
Locking-free numerical approximations of the
elasticity operator

D. A. Di Pietro, R. Eymard, S. Lemaire, S. Nicaise

IFP Energies nouvelles

Lyon, April 2, 2012



Setting

� With Ω � Rd bounded polyhedral domain, we consider the problem

�∇�σpuq � f in Ω,

u � 0 on BΩ,

where

σpuq :� 2µεpuq � λ∇�uId, εpuq :�
1

2

�
∇u�∇ut

�
.

� The Lamé parameters are piecewise constant a partition PΩ of Ω
and s.t.

0   µ ¤ µ ¤ µ   �8, 0   λ ¤ λ ¤ λ ¤ �8

� When λÑ �8, numerical locking can be observed
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Locking-free methods

� Locking-free methods satisfy an error estimate of the form

~u� uh~µ,λ ¤ CNuh

with C independent of λ, h, and u and

Nu :�
�
}u}2H2pPΩq

� |λ∇�u|2H1pPΩq

	1{2

� Key point: approximate non trivial (locally) solenoidal �elds

� Matching simplicial meshes: Crouzeix�Raviart interpolator



Estimate of Nu (d � 2) I

� Let

p :� �λ∇�u P L2pΩq, p̃ :� p� xλ∇�uyΩ P L2
0pΩq

� Then, pu, p̃q P U � L2
0pΩq solves with U :� H1

0 pΩq
d and g � �∇�u

»
Ω

2µεpuq:εpvq �

»
Ω

∇�vp̃ �

»
Ω

f �v @v P U ,

�

»
Ω

∇�uq �

»
Ω

gq @q P L2
0pΩq,

� Assume the following regularity with CS � CSpλq:

}u}H2pPΩq � }p̃}H1pPΩq ¤ CS

�
}g}H1pPΩq � }f}L2pΩqd

�
� See [Nicaise and Mercier, 2012] for a proof in d � 2



Estimate of Nu (d � 2) II

Theorem (Regularity)
Assume λ ¡ CS. Then,

Nu ¤ CΩ,λ,µ}f}L2pΩqd .

Proof.
There holds

|λ∇�u|H1pPΩq � |p̃|H1pPΩq ¤ CS

�
}∇�u}H1pΩq � }f}L2pΩqd

�
¤
CS

λ
1
2

}λ
1
2∇�u}L2pΩq�

CS

λ
|λ∇�u|H1pPΩq�CS}f}L2pΩqd .

Conclude using the energy estimate and the assumption on λ.



Setting I

� Let pThqhPH be a matching simplicial Ciarlet-regular mesh sequence

� De�ne the broken Sobolev spaces: For m ¥ 0,

H lpThq :�
 
v P L2pΩq | v|T P H lpT q, @T P Th

(
� A special instance are broken polynomial spaces: For k ¥ 0,

PkdpThq :�
 
v P L2pΩq | @T P Th, v|T P PkdpT q

(
� On H1pThq act the broken operators ∇h, εh, and σh



Setting II

T1 T2

F

nF

Figure: Notation for an interface F P F i
h

� For all F � BT1 X BT2 and all v P H1pThq set

JvK :� v|T1
� v|T2

, tvu :�
1

2

�
v|T1

� v|T2

�

� If F � BT X BΩ we set tvu � JvK � v

� We equip H1pThq with the H1
0 -like norm

}v}21,h :� }∇hv}
2
L2pΩqd � |v|2J, |v|2J :�

¸
FPFh

1

hF
}JvK}2L2pF q



Discrete Korn's inequality

Theorem (Korn's inequality)
There exists C independent of h s.t., for all vh P PkdpThqd,

}vh}1,h ¤ C
�
}εhpvhq}L2pΩqd,d � |vh|J

�
.

Proof.
Let ṽh :� IOspvhq P P1

dpThqd XH1
0 pΩq

d, k ¥ 1. Then,

}∇hvh}L2pΩqd,d ¤ }∇hṽh}L2pΩqd,d � }∇hpṽh � vhq}L2pΩqd,d

¤ CK}εhpṽhq}L2pΩqd,d � COs|vh|J

¤ CK}εhpvhq}L2pΩqd,d � CK}εhpṽh � vhq}L2pΩqd,d � COs|vh|J

¤ CK}εhpvhq}L2pΩqd,d � COs p1 � CKq |vh|J.

