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Expanding in the coupling constant X yields (bare) perturbative field theory:
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Two main difficulties

@ Some Feynman amplitudes diverge if d > 2; problem depends on d

o Solution: Renormalization

o Feynman graphs proliferate too fast, hence > |Ag| = +oo. (¢* graphs
not exponentially bounded combinatoric species); problem does NOT
depend on d

e Solution: Borel summation, constructive theory; replace Feynman graphs by
trees (exponentially bounded combinatoric species)

Vincent Rivasseau Montpellier, August 2015
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The Forest Formula

Let F be a smooth function of n(n — 1)/2 line variables x, € [0,1], £ = (i, ),
1 < i< j < n. The forest formula states

F(,..,1) = Z{ 11 [/01 de]}{ 11 %F}[XF({W})], where

F LeF LeF

@ the sum over F is over all forests over n vertices,

o the "weakening parameter’ x; ({w}) is 0 if £ = (i,j) with i and j in
different connected components with respect to F; otherwise it is the
infimum of the wys for ¢/ running over the unique path from i to j in F.

o Furthermore the real symmetric matrix x7;({w}) (completed by 1 on the
diagonal i =) is positive.

The logarithm of the forest formula is the tree formula.
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Why is the Forest Formula positive?

@ The set PS, of positive n by n symmetric matrices with 1 on the diagonal
and off-diagonal entries between 0 and 1 is convex.

@ Order0=wo <wy <--- < w, <1=wp1.
x7i({w}) = 31 (Wi — wi—1)Mi, Tk block matrix

@ This convex combination depends on the ordering of the w's.

Vincent Rivasseau Montpellier, August 2015
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For n = 2, the forest fomula is simply: F(1) = F(0) + fol dh F'(h). Forn=3
there are seven forests and the formula is:

1 1
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0 0
1 11
+/ dws 93F(0,0, W3)+/ / dwi dw, (9%2F(W1,W2,min(W1,W2))
0 0o Jo
1 1
+/ / dwidws 8f3F(W1,min(W1,W3),W3)
0o Jo

1 1
+/ / dwrdws 8§3F(min(W2,W3),W2,W3).
0 0

Usually the logarithm of the forest formula is the tree formula.
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Borel Summability

Borel summability of a series a, means existence of a function f with two
properties
@ Analyticity in a disk tangent at the origin to the imaginary axis

@ plus uniform remainder estimates:

N
IF(A) = anX"| < KN XN

n=0

Given any series a,, there is at most one such function f. When there is one, it
is called the Borel sum, and it can be computed from the series to arbitrary
accuracy.
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is Borel summable. How to compute G(A) = log F(A) (and prove it is also
Borel summable)?
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How to compute a log

+oo
Py = [T et

is Borel summable. How to compute G(A) = log F(A) (and prove it is also
Borel summable)?

@ Composition of series
o With Feynman graphs (1950)

o Classical constructive theory (Glimm-Jaffe-Spencer, 1970's - => Brydges,
Feldman, Slade ...)

@ Loop Vertex Expansion (LVE, 2007-)

Vincent Rivasseau Montpellier, August 2015
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Composition of series

4p)!l
F = 14H H=) a(-\), a= ( p!)
p>1
Ny X
log(l+x) = ;( 1)
G = Z(_1)"+1H = b(=A)"
n=1 k>1
_ ( 1n+1 (4PJ)”
b = Z >, 11—+
P1s--sPn>1 f
p1+...+pn=k

Borel summability is unclear. Even the sign of by is unclear.
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A la Feynman

F=1+H, H= Z ap(—A)°, ap = %#{vacuum graphs on p vertices}
p>1 '

— 1
G = (=A)*by, b = F#{vacuum connected graphs on k vertices}
k=1 ’

b1 =3, bo =48, b3 = 1584...

Borel summability unclear. by > 0 clear.
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Classical Constructive Expansion

Cluster expansion = Taylor-Lagrange expansion of the functional integral:

1 +oo 4 5 CIX
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Classical Constructive Expansion

Cluster expansion = Taylor-Lagrange expansion of the functional integral:

— . ax
F = 1+ = —)\/ dt/ 4 At x2/2
V27

Mayer expansion: define H; = )‘fo dt [ x} e o= /2\%’? = H Vi,
gj = 0 Vi,j and write

F=1+H=§:ﬁH,-(A) 11

n=0 i=1 1<i<j<n

Defining n; = —1, 5 = 1 415 = 1 4 x;jnjj|x;=1 and apply swiss knife.
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Classical Constructive Expansion, |l
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Classical Constructive Expansion, |l

F= i,}.; H,-()\){ II [/01 dm]m} [T [1+nex ({w})]

i=1 teF (gF

3
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where the second sum runs over trees!
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where the second sum runs over trees!

o Convergence easy because each H; contains a different "copy” [ dx; of
functional integration.
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F— Z%Z H,-()\){ 11 [/0 dWZ]nl} [T [2+ned ({w})]
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where the second sum runs over trees!

o Convergence easy because each H; contains a different "copy” [ dx; of
functional integration.

