
Fact 3.5.7.

Using coordinates in the wreath product an element h of H has the form h =
(h*,a?, ..., a%) with h* in H; and @’ in Sy, and each of them is equidistributed for h
equidistributed in H by saturation (note that the coordinates are not independent).
Conjugating by a rooted automorphism o raises h? = (a®®, ... a®@)) with h' in
position o(1).

Consider now the random walk Y,, = (Y,!,... Y %)g, at time n and focus on
coordinate ¢, which is a product Y! = wu;...us of s independent terms such that
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u; belongs to and is equidistributed in Sy, (resp. Hy) if o;(t) belongs to {2,...,do}
(resp. o;(t) = 1). Since the o; are equidistributed in Sy, the probability that u;, is in
Sa, (resp. Hyp) for a given i is do L (resp. X L) by Fact 3.5.8. This is summarized in :

—d?igl #;d if ge Sdl,
Q(ui = g) = 1 1 ! if H
%#Hl g € 1,

and the terms u; are independent. Define m;(n) to be the number of maximal packs
of successive u; belonging either to Sy, , or to Hy in the sequence Y = u; ... u,. Fact
3.5.9 ensures that :

me(n) ~n_ioo 2dlo (1 - dio) ~ oo (doal0 1) dﬁo‘

Given an integer n, assume we know the distribution D of which terms u; are in Sy,
and H,, then the kth pack of terms v, = w;, u;,+1...u; , of constant belonging is a
product of equidistributed independent elements in the finite group Sy, or H; hence
is equidistributed. In this situation V! = vgv; .. - Um,(n) Where two cases are possible :
either u; belongs to Sy, (set ,(n) = 0), the terms vy, are equidistributed in H;
and vq, are equidistributed in Sy, , which is of the form Yy:%(n) ; or uy belongs to Hy
(set &4(n) = 1), then re index the v; as Y, = ids, v1 ... Vp,(n)+1 Which is of the form
Y ()11 €Xcept for vg which follows the Dirac law on ngd ; this has no influence on
the v-distribution of the sequences (Remark 3.4.4). In both cases :

(YrﬂD) ~-law Y/ n)+et(n)s

where the condition depends only on the number of alternations my(n) and the
starting condition £;(n) of the distribution D. O

3.5.3 Zero drift of (Y},) (proof of Proposition 3.4.3)

Note that the Kolmogorov 01-law implies almost sure constance of lim sup @ :
Lemma 3.5.10. For every integer k denote (Yn(k))n the random walk on G(Sy, , Hy,)
which is taking independent equidistributed increments alternatively in Sy, and Hy,
in particular (Y,) = (Y,SO)) and (Y) = (erl)). Then there exists I, in [0, %

,5) such
that :

k Y(k)
lim sup l )
n—-400

= I, Qr = (gs,, @ qu, )™ a.s..

Proof. Proposition 3.5.2 (1) implies /*(Ya*) < 1 4 [[v{¥|], < 2 so that the

(k)
limsup is < 1. Given [ in [0,4] the event E;, = {limsup% < [} is a tail
event, that is an event which is independent of any finite subsequence (Yn(k))ngN,

hence has probability 0 or 1 by the 01-Kolmogorov law. The function [ — Q(E)) is
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increasing, right continuous and takes values in {0, 1}, so that there exists [ such
that Qk(El) =0 for [ < I}, and Qk(El) =1 for ! > 1. Then :

VE (Vi)

Qk <{lim sup — — = lk}> = Qr(Ey, \Un>1 B, 1) = 1.

O
Proof of Proposition 3.4.3. To show [y = 0, prove [, < (DD_l)lk+1 where D is the
bound on the valencies of the spherically homogeneous rooted tree 7T;. This is suffi-

cient as [, < % for every k. To ease notations, compute for £ = 0. Proposition 3.4.1
(a) ensures :

do 1 /xt do 1/t
Y, : Y, . Y,
lim sup v(¥a) < lim sup E v (V) < E lim sup v ") (3.5.3)
n—-4o00 n n—+oo ] n —p n—too n
To compute the right side introduce the condition (my(n)) :
1 Yt 1 Yt 1 Yt
lim sup v (V) = lim sup v (Yy) mu(n) < lim sup v (Ya) lim sup mt(n)’
n—-+o0o n n—-+o0o mt (n) n n—-+o0o mt (n) n—-+o0o n

where Lemma 3.4.6 gives lim sup ™) — (do_l)%, Q a.s. and

n do
! Y Vl YT:'L n)+et
lim sup v (V) = limsupw =1, Q as.
me(n) me(n)

because m;(n) — +o0o @ a.s.. The last estimates gathered together on a ) probabi-
lity one event show that :

do
do—1\ 1 [dy—1 D—1
lp < l — = L<|— ).
0_;1( do )do <do )1_( D )1

3.5.4 Zero drift of (Zy) (proof of Proposition 3.4.2)

Recall the :

Fact 3.5.11. Let (a;)ien be a random sequence in {0, 1} endowed with a probability
measure (1. Assume that there exists an infinite subset I of N such that p(a; = 1) >
d >0 for alli € I, then u(a; = 1 for infinitely many ) > 9.

Proof of Fact 3.5.11. Let E' = {(a;)|a; = 1 infinitely often} and assume by contra-
diction p(E) = ¢’ < 9§, this implies p(E°N{a; =1}) > 6 — ¢ for all ¢ in I. However
the complement of E is the infinite increasing union :

E°¢ =Upen{(a;)|a; =0 for i > n} = UpenFh,
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so that u(Fy) >1— ‘5+T‘5l for some N. But the case i > N raises the contradiction :

s+8  , 60
-8 =

p(EN{a; =1}) = p((E°\ Fy) N{a; = 1}) < p(E°\ Fy) <
O

Proposition 3.4.3 will be used in the (a priori) weaker form :

Corollary 3.5.12. For every positive € and «, there exists Ny such that forn > Ny :
Yy,
Q (M < 5) >1-a.
n

Proof. Assume the statement does not hold, then there exists g, ag and infinitely
many integers ny with ) <M > 5()) > «ap and then

ng

v(Yn)

Q <lim sup > 80) > Qg

by Fact 3.5.11, contradicting Proposition 3.4.3. U

The random walks (Zy) and (Y},) are closely related by :

Fact 3.5.13. Let N be a fixed integer. To each walk Zy = s1...8n 1S associated
the number of alternations a(N) from s; in Sg, to s;y1 in H or vice versa. Then the
conditional law of Zy satisfies :

(Zn|a(N)) ~p—taw Ya(n)-

Proof. Conditioning by the distribution D of which terms s; are in Sy, and in H,
the walk is rewritten : Zy = S1...58i,Sip+1---Si, - - - Signy = tol1 - ta(n) where t9; =
Sig;_1 - - - Sip; are equidistributed in Sa, (except maybe ¢y which could be empty) and
foj11 = Siy; - - - Siy,;,, are equidistributed in H, all factors being independent, which
is the definition of the random walk Y,(y). The condition matters only on a(NN) and
not D. O

This Fact 3.5.13 allows us to show a weak form :

Lemma 3.5.14. For every positive € and «, there exists M such that for N > M :

P(V(f[N) §5) >1—a.

a(N) _1

Proof. Fact 3.5.9 ensures that the conditioning term a(N) satisfies limy_.o “5 3
P almost surely. In particular for every positive a there exists an integer N; such
that P(a(N) > §) > 1 —a for all N > Ny,
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Now compute under the condition a(N) :

P(M) <) - > (45 < cta)) Plat)

but if N > Ny then P(a(N) < &) < a. Moreover for N > 3Ny (defined by Corollary
3.5.12) the condition a(N) > § > Nj ensures via Fact 3.5.13 :

P ("%N) sala(N)) =Q (%“g) ga) >1-a,

because % < 1. All in all, when N > max{N;,3Ny} :

P <”<ZN> < 5) > 3 (1-a)Pa(N) = (1-a)

N
a(N)> %
which proves Lemma 3.5.14. [
The previous Lemma ensures that P almost surely : liminf@ = 0 (Fact

3.5.11). To get Proposition 3.4.2 use :

Theorem 3.5.15 (Kingman subadditive Theorem ([Kal02] 9.14)). Let (X,,) be
random variables such that :

1. Xopn < Xom + Xopn for all 0 <m < mn,
2. (Xmi1nt1) has the same law as (Xpn),
3. E(Xg,) < +oo,

XO,n
n

then the random sequence ( ) converges almost surely.