The proof can be extended to more general meshes [Brenner, 2004].



Liftings

� For l ¥ 0, F P Fh, v P H1pThqd, rlF pJvKq P PldpThqd,d solves

»
Ω

rlF pJvKq:τh �
»
F

JvKbnF :tτhu @τh P PldpThqd,d

� The trace of rlF pJvKq is denoted by

rlF pJvKq :� trprlF pJvKqq P PldpThq.

� There holds for l � 0,

r0
F pJvKq|T �

|F |

2|T |
xJvKyFbnF , r0

F pJvKq|T �
|F |

2|T |
xJvKyF �nF



A locking-free dG method I

ahpw,vq :�

»
Ω

σhpwq:εhpvq �
¸
FPFh

»
F

tσhpwqu:xJvKyFbnF

�
¸
FPFh

»
F

xJwKyFbnF :tσhpvqu

�
¸
FPFh

»
Ω

η

�
2µr0

F pJwKq:r0
F pJvKq � λr0

F pJwKqr0
F pJvKq




�
¸
FPFh

»
F

γµ,F
hF

JwK�JvK

Find uh P Uh :� P1
dpThqd s.t. ahpuh,vhq �

»
Ω

f �vh for all vh P Uh



A locking-free dG method II

Lemma (Weak consistency)
Assume u P U� :� H1

0 pΩq XH2pPΩq. Then,

@vh P Uh, ahpu,vhq �

»
Ω

f �vh � Eupvhq,

with consistency error

Eupvhq :�
¸
FPFh

»
F

tσpuqu: pxJvhKyF � JvhKqbnF .



A locking-free dG method III

~v~2
µ,λ :� }p2µq

1{2εhpvq}
2
L2pΩqd,d�}λ

1{2∇h�v}
2
L2pΩq�

¸
FPFh

γµ,F
hF

}JvK}2L2pF qd

Lemma (Coercivity)
For all η ¡ NB � d� 1 there holds with αη :� pη �NBq{p1 � ηq,

@vh P Uh, ahpvh,vhq ¥ αη~vh~
2
µ,λ.

Lemma (Boundedness)
There holds with βρ,η :� 2 � η � 2ρ

1
2 and U�h :� U� �Uh,

@pw,vhq P U�h �Uh, ahpw,vhq ¤ βρ,η~w~µ,λ,�~vh~µ,λ.



A locking-free dG method IV

Theorem (Error estimate)
Assume u P U�. Then,

~u� uh~µ,λ ¤

�
1 �

βρ,η
αη



inf

vhPUh

~u� vh~µ,λ,� � sup
vhPUh

Eupvhq
~vh~µ,λ

.

Corollary (Convergence rate)
The following locking-free error estimate holds:

~u� uh~µ,λ ¤ CNuh.



A locking-free dG method V

Proof.

� The inf is treated using the Crouzeix�Raviart interpolator ICR since

CRpThqd � Uh

� Let v P H2pThqd. The key properties of ICRv are

(i) Continuity of face-averaged values

@F P Fh, xJICRvKyF � 0

(ii) Approximation: For all T P Th,

}v�ICRv}L2pT qd � hT |v�ICRv|H1pT qd ¤ CCRhT }v}H2pT qd ,

}∇�pv�ICRvq}L2pT q � hT |∇�pv�ICRvq|H1pT q ¤ CCRhT |∇�v|H1pT q



Numerical examples I

R0

R1

R2

Ω1

Ω2

Figure: We �x E1 � E2 � 1, λ2 � 1, and let ν2 Ñ
1
2
ñ λ2 Ñ �8

λi �
νiEi

p1�νiqp1�2νiq
, µi �

Ei

2p1�νiq



Numerical examples II

10�2.2 10�2 10�1.8 10�1.6 10�1.4

10�1

10�0.5

ν � 0.499
ν � 0.4999
ν � 0.49999

Figure: ~u� uh~µ,λ vs. h



Numerical examples III

10�2.2 10�2 10�1.8 10�1.6 10�1.4
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ν � 0.49999

Figure: }u� uh}L2pΩqd vs. h
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A stabilized Crouzeix�Raviart method

� Following [Hansbo and Larson, 2003], we can alternatively choose

Uh � CRpThqd

� The convergence analysis remains unchanged, ah simpli�es to

ahpwh,vhq �

»
Ω

σhpwhq:εhpvhq �
¸
FPFh

»
F

γµ,F
hF

JwhK�JvhK

� This approach can be extended to general polyhedral meshes



Admissible mesh sequences I

Trace and inverse inequalities

� Every Th admits a simplicial submesh Sh

� pShqhPH is shape-regular in the sense of Ciarlet

� Every simplex S � T is s.t. hS � hT

Optimal polynomial approximation (for error estimates)
Every element T is star-shaped w.r.t. a ball of diameter δT � hT

Figure: Admissible (left) and non-admissible (right) mesh elements



Admissible mesh sequences II

Cell centers
We �x a set of points pxT qTPTh

s.t.

