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Model problem I

Let Ω Ă Rd, d ě 1, be a polytopal bounded connected domain

Let p P p1,`8q and f P Lp1pΩq with p1 :“ p
p´1

We consider the Leray–Lions problem: Find u PW 1,p
0 pΩq s.t.

Apu, vq :“

ż

Ω

apx,∇upxqq ¨∇vpxqdx “
ż

Ω

fv @v PW 1,p
0 pΩq

A typical example is the p-Laplacian: For p P p1,`8q,

apx,∇uq “ |∇u|p´2∇u

Applications to glaciology, turbulent porous media flow, airfoil design

Perfect playground for discrete functional analysis tools
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Model problem II

Assumption (Leray–Lions operator/v1)

For a fixed index p P p1,`8q, f P Lp1pΩq and a satisfies

Growth. ap¨,0q P Lp1pΩq and there is βa ą 0 s.t.

|apx, ξq ´ apx,0q| ď βa|ξ|
p´1 for a.e. x P Ω, for all ξ P Rd.

Monotonicity. For a.e. x P Ω, for all pξ,ηq P Rd ˆ Rd,

rapx, ξq ´ apx,ηqs ¨ rξ ´ ηs ě 0.

Coercivity. There is λa ą 0 s.t.

apx, ξq ¨ ξ ě λa|ξ|
p for a.e. x P Ω, for all ξ P Rd.

A dependence on u can also be included in the analysis
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Discretization of Leray–Lions type problems

Conforming Finite Elements

p-Laplacian, a priori [Barrett and Liu, 1994]
A priori and a posteriori [Glowinski and Rappaz, 2003]

Nonconforming FE for the p-Laplacian [Liu and Yan, 2001]

Mixed Finite Volumes for Leray–Lions [Droniou, 2006]

Discrete Duality FV, d “ 2 [Andreianov, Boyer, Hubert, 2004–07]

Mimetic FD, quasi linear [Antonietti, Bigoni, Verani, 2014]

Hybrid High-Order (HHO) for Leray–Lions, p P p1,`8q

Convergence by compactness [DP & Droniou, Math. Comp., 2016]
Error estimates [DP & Droniou, submitted, 2016]

Ideas and tools applicable also to other POEMS (VEM, DG,
HDG, WG,. . . )
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Mesh I

Definition (Mesh regularity)

We consider a sequence pThqhPH of polyhedral meshes s.t., for all h P H,
Th admits a simplicial submesh Th and pThqhPH is

shape-regular in the usual sense of Ciarlet;

contact-regular, i.e., every simplex S Ă T is s.t. hS « hT .

Main consequences:

Lp-trace and inverse inequalities

Approximation for broken polynomial spaces

See [Cangiani, Georgoulis, Houston, 2014] for degenerate faces
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Mesh II

Figure: Examples of meshes in 2d and 3d: [Herbin and Hubert, 2008] and
[DP and Lemaire, 2015] (above) and [DP and Specogna, 2016] (below)
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Projectors on local polynomial spaces I

The L2-orthogonal projector π0,l
T : L1pT q Ñ PlpT q is s.t.

ż

T

pπ0,l
T v ´ vqw “ 0 for all w P PlpT q

The elliptic projector π1,l
T : W 1,1pT q Ñ PlpT q is s.t.

ż

T

∇pπ1,l
T v ´ vq¨∇w “ 0 for all w P PlpT q and

ż

T

pπ1,l
T v ´ vq “ 0

The elliptic projector is at the core of other POEMS, e.g.,

VEM [Beirão da Veiga, Brezzi, Cangiani, Manzini, Marini, Russo,
2013]

HOM/nc-VEM [Lipnikov and Manzini, 2014]
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Projectors on local polynomial spaces II

Lemma (Optimal approximation)

For all p P r1,`8s, all s P t1, . . . , l ` 1u, all m P t0, . . . , s´ 1u, and all
v PW s,ppT q, it holds with ‹ P t0, 1u

|v ´ π‹,lT v|Wm,ppT q ` h
1
p

T |v ´ π
‹,l
T v|Wm,ppFT q À hs´m

T |v|W s,ppT q.

Proof.

