ADAPTIVE NONPARAMETRIC REGRESSION ESTIMATION IN
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ABSTRACT. In this paper, we consider the problem of estimating a regression function when
the outcome is censored. Two strategies of estimation are proposed: a two-step strategy where
the ratio of two projection estimators is used to estimate the regression function; a direct
strategy based on a standard mean-square contrast for censored data. For both estimators,
non-asymptotic bounds for the integrated mean-square risk are provided and data-driven model
selection is performed. In most cases, asymptotically optimal minimax rates of convergence are

obtained, when the regression function belongs to a class of Besov functions.
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1. INTRODUCTION

It is most natural to use regression techniques to explore the relationship between a response
and covariates. A vast literature deals with nonparametric methods for completely observed data
and provide a very flexible tool in a prospective study. But, some of the responses, typically
lifetimes and /or covariates may be censored. Our aim is to introduce new projection estimators
of the regression function when the response is censored while the covariate is a multivariate
completely observed vector.

First, estimators of the regression function based on Nadaraya-Watson [26], [32] kernel-type
estimators were studied and improved by local linear regression smoothers in Fan [15] or by
adaptive mean-square methods in Baraud [1]. The optimal rates for such estimators have been
established by Stone [30] and are known to be of order n=*/(*+@) when an n sample is available,
d-dimensional covariates are considered and the regression function is k£ times differentiable.

However, in the setting of censored data, the previous methods are not directly applicable.
Linear models have been first mainly considered (see Miller [25], Buckley and James [6], Kool
et al. [22], Zhou [34], among others). See also Heuchenne and Van Keilegom [18] for a nonlin-

ear semiparametric regression model with censored data. But the flexibility of nonparametric
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regression provides an interesting tool when a general relationship between covariate and re-
sponse is first to be explored. For instance, Dabrowska [10] studied nonparametric estimators
of the conditional survival function. Zheng [33] generalized Stone’s regression estimators to the
censored case. The consistency of the resulting estimator has also been studied in Gyorfi et
al. [16], Chapter 26. Fan and Gijbels [15] studied a local linear smoothers adaptive to the data
and in particular to the scarcity at the end of the interval. Park [29] has extended a procedure
suggested in Gross and Lai [17] to a general nonparametric model in presence of left-truncation
and right-censoring, by using B-splines developments. Recently, Kohler et al. [21] have pro-
posed an adaptive mean-square estimator built with polynomial splines. Asymptotic optimal
rates of convergence are given up to a logarithmic factor for regression functions belonging to
Holder-type spaces. We consider more general functional spaces (anisotropic Besov spaces).
Our nonparametric method is adaptive in the sense that the dimension of the approximation
spaces can be relevantly chosen without knowing the regularity of the unknown function to esti-
mate. A data-driven criterion of selection is introduced for this purpose and then, the estimator
achieves automatically the optimal rate without any loss. Two methods are investigated in this
paper. First, the projection method provides a quotient estimator which is easy to compute
and can reach the optimal rate in many cases. On the other hand, the mean-square regression
method developed in Baraud [1] is suitable for the censored case: it gives a direct adaptive
estimator which automatically reaches the optimal rate.
A particular attention is paid to the additive model even if multivariate regression functions
can be estimated with both proposed estimators. Indeed, in the particular case of the additive
model, the practical implementation of the mean-square estimator can be conducted by using
a mean-square regression algorithm described in Comte and Rozenholc [9] and is successfully
investigated through simulated as well as real data sets in Brunel and Comte [8].
The plan of the paper is the following. In Section 2, we first describe the regression model
and the censoring mechanism. Then, the approximation spaces with their key properties are
introduced and the orders of the bias terms are given. More precisely the Lo-distance between
a function belonging to a Besov space and its orthogonal projection on a given approximation
space of the collection is evaluated. Section 3 presents the two strategies of estimation: the
quotient estimator, which is studied in term of its Mean Integrated Squared Error (MISE) in
Section 4 and the mean-square estimator, whose MISE is studied in Section 5. Most proofs are

gathered in Section 6.

2. PRELIMINARIES ON THE MODEL AND ON THE COLLECTION OF APPROXIMATION SPACES

2.1. Nonparametric regression model with censored data. As mentionned by Gross and
Lai [17], when right-censoring is present, functionals of the survival function cannot be estimated

on the complete support.
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Suppose that XZ is a d-dimensional covariate in a compact set, without loss of generality
we would assume that X; is taking value into [0,1]%. Let (X1,V1), (X2,Y2), ..., (X,,Yy,) be
independent identically distributed random variables.

We consider a setting analogous to Kohler et al. [21] corresponding to a fixed time T for
collecting the data. Therefore, the variables before censoring are denoted by Y7 = Y; AT,

where a A b denotes the infimum of ¢ and b. Then the regression model is
E(Yz,ﬂXZ) = TT(XZ'), i=1,...,n.

Next, let Cy,Cs,...,C, be n censoring times independent of the ()ZZ, Y;). Then, the censoring

mechanism is as follows: the X';s and the pairs (Z;, d;)’s are observed where
Zi =Yir NCi, 6 =Ly, 1<y

0; indicates if the observed time Z; is a lifetime or a censoring time both occuring in the interval
[0, T]. Of course, it is often mentionned that the function of interest would be  in the regression
model E(Y;|X;) = r(X;), but only its biased version rp is reachable.

Now, set G(.) the cumulative distribution function (c.d.f.) of the C;’s and by Fy the marginal
c.d.f. of the Y;’s with Fy = 1 — Fy and G = 1 — G the associated survival functions. We suppose
moreover:

(A) The distribution functions of the ¥;’s and C;’s are R*-supported.