Applying this to X,, ., = v(Z,,} Z,,) shows that the inferior limit is in fact a limit,
proving Proposition 3.4.2. The interested reader will remark that Lemma 3.5.14 is
sufficient for our purpose and thus the Main Theorem does not rely on Kingman’s
Theorem.

3.6 Groups of intermediate growth

3.6.1 Generating pairs for alternate groups

In his paper |Wil04a| (Proposition 2.1), Wilson constructs interesting generating
pairs of alternate groups Ay :

Proposition 3.6.1 (Wilson [Wil04a|). Let d > 29, then the alternate group of
permutation Ay of the finite set {1,...,d} contains an eligible (see [Wil04a] for the
full definition) pair of elements x4, yq. In particular :
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Zq Yd

AN A
AN D

FiG. 3.3 Portraits of the elements z; and yg.

1) the pair is generating : (xq,yq) = Aqg, the elements have order 2 and § : 2% =
yi=1, and a ﬁxed point property that there exists o and 8 in {1,...,d} such that :
za(a) = yaray; (@) = a and yo(B) = B (up to re index we assume o = 1 and

g

2) let & = (u,1,...,1)xq, and g=(1,v,1,..., 1)y, belong to Aut(Ty) with dy > 29
and u,v in Aut( Jd) with u?> = v3 =1, then the group generated by T and y contains
the whole group of alternate rooted automorphisms Ag,. More precisely :

) =
2).

(2,9) ~ (u,v) L Agy.

Given a (not necessarily bounded) sequence d of integers > 29, the above Pro-
position 3.6.1 allows to define recursively the following pair of automorphisms of

the spherically homogeneous rooted tree T; (remind the assumption on fixed points
a=1and f=2):

(chZv 17 ) 1)1'[10’
(L, Yois Ly - D)Yao- (3.6.1)

Tg
Ya
This definition is best understood by looking at the portraits on Figure 3.3. The

automorphism subgroup generated is denoted H; = (xz,y;). Note that in the case
d = od is a constant sequence the group Hj is generated by a three state automaton.

Property 3.6.2. The alternate automorphism xg has order 2, and yz has order 3.

Proof. Show by joint (on z:g for 7 in N) induction on k that x?ﬂ.— acts trivially on
the k first levels of T_.;7. This implies it acts trivially on the whole tree hence is
trivial automorphism. Proposition 3.6.1 1) ensures :
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which initiates the induction. Moreover xil - acts trivially on the subtrees 75, ..., Ty,
of T ;7 and as ximd— on T which acts trivially on the k first level of T} by induction
hypothesis. This proves x?ﬂ.— acts trivially on the k + 1 first levels of 7. O

3.6.2 Density properties

Proposition 3.6.3. The subgroup H; = (xg,y5) < Aut®(T;) is dense in Aut®(Ty)
endowed with the profinite topology from (3.2.4).

Proof. 1t is sufficient to show that the subgroup Ag, - - -2 Ay, < Aut®(T}y) of alternate
automorphisms of portrait supported on the k firsts levels is included in Hj for
arbitrary k. Proceed by joint (on H,.g for « € N) induction on k to show :

Hyig~ Hyivegl Ag,_ U+ - LA, (3.6.2)

which will be sufficient taking ¢ = 0 and the trivial subgroup of H_x;. The case k = 0
follows from Proposition 3.6.1 2) :

Haiti_ = <$oij7 yaiti_> = <$oi+1g7 ycri+1d_> 2Adz = H0i+1d_2 Adi' (363)
Assuming isomorphism (3.6.2) then isomorphism (3.6.3) for i + k proves step k+1 :

H g~ HGHkJZAdHLl Vo VA >~ Hyiveig L Ag 2Adi+k—1 V-V Ag,.

i+k

O

This density property is in contrast with the case of the full (non alternate)
automorphism group of a rooted tree :

Proposition 3.6.4. The group Aut(Tj) endowed with the profinite topology from
(3.2.3) admits no finitely generated dense subgroup.

Proof. Denote sgn : Sy — Z/27 the signature morphism of permutations. Given
an element g in Aut(Ty), recall that g(v) is the permutation in Sy, associated to
vertex v in the portrait of g.

(Recall g = (g1..1,--+,Gus - - - >9do---dl(v)71)7'l(v)—1 with g, in Aut(T,) ~ Aut(T,iw)g)
and 7,)—1 € AUt(Tdo...dl(U),l)a then g, has image g, = (gu1, - - ,gvdl(v))g(v) via the
isomorphism Aut(1 i g) ~ Aut(T,i0)+14) US4y, -)

Similarly to Lemma 1. in |Ale83|, define for each integer k the following morphism
(of products of signatures of permutations on level k in the portraits) :

Ry : Aut(T;) — 7Z/27
g = Rk(Q) = HUELevel(k) 59”(9(”))

The computations via the isomorphism (3.2.2) show this is a group morphism. The
product morphism ¢ : Aut(T;) — (Z/2Z)> defined as ¢(g) = (Ro(g), R1(g),...) is
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then a surjective group morphism continuous for the profinite topologies. Assume
now there exists a finitely generated dense subgroup G of Aut(Ty), then ¢(G) is a
finitely generated dense subgroup of (Z/27)>. This is impossible since any finitely
generated subgroup of (Z/2Z)> is finite thanks to Fact 3.3.4. O

Density in Aut®(Tj;) of a finitely generated subgroup implies superpolynomial
growth :

Proposition 3.6.5. Let d = (d;);en a sequence of integers d; > 3, then any dense
finitely generated subgroup of Aut®(T;) has superpolynomial growth.