Apply a general result from [DP and Droniou, 2016b]: every W -bounded
projector has optimal approximation properties.
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Key ideas

DOFs: polynomials of degree k ě 0 at elements and faces

Differential operators reconstructions taylored to the problem:

A|T pu, vq «
ż

T

apx,Gk
TuT pxqq ¨G

k
T vT pxqdx` stab.

with

gradient reconstruction Gk
T from local solves

stabilisation using face-based penalty and high-order potential
reconstruction

General meshes in any d ě 1 and arbitrary polynomial degrees
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DOFs and interpolation
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Figure: Uk
T for k P t0, 1, 2u

For k ě 0 and T P Th, we define the local space of DOFs

Uk
T :“ PkpT q ˆ

˜

ą

FPFT

PkpF q

¸

The local interpolator IkT : W 1,1pT q Ñ Uk
T is s.t.

IkT v “ pπ
0,k
T v, pπ0,k

F vqFPFT
q
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Operator reconstructions I

We define the gradient reconstruction Gk
T : Uk

T ÞÑ PkpT qd s.t.

pGk
T vT ,φqT “ ´pvT ,divφqT `

ÿ

FPFT

pvF ,φ¨nTF qF @φ P PkpT qd

Recalling the definition of IkT , it holds for all v PW 1,1pT q,

pGk
T I

k
T v,φqT “ ´p�

�π0,k
T v,divφqT`

ÿ

FPFT

p�
�π0,k
F v,φ¨nTF qF “ p∇v,φqT ,

i.e., by definition of π0,k
T ,

Gk
T I

k
T v “ π0,k

T p∇vq

As a result, pGk
T ˝ I

k
T q has optimal W s,p-approximation properties
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Operator reconstructions II

We define the potential reconstruction pk`1
T : Uk

T Ñ Pk`1pT q s.t.

p∇pk`1
T vT ´G

k
T vT ,∇wqT “ 0 @w P Pk`1pT q

and ppk`1
T vT ´ v, 1qT “ 0

Recalling the definition of Gk
T and IkT , it holds for all v PW 1,1pT q,

p∇pk`1
T IkT v,∇wqT “ ´p��π0,k

T v,4wqT`
ÿ

FPFT

p�
�π0,k
F v,∇w¨nTF qF “ p∇v,∇wqT ,

i.e., by definition of π1,k`1
T ,

pk`1
T IkT v “ π1,k`1

T v

As a result, ppk`1
T ˝ IkT q has optimal W s,p-approximation properties
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Global problem I

For all T P Th, we define the local function AT : Uk
T ˆ U

k
T Ñ R s.t.

AT puT , vT q :“

ż

T

apx,Gk
TuT pxqq ¨G

k
T vT pxqdx` sT puT , vT q

The stabilisation term sT : Uk
T ˆ U

k
T Ñ R is s.t.

sT puT , vT q :“
ÿ

FPFT

h1´p
F

ż

F

ˇ

ˇδkTFuT
ˇ

ˇ

p´2
δkTFuT δkTF vT ,

with face-based residual operator δkTF : Uk
T Ñ PkpF q s.t.

δkTF vT :“ π0,k
F

´

vF ´ p
k`1
T vT ´ π

0,k
T pvT ´ p

k`1
T vT q

¯

Polynomial consistency: δkTF I
k
T v “ 0 for all v P Pk`1pT q
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Global problem II

Define the following global space with single-valued interface DOFs:

Uk
h :“

˜

ą

TPTh

PkpT q

¸

ˆ

˜

ą

FPFh

PkpF q

¸

A global function Ah : Uk
h ˆ U

k
h Ñ R is assembled element-wise:

Ahpuh, vhq :“
ÿ

TPTh

AT puT , vT q

We seek uh P U
k
h,0 :“

!

vh P U
k
h | vF “ 0 @F P Fb

h

)

s.t.

Ahpuh, vhq “

ż

Ω

fvh @vh P U
k
h,0

with vh|T “ vT for all T P Th
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Global problem III

Define on Uk
h the W 1,p-like seminorm (this is a norm on Uk

h,0)

}vh}
p
1,p,h :“

ÿ

TPTh

˜

}∇vT }pLppT qd `
ÿ

FPFT

h1´p
F }vF ´ vT }

p
LppF q

¸

We have coercivity for Ah: For all vh P U
k
h,

}vh}
p
1,p,h À Ahpvh, vhq

Existence for uh follows (cf. [Deimling, 1985]) with a priori estimate

}uh}1,p,h ď C}f}
1

p´1

Lp1 pΩq
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Convergence to minimal regularity solutions I

Theorem (Convergence)

Up to a subsequence as hÑ 0, with p˚ “ dp
d´p if p ă d, `8 otherwise,

uh Ñ u and pk`1
h uh Ñ u strongly in LqpΩq for all q ă p˚,

Gk
huh Ñ ∇u weakly in LppΩqd.

