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Locally degenerate advection-diffusion-reaction I

We consider locally degenerate advection-diffusion-reaction

Let us start with the following 1d problem:

β “ 1

Ω1

ν “ ε

Ω2

ν “ 1

As εÑ 0`, a boundary layer develops at x “ 1{2

When ε “ 0, it turns into a jump discontinuity
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Locally degenerate advection-diffusion-reaction II

Figure: Solutions for different values of ε
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Locally degenerate advection-diffusion-reaction III

Let Ω Ă Rd, d ě 1. The diffusion coefficient ν : Ω Ñ R is s.t.

ν is piecewise constant and ν ě ν ě 0 a.e. in Ω

The velocity field β : Ω Ñ Rd is s.t.

β P LippΩqd, ∇¨β ” 0

For the reaction coefficient µ : Ω Ñ R, we assume

µ P L8pΩq and µ ě µ0 ą 0 a.e. in Ω

Generalizations possible for both ν and β!
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Locally degenerate advection-diffusion-reaction IV

I`ν,β

β

I´ν,β

β

ν “ π

ν “ 0

Figure: Two-dimensional example from [Di Pietro et al., 2008]
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Locally degenerate advection-diffusion-reaction V

Let f P L2pΩq. We seek u : Ω Ñ R s.t.

∇¨p´ν∇u` βuq ` µu “ f in ΩzpI`ν,β Y I´ν,βq

Boundary conditions are enforced setting

u “ g on Γν,β :“ tx P BΩ | ν ą 0 or β¨n ă 0u

Transmission conditions on I˘ν,β are required to close the problem

r´ν∇u` βus¨nΩi
“ 0 on I˘ν,β, rus “ 0 on I`ν,β

The solution u P U can jump across I´ν,β!
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A few references on ADR

Several works on the diffusion-dominated case, including, e.g.,

Hybridizable DG (standard meshes) [Cockburn et al., 2009]
Mimetic Finite Differences [Beirão da Veiga, Droniou, Manzini, 2010]
Weak Galerkin [Wang and Ye, 2013]
Virtual Elements [Beirão da Veiga, Brezzi, Marini, Russo, 2014]
(Non)conforming Virtual Elements [Cangiani, Manzini, Sutton, 2015]
. . .

Fewer tackle the advection-dominated and locally degenerate cases

1d domain decomposition [Gastaldi and Quarteroni, 1989]
DG (only numerics) [Houston, Schwab, Süli, 2002]
DG (weak formultation + full analysis) [DP, Ern, Guermond, 2008]

DP, Droniou, Ern, SINUM, 2015, DOI: 10.1137/140993971
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Mesh regularity

Definition (Admissible mesh sequence)

We consider a sequence pThqhPH of polytopal meshes s.t., for all h P H,
Th admits a simplicial submesh Th and pThqhPH is

shape-regular in the usual sense of Ciarlet;

contact-regular, i.e., every simplex S Ă T is s.t. hS « hT ;

Additionally, we assume every Th compliant with ν, so that ν P P0pThq.
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Hybrid degrees of freedom
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For all k ě 0 and all T P Th, we define the local space of DOFs

UkT :“ PkpT q ˆ

˜

ą

FPFT

PkpF q

¸

The global space has single-valued interface DOFs

Ukh :“

˜

ą

TPTh

PkpT q

¸

ˆ

˜

ą

FPFh

PkpF q

¸

Grey DOFs can be condensed (“discontinuous skeletal”)!
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Key ideas and main features

Diffusion terms of order pk ` 1q, cf. [DP, Ern, Lemaire, 2014]

Element-face upwind stabilization of advection

Automatic enforcement of the conditions on Γν,β and I˘ν,β

Arbitrary order k ě 0 in any dimension d ě 1

Method valid for the full range of local Peclet numbers

Analysis capturing the variation in the convergence rate

Reduced cost through static condensation

No need to duplicate interface unknowns on I´ν,β (!)
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Diffusion I

Let T P Th. The local potential reconstruction operator

pk`1
T : UkT Ñ Pk`1pT q

is s.t. for all vT “ pvT , pvF qFPFT
q P UkT and all w P Pk`1pT q,

p∇pk`1
T vT ,∇wqT :“ ´pvT ,4wqT `

ÿ

FPFT

pvF ,∇w¨nTF qF

Let IkT : H1pT q Q v ÞÑ pπkT v, pπ
k
F vqFPFT

q P UkT

ppk`1
T ˝ IkT q has optimal approximation properties in Pk`1pT q
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Diffusion II

Let T P Th. We define the local bilinear form aν,T on UkT ˆ U
k
T :

aν,T puT , vT q :“ pνT∇pk`1
T uT ,∇pk`1

T vT qT `
ÿ

FPFT

νT
hF
prkTFuT , r

k
TF vT qF

We stabilize by least-square penalty of the high-order face residual

rkTF pvT q :“ πkF pvF ´ p
k`1
T vT q ´ π

k
T pvT ´ p

k`1
T vT q

aν,T is polynomially consistent up to degree pk ` 1q
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Diffusion III

The last step is to assembly and weakly enforce BCs

The global bilinear form aν,h on Ukh ˆ U
k
h is defined as

aν,hpwh, vhq :“
ÿ

TPTh

aν,T pwT , vT q ` sB,ν,hpwh, vhq

where, for a user-defined penalty parameter ς ą 0,

sB,ν,hpwh, vhq :“
ÿ

FPFb
h

"

´pνF∇pk`1
T wT ¨nTF , vF qF `

ςνF
hF
pwF , vF qF

*

Symmetric and skew-symmetric variants can be devised (cf. DG)
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Diffusion IV

Lemma (Coercivity of aν,h)

