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Fractured/faulted porous media: multiple scales (figures
from J. R. de Dreuzy, Geosciences Rennes and Inria)
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Fractured/faulted porous media: applications

� Oil and gas

� Hydrogeology

� Geothermal energy

� Geological storages

� Soil remediation

� ...
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Motivation

� Representing the fracture network of the Excavation Damaged Zone (EDZ)

� Capturing the influence of gas pressure on fractures width
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Outline

� Modelling concepts

� Discretization

‚ Gradient discretization
‚ Convergence analysis

� Numerical examples

‚ Gas injection
‚ Drying by suction

� Extensions

‚ Discontinuous pressure model
‚ Frictional contact
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Two-phase Darcy flow: generalized Darcy law

α “ w : wetting phase

α “ nw : non wetting phase

pα : phase pressure

sα : phase saturation

qα “ ´
kαr ps

αq

µα
loomoon

ηαpsαq

Kpxqp∇pα ´ ραgq

kαr ps
αq : phase relative permeability

ηαpsαq : phase mobility

pcps
nwq “ pnw ´ pw : capillary pressure
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Two-phase Darcy flow: incompressible flow in phase
pressure formulation

snw “ Snwppcq,

sw “ Swppcq “ 1´ Snwppcq

$

&

%

BtpφS
αppcqq ` divpqαq “ 0, α “ nw,w,

pc “ pnw ´ pw

with

qα “ ´ηαpSαppcqq Kpxqp∇pα ´ ραgq, α “ nw,w.
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Hybrid-dimensional model

[Granet et al 2001], [Jaffré et al. 2002], [Bogdanov et al 2003],
[Faille et al 2003], [Karimi Fard 2004], [Jaffré et al. 2005], [Angot et
al. 2009], [Girault et al 2015], [Hanowski et al 2016]

� Dimensional reduction: averaging the model equations over
the fracture width

� Objectives: facilitate the mesh generation and lower the
number of degrees of freedom
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Hybrid-dimensional model (flow)

equi-dimensional model:

 

hybrid-dimensional model:

$

&

%

div pqq “ hpxq,

q “ ´Kpxq∇p.
 

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

div pqmq “ hm,

qm “ ´Km∇pm,
divτ pqf q ´ JqmK “ hf

qf “ ´dfKf∇τpf .
with JqmK “ qm ¨ n

` ` qm ¨ n
´.

+ transmission conditions at matrix fracture interfaces.
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Main modelling concepts (flow)

� Poiseuille’s law for the tangential velocity in the fractures,
extended to two-phase flow using generalized Darcy laws

qαf “ ´η
α
f ps

α
f qp

1

12
d3f q∇τp

α
f

� Continuous phase pressures at matrix fracture interfaces:

pαm “ pα and pαf “ γpα

� Discontinuous saturations at matrix fracture interfaces due to
different capillary pressure functions
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Two-phase hybrid-dimensional Darcy flow: α P tnw,wu

Bt pφms
α
mq ` div pqαmq “ hαm,

qαm “ ´η
α
mps

α
mqKm∇pα,

Bt

´

dfs
α
f

¯

` divτ pq
α
f q ´ JqαmK “ hαf

qαf “ ´η
α
f ps

α
f qp

1

12
d3f q∇τγp

α,

sαm “ Sαmppcq,

sαf “ Sαf pγpcq.

with JqαmK “ qαm ¨ n
` ` qαm ¨ n

´.
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Linear poro-elastic mechanical model

´div �T puq “ f ,

with

�T puq “ �puq ´ b pEmI,

�puq “ 2µ �puq ` λ divpuq I.

Fracture model with no contact: �T puqn˘ “ ´pEf n
˘,

pEm, pEf : matrix and fracture equivalent pressures.
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Closure laws

$

&

%

Btφm “ b divBtu`
1

M
Btp

E
m,

df “ ´JuK.