Proof. Let G be such a group and k an arbitrary integer, then the level k stabilizer
Stp(G) ~ G111 X -+ X Ggy._a,_, is a direct product of dy...d,_1 subgroups of
Aut®(T,rz) each of which inherits the property to be dense and finitely generated.
In particular each of the groups G, is infinite (d; > 3) and thus has at least linear
growth, so that the subgroup St;(G) of finite index and thus G have growth function
at least b(r) = ré-d—1 hence superpolynomial. O

3.6.3 Intermediate growth
Proposition 3.6.6. The group Hy < Aut(Ty) has intermediate growth.

Proof of Proposition 3.6.6. Superpolynomial growth follows from Propositions 3.6.3
and 3.6.5, so there remains to prove subexponential growth. Proceed as in |Gri85|.
Denote By (r) the ball of radius r in H_«g for the word metric |.| associated with
the generating set (z,xg, Yorq), denote by(r) its cardinal and ¢ = lim {/by(r) =
hia oy e (Horg) its exponential growth rate. The fixed point condition on eligible
pairs ensures :

ifd_ycﬂd_yglxci = (I’Ud_? ]-7 < Yods y;CZ1> R 1)xdoydozdoycz()1$do> (364)

with y,7 and y;Jl in positions x4,(2) and z4,Y4,%4,(2) and the second and third z,g
cancel out. As the generators are of order 2 and 3 every element g = (g1, ..., g4,)0 in
By(r) admits a minimal representative word of the form g = zgqy7' w97 . .. vy 74,
with &; in {—1,1}. Given g (more precisely given a fixed minimal representative
word), denote a(g) the number of alternations in the sequence (g;), equality (3.6.4)
implies :

g1+ -+ g1 < |glo — alg). (3.6.5)

Given any parameter ¢ > 2, split the ball By(r) into :

Bi (r) ={g € Bo(r)la(g) >
By (r) = {g € Bo(r)|a(g) <

The size of the first part of the ball is bounded by :

b (r) < #Aq, > by(ry) ... by(rq,)- (3.6.6)

Pty <(1=)r

——

I3
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Indeed, each element g = (g1,...,94,)0 of By(r) is injectively described by the
permutation o in Ay, and the coordinates g1, ..., gq, the sum of the |.|; length is
bounded by r—a(g) < (1—1)r thanks to computation (3.6.5). The size of the second
part of the ball is bounded by (recall notation C¥ for the number of subsets of size
kin {1,...,n}):

by(r) <4y Cs < 4%05. (3.6.7)

T
sSt

Indeed the term 4 corresponds to choosing the start of the representative word (y,
y~ ', zy or zy~!), s represents the number of alternation a(g) and C? the number of
choice for the positions of such alternations.

The size is estimated by bo(r) < bf (r)+by (r) < max{2b (1), 2by (r)}, and taking
1

. : 1-1 : .
limits of r-roots raises ¢co < max{c, !, t#(1— %)(%_1)}, since Stirling formula ensures :

o

(4205)% ~r o 45 V (27TT) . -
t Y= ey S TR

The estimate is valid for any level £ so that for all parameter t > 2 :

_1 1
cr < max{c,lﬁf,t%(l — t)%_l}.
In particular, this shows the sequence () increases (note t¢(1 — %)%_1 — 1 for
t — 00). Moreover the sequence is bounded by 2 (the groups are quotients of Z/27Z x
Z/3Z), hence admits a limit ¢, which satisfies by continuity :
1 1

Coo < max{cio t,t%(l - ;)%_1}
for any parameter ¢t > 2, which is impossible unless ¢, = 1 (otherwise take ¢ large
enough). This shows subexponential growth of the groups H_ . O

Remark 3.6.7. When the tree has bounded valency, set f(r) = max{bx(r)|k € N} the
estimate (3.6.6) can be made homogeneous on dy < D. This together with estimate
(3.6.7) applied for a parameter ¢ of the form ¢t = % raises inequality :

D

fr) <K > [Tr0a) |+ KCP™.

it p < (1= iy )r =1

A computation due to Erschler (Lemma 6.4 in [ErsO4al]) gives the explicit upper
bound on the growth :

() < () < exp (Klog“‘)g“”r) |

log(r)
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3.7 Groups of non uniform growth

3.7.1 A Theorem of Wilson

The first examples of groups with non uniform exponential growth have been
constructed by Wilson in [Wil04b|. The following Theorem from [Wil04a| is a gene-
ralization.

Theorem 3.7.1 (Wilson |Wil04a|). Let k be a positive integer and xi a class of
groups with the two properties :

1. each group G in xy is perfect (that is G = [G,G]) and can be generated by k
tnvolutions ;

2. each group G in Yy is isomorphic to a permutational wreath product G1 ! Ag
with Gy € xx and d > 29.

Then each group G in ;. contains two sequences of elements (a™), (b)) such that :
(a) (a™)? = (b™)3 =1 and (a™,b™) = G for each n and,
(b) h{a(n)’b(n)}(G) — 1 asn — oo.

In section 4. of [Wil04a|, Wilson constructs subgroups of Aut®(7T;) for unbounded
sequences d = (d;); in the classes xx. Unboundedness of the sequence permits to
construct such groups with a subgroup isomorphic to the free group Fy on two
generators. This ensures exponential growth, but prevents amenability.

In the next section groups in the class x; are constructed similarly but acting on
bounded valency rooted tree. The Main Theorem 3.3.1 will apply to show amena-
bility. Exponential growth is due to the presence of free semigroups. Note however
that in [Wil04b| Wilson constructs groups of automorphism of a regular (in parti-
cular bounded valency) rooted tree which have non uniform growth and contain a
free group.

3.7.2 Amenable groups of non uniform growth

Let d = (d;); be a bounded sequence of integers 5 < d; < D, define a subgroup of
the group H (constructed in section 3.2.3) as A < H = S;if_l X Sj;_l X ... where
A=Ay x Ag, x ... as an abstract group and each group Ay, is acting as a rooted
automorphism on 73,  o; this is best understood by Figure 3.4.

Now for each integer d in {5,..., D}, denote E; = {i > 1|d; = d}. There is a
diagonal injection :
Ja: Aqd— HAdi<A7
i€Ey

and the diagonal product of those injections :

D
j:AJZHAd%A.

d=5
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To ease notations the image subgroup of A; is still denoted Aj. It is a finite saturated
subgroup of A. The subgroup of Aut®(T;) generated by alternate rooted automor-
phisms Ay, and A is denoted Gy = G(Aqg,, A7) < Aut®(Ty). Note that when d = od
is a constant sequence, then Aj is the diagonal injection of A; in A and the group
G(Ag, Ag) is generated by a finite automaton.

Proposition 3.7.2. Let d = (d;); a bounded sequence of integers 29 < d; < D, the
group Go = G(Ag,, Ag) belongs to the class xy where k depends only on D.

Proof. Show this Proposition simultaneously for all groups G; = G(Ag,, Ayig) <
Aut®(T,:z). The group G, is perfect because generated by copies of the groups Ay,
Ag,d € {5,..., D} which are perfect (even simple). Moreover, those groups (hence
G;) are generated by double transpositions, in particular by involutions the number
of which depends only on D, so that the condition (1) of definition of groups in the
class i is satisfied for some k depending only on D.

To check condition (2), note first that the injection in the wreath product (3.2.1)
has image in :

G; = G(Adw Aaid_) — G(Adi+1’ Aai“cz) 2Adi = Gip1l Adi' (371)

This is clear for the generators in A4; and the generators b in A .; have image
b= (V,a,1,...,1) where a belongs to Ay, , and b’ to A,ir17 by construction. Now
remains to prove this injection is onto hence an isomorphism.

