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Let X be a smooth algebraic variety (over a field of zero characteristic). We define
its Hochschild cohomology ring to be

HH(X) = Ext:xxx(A*OXyA*OX) 5
where A : X — X x X is the diagonal map.

1. HOCHSCHILD COHOMOLOGY AS THE (HYPER)COHOMOLOGY OF
POLY-DIFFERENTIAL OPERATORS

1.1. Local Hochschild cochains. We have the following sequence of ring iso-
morphisms:

Exty, x(AOx,AOx) = RI(X x X,RHomoy,, (A.0x,A,0x))
= RF(X,RHOTH(M)*@XXX(O)(,Ox))
= RI(X,RHom(x,),0— (Ox,0x)),

where 7 is the first projection and X x X is the formal neighborhood of the
diagonal in X x X. The last identification comes from the fact that (m1).O
is flat over (m1)«Oxxx-

Below we provide an explicit description of the algebra

RHom(x),0 — (Ox,0x))

XxX

XxX

of local Hochschild cochains, as an algebra object in D(Ox —mod).

1.2. Local Hochschild cochains as Lie algebroid Hochschild cochains. Let
L be a Lie algebroid over X which is locally free of finite rank as an Ox-module.
As an example to keep in mind, one can consider the tangent Lie algebroid £ = T'x.
There are several algebraic objects one can associate to £, such as:
e its universal envelopping algebra U (L), which is a filtered Hopf algebroid.
Whenever £ = Tx, U(L) is the algebra of differential operators on X.
o its jet algebra J(L), defined as the Ox-linear dual to U(L), and that one
can view as the algebra on the formal groupoid integrating L.
Whenever £ = Tx, J(L) is isomorphic to (m1).Og -
Sketch of proof of this fact. The isomorphism sends a section f of (Wl)*Om
to the jet j; defined as follows: jy sends a differential operator P to
(id ® P)(f), which is a section of Ox because P has finite order. O
e its Hochschild cohomology ring HH := Ext ;0)(Ox,Ox).
The upshot is that we can describe the algebra of local Hochschild cochains as
R'HomJ(L)(C)X, Ox) 5

with £ = TX.



1.3. An explicit description of Lie algebroid Hochschild cochains. Bor-
rowing the notation from above, we have the following:

Proposition 1.1 ([2]). There is an isomorphism of algebras
R’HomJ(g)(Ox, Ox) = (DZ(??(/")O‘D

inD(Ox—mod). Here D%jé?’n = U(L)®ox™, the product is the concatenation, and
the differential is the Cartier (a-k-a co-Hochschild) differential for the coalgebra
UL).

Whenever £ = T, Dgoé?’”(U) is the subcomplex of the Hochschild complex of
Ox (U) consisting of these cochains that are differential operators in each argu-
ment.

Sketch of proof of the Proposition. Note that J(£) is a topological algebra, and
that the morphism

RHocho(rg)'(Ox, Ox) — RHOmJ(L)(OX7 Ox)

is an isomorphism in D(Ox —mod). Let us now give an explicit resolution B'J(L)
of Ox as a topological J(L£)-module:

B J(L) = J(£)®n+D
and the differential sends jo ® - -+ ® j, to
Jot @+ @ n 4+ (1) @+ @ fn—rjn + (=1)" o @ - @ fu_1n(1) .

We conclude by noting there is a (right) action of D’g’% on B J(L). O

2. HOCHSCHILD COHOMOLOGY AS THE COHOMOLOGY OF POLY-VECTOR FIELDS

2.1. The Hochschild-Kostant—Rosenberg (HKR) theorem. Let £ be a Lie
algebroid as above. The skew-symmetrization map

Moyt s DY
1
UL A Ay, +— poor Z €% (1) @+ @ Ug(m)
UEGM

is a quasi-isomorphism of sheaves, known as the Hochschild—Kostant—Rosenberg
(or, HKR) morphism. It induces in particular as isomorphism of graded vector
spaces
HKR : H(X,NL)— HH,(X).
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2.2. A multiplicative version of the HKR morphism. Consider the short
exact sequence

0L UL =85 L0,
where U(L) 4 denotes the augmentation ideal of U (L), i.e. L-differential operators
vanishing on constants. This extension defines the Atiyah class of L:

At € Bxty (S*(Tx), Tx) — Batk (T$?, Tx) = Eatk (Tx, End(Tx)) = H' (X, Qx®End(Tx)) .
We derived from it the Todd genus of L:

At,

Td, := —_
de = det 1 —exp(—Atr)

coH"(X,0%).

It is given by a formal expression involving sums of products of ¢, = tr(At’Z)’s.

Theorem 2.1 ([1]). Composing the HKR morphism together with the contraction
against the Todd genus leads to a ring isomorphism

HKR o (Tdgi—) : H' (X, AN L) = HH,(X).

2.3. Sanity check: the original HKR morphism is not multiplicative. Let
us show that when X is a K3 surface and £ = Tx the HKR morphism is not a ring
isomorphism in cohomology. Using Theorem 2.1 above this is equivalent to show
that the contraction Tdp,L— against the Todd genus is not a ring isomorphism.
Note that, for degree reasons, in the case of a K3 surface the Todd genus takes
the form exp(acy + beg), with a and b non-zero. Since the contraction ¢io— with
c1 is known to be a derivation, we are left to show that the contraction with ¢y is
not a derivation.

Sketch of proof that coL— is not a derivation. Let w be the symplectic form on X
and II be the corresponding Poisson bivector. Observe that ¢y is proportional to
[wA® € H?(X,0%).

One the one hand, we have that caL (IIAIT) = 0 (IIAIL = 0 because of dimension).
On the other hand, (coII) AII = IT A (coi1I) is proportional to [w A I}, which is
non-zero in H2(X, A?Tx). Hence coL— is not a derivation. O
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