Under (A), the three following conditions are immediately satisfied:
(2.1) PY; >T)=PY;7=T)>0
Moreover, we suppose that P(C; > T) > 0 which is satisfied for most well-known parametric
survival models where the C;’s are RT-supported. This implies
(2.2) 1-GYir)>1-G(T):=cg,i=1,...,n.
The c.d.f Fy is upper bounded on [0,7] so there exists cp > 0,
(2.3) Vit € [O,T], 1-— Fy(t) >1-— Fy(T) =cp > 0.
Any condition ensuring (2.2) and (2.3) can be substituted to (A).
2.2. Description of the approximation spaces in the univariate case. In the one-dimensioal
case, the projection spaces (Sy,)menm, are standard and described hereafter.
[T] Trigonometric spaces: Sy, is generated by {1, v/2cos(2mjx), v2sin(2rjz) for j =1,...,m},
Dy, =2m+1and M,, ={1,...,[n/2] — 1}.
[P] Regular piecewise polynomial spaces: Sy, is generated by m(r + 1) polynomials, r + 1 polyno-
mials of degree 0, 1,...,7 on each subinterval [(j —1)/m,j/m]|, for j =1,...m, Dy, = (r+1)m,
m € M, = {1,2,...,[n/(r + 1)]}. Usual examples are the orthogonal collection in L?([—1, 1])

of the Legendre polynomials or the histogram basis. Dyadic collection of piecewise polynomials
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denoted by [DP] correspond to dyadic subdivisions with m = 27 and D,,, = (r + 1) 2%.

[W] Dyadic wavelet generated spaces with regularity r and compact support, as described in
Donoho and Johnstone [14]. The generating basis is of cardinality D,, = 2™ and m € M,, =
{1,2,...,[In(n)/2] — 1} see Brunel and Comte [7] for details.

All the spaces above satisfy the same property:

(H1) (Sm)mem, is a collection of finite-dimensional linear sub-spaces of L.2([0,1]), with di-

mension dim(S,,) = D,, such that D,, <n, Vm € M,, and satisfying:
(2.4) APy > 0,Vm € My, Vt € Sy, ||t]|co < Pov/ Dinl|t]].

where [|t]|2 = [ #2(x)dz, for ¢ in L2([0, 1]).
An orthonormal basis of S, is denoted by (vx)rea,, where |A,,| = D,,. Birgé and Massart [4]
proved that Property (2.4) in the context of (H1) is equivalent to
(2.5) 300> 0, D @illee < DD
AEAm,
Moreover, for the results concerning the adaptive estimators, we need the following additional

assumption:

(H2) (Sm)mem, is a collection of nested models, we denote by S, the space belonging to
the collection, such that Vm € M,,S,, C &,. We denote by N,, the dimension of S,,:
dim(S,) = N, (Ym € M,,, Dy, < Np).

Assumption (H;) is satisfied with for instance ®¢ = v/2 for collection [T] and &g = /2r + 1

for collection [P]. Moreover, [T], [DP] and [W] satisfy (Hz).

2.3. The general multivariate setting and the particular case of additive models.
Consider the general case of a regression function r : [0,1] — R where 7(z) = (2, ... ().
Here m = (my, ..., mq) is multivariate and models Sy, := S, ... m,) are linearly spanned by the
basis functions gy, (z(M) x - x @y, (). Here A = (A1, ..., \a) € Ay, := Ay X -+ - X Ay, where
all (¢z,)’s correspond to the one dimensional case. For instance for d = 2, the corresponding

function ¢ € S,,, can be written

t(l‘,y) = Z CLMD)\(.T,y) = Z Z a>\1,>\290>\1(x) @M(y)v

)\EAm AlEA'ml >\26Am2

with VA € Ay, , ax = ay, .\, € R and oa(z,y) = oa, (@) pa,(y) for (z,y) € [0,1]%. Clearly, the
dimension of such a product space Sy, is the product D, = D,,, X - - x Dy, of the cardinalities of
the A;,’s. It would not be realistic with standard sample sizes to think of more than two or three
covariates (see [8]). If the underlying one-directional spaces Sp,,, . .., Sm, satisfy (H1) and (Hz),
then the resulting product space also satisfies these conditions. We also need to denote the space

Sy = Sp,....n, With the associated spaces Sy, be such that Vm = (my,...,mq) € My, Spm, C Sy,
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for all 7 = 1,...,d. We also denote by N, the dimension of each S,, and as previously the
resulting dimension of S,, is defined by N, = Ny, x --- X Np,,.

The particular case of additive models constitutes a way to make the dimension d of the

covariate higher. This amounts to consider the following multivariate regression function:
(2.6) rr(z) = re(aW, . 2 @) = ep + rTvl(x(l)) +--+ rnd(x(d)).

For identifiability, we assume moreover that f[o 1] rTﬂ-(ac(")) dz(® = 0. It is then possible to build
estimators of r71,...,r7r4 on different spaces, when the mean-square estimator is considered.

In that case, the models can be described as
d
S = {t(x(l), .. ,w(d)) =a+ Zti(x(i)), (a,ti,...,t5) E R X Hf-lzlen((Z?)}
i=1

where g(i) = 1 if the space S}m is chosen as a trigonometric space with dimension D,,, and
g(i) = 2 if S,%% is chosen as a piecewise polynomial space with dimension D,,,, for instance.
Those collections also satisfy (H1) and (Hz) with Dy, = 1+ 3% (D, — 1) in the inequalities
(2.4) or (2.5).

