
ABOUT THE DYNAMICAL YANG-BAXTER EQUATION(S)AN INVITATION TO DYNAMICAL QUANTUM GROUPSDAMIEN CALAQUEAbstrat. These are the notes of a short talk given on some aspets of thedynamial Yang-Baxter equation during the meeting of the GDR �Tresses�in Clermont-Ferrand (September 3-6, 2006). It is largely inspired from theleture notes of ICM talks by Felder [2℄ and Etingof [1℄.I thank the organizors for giving me the oasion to give this talk, and for the exellentatmosphere during the onferene.1. The (quantum) dynamial Yang-Baxter equationLet h be a �nite dimensional abelian Lie algebra, V a semi-simple h-module and
~ ∈ C×.For any (meromorphi) funtion R(λ, z) : h∗ × C → Endh(V ⊗ V ), the quantumdynamial Yang-Baxter equation (QDYBE) with step ~ reads:

R1,2(λ − ~h(3), z1 − z2)R
1,3(λ, z1 − z3)R

2,3(λ − ~h(1), z2 − z3)

= R2,3(λ, z2 − z3)R
1,3(λ − ~h(2), z1 − z3)R

1,2(λ, z1 − z2) .Here we adopt the dynamial notation: R1,2(λ − ~h(3), z) is de�ned by
R1,2(λ − ~h(3), z)(v1 ⊗ v2 ⊗ v3) := R(λ − ~µ, z)(v1 ⊗ v2) ⊗ v3 ,where v1, v2 ∈ V , v3 ∈ V [µ], and V [µ] denotes the weight subspae of weight µ.1.1. An example motivated by quantum integrable models. In [2℄ Felderproved that any solution of the QDYBE produes solutions of the famous star-triangle relation that is usefull to onstrut solvable models of statistial mehanis.The following example produes the so-alled A

(1)
n−1 fae model: let V be the vetorrepresentation of gln, h the subalgera of diagonal matries, and denote by Eij theelementary matrix de�ned by (Eij)kl = δikδjl. Then we write λ = (λ1, . . . , λn) ∈ h∗,with λi = E∗

ii, and de�ne
R(λ, z) =

n∑

i=1

Eii⊗Eii+
∑

1≤i6=j≤n

(θ(λi − λj + ~)θ(z)

θ(λi − λj)θ(z − ~)
Eii⊗Ejj

θ(z − λj + λi)θ(~)

θ(z − ~)θ(λj − λi)
Eij⊗Eji

)
,where θ(z) := θ(z|τ) is the standard theta-funtion, with normalization ∂zθ(0) = 1.It is a solution of the QDYBE.Remark. One an replae θ(z) by sin(z) or z. In these two last ases taking thelimit z → ∞ one obtains new solutions of the QDYBE, that are z-independant.1



2 DAMIEN CALAQUE1.2. An example oming from representation theory. We follow [1℄. Let gbe a semi-simple Lie algebra over C with Cartan subalgebra h. For any λ ∈ h∗ letus denote by Mλ the orresponding Verma module with heighest weight λ, vλ itshighest weight vetor, and v∗λ the lowest weight vetor of its dual module.To any intertwining operator Φ : Mλ → Mµ ⊗V , where V is a �nite dimensional
g-module and λ, µ ∈ h∗, we assoiate its expetation value < Φ >:= v∗µ(Φvλ) ∈
V [λ−µ]. Assume that Mµ be irreduible (this holds for generi µ). Then it is knownthat the expetation value de�nes an isomorphism Homg(Mλ, Mµ ⊗V ) → V [λ−µ]for any λ ∈ h∗ and any �nite dimensional g-module V . Therefore one an de�nethe intertwining operator Φv

λ suh that < Φv
λ >= v (v ∈ V of weight |v| = λ − µ).Let V, W be �nite dimensional g-modules and onsider v ∈ V , w ∈ W ho-mogeneous vetors. The expetation value < Φv,w

λ > of the omposition of twointertwining operators
Φv,w

λ := (Φv
λ−|w| ⊗ id) ◦ Φw

λ : Mλ → Mλ−|v|−|w| ⊗ V ⊗ Wis a bilinear funtion of v and w. Therefore there exists JV,W (λ) ∈ Endh(V ⊗ V )suh that < Φv,w
λ >= JV,W (λ)(v ⊗ w).Then one an prove that JV,W (λ) is an invertible meromorphi funtion of λ,and satis�es the dynamial twists equation (DTE):
JV1⊗V2,V3(λ)JV1,V2(λ − h(3)) = JV1,V2⊗V3(λ)JV2,V3(λ) .The DTE implies that R(λ) := JV V (λ)−1J2,1

V,V (λ) is a (z-independant) solution ofthe QDYBE with step 1.1.3. Categorial interpretation of the DTE. Let C = Rep(Ug) and M =
Rep(Mer(h∗)). For any �nite dimensional g-module V one has an algebra morphism
Mer(h∗) → End(V ) ⊗ Mer(h∗) ; f(λ) 7→ f(λ − h). Therefore one has a funtor