� all T P Th is star-shaped w.r.t. xT
� for all T P Th, and all F P FT , dT,F :� distpxT , F q � hT

xT

FPT,F

Figure: Cell center and face-based pyramid PT,F



Admissible mesh sequences III

Figure: Pyramidal submesh Ph :� tPT,F uTPTh, FPFT
. Σh :� tfaces of Phu



A generalization of the Crouzeix�Raviart space I

� Following [Eymard, Gallouët, and Herbin, 2009], let

Vh :� RTh � RFh

� De�ne the gradient reconstruction Gh : Vh Ñ P0
dpPhqd s.t.

@PT,F P Ph, Ghpvhq|PT,F
� GT pvhq �RT,F pvhq

where

GT pvhq :�
¸
FPFT

|F |

|T |
vFnT,F ,

RT,F pvhq :�
η

dT,F
rvF � pvT �GT pvhq�pxF � xT qqsnT,F

� Observe that RT,F pvhq P pP0
dpT q

dqK



A generalization of the Crouzeix�Raviart space II

� In the spirit of ccG methods, de�ne Rh : Vh Ñ P1
dpThq s.t.

@PT,F P Ph, Rhpvhq|PT,F
pxq � vF �Ghpvhq|PT,F

�px� xF q

� Following [Di Pietro, 2012] we introduce the discrete space

CRpThq � RhpVhq � P1
dpPhq

Lemma (Continuity of the face-averaged values in CRpThq)
Let vh P CRpThq. For η � d there holds for all σ P Σh face of Ph

xJvhKyσ � 0.



A generalization of the Crouzeix�Raviart space III

Lemma (Approximation in CRpThq)
For v P H2pThq let ICRv P CRpThq be s.t.

ICRv � Rhpvhq with vh �
�
pπ1
hvpxT qqTPTh

, pxvyF qFPFh

�

Then with vh :� ICRv there holds

}v � vh}L2pΩqd � h}∇hpv � vhq}L2pΩqd,d ¤ CCRh
2}v}H2pThqd .

Proof.
Follows similar ideas as [Di Pietro, 2012].



A generalization of the Crouzeix�Raviart space IV

Lemma
For v P H2pThqd let vh :� ICRv and set Dhpvhq :� π0

hp∇h�vhq. Then,

}∇�v�Dhpvhq}L2pΩq � h|∇�v�Dhpvhq|H1pThq ¤ CCRh|∇�v|H1pΩq.

Proof.
There holds, for all T P Th,

Dhpvhq|T �
¸
FPFT

|F |

|T |
xvyF �nT,F

�
1

|T |

¸
FPFT

»
F

v�nT,F �
1

|T |

»
T

∇�v � x∇�vyT ,

hence Dhpvhq � π0
hp∇�vq. Use the approximation properties of the

L2-projector to conclude.



A locking-free method on general meshes

ahpw,vq :�

»
Ω

2µεhpwq:εhpvq�

»
Ω

λDhpwqDhpvq�
¸
σPΣh

»
σ

γµ,σ
hσ

JwK�JvK

Find uh P CRpThqd s.t. ahpuh,vhq �

»
Ω

f �vh for all vh P CRpThqd

Theorem (Convergence)
Assume u P U�. Then,

~u� uh~µ,λ ¤ CNuh.



Numerical examples I

u � p1, 0q

Figure: Con�guration for the closed cavity test case (λ � 1.666 � 106, µ � 333)



Numerical examples II

(a) Triangular (b) Kershaw



Numerical examples III

(c) Trapezoidal (b) Lemaire (30/3/2012 23:19)



Numerical examples IV
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Figure: Closed cavity problem, coarse meshes



Numerical examples V
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Figure: Closed cavity problem, �ne meshes
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