Following [Coussy], the equivalent pressures pEm and pEf are based on the

capillary energy density Urtppcq “

ż pc

0

q pSnw
rt q

1
pqqdq, rt “ m, f and

pEm “
ÿ

αPtnw,wu

pα sαm ´ Umppcq,

pEf “
ÿ

αPtnw,wu

γpα sαf ´ Uf pγpcq.
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Choice of the equivalent pressures

It is motivated by the energy estimate resulting formally from:

ÿ

αPtnw,wu

pαBt

´

φmS
α
mppcq

¯

´ b pEmdivpBtuq

“ Bt

´

φmUmppcq `
1

2M pp
E
mq

2
¯

,

ÿ

αPtnw,wu

γpαBt

´

dfS
α
f pγpcq

¯

` pEf JBtuK

“ Bt

´

dfUfpγpcq
¯

.
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Weak solution: p̄α and ū such that for all smooth test
functions ϕ̄α and v̄:

ż T

0

ż

Ω

´

´φ̄ms̄
α
mBtϕ̄

α ` ηαmps̄
α
mqKm∇p̄α ¨∇ϕ̄α

¯

dxdt

`

ż T

0

ż

Γ

´

´d̄f s̄
α
f Btγϕ̄

α ` ηαf ps̄
α
f q
d̄ 3
f

12
∇τγp̄

α ¨∇τγϕ̄
α
¯

dσpxqdt

´

ż

Ω

φ̄0
ms̄

α,0
m ϕ̄αp0, ¨qdx´

ż

Γ

d̄0
f s̄
α,0
f γϕ̄αp0, ¨qdσpxq

“

ż T

0

ż

Ω

hαmϕ̄
αdxdt`

ż T

0

ż

Γ

hαf γϕ̄
αdσpxqdt, α P tw,nwu,

ż T

0

ż

Ω

´

�pūq : �pv̄q ´ bp̄Emdivpv̄q
¯

dxdt`

ż T

0

ż

Γ

p̄Ef Jv̄Kdσpxqdt

“

ż T

0

ż

Ω

f ¨ v̄dxdt,
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Gradient discretization: motivation

� Abstract discretization framework accounting for a large class
of conforming and non conforming discretizations (FEM, FV,
HMM, HHO, VEM, ...) and based on

‚ Vector spaces of discrete unknowns
‚ Reconstruction operators
‚ Discrete variational formulation

� Allow a generic stability and convergence analysis under general
properties such as

‚ Coercivity (discrete Poincaré inequality)
‚ Consistency
‚ Limit Conformity (for non-conforming methods)
‚ Compacity
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Gradient discretization of the poro-mechanical model

Two-phase flow

X0
Dp
“ space of discrete unknowns. Reconstruction operators:

� gradient operators on matrix and fracture network

∇m
Dp

: X0
Dp
Ñ L8pΩqd, ∇f

Dp
: X0

Dp
Ñ L8pΓqd´1;

� piecewise-constant function operators on matrix and fracture network

Πm
Dp

: X0
Dp
Ñ L8pΩq, Πf

Dp
: X0

Dp
Ñ L8pΓq.

Assume }v}Dp – }∇m
Dp
v}L2pΩqd ` }d

3{2

0 ∇f
Dp
v}L2pΓqd´1 to be a norm on X0

Dp
.

Poromechanics

X0
Du
“ space of discrete unknowns. Reconstruction operators:

� symmetric gradient operator �Du : X0
Du
Ñ L2

pΩ,SdpRqq,
� displacement function operator ΠDu : X0

Du
Ñ L2

pΩqd,

� normal jump function operator J¨KDu : X0
Du
Ñ L4

pΓq.

Assume }v}Du – }�Dupvq}L2pΩq to be a norm on X0
Du

.
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Gradient scheme

Find pα P pX0
Dp
qN`1 and u P pX0

Du
qN`1 such that for all

ϕα P pX0
Dp
qN`1,v P pX0

Du
qN`1:

ż T

0

ż

Ω

´

δt

´

φDΠm
Dp
sαm

¯

Πm
Dp
ϕα ` ηαmpΠ

m
Dp
sαmqKm∇m

Dp
pα ¨∇m

Dp
ϕα

¯

dxdt

`

ż T

0

ż

Γ

δt

´

df,DuΠf
Dp
sαf

¯

Πf
Dp
ϕαdσpxq

`

ż T

0

ż

Γ

ηαf pΠ
f
Dp
sαf q

d3
f,Du

12
∇f

Dp
pα ¨∇f

Dp
ϕαdσpxqdt

“

ż T

0

ż

Ω

hαmΠm
Dp
ϕαdxdt`

ż T

0

ż

Γ

hαfΠf
Dp
ϕαdσpxqdt, α P tw,nwu,

ż T

0

ż

Ω

´

�Dupuq : �Dupvq ´ bpΠ
m
Dp
pEmqdivDupvq

¯

dxdt

`

ż T

0

ż

Γ

pΠf
Dp
pEf qJvKDudσpxqdt “

ż T

0

ż

Ω

f ¨ΠDuvdxdt,
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Convergence result

There are p̄α P L2pT;V 0q and ū P L8pT;U0q satisfying the weak
formulation s.t.