2.4. Order of the bias in Besov spaces and resulting rates.

Given a function h (where h stands for the regression function rp or its product ¢ = rpf where f
denotes the density of the f(}’s) belonging to a class of smooth functions F, the L.2-norm denoted
by ||.]] on F and a collection (Sy,)menm, of linear subspaces of IL?(A) described in section 2.2
with dimension D,,, elementary approximation theory implies that ||k — hy,|| = inficg,, ||h — t||
where h,, is the orthogonal projection of h on S,,. The set A is the compact set of estimation
and is taken equal to [0,1]? for simplicity. The general goal of model selection is to build a
collection of estimators A, of h belonging to S,,, then to select a model m in M,, and to bound

the quadratic risk of the resulting estimator h = hy, with the following type of inequality:

- D
(2.7) E|h —h|? < C inf <|h—hm\l2+m>.
mEMn n

Both terms in the above upper bound depends on D,,, the former being decreasing and the latter
increasing. As a consequence, the infimum automatically makes the usual squared bias/variance
compromise and therefore minimizes the risk. The way of illustrating this minimization problem
is to put a smoothness assumption on h. This regularity assumption associated to the choice of
the spaces 5, leads to a known order of the squared bias term depending on D, and the index

of regularity, and therefore to an explicit rate.

a) Univariate case.
In fact, it is well-known that for all three collections [T], [P] or [W], the L projection h,, on the
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linear subspace S, achieves the best rate of approximation in IL? for the Besov class of functions
F = B3 (A) with A =[0,1] (see Lemma 12, Barron et al. [3]) i.e.

|h = hmll2 < C(a) [hla2 Dy, for h € By (A),

where C'(«) is a constant depending on a and also on the basis. The semi-norm of h in BS  (A)
is denoted by |h|a2 = sup,~qy~ “we(h,y)2 < +oo with £ = [a] + 1 and with the modulus of
smoothness defined by

we(h,y)2 = sup HZ( ) D F bz + k).

0<uly k=0

For more details, the approximation properties of these spaces can be found in DeVore and
Lorentz [12]. Therefore, balancing the approximation and variance terms leads to choose m*
such that Dy« = O(n'/**t1) and it provides the optimal rate of order O(n=2¢/(2e+1))  An
inequality such as (2.7) means in that context that the model selection procedure leads not
only to a nonasymptotic squared bias/variance compromise but also that the adaptive estima-
tor automatically reaches an asymptotic rate of order O(n_QO‘/ <20‘H)) which in most problems

is known to be the minimax rate.

b) General multivariate case.

In the case of multivariate functions, the previous definitions of Besov spaces can be generalized
in a possibly anisotropic way, i.e. we can consider F = Bg (A) with A = [0, 1]¢ and a =
(a1,...,aq) standing for the regularity of the function in the different directions. What is
known as the isotropic case corresponds to a; = -+ = 4. In that case, general definitions of
the corresponding Besov spaces BS . (A) with a real and A = [0, 1]¢ can be found in DeVore [13].
For the general anisotropic case, it is proved in Hochmuth [19] for [P] and [W] and Nikol’skii
(28] for [T] that the orthogonal projection Ay, on Sy = Sin, .. m,), leads to a squared bias term
of order,

d
(2.8) Ih = h|> < Co > D2, ¥m € M,
i=1
for a positive constant Cy. This leads, still with (2.7), and variance order H?Zlei /n, to the

rate :
(2.9) E[|h — h||* < O(n~20/(Ca+d)

where a = d/ Z?:l o ! is the harmonic average of the smoothness coefficients a;’s. Inequality
(2.9) is proved in Section 6. Note that this order is achieved for D,,« = O(n!/[*:(@/a+2)]y and
with this choice of the Djy,+’s, so that Dy,» = II ,1Dm*, the bias term is of order O(D 2a/d) The

same order is obtained by Neumann [27], who also proves that the resulting rates are minimax.
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c¢) Additive models.

For additive models described in section 2.3, the proof of Proposition 5 in Baraud et al. [2] im-
plies that ||r — 7|2 is of order D;,*® where o = min(av, .. ., aq) and Dy, = min(Dy,, , . .. , D).
In that case, the resulting rate remains a one-dimensional-type rate because the variance is of
order [1 + Z?ZI(DW —1)]/n instead of TI%_, D,,, /n. This produces a rate of order n~2a/(2a+1),

as if the dimension of the space were equal to one and the function had the regularity a.

3. TWO GENERAL METHODS OF ESTIMATION

As usual in regression problems, two different strategies are available. First, projection con-
trasts allow to estimate ¢ = rpf and f separately; then the estimator of rr is obtained as the
quotient of those estimators. Secondly, a mean-square contrast can lead to a direct estimator
of rp. The first estimator is in some sense easier to study and in any case very easy to com-
pute; but its theoretical properties are sometimes less satisfactory than those of the mean-square

estimator. On the other hand, the latter is more difficult to implement.

3.1. Useful tools. In all the following, we consider the standard transformation of the obser-

vations:

5 0iZ; 0iZ;
}/iG = ~ = =
1-G(Z)  G(Z)
where G is a relevant estimator of G. Moreover, we denote by
0; Z; 0; Z;

T1-G(z) Gz

Yia

the (unobserved) theoretical counterpart of the Yig's.
We propose to take the Kaplan-Meier [20] product-limit estimator G, modified in the way
suggested by Lo et al. [24], and defined by

- n—i+1\"%
Z)<y

~

Then, we have the following useful properties: G(y) > 1/(n + 1), Vy and compared to the

standard Kaplan-Meier estimator
& n—i \'7°0
ow= 11 (")

we have

~

(3.2) sup_[Go(y) — G(y)| = O(n™"), as.
0<y<T
for 0 < T < sup{t > 0/ G(t) = 1}. The following lemma is useful to control the probability of

the uniform deviation of the estimator of the survival distribution function G.
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Lemma 3.1. For all k € N*| there exists a constant C}, depending on k and cp such that

. _ C
E( sup |G(y) — G(y)l2k> <k
y€(0,T) n

3.2. The projection contrasts. Let ¢ = rpf. The minimization of the contrast:

(33) n®) = 7~ 2 3 Tigt(X)
=1

by setting @m = argmingeg,, 7n(t) leads to an estimator of 1. Then we have to determine the
adequate penalization function pen(m) to select the relevant projection space via the standard
method:

(3.4) m = arg min [fyn(ﬁm) + pen(m).}
meMy
Let us mention that

. . o 1 <. - R
Yy = g axpx with ay = - § Yiapa(Xs)
AEAM, =1

and that 'yn(lﬁm) = — EAeAm di.
A standard estimator of the density f of the X,’s is obtained by minimization of the contrast:

n

n(®) = 61 = = 4%y,

i=1

Then,

. f = in 4, (t
(3.5) fm = arg min ¥ (t)

~

is known to give a good estimator of f. As previously, f,, is very easy to compute since
fn = D reA,, Brox with By = (1/n) Dy or(X;). Moreover, the penalized estimator f by
setting m

. .o 3 D
(3.6) = arg min Fn(fm) +ROF—,

me

reaches the optimal minimax rate (see Barron et al. [3]). Here x denotes a universal constant.
Let f = fm and ¢ = zﬁm be the penalized estimators of f and 1 defined above, then it is natural

to consider the following estimator of r:

7\ (@) ) i z) i >
P _ <1Jp?> here <g;) _ ¢ sign (y) if |z| > £|y|

X
Z else.
y

with (a,) a sequence of positive real numbers.
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3.3. The mean-square contrast. The mean-square strategy leads to study the following con-

trast:

(37) W) = S - Vil
=1

In this context, it is useful to consider the empirical norm associated with the design

1 — "
42 = SR, .t = - 3 s(Ka)i( o).

i=1 i=1
Here we define
3.8 P = in vM5(¢t).
(3.8) Fim = arg min 9" (t)
The function 7, may be uneasy to define but the vector (f'm()?l), A fm(fn))’ is always well
defined since it is the orthogonal projection in R™ of the vector (Ylg, e Yng)’ onto the subspace

of R™ defined by {(t(X1),...,t(X,)), t € Sp}. This explains why the empirical norms are
particularly suitable for the mean-square contrast.

Next, model selection is performed as usual via:
. MS (4 MS
(3.9) m" = arg min {3," (%) +pen™S(m)},
and we have to determine the relevant form of pen™S for 7, to be an adaptive estimator of r.

4. STUDY OF THE QUOTIENT METHOD

4.1. Estimation of ¢ = rpf. The following decomposition holds

n(®) = () = = PlP ~ lls — I + 20— 5,9) — = 3 Viglt — 5)(X)
=1

n

It =l s = vl = = S (Fig ~ ¥ia) ¢ — 5)(Xo)

=1

_% S Wia(t — 8)(Xs) — (t — 5,9)]
i=1

It —wl” s = ¢l* = 2vn(t — 5) — 2Rn(t — 5),

where

) =3 Y- | Gt - ).

is a centered empirical process specific to the projection method, and
1 1
G(z) G(Z)

is a residual term common to both strategies.

(4.1) R (t) = ii 81 Zit(Xs)
i=1
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Writing that %(ij) < Yn(¥y,) where 1, is the orthogonal projection of ¥ on S,,, we obtain

[m = 1> < l[m = Y17 + 2n (b = Ym) + 2 R (o — o).
Let B, (0,1) = {t € Sy, ||t|| = 1} denote the unit ball of .S,,.

2E|Vn(¢m_¢m)| < ;E(H@Z}m_qu|’2)+8E< sup )VrQL(t)>

t€Bm (0,1

57) =
(tejs:%l) Vi ( )) > /\;m (Va(p2)) /\; (Z (Zz) Pl ))
6272 - 2D,
. Z < S Wi(Xl)) < CQn TE(Y i)
)\GA G
e 1 1 8PFE(YP) D
2E v (fim — Ym)] < (P — 1%) + 3w — %I + 0” .
G

A rough bound for the residual term can be found in an analogous manner:

Lemma 4.1. There exists a constant C = 2'0\/Cyg where Cg is defined in Lemma 3.1, such that

. 1. - 1 P2EV2(YH) D,y COIEV2(YE
2|y (i — )| < SE (i — 02) + & i — ]2 4 T o0 1) Pon | GG

Ca n ncG

By gathering all terms, we find, under very mild conditions the following result.

Proposition 4.1. Under assumptions (Hi) and (Hsa) for the collection of models and if Yy
admits moments of order 4, then the estimator v, = arg mingeg,, Yn(t) for v, defined by (3.3)

satisfies:
. S2EY2(YH D D2EL/2(YA) 1
B[ — 0112) < Tl — )2 + K 20EF) D QB (H) L
CG n CG n

for positive constants K and K'.

This leads to standard rates on Besov spaces provided that the dimension D,,, of the projection
space is relevantly chosen in function of the index of regularity of the function, by using the bias
orders given in Section 2.3. Since this index is unknown, an automatic data-driven choice has
to be performed and is obtained for v;, defined by (3.4).

Theorem 4.1. Assume that f is upper bounded on [0,1] by fi and that the Y;’s admit moments
of order 8. Consider the collection of models built on [T], [DP] or [W] with Ny, defined in Section
2.8 and satisfying Np, < n/(16 f1K,) for [DP] and [W] where K, is a basis-dependent constant,
or N, < ~/n/(4\/f1) for [T]. Let Uy be the adaptive estimator of 1 defined by (8.4) with

(a25) | 2

)
n

pen(m) = kPR
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where k is a numerical constant. Then
7 2 . 2
(4.2) E(l[¢m — ¢I*) < C inf  (|lom — ¥[|* + pen(m)) + ———,
meMy
where C' and C' are constants depending on ®¢, fi, T and cq.

Note that the penalty depends on constants which do not have the same status. Indeed, the
constant ®g is known, but the constant E[(6; 21 /G(Z1))?] is unknown and has to be replaced by

an estimator. The true penalty is therefore random and equal to

2
(43) pei(m) = k6”83 ", with 6% = [ £
" " G(Zi)

i=1
where the constant x is usually determined by simulations experiments. It is easy to extend the

nonasymptotic bound in (4.2) to the case of the random penalty given by (4.3) (see e.g. Brunel
and Comte [7]).

