
CMLA, CNRS, ENS Paris
Saclay

IMAG, CNRS, Université
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Shapes = Distributions

Oriented varifold X is curve or surface in Rn.

•An oriented varifold µX is a distribution on Rn × Sn−1, i.e. (po-
sition × tangent space orientation).
•A Dirac δ(x,t) is a singular mass located at position x ∈ Rn in the

direction of t ∈ Sn−1.
Remark: invariance to parametrization.

. . . for meshes data Discrete shapes are polyhedral ob-

jects X =
⋃
i
Xi.

• Each cell Xi (1D: segments, 2d: triangles) has a corresponding var-
ifold µXi

approximated by riδ(xi,ti):
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• Extend to X by linearity: µ̃X =
∑
i
riδ(xi,ti) ≈ µ̃X .

Well, how to make computations with
this?

Using kernel spaces. . . Use Reproducing Kernel
Hilbert Space framework to compute varifold based metrics.
•Define two smooth “radial” kernels:
kpos : Rn × Rn→ R

(x1, x2) 7→ ρ(|x1 − x2|)
kor : Sn−1 × Sn−1→ R

(t1, t2) 7→ γ(t1 · t2)
•Metric between 2 shapes X and Y :

‖µ̃X , µ̃Y ‖2 = 〈µ̃X , µ̃X〉 + 〈µ̃Y , µ̃Y 〉 − 2〈µ̃X , µ̃Y 〉

where

〈µ̃X , µ̃Y 〉 =
∑
i

∑
j

kpos(xi, yj)kor(t
X
i , t

Y
j )r

X
i r

Y
j .

Remark: Tensor product of kernels: easy to interpret while suffi-
ciently versatile. Radial Kernels: invariance of the metric.

. . . and choose the one that fits your
needs
• ρ(u) = e−u

2/σ (Gaussian).

• γ(u) = u (currents): Orientation sensitive. Less sensitive to noise.

• γ(u) = u2(unoriented varifolds): Invariant to orientation. Sensi-
tive to noise.

• γ(u) = e
2u
σ2 (oriented varifolds): Orientation sensitive. Sensitive to

noise.
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(wrongly oriented) noisy template

Current Current (Or./Un.) var. All

Applications

Curves clustering Kimia-216 dataset

Method Total
Discrete cosine transform + HF 97.39
Current + RR 89.56
Unoriented varifold + RR 91.92
Oriented varifold +RR 93.43

RR: Rigid Registration.

Registration with multi-objects Curves and
surfaces.

Registration with noisy data Using currents:

Observation Reconstruction True shape

Registration with partial data Triangles missing
on the target:
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Remark: distributions should be properly weighted.

Is there a code ?

Yes MATLAB and CUDA:
https://plmlab.math.cnrs.fr/benjamin.charlier/ovar

https://plmlab.math.cnrs.fr/benjamin.charlier/ovar
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