Πm
Dlp
pαl á p̄α weakly in L2pT;L2pΩqq,

Πf
Dlp
pαl á γp̄α weakly in L2pT;L2pΓqq,

ΠDluu
l á ū weakly-‹ in L8pT;L2pΩqdq,

φDl á φ̄m weakly-‹ in L8pT;L2pΩqq,

df,Dlu Ñ d̄f in L8pT;LppΓqq for 2 ď p ă 4,

Πm
Dlp
Sαmpp

l
cq Ñ Sαmpp̄cq in L2pT;L2pΩqq,

Πf
Dlp
Sαf pp

l
cq Ñ Sαf pγp̄cq in L2pT;L2pΓqq,

where φ̄m “ φ̄0m ` b divpū´ ū0q `
1

M
pp̄Em ´ p̄

E,0
m q and d̄f “ ´JūK.
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Convergence analysis: main assumptions

� The sequences pDl
pqlPN, pDl

uqlPN, tptlnq
N l

n“0ulPN of space time
Gradient Discretizations satisfy coercivity, consistency,
limit-conformity and compactness properties.

� There exist a solution pαl PpX
0
Dlp
qN

l`1, ul PpX0
Dlu
qN

l`1 such

that

(i) φDlpt,xq ě φm,min for a.e. pt,xq P Tˆ Ω,

(ii) df,Dlupt,xq ě d0pxq for a.e. pt,xq P Tˆ Γ, where d0 ě 0 is
continuous and vanishes only at the fracture tips.

� Mobility function ηαrt continuous, non-decreasing, such that

0 ă ηαrt,min ď ηαrtpsq ď ηαrt,max ă `8 @s P r0, 1s
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Main convergence result – Comments

‚Existing analysis (Girault et al., ’15): single-phase flow, linear case, d3
f freezed

Main steps of the proof

� Energy estimates by suitable test functions

� Weak estimates on time derivatives

� Strong convergence of sαm

‚ Separate matrix from fractures using cut-off functions
‚ Time and space translates estimates
‚ Recover compacity on the full domain from sαm P r0, 1s

� Strong convergences of dfs
α
f , dαf and sαf

‚ Uniform in time weak in space estimates + discrete
Ascoli–Arzelà theorem

‚ Isolate fracture tips for compacity in space of sf
‚ Recover compacity on the full domain from sαf P r0, 1s

� Identification of the limit fields and weak solution
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Numerical experiments: TPFA - P2 discretization

� Two-Point Flux Approximation (TPFA) scheme for Darcy

� P2 elements for mechanics
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Numerical experiment: convergence test

� Gas injection in the
fractures

� Km “ 3. 10´15 m2

� φ0m “ 0.2,

� pc,mpsq “ ´104 logp1´ sq,

� pc,f psq “ ´10 logp1´ sq,

� λ “ 1.5 GPa,

� µ “ 2 GPa,

� M “ 18.4 GPa,

� b “ 0.81,

� T “ 1000 days
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Numerical experiment: convergence test
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Numerical experiment: fixed point algorithm [Kim et al
2011, Girault et al 2016]

We define the following “fixed stress” type fixed point function:

gp,u

¨

˚

˚

˚

˝

ru

rpEm

rpEf

˛

‹

‹

‹

‚

“

¨

˚

˚

˚

˝

u

pEm

pEf

˛

‹

‹

‹

‚

, with

¨

˚

˚

˚

˝

ru

rpEm

rpEf

˛

‹

‹

‹

‚

Ñ
Darcy

Solve

¨

˝

pEm

pEf

˛

‚ Ñ
Mechanics

Solve

u,

where the Darcy solve of the time step n uses

φm “ φn´1m ` div
´

ru´ un´1
¯

`
1

M

´

pEm ´ p
E,n´1
m

¯

` Cr,m

´

pEm ´ rpEm

¯

,

df “ dn´1f ´ Jru´ un´1K` Cr,f
´

pEf ´ rpEf

¯

,

in the accumulation terms and df “ dn´1f ´ Jru´ un´1K in the
fracture conductivity.
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Fixed point vs non linear GMRes acceleration