@ Borel summability now easy from the Borel summability of H.

o Generalizes well to lattice statistical mechanics (d > 0).
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Classical Constructive Expansion, |l

T ([ dwlac) TT (1 nec (b

n=0 i=1 LeF LZF
G:Z%Z H,-(,\){H [/0 de]W}H [1+77£X£T({W})]
n=1 T i=1 LeT LET

where the second sum runs over trees!

o Convergence easy because each H; contains a different "copy” [ dx; of
functional integration.

@ Borel summability now easy from the Borel summability of H.
o Generalizes well to lattice statistical mechanics (d > 0).

@ However link with Feynman graphs somewhat lost, and may be not
optimal for curved or random space-time geometries.
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Loop Vertex Expansion

Intermediate field representation

F /+oo e— Axt— 2/2 dx /+oo /+OO —iv2Xxox? —x2/2 02/2 dx do
—oo V2r V2
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Loop Vertex Expansion

Intermediate field representation

/+oo e— Axt— 2/2 dx /+oo /+OO —iv2Xxox? —x2/2 02/2 dx do
—oo V2r V2

/+°° ~Lioglt+i2v2xo]—02/2 AT

V2r
>

Apply the forest formula using copies (‘replicas”): V"(c) — 17, Vi(ai),
du(o) — duc({oi}), G =1 = xij|x=1.

F

)
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Loop Vertex Expansion Il

n

11 [/01 dwl]}/{ Zell aj{(f) 30?(@ 1} V(a,—)}ducf

LeF

Py 25!

n=0 F

where G = x/ ({w}) if i <j, G7 =1.
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Loop Vertex Expansion Il
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Loop Vertex Expansion Il

n

S (1 e

n= LeF

where C,-F =x7({w))ifi<j, ¢ =

Gi,}.Z{H /o1 dWZ]}/{,ZGHT(%: 5UJ(E>HV(U' }duﬂ

LeT

where the second sum runs over trees!
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One can picture the result as a sum over trees on loops, or "cacti”. Since
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One can picture the result as a sum over trees on loops, or "cacti”. Since

a%kk log[1 + i2v2Xo] = —(k — 1)1(—i2v2X)*[1 + i2v2Xa] 7,

o Convergence is easy because |[1 + i2v/2X\o] ¥ < 1
o Borel summability remains easy

o Link with Feynman graphs can be recovered

LVE should be better adapted for general background geometries (curved,
random... quantum gravity).

Vincent Rivasseau Montpellier, August 2015
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A constructive dream

Weights w(G, T), for any connected graph G and spanning tree T C G, such

that
> w6, T)=1

TCG
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A constructive dream

Weights w(G, T), for any connected graph G and spanning tree T C G, such

that
> w6, T)=1

TCG

Any sum over connected graphs G can be formally repacked as

S= ZAG—ZZ G,T)AG:ZAT, AT:ZW(G,T)A

G TCG T GDT

> Al =400, D |Ar| < 400?
G

T

Could it be that

Then S would be well defined, and could be the Borel sum of >~ . Ag! But this
dream seems impossible to realize.

Any repacking at fixed order of perturbation theory cannot work. It should mix
infinitely many Feynman graphs of different order!

Vincent Rivasseau Montpellier, August 2015
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For any Hepp sector o € S(G), there is a leading tree T(o) (Kruskal, 1957).
Constructively interesting weights:
N(G, T)
|E]!
where N(G, T) is the number of sectors o such that T(c) = T.

w(G, T)=

© > ;-cw(G, T) =1 obvious

e w(G, T) are symmetric with respect to relabeling of the vertices of T
(which are also those of (G))

o Constructively interesting property is:
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Constructively interesting weights

For any Hepp sector o € S(G), there is a leading tree T(o) (Kruskal, 1957).
Constructively interesting weights:
N(G, T)
|E]!
where N(G, T) is the number of sectors o such that T(c) = T.

w(G, T)=

© > ;-cw(G, T) =1 obvious

e w(G, T) are symmetric with respect to relabeling of the vertices of T
(which are also those of (G))

o Constructively interesting property is:

Theorem

w(G,T) = /0 [T dwe [T ({w})

CeT g7

So w(G, T) are the weights obtained by applying the forest formula to [],. 1
(not the "trivial” weights w(G, T) = 1/x(G)).
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X[({W})z/o dwe[ T 1we < we)],

;
eep]

Decomposing the w integrals according to all possible orderings o

/OIHdw@H[ H 1(we < wyr)]

LeG LET élepg'

S U@ =7 [ T awe.