⊗ : C ×M → M .Let us now interprete JV,W (λ) as a natural �assoiativity isomorphism�
V ⊗ (W ⊗ M)−̃→(V ⊗ W ) ⊗ M (V, W ∈ C , M ∈ M) .Then the DTE implies that J de�nes a struture of a C-module ategory on M (infat it is equivalent). Namely, the following diagram ommutes:

−⊗ (−⊗ (−⊗ •))
1⊗JV2,V3 (λ)

//

JV1,V2 (λ−h(3))

��

−⊗ ((− ⊗−) ⊗ •)
JV1,V2⊗V3 (λ)

// (− ⊗ (−⊗−)) ⊗ •

(−⊗−) ⊗ (−⊗ •)
JV1⊗V2,V3 (λ)

// ((− ⊗−) ⊗−) ⊗ •2. Classial limitIf R(λ, z) = idV ⊗V −~r(λ, z)+O(~2) ∈ Mer(h∗×C, Endh(V ⊗V )) is a solution ofthe QDYBE with step ~, then r(λ, z) satis�es the lassial dynamial Yang-Baxterequation (CDYBE):
[r1,2(λ, z1−z2), r

2,3(λ, z2−z3)]+[r1,2(λ, z1−z2), r
1,3(λ, z1−z3)]+[r1,3(λ, z1−z3), r

2,3(λ, z2−z3)]

+
∑

ν

(
h(1)

ν

∂r2,3

∂λν
(λ, z2 − z3) − h(2)

ν

∂r1,3

∂λν
(λ, z1 − z3) + h(3)

ν

∂r1,2

∂λν
(λ, z1 − z2)

)
= 0



ABOUT THE DYNAMICAL YANG-BAXTER EQUATION(S) 32.1. Relation to integrable systems. In [2℄ Felder proved that given a solutionof the CDYBE one an de�ne a ompatible system of di�erential equations asfollows:
∂zi

F (z1, . . . , zn) =
∑

j|j 6=i

ri,j(λ, zi − zj) · F −
∑

ν

h(i)
ν ·

∂F

∂λν
(i = 1, . . . , n) ,where F (z1, . . . , zn) : Cn → V ⊗n.2.2. The universal lassial dynamial Yang-Baxter equation and in�ni-tesimal braids on the torus.De�nition. The Lie algebra of in�nitesimal (pure) braids on the torus is thegraded Lie algebra generated by xi's and yi's (1 ≤ i ≤ n) in degree 1 and tij 's(1 ≤ i 6= j ≤ n) in degree 2, with relations(1) [xi, xj ] = [yi, yj] = [xi, yj ] = 0 and [xi, yj ] = tij = [xj , yi] (i 6= j) ;(2) [xi, yi] = −

∑

j:j 6=i

tij (∀i) ; [xi, tjk] = [yi, tjk] = 0 (#{i, j, k} = 3) .One an easily hek that the usual in�nitesimal pure braid relations on theplane (tij = tji, [tij , tik + tjk] = 0, [tij , tkl] = 0) are onsequenes of (1-2).Let i 6= j ∈ {1, . . . , n}. There is a Lie algebra morphism t1,2 → t1,n; α 7→ αi,jde�ned by xi,j
k = δ1kxi + δ2kxj and yi,j

k = δ1kyi + δ2kyj (k = 1 , 2).For a (meromorphi) funtion r(z) : C → t̂1,2, the universal CDYBE reads
[r(z1−z2)

1,2, r(z2−z3)
2,3]+[r(z1−z2)

1,2, r(z1−z3)
1,3]+[r(z1−z3)

1,3, r(z2−z3)
2,3]

= [y1, r(z2 − z3)
2,3] + [y2, r(z1 − z3)

1,3] + [y3, r(z1 − z1)
1,2] .Here ̂ means �the degree ompletion of� and the universal CDYBE takes plae in

t̂1,3. It implies that the following system of di�erential equations is ompatible:
∂zi

F (z1, . . . , zn) =
∑

j|j 6=i

r(zi − zj)
i,j · F − yi · F (i = 1, . . . , n) ,where F (z1, . . . , zn) : Cn → t̂1,n.Example ([3℄). Let θ(z) = θ(z|τ) be, as before, the standard theta-funtion. Then

r(z) =
( θ(x1 + z)

θ(x1)θ(z)
−

1

x1

)
(t12)is a solution of the universal CDYBE. The system of di�erential equations that weobtain atually de�nes a holomorphi �at onnetion on a prinipal exp(t̂1,n)-bundleover the on�guration spae of n points on the ellipti urve Eτ = C/(Z+τZ). Thenone has a group homomorphism PB1,n → exp(t̂1,n), where PB1,n denotes the purebraid group of the torus. If we denote by pb1,n be the Malev Lie algebra of PB1,n(i.e. the Lie algebra of its prounipotent ompletion), then it indues a Lie algebramorphism pb1,n → t̂1,n.Proposition ([3℄). It is an isomorphism.
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