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1. SUMMARY OF THE RESEARCH PLAN

This research project concerns some universal features of the theory of integrable
systems.

Our first direction is to further study Gaudin subalgebras in the Kohno—Drinfeld
Lie algebra, as well as their elliptic counterparts. We will focus most specifically
on their moduli spaces, their realizations as concrete integrable systems, and their
relation to representation theory.

The other direction concerns universal Knizhnik—Zamolodchikov(—Bernard) con-
nections, defined on moduli spaces of complex curves of genus 0 and 1, and taking
their values in the above mentioned Lie algebras: in particular, a very interesting

relation between genus 0 and 1 will be discussed.

2. RESEARCH PLAN

2.1. Current state of research in the field. The Kohno—Drinfeld algebra t,
[9,24] plays a prominent role in different mathematical contexts and in this research
project. It appeared in [24] as the holonomy Lie algebra of the complement C,,
of the union of diagonals z; = z; in C™ and in [9] as the Lie algebra of values
of the universal Knizhnik—Zamolodchikov connection from conformal field theory.
The latter interpretation is the one important for this proposal, where both the
Knizhnik—Zamolodchikov equation and its variants as its degenerate version at the
critical level related to integrable models of Gaudin type are relevant.

By definition, the Kohno-Drinfeld algebra is the Lie algebra with generators
tij = tj, 1 <i# j <n and relations

[tij. k] = 0, for 4,7, k, 1 distinct,

[tij, tik + tix] = 0, for 4, j, k distinct
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These relations imply that the KZ connection V.=d+1/k 3, tijdlog(z — 2z;) €
OYC,) @ t, is flat for all values of the parameter x and in particular that the
“Gaudin Hamiltonians” H; = Zj# tij/(z; — z;) commute for all (z1,...,2,) € Cp.
These operators appear in differnent contexts, associated to different representa-
tions of t,. In the context of spin chains of statistical mechanics, originally consid-
ered by Gaudin, the ¢;; are represented by the action of the tensor quadratic Casimir
element of a simple Lie algebra g on the ith and jth factor of a tensor product of
g-modules, which is also the original context of the Knizhnik-Zamolodchikov equa-
tion. Via the homomorphism Ut, — CS,, to the group algebra of the symmetric
group sending t;; to the transposition s;;, the Gaudin Hamiltonians are sent to
commuting operators. As noticed in [5], in a certain limit these operators tend to
the Jucys—-Murphy elements, used by Vershik and Okounkov [35,36] in their new
approach to the representation theory of the symmetric group. In [37] Vinberg
studied the commutative subspaces of degree 2 of the universal enveloping algebra
Ug of a semisimple Lie algebra g in relation with Poisson commutative subalgebras
of the Poisson algebra Sg of polynomial functions on the dual of g. In the case of s,
these subalgebras are again spanned by Gaudin Hamiltonians, with t;; associated

to the sly subalgebras, and their various limiting values.
2.2. Current state of your own research.

2.2.1. Gaudin subalgebras, moduli spaces and Bethe ansatz. One class of results
concerns the abelian Lie subalgebras of maximal dimension contained in the linear
span t. of the generators t;; of the Kohno-Drinfeld algebra. Motivating exam-
ples are the algebras considered by Gaudin [17,18] in the framework of integrable
spin chains in quantum statistical mechanics and the Jucys—Murphy subalgebras
spanned by t12,t13 + toz, t14 + to4 + t34, . . ., appearing in the representation theory

of the symmetric group (see [35,36] and references therein).

Theorem 2.1. [2] Abelian Lie subalgebras of maximal dimensions contained in t}
form a subvariety of the Grassmannian of (n — 1)-planes in t. isomorphic to the
Mumford—-Knudsen compactification Mg ,,+1 of the moduli space of stable rational

curves with n + 1 marked points.

In particular, this results gives an alternative definition of My 1 as a subvariety
of a Grassmannian of (n — 1)-planes in an n(n —1)/2-dimensional space. Moreover,
M07n+1 comes with a sheaf of Abelian Lie subalgebras G, of t.. The second result
concerns the identification of this sheaf (which turns out to be locally free) in terms
of the geometry of Mg, 4+1. Recall that the logarithmic tangent sheaf T (log D)
along a divisor D of a variety X is the subsheaf of vector fields whose restriction
to D is tangent to D.
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Theorem 2.2. [2] The sheaf of Gaudin subalgebras G,, on X = My 11 fits in an
exact sequence

0—-0x -G, —Tx(logD)—0

where D = MO’nJrl N Mo nt1 is the compactification divisor.