Additionally, if a is strictly monotone,

Gk
huh Ñ ∇u strongly in LppΩqd.

In this case, both u and uh are unique and the whole sequence converges.
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Convergence to minimal regularity solutions II

Key discrete functional analysis results on hybrid polynomial spaces:

Lemma (Discrete Sobolev embeddings)

Let 1 ď q ď p˚ if 1 ď p ă d and 1 ď q ă `8 if p ě d. Then, there
exists C only depending on Ω, %, k, q and p s.t. for all vh P U

k
h,0,

}vh}LqpΩq ď C}vh}1,p,h.

Lemma (Discrete compactness)

Let pvhqhPH be s.t. }vh}1,p,h ď C for a fixed C P R. Then, there exists

v PW 1,p
0 pΩq s.t., up to a subsequence as hÑ 0,

vh Ñ v and pk`1
h vh Ñ v strongly in LqpΩq for all q ă p˚,

Gk
hvh Ñ ∇v weakly in LppΩqd.
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Error estimates I

Assumption (Leray–Lions operator/v2)

For p P p1,`8q, a : Ωˆ Rd Ñ R satisfies

Growth. Same as before

Continuity. There is γa ą 0 s.t. for a.e. x P Ω, @ξ,η P Rd

|apx, ξq ´ apx,ηq| ď γa|ξ ´ η|p|ξ|
p´2 ` |η|p´2q.

Monotonicity. There is ζa ą 0 s.t. for a.e. x P Ω, @ξ,η P Rd,

rapx, ξq ´ apx,ηqs ¨ rξ ´ ηs ě ζa|ξ ´ η|
2p|ξ| ` |η|qp´2.

Coercivity. Same as before
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Error estimates II

Theorem (Error estimate)

Assume u PW k`2,ppThq, ap¨,∇uq PW k`1,p1pThqd, and let, if p ě 2,

Ehpuq :“ hk`1
|u|Wk`2,ppThq

` h
k`1
p´1

´

|u|
1

p´1

Wk`2,ppThq
` |ap¨,∇uq|

1
p´1

Wk`1,p1 pThq

¯

,

while, if p ă 2,

Ehpuq :“ hpk`1qpp´1q
|u|p´1

Wk`2,ppThq
` hk`1

|ap¨,∇uq|Wk`1,p1 pThq
.

Then, it holds,

}Ikhu´ uh}1,p,h À Ehpuq “

#

Oph k`1
p´1 q if p ě 2,

Ophpk`1qpp´1q if p ă 2.

Results coherent with [Liu and Yan, 2001] (Crouzeix–Raviart)
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Numerical example I

Figure: Triangular and (predominantly) hexagonal meshes

We consider the following exact solution

upxq “ sinpπx1q sinpπx2q

We solve the corresponding Dirichlet problem for p P t2, 3, 4u
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Numerical example II
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Figure: }Ikhu´ uh}1,p,h vs. h for p “ 2, 3, 4 (left to right) for the triangular (above)
and hexagonal (below) mesh families
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Variations I

Following [Cockburn, DP, Ern, 2016], one could replace Uk
T with

U l,k
T :“ PlpT q ˆ

˜

ą

FPFh

PkpF q

¸

, l P tk ´ 1, k, k ` 1u

Gk
T and pk`1

T remain formally the same (only their domain changes)

The boundary residual operator, on the other hand, becomes

δl,kTF vT :“ π0,k
F

´

vF ´ p
k`1
T vT ´ π

0,l
T pvT ´ p

k`1
T vT q

¯
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Variations II

Convergence and error estimates as for the original HHO method

l “ k´1 yields a HOM/nc-VEM-type scheme

Linear diffusion [Lipnikov and Manzini, 2014]

Analysis [Ayuso de Dios, Lipnikov, Manzini, 2016]

l “ k corresponds to the original HHO method

l “ k`1 yields a Lehrenfeld–Schöberl-type HDG method

Linear diffusion [Lehrenfeld, 2010]

k “ 0 and l “ k´ 1 on simplices yields the Crouzeix–Raviart element

The globally-coupled unknowns coincide in all the cases!
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