<Wo ()< <Wo(1) <1 pcG

w(G, T)
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Proof of the theorem

({W}) / dwe [ H 1(we < wyr)],

ver]

Decomposing the w integrals according to all possible orderings o

[ TLow T TT 1 < wo)]

LeG LZT glepT
D UT(o) =

Indeed in the domain 0 < wy gy < -+ < Wy(1) < 1 the function

w(G, T)

/ I] dwe.
0<Wo ()< <Wo(1) <1 pcG

HégT[He’eP[ 1(we < wy)] is 1 or O depending whether T(o) = T or not.
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Proof of the theorem

({W}) / dwe [ H 1(we < wyr)],

ver]

Decomposing the w integrals according to all possible orderings o

[ TLow T TT 1 < wo)]

LeG LZT glepT
D UT(o) =

Indeed in the domain 0 < wy gy < -+ < Wy(1) < 1 the function

w(G, T)

/ I] dwe.
0<Wo ()< <Wo(1) <1 pcG

HégT[He’eP[ 1(we < wy)] is 1 or O depending whether T(o) = T or not.

Hence
/ T owe [ 7 ({w}) = (|E|| )|

0 yeT g7
O

Vincent Rivasseau Montpellier, August 2015
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An example

Va

V3

Five trees. Naive weights: 1/5. Constructive weights: w(G, (h, k)) =1/6 (4
leading sectors) , w(G, (h,)) = 5/24 (5 leading sectors).

1 1 1 1
W(G,(/l,/2)) = / dW1/ dW2/ dW3/ (J'W4[ir‘lf(W1,W2)]2
0 0 0 0
1 X
2/ dx/ dyy’ =1/6
0 0
1 1 1 1
/ dW1/ dWQ/ dW3/ dW4W3inf(W1,W3)
0 0 0 0

/ledX(/OXydy+/1Xdy:1/8+(1/3_1/4):5/24

X

W(Gv (/17 l3))

Vincent Rivasseau Montpellier, August 2015
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How does the LVE repack the initial Feynman graphs?

o first step (extension): decompose each Feynman ¢* graph with n vertices
into 3" combinatorial maps, with new "dashed edges” and loop vertices
whose " corners” or "arcs” are the former graph edges;

@ second step (collapse): contract every loop vertex to a fat black vertex
=> result expressed in terms of ordinary maps with dashed edges only and
new black vertices

@ third step: repack the sum according to the constructive tree weight
formula

Vincent Rivasseau Montpellier, August 2015
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How does the LVE repack the initial Feynman graphs?

Each tree term is an infinite explicit sum of pieces of combinatorial maps,
hence of pieces of Feynman graphs.

It realizes the constructive dream, but with Feynman maps M instead of
Feynman graphs G

S= ZAMsz (M, T)Au=> Ar, Ar=> w(M,T)Au

M TCM T M>T

Z |Am| = +o0, Z |A7| < +o0.
M T

Vincent Rivasseau Montpellier, August 2015
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LVE for "richer” models

adding non trivial propagators C easy...
typically replace (1 + ivAo) ™ by CY3(1 + ivV/ACY 25 CY/2)~1CY/?

works for any "space-time” (Riemann manifold, infinite discrete
triangulation...), on which C > 0 is both bounded and trace class ...

if C not trace class: add mass renormalization; if C? not trace class: add
coupling constant renormalization.

requires scales and Bosons + Fermions,
forest formula replaced by two-level jungle formula (Abdesselam, R, 1994).

LVE replaced by MLVE (Gurau, R, 2013).

Vincent Rivasseau Montpellier, August 2015
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Combinatorial Field Theory

Combinatorial Field Theory: nice playground to learn about QFT and
renormalization in a more abstract context (without fixed space-time and
ordinary locality)

hopefully: QFT of space-time, nice formalism for quantum gravity...
Let us consider a pair of complex fields (¢, ¢) € Hy = CV.

When N — oo, Hy — H = (2(N), the Hilbert space.

What could be the most symmetric interacting model for ((1_5, @)?
U(N) symmetry => vector model.

U(N)-invariant action = function f(é - ¢)

Vincent Rivasseau Montpellier, August 2015
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of degree 2 namely the scalar product ¢ - ¢.
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U(Ny) @ U(N>) giving rise to infinitely many connected invariant polynomial
interactions, one at every (even) degree, namely Tr (MMT)P.
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Random Matrices Tensors as Symmetry Breaking

U(N) invariance can be broken.

vector models => matrix models => tensor models

Smaller symmetry means there are more invariants available for interactions

Random vectors have exactly one connected polynomial invariant interaction,
of degree 2 namely the scalar product ¢ - ¢.