Given any two elements ai,as in Ag, , there exists by = (b},a;,1,...,1) and
by = (b, as,1,...,1) in A_iz. Moreover the double transposition o = (13)(45) be-
longs to Ay, so that G; contains b3 = obyo™ = (1,a9,b,1,...,1), hence [by,b3] =
(1,[a1,a2),1,...,1) and then 1 x Ay, ,, x---x 1 by perfection. Similarly given any two
by, bl in A i1, the group G; contains [by, b7] = ([0}, 5], 1, ..., 1) where 7 = (23)(45),
hence Ajit1gx 1 x ---x 1. Since Ay, acts transitively by conjugation on the coordi-
nates, this proves injection (3.7.1) is onto. O

Proposition 3.7.3. Let d = (d;); a bounded sequence of integers 5 < d; < D, the
group Go = G(Aq,, Ag) has exponential growth.

Proof. Each group Ay contains the double transpositions v = (12)(34) and v =
(12)(35). Moreover each of the groups Az ~ Ay X Ag, ., X ... contains the dia-
gonal elements @ = (u,u,u,...) and v = (v,v,v,...). The following Lemma due to
Bartholdi (Proposition 2.3 in [Bar03|) ensures that (uu, vv) ~ S, is a free semigroup.

More precisely :

Lemma 3.7.4. [Bartholdi [Bar03]] The quotient semigroup
(tu, uv, vu, vv) /(tu = v, vu = Vv) >~ Sy

is freely generated by {uu,vv}.
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FIG. 3.4 — The group A.

This ensures exponential growth of the group Gj. O

Corollary 3.7.5 (Theorem 3.1.1). The groups G(Aq,, Az) associated to sequences
d = (d;); of integers 29 < d; < D are (uncountably many pairwise non isomorphic)
amenable groups of non uniform exponential growth.

Proof. This follows from the Main Theorem 3.3.1, Wilson’s Theorem 3.7.1, Pro-
position 3.7.2 and Proposition 3.7.3. The bracketted part follows from Corollary
3.8.2. »

3.7.3 Convergence of the Cayley graphs

This section is devoted to give another proof of some part of Wilson Theorem
3.7.1. Namely the convergence to 1 of the exponential growth rate of the generating
sets {a(” (M1 can be understood as the convergence of the associated Cayley graphs
of the group to the Cayley graph of a group Hj of intermediate growth introduced
in section 3.6.

More precisely, let G = G belong to some class xy, then by definition of the class
there exists a sequence of groups G; in x; and integers d; > 29 such that G; ~ G, 12
Ay, The Theorem 3.7.1 of Wilson ensures in particular that for each integer ¢ there

exists a generating pair of elements (az(.o), b§0)> = G, such that (ago))2 = (b(O))?’ = 1.

7
Out of this first generating pair, Wilson constructs a sequence of generating pairs

for G;, defined inductively as (also see Figure 3.5 and compare with Figure 3.3) :

n+1 n
aE ) (a£+)1,1,... g, (3.7.2)
bﬁ"“) (l,bzf{l, yeoos D)Ya,.

The fact that agn) and bg") have order 2 and 3 and that they generate G; is a
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':EdQ 1 1 1 Yds, 1
// /
/
/// //
/ /
xdnil 771/1
a0 1 14 \ o1

F1G. 3.5 — Portraits of the elements a(()") and b((]").

direct consequence of the properties of the generating pairs x4, yq, of the alternate
group Ay, (see Proposition 3.6.1).

Definition 3.7.6 (Distance between Cayley graphs). Let (I', S) and (A, T) be two
groups with generating sets, denote Br g(R) the restriction of the Cayley graph of
I relatively to the generating set S to vertices at distance less than R of the neutral
element (for the word distance in S). The distance between (I',S) and (A,T) is
defined as :

AT, 8), (A7) = int{ | Brs(R) ~g Bar(R)}

where Gr; ~g Gry if Gry and Gry are isometric as colored graphs.

Non uniform growth of the group Gy comes from the two next propositions, since
intermediate growth of Hy implies A, (Hg) = 1.

Proposition 3.7.7. With the notations above :

d((Go, {a8”. b§"}), (Hz, {zg,ya})) — 0.

n—-+o0o

Note that this Proposition is true independently of the amenability or not of the
group Gg in a class yx. In particular, such a convergence is also true for the non
amenable groups constructed by Wilson in [Wil04b|, |Wil04a).

Proposition 3.7.8. If d((I', S,.), (A, T)) — 0, then :
limsup hg, (I') < hr(A).

n—oo
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Proof of Proposition 3.7.8. Given a positive € the definition of hr(A) ensures that
for R > Ry large enough the ball Bx r(R) has size #Ba r(R) < (hr(A) +¢)f. Now
the convergence of Cayley graphs shows that for n > N large enough #Br g, (R) <
(hr(A) +€)f, and by subadditivity #Br s, (kR) < #Br s, (R)* < (hr(A) +)*, so
that :

hs, (I') = lim *{/#DBr s, (kR) < hr(A) +¢,

which was required. O

The proof of Proposition 3.7.7 uses the following :

Lemma 3.7.9 (of contraction). If & = (u,1,...,1)zg and y = (1,v,1,...,1)yq are
as in Proposition 3.6.1, then for elements g = (g1,...,94)0 in the wreath product
isomorphism (&, y) ~ (u,v) L Aq, one has for each coordinate t :

1
|9¢| fuey < §(|g|{f,y} +1),

where |.|s denotes the word norm associated to the generating set S (inverses of
elements of S have length 1).

Proof. 1t is sufficient to check that zg° = (u,1,...,0%,1,..., 1)z4yq with v° on co-
ordinate z4(2) # 1. O

Proof of Proposition 3.7.7. Introduce other relations depending on integer [ > 1 on
groups with generating sets : (I',S) ~; (A, T) if for every free word w of length less
than [ in S (elements and inverses) one has w(S) = idr if and only if w(T) = ida
(for I = 1 the relation ~; just means S U S™! and T'U T~! have the same size).
If the relation (T, S) ~g41 (A, T) is satisfied then d((T, S), (A, T)) < 1 because to
describe Br g(R) it is sufficient to know when ¢’¢~' = s for every g¢,¢’ in Br s(R)
and s in SU S~

To ease notations set S {a E bz(.")} and T; = {2,ig, Yniq}. It is sufficient to
)~

show for all integers i : (G; Z( . (H,z,T;) with a sequence [,, — oco. Proceed

by induction on n, using :

w(SIY = (wi (ST, - -+ wa, (ST w(@a,, ya,),
U)(ﬂ) = (wl(,—ri—i-l)v cee ,U)di(ﬂ+1))U)($di, ydi)u

where for each coordinate ¢ the elements wt(Si(Z)l) and w;(T;41) involve the same word
w; because the permutations on the first level are the same for generators in SZ-("H)
or in T; (namely x4, and yg,). Lemma 3.7.9 ensures that |w;(T;41)| < 3(Jw(T;)| + 1)
(and |wt(51(11)| < 2 (Jw ( (n+1) )| + 1)) so that if w has length less than [, = 21, — 1

one has w(S("H)) = idg, if and only if w(T;) = idy .. The result follows since the
sequence (l,,) starts with [o = 1 and [; = 2. O

Corollary 3.7.10 (of Proposition 3.7.7). The group Hj of intermediate growth is
not finitely presented.
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Proof. Assume the contrary H; = (zg,yg|r1,. .., k). Let R be bigger than the maxi-
mal length of the relations rq,..., 7, and n large enough so that :

1

A((Go, {ag” 06"}, (Ha {ma va})) < 3

Then the automorphisms a((]") and bg") satisfy all relation rq,...,7,. In particular,

G is a quotient of Hz hence has subexponential growth. This contradicts Proposi-
tion 3.7.3. [

3.8 Non subexponential amenability

3.8.1 Description of normal subgroups

The normal subgroups of finite index of groups in a class y; are completely
described by the :

Proposition 3.8.1 (Neumann |[Neu86|). Let (G;)ien be a sequence of finitely ge-
nerated perfect groups such that for each i there exists an integer d; > 5 such that
G; ~ G L Ay, Consider the isomorphisms :

Go~GilAg_, U VAg ~ (G X -+ X Gy) X Aut®(Ty,..q,_, ),

J

~
dg...d;_1times

then the subgroups K; = (G; x - -+ X G;) for i € N are the only normal subgroups of
Gy of finite index. Moreover if one (hence all) of the groups G; is residually finite,
then (K;);en are the only non trivial normal subgroups of Gy ; in particular Gy is
Just infinite.