The sheaf G,, can be more precisely described as a sheaf of first order differential
operators, see [2]; the trivial subbundle Ox is spanned by the central element
2=y tiy-

Finally, each representation of the Kohno—Drinfeld algebra gives rise to a sheaf
of commutative algebras on MO,n—i—l of operators on the representation space. Sup-
pose the central element z acts by a scalar multiple « of the identity. Then the
relative spectrum of the sheaf of algebras can be naturally embedded into a Poisson
manifold, the twisted logarithmic cotangent bundle T My n+1(— log D), see [2] (it is
the logarithmic tangent bundle if & = 0). The general result is then:

Theorem 2.3. [2] The relative spectrum of the sheaf of commutative algebras gen-
erated by the the image of G, by a representation with central character a is a

coisotropic subscheme of the twisted logarithmic cotangent bundle T My 11 (— log D).

2.2.2. Universal KZB connection (genus 1). The universal Knizhnik—Zamolodchikov-
Bernard (KZB) connection, a genus 1 analogon to the universal (genus 0) Knizhnik—
Zamolodchikov connection, has been introduced in [4] (see also [25]). It takes values
in the holonomy Lie algebra t; , of the configuration space of n points on the 2-
dimensional torus minus its diagonals z; = z;. This connection was used in [4] to
give a geometric proof of the 1-formality of this configuration space, previously due
to Bezrukavnikov [3].

Actually, this connection extends to the full moduli space M; ,, of elliptic curves
with n marked points. This means that the connection can be extended to the
direction of variations in moduli and that it is modular invariant. It is used in [4]
to produce (universal) representations of modular mapping class groups in genus
1. It also gives a simple way of constructing an isomorphism between the rational
Cherednik algebra and the double affine Hecke algebra (in type A) with formal
parameters. This can be used to obtained interesting results for the representation

theory of the double affine Hecke algebra.
2.3. Detailed research plan.

2.3.1. Gaudin subalgebras, moduli spaces and Bethe ansatz. Theorem 2.3 gives a
general structural result on the spectrum of Gaudin subalgebras. A much more
detailed information is provided by the Bethe ansatz [18] that was studied recently
by several authors, see [13-15,28-30] and references therein, and shown to have sur-
prising connection with several other mathematical subjects. It will be interesting

to relate these descriptions to the geometry of My ,41. The results of [2] work over
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any field. In particular, it holds over reals, which is important for applications. It
is known that the set of real points ]\ZfoynH(R) C ]\7[0,““ is a smooth real manifold,
which can be glued of n!/2 copies of the Stasheff associahedron (see [21]). This
gives a very convenient geometric representation of all limiting cases of the real
Gaudin subalgebras and related quantum integrable systems. In particular, the
Jucys-Murphy subalgebra corresponds to one of the vertices of the associahedron.
The spectrum in this case was studied in detail by Vershik and Okounkov [35, 36].
What happens at other vertices labelled by different triangulations of an n-gon
is worth investigating further. As it was explained in [5,6,11] the corresponding
integrable systems have a nice geometric realisation as Kapovich—Millson bending
flows [22]

Another question concerns general root systems. It is natural to expect that the
results in [2] are special cases of a theory for arbitrary root systems. Indeed there
are several indications: for example Vinberg introduced commuting subalgebras
in the degree two part of Ug for any simple Lie algebra g. A candidate for a
replacement of My 1 is then the “wonderful compactification” [7] of the quotient
of the complement of root hyperplane in a Cartan subalgebras. The rather explicit
description in [16] could be used as a substitute of the description of My 41 given

in [19], that was used in the proof of Theorem 2.1.

2.3.2. Elliptic Gaudin subalgebras, universal KZB connection and a possible relation
to the AGT conjecture. Concerning the elliptic version t; ,, of the Kohno-Drinfel
Lie algebra, it seems rather natural to expect results analogous to Theorems 2.1
and 2.2, whith an avatar of the compactified moduli space M ,, of stable genus 1
curves with marked points . A good understanding of this case should then lead to

further generalizations in two directions:

o following [34], one should be able to find a universal elliptic KZB connec-
tion associated to any root system. A candidate for the analogon of the
above mentioned “wonderful compactification” would be obtained from the

quotient space
CohoH/T.