Random matrices: N = Ny N>, => U(N1N>) symmetry can break to
U(Ny) @ U(N>) giving rise to infinitely many connected invariant polynomial
interactions, one at every (even) degree, namely Tr (MMT)P.

Random tensors: N = Ny NoN3---, => U(NiNoNs---) symmetry can break
to U(N:1) ® U(N2) @ U(Ns)-- -, creating even much more invariants
=> richer theory space than for matrix models.

Vincent Rivasseau Montpellier, August 2015
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Colored Triangulations and Edge Colored Graphs

Italian school, Lins, crystallization theory: D-dimensional colored triangulations
are simpler than general triangulations. They triangulate pseudo-manifolds with
a well defined D-homology and they are dual to (D + 1)-edge-colored graphs.
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Colored Triangulations and Edge Colored Graphs

Italian school, Lins, crystallization theory: D-dimensional colored triangulations
are simpler than general triangulations. They triangulate pseudo-manifolds with
a well defined D-homology and they are dual to (D + 1)-edge-colored graphs.

Are colored triangulations general enough for random geometry? Yes, since

any D-dimensional triangulation uniquely defines a D dimensional colored
triangulation, its barycentric subdivision.
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Barycentric Colored Triangulations
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Tensor Models

R. Gurau found in 2009 that crystallization theory is dual to a quantum field
theory and in 2010 that this field theory admits a 1/N expansion.

Vincent Rivasseau Montpellier, August 2015



Tensor Models

R. Gurau found in 2009 that crystallization theory is dual to a quantum field
theory and in 2010 that this field theory admits a 1/N expansion.

This expansion is not topological !

Vincent Rivasseau Montpellier, August 2015



Tensor Models

R. Gurau found in 2009 that crystallization theory is dual to a quantum field
theory and in 2010 that this field theory admits a 1/N expansion.

This expansion is not topological !

Basic objects: U(N)®® tensor invariants = regular D-edge-colored connected
bipartite graphs

Vincent Rivasseau Montpellier, August 2015



Tensor Models

R. Gurau found in 2009 that crystallization theory is dual to a quantum field
theory and in 2010 that this field theory admits a 1/N expansion.

This expansion is not topological !

Basic objects: U(N)®® tensor invariants = regular D-edge-colored connected
bipartite graphs

@ are dual to colored triangulations

Vincent Rivasseau Montpellier, August 2015



Tensor Models

R. Gurau found in 2009 that crystallization theory is dual to a quantum field
theory and in 2010 that this field theory admits a 1/N expansion.

This expansion is not topological !

Basic objects: U(N)®® tensor invariants = regular D-edge-colored connected
bipartite graphs

@ are dual to colored triangulations

@ are the interactions (vertices) of rank-D random tensors

Vincent Rivasseau Montpellier, August 2015



Tensor Models

R. Gurau found in 2009 that crystallization theory is dual to a quantum field
theory and in 2010 that this field theory admits a 1/N expansion.

This expansion is not topological !

Basic objects: U(N)®® tensor invariants = regular D-edge-colored connected
bipartite graphs

@ are dual to colored triangulations

@ are the interactions (vertices) of rank-D random tensors

@ are the observables of rank-D random tensors

Vincent Rivasseau Montpellier, August 2015



Tensor Models

R. Gurau found in 2009 that crystallization theory is dual to a quantum field
theory and in 2010 that this field theory admits a 1/N expansion.

This expansion is not topological !

Basic objects: U(N)®® tensor invariants = regular D-edge-colored connected
bipartite graphs

are dual to colored triangulations
@ are the interactions (vertices) of rank-D random tensors

are the observables of rank-D random tensors

are the Feynman graphs of rank-D — 1 random tensors

Vincent Rivasseau Montpellier, August 2015
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Tensor invariants can be counted as equivalence classes of permutations (J.
Ben Geloun and S. Ramgoolam)
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Tensor Invariants

Tensor invariants can be counted as equivalence classes of permutations (J.
Ben Geloun and S. Ramgoolam)

Zf(n) = 1,0,0,0,0,... b0
Zs(n) = 1,1,1,1,1,1,1..  Tr(MM')"
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Tensor Invariants

Tensor invariants can be counted as equivalence classes of permutations (J.
Ben Geloun and S. Ramgoolam)

Zf(n) = 1,0,0,0,0,... b0
Zs(n) = 1,1,1,1,1,1,1..  Tr(MM')"
Z§(n) = 1,3,7,26,97,624,4163...