Proposition 3.8.1 (as well as Lemma 3.8.3) is a slight generalization of Theorem
5.1.in [Neu86]. The proof is given here for the sake of completeness and to avoid the
reader multiple references and notations. The second part is also similar to Theorem
4. in |Gri00|. Note that all examples in this paper are groups of automorphism of a
rooted tree. In particular they satisfy the assumption of residual finiteness.

Corollary 3.8.2. Two groups Gy and Hy satisfying the hypothesis of Proposition
3.8.1 (in particular groups in a class xx) for two different sequences of integers (d;);
and (e;); are non isomorphic.

Proof. The index of K; in Gy has value :
(Go : K] = #Aut*(Tayay) = #(Aa, V- VAg) = a(dia)™=2% L a(dy)®a(dy),

where a(d) = 2 = #.A,. In particular the sequence of index of subgroups ([Go : K]);
is an isomorphism invariant from which the sequence (d;); can be recovered. O
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Lemma 3.8.3. Under the hypothesis of Proposition 3.8.1, the only normal subgroups
of Gy containing K,, are Ko, K1, ..., K,,.

The proof of this lemma will use the :

Fact 3.8.4. Given a finite group I, assume A T is a minimal normal subgroup
(minimal means the only normal subgroup of I strictly contained in A is trivial) and
that the centralizer Centr(A) of A is trivial. Then A is the unique minimal normal
subgroup of I.

Proof. Assume A’ is another such subgroup, then AN A’ is trivial by minimality. In
particular, for every § € A and ¢’ € A’ the commutator AN A’ 3[4, ] = 1, which
ensures A’ C Centr(A) = {1}, contradiction. O

Proof of Lemma 3.8.3. By induction on m and using Fact 3.8.4, it is sufficient to
prove that :

AR s At KK, < Gof Ko = Aut®(Tyy. )

is minimal and has trivial centralizer, which shows K,,_; is the only minimal sub-
group of G containing K,,.

Let U a non trivial subgroup normal in Gy/K,, and included in K,,_1/K,,.
Then 1 # y € U can be written y = (Y1..1,- -, Ydo...d,,_,) i1 the wreath product
Go/Kpn ~ Ag, VAut®(Ty,. 4, _,), with some coordinate 1 # y, € AS:EH. By simpli-
city, the normal closure of y, is the full alternate group (y,)4, = Aq,_,. Moreo-
ver the group Aut®(Ty, a4, ,) acts by Conjugation transitively on the coordinates,

so that U > (y)ao/k,, = Adin}l) - X A(do dm 2 = K, _1/K,,, proving minima-
lity. Transitivity also shows that the centralizer Centay /i, (Km—1/Kpy,) is included
in St,,_1(Go/K,,) = K1/ K, which has trivial center, hence the centralizer is
trivial. O

Proof of Proposition 3.8.1. Let X be a finite group and f : Gy — X a homomor-
phism. Restricting to factors of the subgroups K,, = G x o ox G ox e x
Gidodm=1) 3t appears that for m large enough there exists v # v’ such that the
associated factors have the same image f(G') = f(GSfi/)) = Y, which must be
abelian because [G(mv), G(mv/)] =1, hence Y = {1} because G ~ @, is perfect. This
shows G Ker(f).

Moreover for each coordinate v’ there exists ¢ € Aut®(Ty,. 4, _,) such that p(v) =
V', s0 that oG o=t = GY) ¢ Ker(f) and consequently K,, lies in the kernel of f.
Applymg Lemma 3.8.3 shows Ker(f) = K; for some i < m, which proves the first
part.

Now assume G is residually finite, and N <1 Gy is an arbitrary normal subgroup.
The description of the first part ensures that N,,>0K,, = {1}, and as the sequence of
subgroups (K,,), is strictly decreasing there exists an integer n such that N < K,
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and N £ K,,.1. To get the second part, it is sufficient to prove N > K,,;; since the
first part will force K,, = N.

Consider x € N \ K, and its image © = (z1_1,...%4y..4, ,)n in the factor
decomposition of K,. There exists v such that :

Ly = (xvlu s 7'Tvdn)0'v € Gs}) = Gn—i—l ZAdn?

with a non trivial permutation o,, and in particular there are s # ¢ in {1,...d,}
with o,(s) = t. Now given any two elements &, 7 in G,.1, define f g in K, =

(G x -+ x Gy) as :
f
g

(1,...,1,fv,1...,1)n, fv:(l,...,l,f,l,...,l)6Gn+12¢4dn,
(L., L, g0 1.0, go=(,...;1,n,1,...,1) € Gpi1 L Ag,,

with &, n on coordinate s. The normal subgroup N contains the commutator [f, z] =
fef~ta=t=(1,....1,[fs, z], 1,..., 1), where :

[fo, @] = (1,...,f,...,1)(:L'v1,...,a:vdn)av(l,...,5_1,...,l)agl(xgll,...,atgdln)
= (L,....,L,&61, . Lo et 1,0 ),

with ¢ in coordinate s and z,, 'z} in coordinate ¢. Taking another commutator,

the subgroup N contains [g, [f,z]] = (1,...,1, [gv, [fo, %0]], 1, ..., 1), with :

[gvu [fvuxv]] = (17 o1 [7775]7 1,. "71)7

and this for £, 7 in G, arbitrary, which can be rewritten :
N = (]-7 ey ]-7 [777 5]7 17 sy ]-)n-‘rl S Gn+1 l AUte(Tdo...dn)a

with [n,£] in position vs. As this group is perfect, the subgroup N contains 1 X

S X G,(fj)l X - +-x 1. The transitivity of the action of Aut®(Ty,. 4,) on level n+1 by
conjugation ensures that N contains (G,41 X « -+ X Gpyq) = Kpyq as required. [

3.8.2 Non subexponential amenability

Denote SGy (respectively EGp) the class of groups such that all finitely generated
subgroups have subexponential growth (respectively are abelian). Assume that for
an ordinal o > 0 the classes SGg and EGg are defined for every ordinal 8 < a.
When « is a limit ordinal, set SG, = Ug<,SGp (respectively EG, = Ug<o EGp).
When « is a successor ordinal, define SG, (respectively EG,) to be the class of
groups that can be obtained from groups in the class SG,_1 (respectively EG,_1)
either by taking direct limits, or by taking extension by a group from the class SG
(respectively EGy).

Each class SG, (respectively EG,) is closed under taking quotients and sub-
groups. Moreover, the class SG = U,SG,, (respectively EG = U,EG,) where the
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union runs over all ordinals «, is the smallest class of groups containing SGq (res-
pectively EGg) which is closed under the operations of taking subgroups, quotients,
extensions and direct limits. As these operations preserve amenability, which is sa-
tisfied in SGy (respectively EGy), the class SG (respectively EG) is called class of
subexponentially (respectively elementary) amenable groups.