Theorem 4.2. Assume that assumptions of Theorem 4.1 hold, consider the estimator @m be the
adaptive estimator defined by (3.4) with penalty pen(m) defined by (4.3), where k is a numerical
constant. Then

. _ C’y/In(n
(1.4 B[~ 0%) < C_inf (It~ w12 + pen(m)) + SV

where C' and C' are constants depending on @, ||¢] and cq.
The proof of this result, being standard, is omitted.

4.2. Quotient estimation of r. On the other hand, the standard adaptive estimator of the
density f of the X;’s given by (3.5) and (3.6) is known (see Birgé and Massart [4]) to satisfy
also an inequality of type (2.7).

The quadratic risk of #¥ is bounded by the sum of the risks of ¢ and f, under adequate
conditions. In term of asymptotic rates, this means that the resulting rate for # is the worst
one between the rate of 1; and the rate of f . The optimal minimax rate can then be recovered
only if r is more regular than f. More precisely, we can prove for isotropic Besov spaces the

following result:

Proposition 4.2. Assume that f € B;’;O(A) and ¢ € B;&(A), ay, oy real (isotropic case) and
ap > 1/2, ay > 1/2 and that 0 < fo < f(z) < fi < +oo for allz € A = [0,1]¢. Moreover
assume that the Y;’s admit moments of order 8. Consider the collections described in Section
2.2 with dimensions Dy, such that In(n) < D, < O(y/n/In(n)) and such that for all m € M,
Supgefo1y¢ [fm(®) — f(2)] < CD;laf—H/z, for a positive constant c. Then for a, =< exp(nt) for

0 <& <1/2 and n large enough,

S S
B (17 ) <0 (5 v ).
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Remark 4.1. The assumption sup,cp ¢ [fm(2) — f(2)| < cD;LafHﬂ,Vm € M,, is fulfilled for
any collection for d = 1 and for collection of piecewise polynomials when d > 1 (see DeVore [13],
Section 6).

This method produces an estimator easy to compute. Moreover, we found out in Brunel
and Comte [7] when running practical implementations that a quotient estimator could be
surprisingly very competitive as compared to a direct estimator which was expected from the
theory to be better.

5. STUDY OF THE MEAN-SQUARE ESTIMATOR

In the mean-square strategy, the contrast decomposition is the following

(5.1) () = () = It = rrlls = lls = rrlls = 2Ra(t — s) = 205 (¢ — 5)

where R,, is defined by (4.1) and

Note that

({8 o) - »

{E [YLT _ rT()?l)\Xl} t()?l)} —0.

Therefore, vM5

12 (t) is centered. Then decomposition (5.1) yields to a result similar to Proposition

4.1 with v, (t) replaced by v25(t). We give directly the result concerning the adaptive estimator.

The automatic selection of the projection space can be performed via penalization:

Theorem 5.1. Assume that the density f is such that Yo € [0,1]4,0 < fo < f(x) < f1 < +o0
and that the Y;’s admit moments of order 8. Consider the collection of models built on [T], [DP]
or [W] with N, <n/(16f1K,) for [DP] and [W] where K, is a constant depending on the basis,
and Ny, < /n/(4V/ f1) for [T]. Let 7= be the adaptive estimator defined by (3.7) and (3.9) with

(a25)
In(n)

. A— 2y <« i _ 2 1 VT
(52) B — r7l2) < C_inf (lrm = rrl? + pen(m) + 'Y,

D

-_m
n

q)2
pen(m) = K—2

fo

I

where k is a numerical constant. Then
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where T, is the orthogonal projection of rp onto Sy, and C and C' are constants depending on
Do, [If[| and cq.

Note that the unknown expectation in the penalty has to be replaced by the same estimator
as in (4.3) and that f; must also be known or estimated (using f for instance). Again, it can be
proved that the estimator obtained by random penalization would still satisfy Inequality (5.2)
under the assumptions of Theorem 5.1 mainly. Since this implies tedious computations, we refer
to Birgé and Massart [4] to find the technical elements of this type of proofs in the univariate
setting. Nevertheless, we mention that, as explained in Section 2.4, Theorem 5.1 leads to the

following adaptive rates.

Proposition 5.1. Assume that r € By  (A) with a = (ay,...,aq) and A = [0, 1] and that an
estimator #MS of r defined by (3.8) and (3.9) satisfies Inequality (5.2), then

E(|75 — rpl|3) = 0 (n27)

where @ is the harmonic mean of the «;’s.

6. PROOFS

6.1. Proof of Inequality (2.9).

d d
B - [OL, Dy, —2a;—1 | iig Drm,
VZOG{l,,d}, aﬂ/}j(g D;I?QZ—FZ;/LW) :—20410Dm?oao 1+%
0 \i=1

Writing that all the derivatives equal zero, implies that Diy,: = (a1/ ak)Dsllf/  forall2 <k <d
and D;n?o‘l = (1/2a1) Dy /n. It follows that for all ¢ € {1,...,d},

D,,s = o([n]l/[ai(d/@w)])

7

and Dy« /n = O(n~2¢/2a+d) " Thus, it ensures that n = D?fi/dﬂ and we find that D% =

(3

Dy« /n = DL Ra/drl) _ prajd g, o {1,...,d} which gives the announced order of the bias in

m m*

function of D,,«.