Zi(n) = 1,7,41,604,13753...

Vincent Rivasseau Montpellier, August 2015
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A general tensor model (with polynomial interactions) is
S(T,T)=T-T+ > _ tsTrs(T, T)
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Feynman graphs: “vertices” B. Gaussian integral: Wick contractions of T and
T — dashed edges to which we assign the index 0 (here green color).
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Jackets = color cycle up to orientation (D!/2 at rank D)
= canonical system of D!/2 globally defined Heegaard surfaces in the dual
triangulation
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Jackets, Degree, 1/N Expansion

Jackets = color cycle up to orientation (D!/2 at rank D)
= canonical system of D!/2 globally defined Heegaard surfaces in the dual
triangulation

Gurau's degree governs the expansion. After suitable scaling, A(G) NP—w(6)
where

w=> gJ)
J

is not a topological invariant of the triangulated manifold dual to G.
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Tensor Models and Quantum Gravity

The Feynman graphs of tensor models can be considered an equilateral version
of Regge calculus (1962):

1
Shesse =AY _ vol(op) — e > vol(op-2)5(op-2)

9D oD—2
Discretized Einstein Hilbert action on a triangulation with Qp equilateral
D-simplices and Qp—_> (D — 2)-simplices:
Ac(N) = e"1@o—27r2@0
On the Feynman dual graph: Qp — n, number of vertices; Qp_2 — F, number
of faces, hence Regge action for equilateral simplices becomes
Ac(N) = \"NF

the natural amplitudes of tensor models. The exact correspondence is

VO/(O'sz) ap

"= T T 6
I\ = Lvol(ao_g)(w(D —1) — (D + 1) arccos l) — 2Avol(op)
167G D
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People working on this formalism

J. Ben Geloun, V. Bonzom, S. Carrozza, S. Dartois, T. Delepouve, R. Gurau,
V. Lahoche, L. Lionni, D. Oriti, V. R., J. Ryan, D. O. Samary, A. Tanasa, F.
Vignes-Tourneret...

or interested

D. Benedetti, B. Eynard, J. Ramgoolam, G. Schaeffer, R. van der Veen, R.
Wulkenhaar...

frontier domain between theoretical physics, geometry, combinatorics and
probability theory
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Combinatorial Field Theories
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Combinatorial Field Theories

Same than vector, matrix or tensor models, but with slightly broken U(N)
invariance at the propagator level

Allows for bona fide renormalization and renormalization group analysis...

Let us consider the simplest of all such (superrenormalizable) models.

Vincent Rivasseau Montpellier, August 2015



A Very Simple Superrenormalizable Vector Field Theory

Vincent Rivasseau Montpellier, August 2015



A Very Simple Superrenormalizable Vector Field Theory

Conjugate vector fields {¢,}, {@p},p =1,---, N, with %z(q_ﬁ - ¢)? bare
interaction.

Vincent Rivasseau Montpellier, August 2015



A Very Simple Superrenormalizable Vector Field Theory

Conjugate vector fields {¢,}, {@p},p =1,---, N, with %z(q_ﬁ - ¢)? bare
interaction.

Gaussian measure du(, ¢) which slightly breaks the U(N) invariance of the
theory. It has diagonal covariance which decreases as the inverse power of the
field index:

Vincent Rivasseau Montpellier, August 2015



A Very Simple Superrenormalizable Vector Field Theory

Conjugate vector fields {¢,}, {@p},p =1,---, N, with A (¢ - @) bare
interaction.

Gaussian measure du(, ¢) which slightly breaks the U(N) invariance of the
theory. It has diagonal covariance which decreases as the inverse power of the
field index:

dn(3.6) /m@m@%:%.

Z(\N) /mwwew ,

Vincent Rivasseau Montpellier, August 2015



A Very Simple Superrenormalizable Vector Field Theory

Conjugate vector fields {¢,}, {@p},p =1,---, N, with A (¢ - @) bare
interaction.

Gaussian measure du(, ¢) which slightly breaks the U(N) invariance of the
theory. It has diagonal covariance which decreases as the inverse power of the
field index:

dn(3.6) /m@m@%:%.
Z(\ ) /mwwew ,

Perturbative amplitudes of the model all finite in the N — oo limit, except for a
logarithmic divergence of self-loops (as in ordinary ¢3) Ly = ZLV_I 5 ~logN.
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The renormalized partition function of the model is:

Z<A,N):/dn(¢ g) e F @,

Vincent Rivasseau Montpellier, August 2015



Renormalized Model

The renormalized partition function of the model is:

Z<A,N):/dn(¢ g) e F @,

The intermediate field representation decomposes the quartic interaction as:

~ 2 (Fo—Ln) _ /du(a) Ao Fo—In)

Vincent Rivasseau Montpellier, August 2015



Renormalized Model

The renormalized partition function of the model is:

Z<A,N):/dn(<z> g) e F @,

The intermediate field representation decomposes the quartic interaction as:
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N}

fea

where dv(o) = f e 7 is the standard Gaussian measure with covariance 1.