This construction of classes of groups is detailled in |Osi02]. It is obvious that EG,,
is a subclass of SG,, for each ordinal v and that the class SG contains the class EG.
This inclusion is strict (see |Cho80| and |Gri85|) and the Basilica group introduced
in [GZ02a] was the first example of an amenable group out of SG. Osin has shown
in [Osi04] that the class EG contains no group of non uniform growth. In particular,
groups in the class x such as the groups G(Ag,, Az) of non uniform exponential
growth introduced in section 3.7.2 are not in EG. The following Proposition shows
these groups are not even in SG, providing new examples of amenable groups outside

of the class SG.

Proposition 3.8.5. Consider a residually finite group G belonging to a class i
(see section 3.7), then one of the two following holds :

1) either G belongs to the class SGqy of groups of subexponential growth,

2) or G does not belong to the class SG of subexponentially amenable groups.

In particular, residually finite groups of exponential growth in a class xi are not

in SG.

Recall an elementary property of ordinals :

Fact 3.8.6 (Theorem 7.3 (5) in [Kun80]|). Let C be a non empty set of ordinals,
then there exists x € C such that for every y € C, one has x < y. In other words,
C' has a minimum.

Proof of Proposition 3.8.5. The proof is similar to that in [GZ02a|. Let G a group
in a class xj having exponential growth, in particular not in the class SGg. Denote
G, the group in the class x; such that G = Gy ~ G; L Ag,_, 1+ - - L Ag,- In particular
all groups G; have exponential growth. Assume Gy lies in the class SG, then all the
groups G; (which are subgroups of Gy) lie in SG. For each integer i define «; to
be the minimal ordinal for which G; belongs to SG,, (exists by Fact 3.8.6). The
family {;}ieny admits a minimum «;,. Now the ordinal «;, is not a limit ordinal
otherwise G;, would belong to SG4 for some 3 < «;,. Moreover, the group G, is
not a direct limit of a strictly increasing infinite sequence of groups because it is
finitely generated. This forces the existence of N and H in SG%_I such that the
sequence 1 — N — G;, — H — 1 is exact. But as G hence G}, is residually finite,
Proposition 3.8.1 implies that N = G4, for some integer m, so that a;,+, < a;,—1
which contradicts minimality of «a;,, proving G is not in SG. O



90

CHAPITRE 3. AMENABILITY AND NON UNIFORM GROWTH



Chapitre 4

Discussion du Théoréme 3.3.1 de
moyennabilité

Dans un article soumis récemment sur arXiv, Bartholdi, Kaimanovich et Nekra-
shevych ont démontré la moyennabilité d’'une large classe de groupes d’automates
(voir |BKNOS|). Pour cela, ils traitent d’abord le cas d’un groupe qu’ils nomment
“groupe mére”, similaire au groupes considérés dans le Théoréme 3.3.1. On cherche
dans la premiére partie de ce chapitre a donner le résultat de moyennabilité le plus
large possible dans ce contexte.

Dans une deuxiéme partie, on montrera un renforcement du Théoréme 3.3.1 dans
le cas de I’arbre binaire, pour lequel le groupe G(Ss, H) est plus que moyennable, il
a croissance intermédiaire.

4.1 Généralisations du Théoréme 3.3.1

4.1.1 Automorphismes /-dirigés par une géodésique

On se donne une géodésique G de l'arbre enraciné T;. On peut supposer pour
fixer les idées que cette géodésique est constituée des sommets de la forme (1...1)
(c’est-a-dire qu’il s’agit de la géodésique la plus a gauche de I'arbre T}.

) Etant donné un entier § > 1, on construit un groupe M (§) contenant le groupe
H du Théoreme 3.3.1. Il s’agit du groupe des automorphismes de 7j; qui fixent la
géodésique G et dont le portrait est contenu dans un d-voisinage de G.

C’est-a-dire que si d(v,G) > 0+1 ona g, = idaw(r 1w, Pour tous les éléments g de
M (6), et par ailleurs si v et vi sont deux sommets successifs situés sur la géodésique

G alors g,(vi) = vi. En d’autres termes la permutation p,(g) € S{w1,02,...vdyy} A 12
place v du portrait de g fixe vi. Dans le choix canonique G = (111...) cela s’écrit
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FIG. 4.1 — Le groupe M (2) < Aut(Ts) dirigé par G = (111...).

Par construction, le groupe M (J) est un produit direct infini
M((S):F()XFlXFQX... (411)

otl chaque Fj est un groupe fini de la forme F; = Aut(T(4,—1)d,,,...d;,5_,)- On rappelle
que I'on note Aut(T?) le groupe (fini) des automorphismes de T} dont le portrait
est supporté par les ¢ premiers niveaux. Il s’identifie au groupe d’automorphismes
Aut(Ty,. q;) de Parbre fini Ty, q,.

4.1.2 Une premiére généralisation

On note G(Aut(Tg_l), M(6)) le sous groupe de Aut(Tj;) engendré par les auto-

morphismes appartenant a Aut(Tg_l) et ceux appartenant a M (5)). Le Théoréme
3.3.1 admet la généralisation suivante :

Théoréme 4.1.1. Soit d une suite bornée d’entiers et § > 1 fizé, alors le groupe

G(Aut(Tg_l), M(6)) est moyennable.

Si 'on note M;(0) le groupe M (8) obtenu pour I'arbre T},:5 et la géodésique oG,
I'isomorphisme (3.2.5) admet la généralisation suivante :
G(Aut(Tg_l), M(0)) =~ G(Aut(Tjgl), M, (6))2Sg, =~ G(Aut(Tj;gl), Mn(5))2Aut(Tg_1).
Not0n§ Dy =dy...ds—y et plus généralement D; = d;s .. .d(;41)5—1 et considérons
la suite D = (D;);en. L'isomorphisme (cf 3.2.2)
Aut(Ty) ~ Aut(T,s4) L Aut(T2),
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montre en restreignant la structure d’arbre de 7 aux niveaux multiples de 6 que I'on
dispose d’une injection qui descend aux sous groupes de type M(J) comme suit :

Aut(Ty) —  Aut(Tp)
Y % (4.1.2)
Mg(3) = Mp(1),

et toujours sous la méme injection Aut(Tg_l) — Sp, ce qui assure :
G(Aut(Ty™"), Mg(8)) — G(Spy, Mp(1)),

ce qui montre qu’il suffit de prouver le Théoréme 4.1.1 pour 6 = 1 pour le déduire
avec ¢ arbitraire.

Preuve du Théoréme 4.1.1. 11 s’agit donc de prouver le Théoréme pour 6 = 1, ou
plus précisement de s’assurer que la preuve du Théoréme 3.3.1 se généralise dans
ce cas, oit I'on a remplacé la relation recursive h = (hy,aq,...,aq4,) sur H par
m = (mi,ag,...,aq,)7 sur M oit 7 € Spa3 40y C Sqy-

La réduction au cas G(Sg,, M) ot M est un sous groupe fini saturé de M dé-
coule de 'égalité (4.1.1). La définition des normes ||.||x est inchangée ainsi que la
Propriété de réduction 3.5.3, ce qui permet de définir la fonction v. La preuve de
la partie 3. de la Proposition 3.5.2 demande le soin de remplacer 1'égalité hg =
(h1g1, a2, 92, - - -, hayGay )00 par mg = (Mg, a2gr(2), - - - , GdyYr(do))T00- La croissance
des v-boules n’est pas modifiée. On dispose donc bien d’une famille fractale de
pseudo normes a croissance exponentielle.