Assuming that ς ą C2
trNB{4 it holds, for all vh P U

k
h,

aν,hpvh, vhq “: }vh}
2
ν,h »

ÿ

TPTh

νT }vT }
2
1,T `

ÿ

FPFb
h

νF
hF
}vF }

2
F ,

where, for all T P Th, we have defined the H1pT q-like seminorm on UkT :

}vT }
2
1,T :“ }∇vT }

2
T `

ÿ

FPFT

1

hF
}vF ´ vT }

2
F .
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Advection-reaction I

The discrete advective derivative operator

Gkβ,T : UkT Ñ PkpT q

is s.t., for all vT P U
k
T and all w P PkpT q,

pGkβ,T vT , wqT “ ´pvT ,β¨∇wqT `
ÿ

FPFT

ppβ¨nTF qvF , wqF

We have the following global IBP formula: For all wh, vh P U
k
h,

ÿ

TPTh

´

pGkβ,TwT , vT qT ` pwT , G
k
β,T vT qT

¯

“
ÿ

FPFb
h

ppβ¨nF qwF , vF qF

´
ÿ

TPTh

ÿ

FPFh

ppβ¨nTF qpwF ´ wT q, vF ´ vT qF

To control the term in red, we use element-face upwinding
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Advection-reaction II

For all T P Th, we define the bilinear form aβ,µ,T on UkT ˆ U
k
T s.t.

aβ,µ,T pwT , vT q :“ ´pwT , G
k
β,T vT qT ` µpwT , vT qT ` s

´
β,T pwT , vT q

with local element-face upwind stabilization given by

s´β,T pwT , vT q :“
ÿ

FPFT

ppβ¨nTF q
´pwF ´ wT q, vF ´ vT qF

Assembling and including the weak enforcement of BCs, we have

aβ,µ,hpwh, vhq :“
ÿ

TPTh

aβ,µ,T pwh, vhq `
ÿ

FPFb
h

ppβ¨nq`wF , vF qF
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Advection-reaction III

Lemma (Coercivity of aβ,µ,h)

Let η :“ minTPTh
p1, τref,Tµq, τref,T :“ tmaxp}µ}L8pT q, Lβ,T qu

´1. Then,

@vh P U
k
h, η}vh}

2
β,µ,h ď aβ,µ,hpvh, vhq,

with global advection-reaction norm

}vh}
2
β,µ,h :“

ÿ

TPTh

}vT }
2
β,µ,T `

1

2

ÿ

FPFb
h

}|β¨nTF |
1{2vF }

2
F ,

and }vT }
2
β,µ,T :“ 1

2

ř

FPFT
}|β¨nTF |

1{2pvF ´ vT q}
2
F ` τ

´1
ref,T }vT }

2
T .
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Discrete problem I

Define the following RHS linear form lh on Ukh:

lhpvhq :“
ÿ

TPTh

pf, vT qT `
ÿ

FPFb
h

ˆ

ppβ¨nTF q
´g, vF qF `

νF ς

hF
pg, vF qF

˙

The discrete problem reads: Find uh P U
k
h s.t., @vh P U

k
h,

ahpuh, vhq :“ aν,hpuh, vhq ` aβ,µ,hpuh, vhq “ lhpvhq

18 / 26



Discrete problem II

Lemma (inf-sup stability of ah)

There is γ% ą 0 independent of h, ν, β and µ s.t.

@wh P U
k
h, }wh}7,h ď γ%ζ

´1 sup
vhPU

k
hzt0u

ahpwh, vhq

}vh}7,h
,

with ζ :“ τref,Tµ and augmented global stability norm

}vh}
2
7,h :“ }vh}

2
ν,h ` }vh}

2
β,µ,h `

ÿ

TPTh

hTβ
´1
ref,T }G

k
β,T vh}

2
T

The }¨}7,h-norm adds control for the discrete advective derivative!
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A tailored reduction map

I`ν,β

β
I´ν,β

β

ν “ π

ν “ 0

We need a reduction map Ikh : U Ñ Ukh. For T P Th, simply set

pIkhvqT :“ πkT v

For faces F P Fh, taking γF v from the diffusive side if F Ă I´ν,β,

pIkhvqF :“ πkF pγF vq

Hence, interface DOFs on I´ν,β represent the diffusive trace!
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Convergence I

Theorem (Error estimate)

Assume that, for all T P Th, u P Hk`2pT q and

hTLβ,T ď βref,T and hTµ ď βref,T ,

Then, there is C ą 0 independent of h, ν, β, and µ s.t.

}uh ´ I
k
hu}

2
7,h ď C

ÿ

TPTh

!

Bd
T pu, kqh

2pk`1q
T `Ba

T pu, kqminp1,PeT qh
2pk` 1

2
q

T

)

,

with PeT denoting the local Péclet number.
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Convergence II

This estimate holds across the entire range of PeT

For diffusion-dominated elements with PeT ď hT , the contribution is

Ophk`1
T q

For advection-dominated elements with PeT ě 1, the contribution is

Ophk`1{2

T q

In between, we have intermediate orders of convergence
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Numerical example I

I`ν,β

β

I´ν,β

β

ν “ π

ν “ 0

upθ, rq “

#

pθ ´ πq2 if 0 ă θ ă π

3πpθ ´ πq if π ă θ ă 2π
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Numerical example II

10´2.5 10´2 10´1.5

10´9

10´7

10´5

10´3

10´1

0.99

1.97

3

4.04

k “ 0
k “ 1
k “ 2
k “ 3

10´2.5 10´2 10´1.5

10´9

10´7

10´5

10´3

10´1

1.03

2.17

3.32

4.3

k “ 0
k “ 1
k “ 2
k “ 3

Figure: Energy (left) and L2-norm (right) of the error vs. h
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