Integrating over (¢p, ¢,) leads to:
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Renormalized Model

The renormalized partition function of the model is:

Z<A,N):/dn(<z> g) e F @,

The intermediate field representation decomposes the quartic interaction as:

e—%2($~¢—LN)2 _ /dl/(a) ero(Eo—Ly) 7

N}

fea

where dv(o) = f e 7 is the standard Gaussian measure with covariance 1.

Integrating over (¢p, ¢,) leads to:

N

Z(\N) = /d,,(o) Hﬁeﬂ% = /d,,(g) o TN, logy (1-022) ’

p=1 p

where log,(1 — x) = x + log(1 — x) = O(x?).
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Main Result

Theorem
The pressure p = limy_ 00 % log Z(A, N) is analytic and Borel summable in

z= )2
LVE alone not enough because of renormalization.

Requires MLVE Analysis (arXiv 1312.7226)

Vincent Rivasseau Montpellier, August 2015



Slices and scales for RG

Vincent Rivas:




Slices and scales for RG

Applying the ordinary LVE to this functional integral would express log Z(\, N)
as a sum over trees.

Vincent Rivasseau Montpellier, August 2015



Slices and scales for RG

Applying the ordinary LVE to this functional integral would express log Z(\, N)
as a sum over trees.

However logarithmic divergence of each leaf of the tree must be compensated,;

Vincent Rivasseau Montpellier, August 2015



Slices and scales for RG

Applying the ordinary LVE to this functional integral would express log Z(\, N)
as a sum over trees.

However logarithmic divergence of each leaf of the tree must be compensated,;
It generateslone intermediate field 4 in numerator for each leaf:
(1- z%’)_ —-1= z’\f(l —122)"

p

Vincent Rivasseau Montpellier, August 2015



Slices and scales for RG

Applying the ordinary LVE to this functional integral would express log Z(\, N)
as a sum over trees.

However logarithmic divergence of each leaf of the tree must be compensated,;

It generateslone intermediate field 4 in numerator for each leaf:
(1 - z%’)_ —-1= z’\f(l - z*—")_

p

Integrated through the Gaussian measure, these numerator ¢'s would create
divergent bounds for trees with many leaves.

Vincent Rivasseau Montpellier, August 2015



Slices and scales for RG

Applying the ordinary LVE to this functional integral would express log Z(\, N)
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Slices and scales for RG

Applying the ordinary LVE to this functional integral would express log Z(\, N)
as a sum over trees.

However logarithmic divergence of each leaf of the tree must be compensated,;

It generateslone intermediate field 4 in numerator for each leaf:
(1 - z%’)_ —-1= z’\f(l - z*—")_

p

Integrated through the Gaussian measure, these numerator ¢'s would create
divergent bounds for trees with many leaves.

The MLVE is designed to solve this problem.

We fix a number L > 1 ( here, non-canonical choice...) and define the j-th
slice, as made of the indices p € |; = [L/7Y, U — 1]. The ultraviolet cutoff N is
chosen as N = U™ with jmax an integer.
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Fermionic Fields

Z(\, N):/dz/(a) jﬁevf, Vi = Zlog2(172—) .

PEl;

The factorization of the interaction over the set of slices S = [1- - jmax] can be
encoded into an integral over Grassmann numbers. Indeed,

a= /d)’(dx e XX /du X X) (a—1)x

where du(¥, x) = dxdx e XX is the standard normalized Grassmann Gaussian
measure with covariance 1. Hence, denoting W;(c) = ™% — 1,

20w = [ dvo) (H dn(%: ) e

Jmax Jmax
V= ZXJW(U Xi= ZXJ Y= 1)(o)-
Jj=1
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An m-jungle is a sequence J = (§1,...,8m) of forests on I, =[1,- - n] such
that §1 C ... C §m.
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m Level Jungle Formula

An m-jungle is a sequence J = (§1,...,8m) of forests on I, =[1,- - n] such
that §1 C ... C §m.