6.2. Proof of Lemma 3.1. First note that with the remark (3.2), it is enough for Gml to prove
the result for én,O- We use a nonasymptotic exponential bound for the Kaplan-Meier estimator
which can be formulated as follows (see Bitouzé et al., [5]), there exists a constant ¢ > 0 such

that for any positive A

P (VA (1= Fy) (Gno = G)llow > A) < 256724
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and so

2k
E <sup |Gn,1<y>—G<y>\> < 2% / WV sup [Goa(y) — G)| > ) du
y€[0,T] 0 y€[0,T]

+oo
= Zk/ W IP(ept sup [(1— Fy) (Gua — G)(y)| > u) du
0 y€[0.7]

fay

+oo
< Qk/ BRI = Fy) (Gt — Gl > erv/mu) du
0

oo 2
51{2602/8/0 u? L exp <—20§;n [u - 4\/%CF:| ) du

5ec’/8k [to° 1\ %!
€k2k/ <z + ) e dynF = Cin k.0
2bep Jocjevm) \ 2V2

6.3. Proof of Lemma 4.1. Write as in the other cases that

IN

t€Bm(0,1)

N 1 A
(6.1) 2E| R (Vom — tm)| < B¢ — ) + SE ( sup R%(t))
Let Qg = {w,1 - G(y) > cc/2,¥y € [0,T]} and define ||G — Glloo,r = sup,co.171G(y) — G(y)|.
On the set Q¢a, we have

E( sup Rz<t>1m>

teBm(0,1)

S S E (- G v (R)

nc
G AEAm i=1

482D, & .
< USE(IG - Gl Yy
neg P

IN

Then by using Lemma 3.2, E(||G — G’HgOT) < ¢/n? and since E(YfT) < E(Y{) < 400, we find
that

(6.2) E< sup  R2(t) 1o,

_ A93EY2() Dy,
t€Bym (0,1) o

G n
On the complementary Qf,, we use that 1 — G(Z;) > 1/(n + 1) and that |G — G|leor > ca/2-
Then, with Markov Inequality and Lemma 3.1, we obtain
®ZDpy(n +1)2 A 1 <
E Rt)Ig, | < L E( (G- Glrlyg g -3 Y
(te Sup ) Fnl) Qc> = 2 1G = Gl X6 rmearryy 2 Yir
®3D,(n + 1)?
2

Ca

=1

2 el 2 v 4
EY (HG B GHOO’TI{||G—G||OO,T>CG/2}> E!/ (Yl )

IN

203Dy (n + 1) B2 (|G - G187 ) BVA(v)

27/Cs IRV 2 (V)
TLC%

(6.3)
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The result follows by gathering (6.1), (6.2) and (6.3). O

6.4. A key result. Most proofs are based on the use of Talagrand’s Inequality (see Talagrand
[31)):

Lemma 6.1. Let Uy, ...,U, be independent random variables and define

n

va(h) = (1/n) Y _[M(U;) — E(h(U))]

i=1
for h belonging to a countable class H of uniformly bounded measurable functions. Then for
e>0

6 (v nH2 SM? _ K1C()VE nH
6.4 E MI2—2(1 +20)H?| < — ( Ze ey 4 71 Vz M
00 E [sup () «+o}+_m(ﬁ b e ),

with C(e) =1+ € —1, K is a universal constant, and where

1 n
sup sup |h(z)| < M;, E <sup \l/n(h)\) <H, sup-— ZVar(h(Ui)) <.
heH z€[0,1]d heH her T i

The inequality (6.4) is a straightforward consequence of Talagrand’s [31] inequality given in
Ledoux [23] (or Birgé and Massart [4]) with f replaced by h = f — Ef(X)) and M; by 2M,
and by taking n = (v/1+¢e—1) A1 = C(e) < 1. Moreover, standard density arguments allow to
apply it to unit balls of finite dimensional spaces, instead of countable sets.

This inequality can be a fortiori applied to identically distributed variables and in that case, v

is more simply defined by supjcy Var(h(X1)) < v.

6.5. Proof of Theorem 4.1. Let us denote by By, ,,/(0,1) = {t € Sp, + Sy, ||t]| < 1}. Since
the spaces Sy, are nested, By, ,(0,1) = Bp,(0,1) V B,,y(0,1). By writing that Vm € M,,
V() + pen(im) < yn(¥m) + pen(m), we obtain that:
1 - 3 .
slvm =17 < Slm = [* + pen(m) —pen() +8  sup  [v(t))*
tEBmym(O,l)

+8 sup RE(W)Ig,+8 sup R2 (t) Lo,
t€ By, (0,1) t€Byy 7, (0,1)

IN

2 b — 1 + pen(m) — pen(i) + Sp(m, i)

+8< sup wawF—PW”mO
teB,

'm,fn(ovl) +
+8 sup R2Z(t)g, +8  sup Ri(t)]lgcé.
teBm,fn(Ovl) teBm,ﬁL(O:l)

Then the penalty is chosen such that Vm/' € M,,,
(6.5) 8p(m,m') < pen(m) + pen(m’)

and p(m,m’) is determined in order to have
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Sio

(6.:6) ) E( sup <un<t>>2—p<m,m'>> <

m/eMpy, teBm,m’ (0,1) +
for a positive contant ¢. Then (6.6) is obtained by using Talagrand’s Theorem recalled in

Lemma 6.1, applied in the ii.d. case to the process v,, where it is easy to compute H? =
039G (D V Dyyr) /1 with oF = E(87Y /G (Y1,1)). Moreover

sup sup |51Y17Tt($)/G(Y17T)| < &g/ D,y V DmT/CG = M
tEBm’m/(O,l) z€(0,1]¢

and

sup Var(c?lYLTt(X'l)/G(YLT)) < (T?/cZ) sup /tQ(ac) f(x)dx
tEB 1 (0,1) tEB, i (0,1)

< (T?)ct) f1:=w.
Finally, with C(e) = (/14 € — 1) A1 and K; standing for a universal constant,
6 (v n 12 8M? _KiC(OVEnH
E su vA(t) — m, m’ §<€_K1€U—|—1e vz ]Wl)
(teBmymI/)(O,l) n(f) =l )>+ K1 \n K1 n?C?(e)

with p(m,m’) = 2(1 + 2¢) H?.