Les preuves des Propositions 3.4.2 et 3.4.3 sont également préservées dés lors
qu’on dispose du Lemme 3.4.6 d’auto-similarité de la marche aléatoire. Il s’agit de
la partie de la preuve qui requiert le plus de soin pour étre généralisée. En effet
le produit aléatoire Y,, = aymjasms...asmgsasyq se rééerit Y, = mi'...m% 0.
oll 0; = aiT1AsTy ... A;—1T;—10; avec a; € Sy, et 7, € Spa,. 4, Vvariables aléatoires
indépendantes et équidistribuées.

Il suffit de vérifier que la famille {o;};cn est une famille de variables aléatoires
indépendantes et équidistribuée dans Sy,, et indépendante de la famille {m;};, ce
qui se montre par récurrence via le :

Fait 4.1.2. Soit b une variable aléatoire suivant une loi de probabilité p sur un
groupe fini F' et a une variable aléatoire sur F' indépendante de b suivant la mesure
d’équidistribution qr, alors o = ba est équidistribuée sur F et indépendante de b.

Preuve. On note P = pu ® qp la mesure obtenue pour o = ba. Vérifions d’abord
I’équidistribution :

P(o = a0) = Plba=00) = 3 Pla = b oulb) P(b) = 3 #P(b) -1
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On peut alors vérifier I'indépendance :

Plo=opetb=1by) = P(a=by'opetb=h)
= P(a=by o) P(b=by) par indépendance de a et b,

1
= —Pb=0>
ZFPb="h)
= P(O’ = Uo)P(b: bo)
0
Le reste de la preuve du Lemme 3.4.6 d’auto-similarité n’est pas modifiée.
O

4.1.3 Une deuxiéme généralisation

Notons Ds(Ty) le groupe des automorphismes de I’arbre enraciné avec un portrait
dont le support est contenu dans le §-voisinage d’une famille finie de géodésiques
(G1,-..,Gk). On appelle de tels automorphismes d-dirigés, on note Ds(Ty) le groupe
qu’ils forment. Il est aisé de voir qu'un tel automorphisme est produit d’automor-
phismes J-dirigés par une seule géodésique.

Une géodésique G = (414273 ... ) est dite rationnelle si la suite (ig)ren est pério-
dique a partir d'un certain rang. Un automorphisme d-dirigé g est dit rationnel si
'on peut trouver une famille finie (Gy,...,Gy) de géodésiques rationnelles dont un
0-voisinage contient le support de g et si le portrait de g est asymptotiquement
périodique le long de ces géodésiques. C’est-a-dire si, identifiant la géodésique a la
suite de sommets de I'arbre qu'elle parcourt G; = (0, vy, v2, vs, ... ), Papplication
i — pu,(g) € Sy est périodique a partir d’'un certain rang. On note DRs(Ty) le
groupe des automorphismes §-dirigés rationnels.

Fait 4.1.3. Les ensembles Ds(Ty;) et DRs(Ty) sont des groupes.

Preuve. Quitte a utiliser I'isomorphisme Aut(Ty) ~ Aut(T,ng) ! Aut(T}) pour n
assez grand, il suffit de montrer que si g (respectivement h) est § dirigé par une
géodésique G (respectivement H), alors le produit gh est J-dirigé par un nombre fini
de géodésiques. Les automorphismes s’écrivent récursivement sous la forme :

gk = (al(k)> ey Gk+1, - - ,a,dk(k’))(f(/{?),
hi = (bi(k), ..., hsa, .., b, (R))7T(K),

pour a;(k),b;(k) € Aut(TC‘f;;), o(k), (k) € Sq.—1 et avec gri1 et hyiq en positions

respectives xy, et yi dans {1,... dy}. Posons ky = min{k|o(yx) # xx}, on a alors :
grhie = (a1bo(1y, - - - Grr1his1s - - -5 Aa,boa,))oT, pour tous k < kg et :
gkohko = (a1b0(1)7 s 7gk+lbo(fﬂk0)7 R aafl(yk)hk+17 R adkba(dk))aT’

On en déduit que le produit gh est -dirigé par deux géodésiques si kg est fini, par
la seule géodésique G sinon, et ceci rationnellement si ¢’était le cas pour g et h. 0O
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On considérera plus généralement les groupes :

D(Ty) = | J Ds(Ty) et DR(Ty) = | ) DRs(Ty)

6eN 6eN

d’automorphismes dirigés et rationnellement dirigés. Nekrashevych a démontré ré-
cemment le :

Théoréme 4.1.4. [Nekrashevych [Nek08aj] Si la suite d est bornée, alors le groupe
D(T;) n’admet aucun sous-groupe libre non cyclique.

La question de savoir si le groupe d’automorphismes dirigé D(T};) est moyennable
est & ma connaissance ouverte. On obtient ici un résultat de moyennabilité dans
cette direction englobant le théoréme 3.3.1 et le théoréme sur les automates bornés
de Bartholdi, Kaimanovich et Nekrashevych (|[BKNOS§]).

Théoréme 4.1.5. Si la suite d est bornée, alors le groupe DR(Ty) est moyennable.

L’hypothése de rationnalité contient et affaiblit I’hypothése d’automaticité de
larticle [BKNOS|. Elle est suffisante pour utiliser le lemme suivant, qui permet de
conjuguer conjointement une famille d’automorphismes rationnellement dirigés a

une famille dans G(Aut(T5™"), M(5)).

Lemme 4.1.6 ([BKNO08]). Notons ¢ = (1,2,...,d) un d-cycle, ¢; = ¢~ sa puis-
sance envoyant 1 sur i, et 0 l'automorphisme de ’arbre enraciné d-régulier T, défini
récursivement par la formule § = (6c;", 8¢y, .. .,50;1). Soit g = go satisfaisant la
propriété récursive

gk = (a1(k), ..., ape1(k), Grr1, @uy1(k), . . ., aa(k))o,

ot a;(k) € Sq sont enracinés et o et x sont indépendants de k (en d’autres termes,

g est 1-dirigé 1;mtz'0nnellement). Sous ces hypotheses, le conjugué §~1gd appartient
& G(At(T?), My(2)).

Preuve du Lemme. Cela découle du calcul suivant. Sachant 6! = (c;67%, ..., cqd™1)
et 00 = (500(1 ,50;(160)0', on calcule :
0 tgrd = (015_1a1(k)5c;(11), c cxé_lgkﬂéc;(lx), c cdé_lad(k)(Sc;(ld))a.

Il s’en suit que pour tout entier k :

1
o(x)

1
o(z)

c.0 tgrdc (cxé_lgkﬂéc;(lx), Cer@)0 ey (2 (l{:)écc_l(z) J)egoc

et donc 071 géc;(x) est dans Md(Q) dés que I'on remarque que

C20¢, (1) = ¢y (0(ea(1))) = 1

(action a droite) et que
5 tad = (016_1505(11), ce cdé_léc;&))a = (clc;(ll) s CdCyfg) )a € Aut(T?)

agit seulement sur les deux premiers niveaux. O
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U

Fi1G. 4.2 — Exemple de portraits dirigés.