Given an m-jungle J = (1, ..,8m), we introduce the notation w for the
vector (wy),cz . and wg.j’}k(w) for the functions defined by:

e if i and j are not connected by §x, ng’}k(w) =0.
e if i and j are connected by Fk_1, ng’}k(w) =1
@ if i and j are connected by §x but not by Fx_1, W{U’}k(w) is the infimum of

the wy for £ in FK\Fk—1 N PU@ where P,-f is the unique path that goes from
itojin F«.
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m Level Jungle Formula
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m Level Jungle Formula

F(I)ZM )(1;[ / de)((f[ 11 &))F)(xf?"(h))

k=1 1€3\Fk—1 !

m—jungle

Here X5¥(w) is the vector (x,")(, s defined by xf = hy"*(w), which is the value
at which we evaluate the complicated derivative of H.
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Application to MLVE

We need only m = 2. Expand eV = 3" V)" Get v, = [1,---,n]

n=0 n!
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We need only m = 2. Expand eV = 3" V)" Get v, = [1,---,n]

n=0 n!

@ Introduce n copies (replicas) for the o field of each vertex, through a
Gaussian matrix with covariance 1 everywhere, then the n(n —1)/2
interpolation variables x; € [0,1] for the off-diagonal elements of the
covariance.

The o variables have no scale attached.
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Application to MLVE

We need only m = 2. Expand e™" = >">° (7,1\!/)" Set V, =[1,---,n]

@ Introduce n copies (replicas) for the o field of each vertex, through a
Gaussian matrix with covariance 1 everywhere, then the n(n —1)/2
interpolation variables x; € [0,1] for the off-diagonal elements of the
covariance.

The o variables have no scale attached.

o Introduce in the same way n(n — 1)/2 interpolation variables y; € [0, 1] for
the for the off-diagonal elements of the Grassmann Gaussian covariance ¥
and x variables (keeping intact the fact that the Fermionic variables have
scales attached, and that the measure du(x, x) = [[}™5 du(X;, x;) is
factorized over scales).
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Jmax

% /dWJ /dVJ 07 HH( ACH Xjaf(f)} ;

Jjn=1 aeB
where

@ the sum over J runs over all two level jungles, hence over all ordered pairs
J = (Fs, Fr) of two (each possibly empty) disjoint forests on V,,, such
that J = Fg U Fr is still a forest on V,,. The forests Fg and Fr are the
Bosonic and Fermionic components of 7. The edges of 7 are partitioned
into Bosonic edges g and Fermionic edges ¢F.
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Jmax

% /dWJ /dVJ 07 HH( ACH Xjaf(f)} ;

Jn=1 aeB

where

@ the sum over J runs over all two level jungles, hence over all ordered pairs
J = (Fs, Fr) of two (each possibly empty) disjoint forests on V,,, such
that J = Fg U Fr is still a forest on V,,. The forests Fg and Fr are the
Bosonic and Fermionic components of 7. The edges of 7 are partitioned
into Bosonic edges g and Fermionic edges ¢F.

o [ dwy means integration from 0 to 1 over parameters wg, one for each
edge f € J. [dws = [Les fol dwg. There is no integration for the empty
forest since by convention an empty product is 1. A generic integration
point wy is therefore made of | 7| parameters w; € [0, 1], one for each

teJ.
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MLVE Analysis

o 0 0 0 o 0
o7 = 81
5 H (5 01)@ M,,(a_B(a 50 5 o)
¢g=(c,d) ¢p=(a,b)

where B(a) denotes the Bosonic blocks to which a belongs.
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MLVE Analysis

o 0 0 1o} 1o} 0
07 = | | | | 0jj
7 tgEeFg (8 8 i) LrEFE Jajb(a_B(a 8XJb + a_B(b 8Xja ) 7
£5=(c.d) tp=(a.b)

where B(a) denotes the Bosonic blocks to which a belongs.

@ The measure dvs has covariance X(wg,) ® 1s on Bosonic variables and
Y (we,) ® Is on Fermionic variables,

15 o__o )

3 20 b=1 Xab(W@B)aaja 525 +X 8.5 Yo (Wep) Xacn ben Sy 525 55F B
2 I Jl

e b
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MLVE Analysis

o 0 0 1o} 1o} 0
07 = | | | | 0jj
7 tgEeFg (8 8 i) LrEFE Jajb(a_B(a 8XJb + a_B(b 8XJZ ) 7
£5=(c.d) tp=(a.b)

where B(a) denotes the Bosonic blocks to which a belongs.

