
Flux conservation

Theorem (continuity ofnormal componentsof U(dis) fields)

Letis be a polytopel domain ofR

Let zesorise He stal
,
and let cla (ta

,
Fa)

be a polytopl work of 5 .

Then
, for all - Fat St.

F C2T1126 for distinct To,5 -Th,

2(71 - myf + z(q - m+=
= 0

.

Let &E(2) and Considerthe Poissonmoblem :

() FindMet . Defe Sehre

Itsodution satisfier ,
a ... int

, f = -Am = -0. [ub.

Assure
,
for the sole of simplicity,

or Conex MEH(o)

by elliptic regularity. Then , applyin the above theorem

toI = J
,

we get ,
FET

, FCATINGE,

mis .merf. = 0
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-wror-entimete

Let cle = (th
,
Fe) be a polytopal mark of 12, an intege,

and ret

un Glenttete ,
jeft feat : STEPY() Tele

,

SFEP"(f) Y FETY,

Sele : Of et].

↳Tel Find - sitecla
, eas = I Jen

,
TETET

VEU,
e

where ac(c
,
f) = I at (et,El withare

a+11+,+ ) : = Sp+

1+
++ Op!Et + st(t , et)

plWe equip Has with the worm 1 . 111, S.
t
.,
Here-4,

9,

I Fellin : = I ET1t with
,

-Pa,
TETh

It : Is + eff-ne
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The fact that this is a worm is a consequence of the

following Paricare inequality :

IITellIFall
,
e Free

with Galle := is TET.

By 1521, an is uniformlyoercive with respectto 11 : 111
,
2.

Hence
, invoking Strang b

,

Sa(u; Ee)
111 - In ~la

,
a= up

E ell

with consistency error

Eq(nife) : = Lfva - aa(zm
,
(a)

To move convergence,
we have to showthat

ein Se(n ; Ea) = &,
e-> 0

which holder
,
in particular

,
if Elite for

some power 270
.
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Lemme (Estimate of the seristency-enor)

Let Sedo
, ..., 3 and arrum me H (ta) · Then

,

Eali(ls()

Proof . We have to reprmble the term that compare

Ea(wife) inruch a way that they can be,compared.

1) Noticing that 7 = -Ar a . e .
in2

,

free e

=- ms

= [17n. - unf w]
(1)

We nex notice that :

· If FEF is St. F Tartz , since Mehldijel,

↓ (outer - Maf +
rit -r) of = 0

· If Jet is St. FcaTao
,

since of - 0
,

↳( +f) if = 0
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Therefore ,

0 =E Ite (2)

= Surf e

Phuffing (2) into (1),

↓fre= [    (nen

(3)

2)

an (12n
,
we

def. Al

= -,
k+1

π-

defare[pentaenter ,]
= [+

- s+ me (ef-n
TEJ

+ I st (IFM
,ET)

TETen

S



We therefore have

Ee(M ,
(2)

= S(Du -Tt) - 05 381
+ -Tut . nf (nee 382

+ In
, en 3 33

(4)

i = bit -12i ↳3

def.1k+
· bj(t) = G(n - 7+ u) .D + 0 (5)

e

EP(e)
(2

,0, 2)-Holder

· b 1 I = 117-Ilf Intelle I uf-Elf
TETG FEFT --

=1
Hz H2

(
- IEs = h+ 117m-8m+13)x (I = I Ilff-f)

TETE --
TET FEFT

--S
11not< = Ille

-+1

= e In ele
,
e (O)
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· Using the consistency of it for smooth function

proved in the lawt course
,

we have 12
C-S

C "()(Ele↳3= [st(1 ,
Er

-T))
TEE

(ST2)

& +dimly(a, IlEalla,
e (7)

Pluging 157
, 180 ,

(7) into (4)
,

we get :Xeno,

Ea(n ;(1) et(u)n=(e) IEells,e,

so that

E(x ; (2)

, IIFella
,
e

+(m(ys+2((a)

Theorem (Energy or estimate (

shLetme holas done ()
, et -9,

0 volve (a),

and further arrue -(a) for some

- G0 , ...,
R3

. Then,

1) 1 - Z en ele .

Proof .
Combine strong 3 withthe previous temma.
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Numerical exer

Let EH() volve (TT) and assume ,
for the sale of

simplicity
,
neH(tal

·
Then

, for all Toda and all

v =Y(1)
,

↳fe = amebrue-l huntf
FEFT ↳ (8)

Y ↑
redistribution exchanges through
inside T the bondary ofT

In particular , if it 1
,

we obtin the clastical

Finite Volume balance :

- I t Du . n+ F = If
F E FT

Moreover
, we have already noticed at the beginning

of this course that , for all Jef , FCGEGE,

71117 +up · M2f = 0 (9)

&TE := - Julin is therefore a conservative

normal flux.

Is it possible to identify a conservativenumerical

normal flux for the tho method ?
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Assume that there exists R : -> (E) S.
+.

5+ (1+ , ft) =- Set Sufe
X(T

, ET)=
0x ~

k
-T -J (10)

Then
, for all Falao,

an(1a
,
(e)

def 9a=
def. patt,

C(10et] put. f n n

-I refe (nf-57

-Epent -De-teeft (1) (f -ve]
with

,
T

,
EFT

E+f : =
- yp

k+
(y+) . m+f + R=f (1+ = P (F)
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The edution te to (2) then shisfies, Euro,

Epent -De- (ancrf-v)=
Fix Jet and relect te sit . ja fjetl373

,

If =0 eta : uteP"(e),

↓ . Islahnfe(a)
FEF+ F

which the discrete local balanceenalogous to (10%

Fix now Zetel and select Es r
.

t. up'so

* z'-tale and so jete : Vefe(7)
,

Each of = o

= F(+F(n] =

which implier ,
since If(1) (F),

&TF(1))+ R (1)=

which is a discrete normal faux continuity relation

analogers to (1) .
10



It only remains to find RF .

Let Teta and

11 : = 4 atE /R : KATIF (F) -5- F+3
Then

, we let Rat : ->P(f) be .
t

. etelyI

ret Gut= let
,
(o

, Can coeff
,

i . e .,
Ret in the preserpentation of

St ( , ET) in (f) equipped with the

moduct dat Bat. It then rufficer for

k

RT fi = CRIF feft
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