Preuve du Théoréeme 4.1.5. 1l s’agit de prouver qu'un sous-groupe I' de type fini de
DR5(T7) est moyennable pour un ¢ fixe commun aux générateurs de I', et ot I'on
peut supposer la suite d constante quitte & augmenter artificiellement la valence.

On peut aussi supposer qu’un tel sous-groupe est engendré par des éléments g
rationellement dirigés chacun par une géodésique périodique G;.

En utilisant I'isomorphisme Aut(Ty) ~ Aut(T,.;) Aut(T}) pour n assez grand, on
peut supposer les géodésiques et les portraits les longeant périodiques (on retrouvera
alors la moyennabilité par produit direct et extension finie).

Quitte a utiliser I'injection (4.1.2), on peut enfin supposer que 6 = 1 et que les
périodes des géodésiques et des applications de portrait en jeu valent 1.

Le lemme précédent permet alors de conjuguer le groupe I' a un sous groupe de
G(Aut(T?), M4(2)), ce qui conclut la preuve via le Théoreme 4.1.1. O

Ezample 4.1.7. On liste sous quelles hypothéses sur le portrait de la figure 4.2 on
peut appliquer quel théoréme de moyennabilité :

1. Siwu; =1 et (v;),(w;) sont périodiques, le théoréme sur le “groupe mére” de
'article [BKNO8| s’applique.

2. Si u; = 1 et (v;), (w;) sont quelconques, notre théoréme 3.3.1 du chapitre 3
s’applique.

3. Si (u;) et (v;), (w;) sont périodiques, le théoréme sur les automates bornés de
[BKNOS8| s’applique.

4. Si (u;) est périodique et (v;), (w;) sont quelconques, notre théoréme 4.1.5 sur

les automorphismes rationellement dirigés s’applique.

5. Si (u;) et (v;), (w;) sont quelconques, le théoréme 4.1.4 de Nekrashevych sur
I’abscence de sous-groupe libre s’applique, mais on ignore si le groupe est
moyennable.



4.2. LE CAS DE L’ARBRE BINAIRE 97

4.2 Le cas de 'arbre binaire

Dans le cadre d’un arbre binaire, le groupe G(Sy, H) et le groupe G(Sy, M (1))
coincident. De plus, H = M (1) coincide avec I'ensembles des générateurs de la forme
by, Cw, dy, pour w €  (cf section 2.2.2), et 'on sait que le groupe G(Ss, (b, ¢, dy))
est a croissance sous exponentielle (et intermédiaire dés que la suite w n’est pas
asymptotiquement constante). Le théoréme plus général suivant est énoncé dans
[Ers05]. 11 renforce le théoréme 3.3.1 de moyennabilité dans ce cas particulier.

Théoréme 4.2.1. Le groupe G(S,, H) < Aut(Ty) est a croissance intermédiaire au
sens ot tous ses sous-groupes de type fini le sont.

Preuve. On sait que tout sous-groupe de type fini de G(Sy, H) est contenu dans
un groupe G(Sy, H) pour un certain sous groupe H de H de type fini, et donc
fini en vertu du fait 3.3.4. Comme le groupe H est isomorphe & un produit infini
H~ [ I S2. chaque élément h de H s’écrit :

h= (ul,ull ul,...),

oil chaque ul est a valeur dans Sy = {1,¢}. Il y a un unique élément noté b dans H
vérifiant u? = ¢ pour tout 4.

On va utiliser les injections usuelles :
G(Sg, H) — G(Sg, HZ) l Aut(Tzi_l),

Sy est I'image de H sur une coordonnée du produit en couronne

itéré ¢ fois.

j>i+1

Notons a le générateur du groupe d’automorphismes enracinés Ss, tout élément
g de G(S2, H) admet une écriture minimale de la forme :

!
wy = a”hyahga ... ahga™,

ou 7,7 € {0,1}, h; € H et k < MTH avec |g| la norme de g pour la longueur des
mots pour le systéme générateur Sy U H. On note que si b # h € H est fixé, il
existe un entier ¢ tel que u? = 1. Comme chaque h; contribue & au plus un terme
a=c¢c= u?j, on en déduit que le nombre total de a apparraissant dans I’écriture du
produit en couronne itéré i fois de g = w, = (g1,...,92)i0, (o0 g € G(S2, H;) et
o € Aut(T;™ ")) est borné par k — |w,|, (ot |w], est le nombre de h dans le mot w).
On a donc :

< lglat -+ g

at?
< 5 < lg| — |wg|n + K;. (4.2.1)

91| + -+ [ g2

Cette inégalité de réduction va nous permettre de montrer le théoréme par la
discussion suivante. On note By, (R) la boule de rayon R du groupe G(Ss, H;) pour
la partie génératrice Sy U H;, by, (R) son cardinal et ¢; = lim {/by, (R) son taux de
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croissance exponentielle. On discute suivant la fréquence d’apparition de 1’élément
b dans les mots réduits. Pour un paramétre ¢ > 2, on note :

B(R) = {9 € Bu(R)|lwy < (1~ )R}

et By(R) = By(R) \ Bf;(R). Si b apparait moins de (1 — )R fois dans un mot
réduit w, alors il existe b # h € H qui apparait au moins |w|, > t#iH fois, et donc
by (R)

gy et un entier 7 tels

en utilisant (4.2.1), on obtient une partie de taille au moins
que :

bh(R) < #H > b, (Ry) ... ba, (Rai). (4.2.2)

R1+~~~+R2i§(l—ﬁ)R+Ki

D’autre part, on peut estimer b, (R) en notant que ses éléments admettent des
représentants oll apparaissent moins de % termes i # b. Il y adonc au plus ) .= C},
=7
possibilités pour choisir leurs positions dans le mot réduit et #H? choix des termes
a position donnée. On a donc :
_ R s R _ B R
bp(R) < #H? Y Cp < —Ch#H (4.2.3)
SS%
Les inégalités (4.2.2) et (4.2.3) entrainent que pour tout R, il existe i tel que :
R =R
bi(R) < max{24H > b (R) ... b (o), 2 C HHTY.

Ri++Ryi <(1— 7 ) RHK;

On en déduit qu'il existe un certain i tel que (on utilise la formule de Stirling pour
évaluer le deuxiéme terme) :

__1 1
co <max{e] ", (#HHH1 - D))

Notons que (#Ht)t (1 — %)%_1 — 1, et donc en laissant tendre ¢ vers l'infini dans
— 00
I'inégalité on trouve 7 tel que ¢y < ¢;,.

On itere maintenant le procédé pour trouver une suite i; telle que ¢;; < ¢;,,. Par
ailleurs, comme #H; < #H pour tout 4, la suite ¢; est majorée. Au total, la suite
(ci;); est croissante, majorée, donc convergente et sa limite A satisfait par continuité :

A< max (A0 (RHT0 - DT,

pour une infinité de parameétres ¢t — oco. Ceci implique A = 1, et donc la croissance
intermédiaire de G(Sq, H). O

Remarque 4.2.2. Le lemme 3.7.4 de Bartholdi [Bar03| s’applique pour v = (1, 2)(3,4)
et v = (1,2). On en déduit que le groupe G(Sy, H) < Aut(T}) contient des sous-
groupes de type fini  croissance exponentielle. Je ne sais pas si G(S3, H) < Aut(T3)
en contient.
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