Now replacing M7, v and H? by the values derived above, we obtain for € = 1/2,

87Y2r \ Dy V Dy
6.7 ') = 4B2E | =2t m T 4l
( ) p(m7m ) 0 <G2(Y17T) n 3
and the following upper bound,
6/K
E ( sup Vg(t) —p(m, m')) < /K (aoe*al Dy vPm 1 =3 ‘/ﬁ)
t€B,, .\ (0,1) N n

where the constants are ag = T2 f1/c%, a1 = K10293c%/(2f1T?), as = 8T*/(K1c4C?*(1/2))
and as = K1C(1/2)or®oce/(2T). For | M,,| < n, we obtain

Z E (t sup  vA(t) — p(m,m'))
€ +

m'eM,, Bm,m’ (0,1)
6/K
/Ky Z ap e P 4 oy card(M,,) e @3V | < “ (S(a1) + c2).
m/'eMp, n
for constants ¢; and ¢z and with S(a;) = 37> e7*1* < +o00. This ends the proof of (6.6).

It results from the proof of Lemma 4.1 that E(sup,ep, . (0,1) R%(t)]lgcc) < ¢/n. This yields

. C
E(|[ts, — ¥l1>) < 3[[thm — ¥||* + 4dpen(m) + — + 16E ( sup Ri(t)ﬂﬂc> :
n teB,(0,1)
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Then the result follows if the following Lemma is proved

Lemma 6.2. If N, <n/(16f1K,) for [DP] and [W], where K, is a basis-dependent constant,
or if N, < /n/(4v/f1) for [T], and if Y1 admits moments of order 8, then

E( sup Ri(t)ﬂgc) < o Vi)

t€B,(0,1) n

for a constant C' depending on f1.

The proof of this lemma is postponed to Section 6.6.

Then by gathering the dimension conditions of Lemma 6.2, the moment condition of Y;, and
the definition of p(m,m’) in (6.7), we find the result, where pen is defined by inequality (6.5).
O

6.6. Proof of Lemma 6.2.

2
4 a2 1 — S
2 2
E( sup Rn(t)]IQG>§C40E |G = G2 sup (n § |YZ-7Tt(XZ-)|)

t€By, (0,1) teBn(0,1) i1

3

2
4 2 1 1 — .
< —El/Q[G—G4 }El/z — Y2, sup —E (X,
>~ Cév H HOO,T n gl i, T teBn(0.1) n gt ( )

n 2
< @Em [1 > Yy ( sup v, (%) +E(t2()?1))>] :
necq n.4 t€B,(0,1)
where
(6.8) v (t) = (1/n) Z[t(fi) — E(t(X)))]

and B,(0,1) ={t € Sy, ||t]| =1}

2

4,/C 1<
E( sup R?L(t)HQG>§ Cé2[E1/2 [n;}fT( sup V;L(t2)+fl>

teBn(0,1) n teB,(0,1)
4 4 1/4
211/4 /C. 1 n
e e R B N 8 E| sup v,(t%)] +fi
nee ni t€Bn(0,1)

Then

4
1 — 1 -
E (n E Yi,2T> < B (E Y;,8T> <E(Y?).
i=1 =1
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It follows from Baraud [1] that for any p > 0,
P( s W2 0) < dnf e (— 2 )
up v, >p| <cApffexp | ——F7—
t€Bn(0,1) 4f1Ln(p)

where c is a constant and L, () is a quantity associated to the orthonormal basis of the largest
space S, of the (nested) collection and (¢x)aen, denote the orthonormal basis of S,, dim
Sy = N, = |Ay|. We know from Baraud [1] that L, (¢) < K, N, for the basis [DP] and [W], and
Ly, (p) < N2 for [T]. Moreover, it can be checked as in Brunel and Comte [7] that, by integration

of the previous inequality, we find
+oo
E( sup [V, (t%)]}) < 4In(n)? +4/ P sup |V (7)) > x| dx
t€Bn(0,1) In(n) teB,(0,1)
and by integration by parts, we get for a positive constant C

E ( sup [I/;L(t2)]4> <1In?(n) + Kfi N, In(n)L,(¢) exp (—
t€Bn(0,1)

nln(n)
4f1Ln(30) > '

It follows that if L, (¢) < n/(16f1),
1 2y74 2 K 2 -
E|l sup [1,()]" ) <In(n) + 5 < (K+1)In"(n) ifn>2.
t€ B, (0,1) n
Therefore, if N, <n/(16f1K¢) for [DP] and [W] and if N,, < /n/(4y/f1) for [T], then
1
E( sup R:(t)g. | < G + M
teBL(0,1) n n
U

6.7. Proof of Proposition 4.2. Let Q; = {w/f(z) > fo/2,Yz € [0,1]} and ¢/ = 1. Note
that [rr(z)] = |[E(Y1.7|X1)] < T. Write that

~ 2 ~ 2
7P —r2 < 2 ‘”}%Qf 42 W}‘chngf #2 sup (i) — rp(e) Plg;
< B8 bIP + ST - P 2+ T
Thus,
B~ rrl®) < VT (19 - VI +1F - FI) + 2ad + TR(E))

Therefore, the result follows if a,%]P’(Q?) = o(1/n). Note that P(Q}) < P(sup,ep,yje |f(x) —
f(@)| > fo/2). Then for ay > 1/2, sup,c | fa(@) — f(2)] < D2 < C(in(n)—ort1/2),

as Dy, > In(n), Ym € M,,. Therefore, for n great enough, sup,cjo1j¢ | finn(@) — f(2)| < fo/4. As
SUPge(o,1]4 |f(z) — f(z)] < SUPge(o,1]¢ | (@) = falz)| + SUP,c(o,1) | fn(®) — f(2)], it follows that
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P(Q§) < P(sup |fale) = fin(@)l > fo/4) < P(Ifa — fall > fo/(44/Di))

z€[0,1]¢

IN

S Blfm — full > fo/ (4v/Din).

meM,y,
Then note that

1w = Ful> = 3 (@) —ax(£) =Y Wl = sup [l (1)