Here J is the Jacobi group associated to the Weyl group of the root system
and H is the upper half-plane.

e higher genus curves: the holonomy Lie algebra t,,, of the complement of
diagonals in the n-th power of a genus g complex projective curve has been
explicitly described by [3], and the universal version of the KZB connection

is also known ([10]).

In any of these cases (as well as the ones that appear in the previous Section),
interesting Frobenius manifold structures appear. It is an interesting question to

ask whether these structures are relevant to the problems we aim to study here.
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An interesting relation between certain 4-points correlation functions on the
sphere and 1-point correlation functions on the torus has been observed recently by
theoretical physicists (see [12,32]), in the context of Liouville theory. We propose
to prove this relation in the context of the WZW model, at the universal level.
Namely, it is well-known that the map My 4 = P! — {0,1,00} — M; 1 that sends A
to the cubic y?> = x(x — 1)(x — \) is a double-cover. Moreover, both the universal
KZ connection on My 4 and the universal KZB connection on M ; take their values
in the free Lie algebra fo with two generators. We expect to be able to relate the
universal KZ connection on Mg 4 with the pullback of the universal KZB connection
on M ;.

Let us emphasize that the work of [12,32] is motivated by the AGT conjecture
[1], which describes a conjectural relation between a certain 4d superconformal field
theory with 2d conformal field theories of Liouville type. It would be interesting to
find a corresponding relation for the WZW model. A possible evidence for such a
relation is given by the so called Mukai system [31] naturally associated to Poisson
algebraic surfaces (4d): it degenerates to the Hitchin system [20], that is associated
to algebraic curves (2d) and is obtained as the critical level of the KZ(B) connection
in arbitrary genus (see [33]). It seems that some part of this program was guessed
by Donagi and Witten in [8].

2.4. Schedule and milestones. Leonardo Aguirre, currently Ph. D. student of
Giovanni Felder, will work on the Bethe ansatz description of the spectrum of
Gaudin subalgebras associated to representations of the symmetric group. The
first result will be that the relative spectrum is a smooth covering of Mg ,, 1 over
a Zariski open neighbourhood of the Jucys-Murphy point. This should follow from
results [30], see also [27]. The description of the Bethe ansatz as the combinatorics
of Young tableaux will also appear. The extension of the results of [2] to general
root system will also be attempted. It is expected that Aguirre will defend his

thesis in the summer of 2012.

For what concerns the elliptic side of the project, the first task will be to give
the appropriate definition of elliptic Gaudin subalgebras in t; ,,, and compute their
dimension. It is reasonable to expect that a graduate student starting his PhD
can deal with this problem. It will also be a good starting point for her/him
to learn basic facts concerning elliptic integrable models: these elliptic Gaudin
subalgebras should be sent to standard hamiltonian of known integrable models via
the realizations of t; ,, exhibited in [4]. The next task will be to identify the space
of these elliptic Gaudin subalgebra with a suitable compactification either of the
moduli space of elliptic curves with marked points or of the Jacobi orbit space in
type A, and to adapt and generalize the work of [2] to this context. Generalizations

to other root systems or to higher genus, and their expected relations to higher
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genus moduli and/or Hurwitz spaces, should be considered only if the previous

program as been achieved in time.

The aim to formulate a WZW conterpart to the AGT conjecture is a very spec-
ulative project. The first (actually independant) step would be to formulate and
prove a relation between universal KZ(B) connections on My 4 and M; ;. It is a
reasonable project that could be attacked by a student already familiar with the
universal KZB connection in genus one. A second (very speculative) task to adress
could be to exhibit an analog of the KZ connection on moduli spaces of sheaves on

a Poisson surface, that would satisfy at least two of the following three properties:

e at some “critical level”, it should gives back the Mukai system.
e correlation functions of supersymmetric Yang-Mills theory should be flat
sections of this connection.

e it should degenerates in some appropriate sens to the KZ(B) connection.

2.5. Importance and impact. The area in which the present research project fits
is very active. We expect to contribute significantly to the advances in the field.
Graduate students will have the opportunity to attack unsolved and interesting
problems.
The results that will be obtained will be published in peer-reviewed journals,
and we will encourage PhD students to present them in seminars and conferences.
Being a research project in mathematics physics, we expect that it will also have

some positive reception in the community of theoretical physics.
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