@ The measure dvs has covariance X(wg,) ® 1s on Bosonic variables and
Y (we,) ® Is on Fermionic variables,
10 s XabWeg) 52 =25+ 5 57 Y (Wep) Saci ben’ 5 O
a,b= B 60].9 60}4’ , F a€B,be Jaib aX axB
e b Jb
@ X,5(wey) is the infimum of the wy, parameters for all the Bosonic edges
£p in the unique path P 78 from ato b in Fs. The infimum is set to zero

a—b
if such a path does not exists and to 1 if a = b.
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o 0 0 1o} 1o} 0
07 = | | | | 0jj
7 tgEeFg (8 8 i) LrEFE Jajb(a_B(a 8XJb + a_B(b 8XJZ ) 7
£5=(c.d) tp=(a.b)

where B(a) denotes the Bosonic blocks to which a belongs.

@ The measure dvs has covariance X(wg,) ® 1s on Bosonic variables and
Y (we,) ® Is on Fermionic variables,

10 s XabWeg) 52 =25+ 5 57 Y (Wep) Saci ben’ 5 O
a,b= B 60]3 60}4’ , F a€B,be Jaib aX axB
e b Jp

@ X,5(wey) is the infimum of the wy, parameters for all the Bosonic edges
{g in the unique path Pajb from a to b in Fg. The infimum is set to zero
if such a path does not exists and to 1 if a = b.

@ Ypp/(wee) is the infimum of the wy, parameters for all the Fermionic
edges £F in any of the paths PFBUFF from some vertex a € B to some
vertex b € B’. The infimum is set to 0 if there are no such paths, and to 1
if such paths exist but do not contain any Fermionic edges.
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Jmax Jmax

gz M) =S5 5 573" [ [avs 00 [ T[T (watot )]
B

n=1 " J tree j1=1 Ja=1 aeB

where the sum is the same but conditioned on J = Fg U Fr being a spanning
treeon V =11,--- ,n].
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The log is then easily computed!

z()\,/\/):z% Z e =>

n=1 " J jungle

Jmax Jmax

gz M) =S5 5 573" [ [avs 00 [ T[T (watot )]
B

n=1 " J tree j1=1 Ja=1 aeB

where the sum is the same but conditioned on J = Fg U Fr being a spanning

treeon V =11,--- ,n].

Theorem

This series is absolutely convergent uniformly in jmax, in a Borel domain for
2

z= )\
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Any positive real matrix R admits a square root R = Z2, and by the Hadamard
inequality,
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detR = (detZ)? < [H(Z Zikai):| = [f[ Rii:|2
k

i=1 i=1
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In the case at hand, the diagonal R;; terms are all equal to 1.

2) Some factorials cannot be avoided. Each renormalized leaf at scale j gives a
o numerator but also a convergent L™/ factor and a small A coupling.

3) Bosonic blocks have distinct scales (ensured by the Grassmann variables;
there is a single Grassmann variable per scale in each block). Hence inside a
Bosonic block B the scales ji, -j, must be distinct.
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Why does it work

1) The Grassmann variable integration can be bounded by 1. Here positivity of
the jungle formula is essential!

Any positive real matrix R admits a square root R = Z2, and by the Hadamard
inequality,

n

detR = (detZ)? < [H(Z Zikai):| = [f[ Rii:|2
k

i=1 i=1

In the case at hand, the diagonal R;; terms are all equal to 1.

2) Some factorials cannot be avoided. Each renormalized leaf at scale j gives a
o numerator but also a convergent L™/ factor and a small A coupling.

3) Bosonic blocks have distinct scales (ensured by the Grassmann variables;
there is a single Grassmann variable per scale in each block). Hence inside a
Bosonic block B the scales ji, -j, must be distinct.

4) Convergence follows because for any fixed o > 0 and A small,
S iy NP Ty L << Lsince JTf_, L7 < L7PP7D/2,
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General Conclusion, LVE

e For ¢* models with no renormalization required, the LVE provides an
explicit and canonical convergent repacking of perturbation theory, based
on the forest formula.

o For superrenormalizable models incorporating (mass) renormalization, the
MLVE with Bosons, Fermions and a 2-level jungle formula provides a
convergent series, based on a Wilsonian slice decomposition (with a
non-canonical parameter L).

@ Open Question 1: Can one remove this slice decomposition?

@ Simple superrenormalizable tensor models can be controlled non
perturbatively by the MLVE (T. Delepouve, R., 2014), (although the o
field in that case is a large random matrix).

@ Open question 2: could more general models, in particular just
renormalizable asymptotically free tensor models incorporating coupling
constant renormalization be also treated by this MLVE. do they require
more than a 2-level jungle formula?
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Tensor field theories have promising features for quantum gravity and random
geometry in dimension d > 3:

@ they perform background independent sums over all geometries (including
topology change)
@ pondered by discretized EH action

@ when renormalizable, they are typically asymptotically free (at least in the
case of simple quartic interactions)

@ at least in some cases they can be controlled non-perturbatively with an
MLVE.

Vincent Rivasseau Montpellier, August 2015