We compare the fixed point algorithm to its non linear GMRes acceleration
for different time stepping and either Cr,m “ Cr,f “ 0 (only for nlgmres) or

Cr,m “
b2

2µ` 2λ
, Cr,f “ rdfCr,m, rdf “ 10´3 m,

δtinit Algorithm N∆t NNewton NFixedPoint CPU (s)

0.1 d Fixed-point 139 2621 2060 238

0.1 d nlgmres 139 1088 705 118

0.1 d nlgmres Cr,rt “ 0 139 1300 900 140

0.025 d Fixed-point 153 8009 7351 675

0.025 d nlgmres 153 1588 1118 159

0.025 d nlgmres Cr,rt “ 0 153 1349 903 139

10´3 d Fixed-point x x x x

10´3 d nlgmres 187 2370 1601 208

10´3 d nlgmres Cr,rt “ 0 187 2197 1453 192
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Numerical experiment: desaturation by suction

� Porous medium initially
water-saturated and prestressed:

�0
“ σ0

xexbex`σ
0
rerber`σ

0
θeθbeθ

� Atmospheric gas pressure and
fixed gas saturation at the
bottom boundary

� Axisymmetric model with a 2D
triangular mesh of 28945 cells of
the xr-domain
p0, 10mq ˆ p5m, 35mq

� Fracture network in the EDZ:
7 oblique fractures and
1 horizontal fracture

� Data set provided by Andra
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Data set

� Lamé coefficients: λ “ 1.5 GPa, µ “ 2 GPa
� Biot coefficient: b “ 1
� Biot Modulus: M “ 1 GPa
� Pre-stresses: σ0x “ 16 MPa, σ0r “ σ0θ “ 12 MPa
� Initial aperture: df “ 1 cm,
� Matrix rock type: Callovo Oxfordian argilite

� Km “ 5 ¨ 10´20 m2, φ0m “ 0.15
� pc,mpsq “ ´2. 108 logp1´ sq,

� Fracture rock type:

� Kf “ d2f{12,

� pc,f psq “ ´102 logp1´ sq,

� Simulation time: 200 years
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Numerical experiment: desaturation by suction

Gas matrix saturation at final time
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Numerical experiment: desaturation by suction
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Numerical experiment: desaturation by suction

Porosity at final time
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Numerical experiment: desaturation by suction

Fracture aperture at first time step and at final time

t “ ∆t1

t “ T
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Continuous vs discontinuous pressure models

Continuous pressure model discontinuous pressure model
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Continuous vs. discontinuous pressure models

� Discontinuous pressure model (a “ ˘, damaged rock) [Droniou et al
2019]:

Qαf,a « ηαa pS
α
a pγapc,mqqKf,n

´γap
α
m ´ p

α
f

df
2

´ ραg ¨ na
¯`

´ ηαf pS
α
f ppc,f qqKf,n

´γap
α
m ´ p

α
f

df
2

´ ραg ¨ na
¯´

qαm ¨ n
a
´Qαf,a “ daφaBtS

α
a pγapc,mq

� Continuous pressure model
´Kf,n

df
"
Km,n

L

¯

:

γ`p
α
m “ γ´p

α
m “ pαf

R. Masson (University Côte d’Azur) NEMESIS June 14-15, 2021 33 / 43



Gradient scheme for the discontinuous pressure model

Find ppαm, p
α
f q P pX

0
Dp
q
N`1 and u P pX0

Du
q
N`1 such that for all

pϕαm, ϕ
α
f q P pX

0
Dp
q
N`1,v P pX0

Du
q
N`1:

ż T

0

ż

Ω

´

δt
´

φDΠm
Dp
sαm

¯

Πm
Dp
ϕαm ` η

α
mpΠ

m
Dp
sαmqKm∇m

Dp
pαm ¨∇m

Dp
ϕαm

¯

dxdt

`

ż T

0

ż

Γ

δt
´

df,DuΠf
Dp
sαf

¯

Πf
Dp
ϕαf dσpxq

`

ż T

0

ż

Γ

ηαf pΠ
f
Dp
sαf q

d3
f,Du

12
∇f

Dp
pαf ¨∇f

Dp
ϕαf dσpxqdt

`
ÿ

a“˘

ż T

0

ż

Γ

´

Qαf,aJϕ
αKaDp

` daφaδt
´

Ta
Dp
sαa

¯

Ta
Dp
ϕαm

¯

dσpxqdt

“

ż T

0

ż

Ω

hαmΠm
Dp
ϕαmdxdt`

ż T

0

ż

Γ

hαfΠf
Dp
ϕαf dσpxqdt, α P tw, nwu,

ż T

0

ż

Ω

´

�Dupuq : �Dupvq ´ bpΠ
m
Dp
pEmqdivDupvq

¯

dxdt

`

ż T

0

ż

Γ

pΠf
Dp
pEf qJvKDudσpxqdt “

ż T

0

ż

Ω

f ¨ΠDuvdxdt
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Main convergence result

There are pp̄αm, p̄
α
f q P L

2
pT;V 0

m ˆ V
0
f q and ū P L8pT;U0

q satisfying the weak
formulation s.t.

Πm
Dl

p
pαm,l á p̄αm weakly in L2

pT;L2
pΩqq,

Πf

Dl
p
pαf,l á p̄αf weakly in L2

pT;L2
pΓqq,

ΠDl
u
ul á ū weakly-‹ in L8pT;L2

pΩqdq,

φDl á φ̄m weakly-‹ in L8pT;L2
pΩqq,

df,Dl
u
Ñ d̄f in L8pT;LppΓqq for 2 ď p ă 4,

Πm
Dl

p
Sαmpp

l
c,mq Ñ Sαmpp̄c,mq in L2

pT;L2
pΩqq,

Πf

Dl
p
Sαf pp

l
c,f q Ñ Sαf pp̄c,f q in L2

pT;L2
pΓqq,

Qαf,a á Q̄αf,a weakly in L2
pT;L2

pΓqq.
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TPFA - P2 discretization

mesh-tpfa-p2

pα
m, sα

m

pα
f , sα

f

u

u, pα
m, sα

a , sα
m
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Numerical experiment: desaturation by suction

Gas saturation (top) and porosity (bottom) given by the continuous (left) and

discontinuous (right) models
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Extension to Coulomb frictional contact

 

� Jump of the displacement field: JuK “ u` ´ u´

� Normal and tangential jumps:
JuKn “ JuK ¨ n`, JuKτ “ JuK´ JuKnn`

� Stress vectors :

T˘puq “ �T puqn˘ ` pEf n
˘

� Normal and and tangential stresses :

Tnpuq “ T`puq ¨ n`, Tτ puq “ T`puq ´ pT`puq ¨ n`qn`

R. Masson (University Côte d’Azur) NEMESIS June 14-15, 2021 38 / 43



Extension to Coulomb frictional contact [Garipov et al
2016, Berge et al 2019]

Contact conditions
$

&

%

T`puq `T´puq “ 0,

Tnpuq ď 0, JuKn ď 0, JuKn Tnpuq “ 0

Aperture : df “ d0 ´ JuKn

Slip-stick conditions
(F ě 0 friction coeff.) :

$

&

%

|Tτ puq| ď ´F Tnpuq

Tτ puq ¨ J 9uKτ ´ F Tnpuq|J 9uKτ | “ 0
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Desaturation by suction with contact

Fracture contact state and aperture at first time step and at final time

t “ ∆t1

t “ T

t “ ∆t1

t “ T
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Desaturation by suction with contact

Gas matrix saturation at final time
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Desaturation by suction with contact

Porosity at final time
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Conclusions & perspectives

Conclusions

� Numerical analysis of the poro-mechanical coupling for two-phase flows in
deformable and fractured porous media

� open fractures, no contact
� full nonlinear coupling
� Continuous and discontinuous pressure models
� gradient discretization framework

Perspectives

� Contact, slip, friction between fracture surfaces (ongoing)

� More advanced discretizations in 3D
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Thanks for your attention
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