AEAM AEA t€Bm (0,1)

where ax(f) = (px, f) and ax(f) = (1/n) 321, @a(X;). Then Talagrand’s inequality can be

written
f A2
P sup vy (t)| >2H;+ A | <3exp | Kin| — A —
t€ B (0,1) vy My

where we have E(SupteBm(OJ)[uf;(t)]Q) < ®2D,,/n = HJ%, SUDieB,,(0,1) Var(t()zl)) < fi = vy
and SUPsep,, (0,1) SUPzefo)e [H(®)] < PovDm = My. Then choose A = ®¢y/Dy,/n and if
204+/Dp,/n < fo/(2y/Dy,) which holds since D,,, < O(y/n/1In(n)), then the following inequality
holds:

c ®3D,, 1
P(Q}) < 3m§4n exp <—K1n < nh A \/ﬁ>> < 3|My|exp(—K1v/n)

so that a?lIF’(Q;) < na? exp(—K1y/n) = o(1/n?). O
6.8. Proof of Theorem 5.1. We start by writing that, Vm € M,,,
Yn(Pme) + pen(m”) < yn(rm) + pen(m)
and by using the decomposition (5.1). It follows that
| Fms — 7“TH2 < |lrm — rT||3L + 2Ry (P — ) + 21/£/Is(fm* — Tm) + pen(m) — pen(m™).

Let us introduce, in the same way as Baraud et al. [2], for HtH? = f[o 1) t2(x) f(x)dx, the ball

B (0,1) = {t € Sy + Sy, [[tlly = 1} and the set:
_ Itz |1
(6.9) Qp=<w/ E 1| < 5.¥t € Unwer, (Sm + Sm)/{0} ¢
7

On the complementary of €, a separate study leads to the following Lemma:

Lemma 6.3. P(Q) < ¢/n? and for any m, E(||#n,—r7|2Lac ) < ¢ /n, where ¢ and ¢ are positive

constants.
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Therefore, we focus on the study of the bounds on €2, where we have ||t||?c < 2|t|12.

. L.
|7 = rrli2la, < llrm —rrlls + glme = rmllo, +16  sup  Rp(t)
tEBm*,m(Ovl)
116 sup  [MS2(t) + pen(m) — pen(m”)
ter;*’m(O,l)

1 1.
< (@t Yl = ol + Gl — 7o, +16 sup  RA(0)
teBm*,m(Ovl)
+16 | sup  [15"°1P() — p(m,m*)
tEBfn*m(O,l) N

+pen(m) + 16p(m, m”) — pen(m”)

The supremum of R2(¢) has already been studied in Lemma 6.2, and it is easy to see that

E sup  [VMP() | < ! > 1Var{[§1YI’T —TT(Xl)]¢A(X1)}

tEB'rJ:L’,m(O71) fO AGAmUAm/ " G(}/LT)
2 2
S q)U(Dm V Dm/)E |: Esl}/l,T . T( —*1):| .
nfo G(Yir)

Therefore, we obtain by applying Talagrand’s Inequality

S B[ sup WMIR@) - pmm)) <
m'eM tEBm/ym((O,l) n n
with
- @Q(D vV D /) I: nYir - :|2
m,m') =407 T IR 20t (X)) = 4H?
. m) nfo G T
v= fiT?/c% and My = 2(®0T/cc)v/Dy A Dy,. Note that
®2(Dy V D) HYir 51V (X)) %
~m,ml —4 0 m m _ s -9 ) X 2
Al ) nfo G2(Y1r) GMr) r(%1)
(I)Q(D Vv D r) 51Y12T - 51Y1TTT(X1))
= 40 TR X1)?| -2E |E 2 Yir, X
nfo { <G2(Y1,T)+TT( g G e
®2(Dpy V D) . | 61YP1 . .
— 40\ m Y Pm __ 2(X) — 2V, X
/o GQ(YLT)H"T( 1) 1,7r7(X1)
®2(Dyp V Dy 5 Y{p _ ®2(Dyp V Dyr) 6,22
— 4-0\Tm Y m —— - RG02(X < 40 Tm mnE[_ 1]
n fo { G*(Yi,r) rr(X) < fo G?(Zy)

which explains that we can choose pen(m) = k®2f; 'E (6,:23/G*(Z1)) (D /7).
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6.9. Proof of Lemma 6.3. Let us denote by Il,, the orthogonal projection in R™ on the sub-
space {(t(X1), ..., t(Xy)) .t € S} and by Yo = (Yig, ..., Yag)s r7(X) = (rp(X1), ..., r7(X0))
and more generally by u = (u1,...,u,). The empirical norm corresponds then to the Eu-
clidean norm in R™ up to the multiplicative factor 1/n. We have already mentionned that
Tm(X) = I1,,,Yg so that
I =7l = Yo —rr(X)Ilh < 2 (Ye = Yo) |7 + 2| Ye — rr(X)|I7

< 2| (Yo — Yo7 + 2IITnYa |7 + 2llrr (XI5

< 2|Ye - Yalli + 201Yel + 2lrr(X)|5
by using that ||TL,ul|2 < ||u|?. First, on the complementary of Qg = {w,é(y) > cq/2,Vy €
[0,7]} defined in Lemma 4.1, E(HYG—YGH%HQ%) is bounded by 4T2(n+ 1)2/C%E(|’G—GH§O’THQ%)
which can be proved to be of order (1/n) mimicking the bound in (6.3). Then, ||Yg||2 < T/c%
implies that E[[|Yg||2Ine ] is of order 1/n as soon as PY/2(Q¢) < ¢/n. Moreover,

E(llrr(X)II7log] < \/E(rr (X)) PV2(9) < \/E[E(TT(YLT)|X1)4]P1/2(Q%)
< 1/I[E,(Yf:T)Pl/z(Qfl) < VE(YF)PY2(Q8) is of order 1/n as soon as P/2(Q¢) < ¢/n.

Next, we have

P() <P sup |v,(t})] > 1/2
teBi(0,1)

with ¢/,(t) defined by (6.8). This probability is proved to be of order 1/n?, as soon as the
dimension constraint on N, given in Lemma 6.2 is satisfied, see the proof of Proposition 7 in
[2]. O
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