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Quasi-compressible materials and numerical locking I

Let Ω Ă Rd denote a bounded polygonal or polyhedral domain
We consider the linear elasticity equations

´∇¨σpuq “ f in Ω,

u “ 0 on BΩ,

where, for µ, λ P R, σpuq is the Cauchy stress tensor,

σpuq :“ 2µεpuq ` λ∇¨uId , εpuq :“ 1
2
`

∇u `∇ut˘

When λÑ `8, numerical locking can be observed
To avoid locking: uniform convergence w.r.t. λ



Quasi-compressible materials and numerical locking II

If Ω convex, in d “ 2 there holds [Brenner and Sung, 1992]

Nel :“
´

}u}2H2pΩq ` |λ∇¨u|2H1pΩq

¯1{2

ď }f }L2pΩqd ,

Locking-free methods satisfy an error estimate of the form

~u ´ uh~el ď CNelh,

with C independent of λ, h, and u
Key point: approximation of non-trivial solenoidal fields
Classical solution: Crouzeix–Raviart on matching triangular meshes
What about general polygonal/polyhedral meshes?



Stokes flow with large irrotational body forces I

Let again Ω Ă Rd denote a bounded polygonal or polyhedral domain
We consider the Stokes flow

´4u `∇p “ Ψ´∇ϕ in Ω,
∇¨u “ 0 in Ω,

u “ 0 on BΩ,
xpyΩ “ 0

Classical requirement: inf-sup stable discretization
Avoid that large irrotational body forces affect the velocity
approximation [Galvin et al., 2012]
Can these requirements be met on general polyhedral meshes?



Stokes flow with large irrotational body forces II

Let puΨ, pΨq denote the exact solution with ϕ ” 0
We note the following continuous property:

u “ uΨ, p “ pΨ ´ ϕ

Key point: mimick this property at the discrete level
With NΨ :“ }uΨ}H2pΩqd ` }pΨ}H1pΩq we obtain the estimate

}∇hpu ´ uhq}L2pΩqd,d ď ChNΨ,

}p ´ ph}L2pΩq ď Ch
`

NΨ ` }ϕ}H1pΩq
˘

,

where C is independent of h, u, and ϕ
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Admissible mesh sequences I

Trace and inverse inequalities

Every Th admits a simplicial submesh Sh

pShqhPH is shape-regular in the sense of Ciarlet
pShqhPH is contact regular: every simplex S Ă T is s.t. hS « hT

Optimal polynomial approximation (for error estimates)
Every element T is star-shaped w.r.t. a ball of diameter δT « hT

Figure: Admissible (left) and non-admissible (right) mesh elements



Admissible mesh sequences II

Cell centers
We fix a set of points txTuTPTh s.t.

all T P Th is star-shaped w.r.t. xT

for all T P Th, and all F P FT , dT,F :“ distpxT ,Fq « hT

xT

FPT,F

Figure: Cell center and face-based pyramid PT,F



Admissible mesh sequences III

Figure: Pyramidal submesh Ph :“ tPT,FuTPTh ,FPFT
. Σh :“ tfaces of Phu

Lemma (Shape- and contact-regularity of Ph)
Let Th admit a set of cell centers. Then, if Th is shape- and
contact-regular, the same holds for Ph.



A generalization of the Crouzeix–Raviart space I

Following [Eymard et al., 2010], we consider the space of DOFs

Vh :“ RTh ˆ RFh

Define the gradient reconstruction Gh : Vh Ñ P0
dpPhq

d s.t.

@PT,F P Ph, Ghpvhq|PT,F “ GT pvhq `RT,Fpvhq

where

GT pvhq :“
ÿ

FPFT

|F |
|T |vFnT,F ,

RT,Fpvhq :“ η

dT,F
rvF ´ pvT `GT pvhq¨pxF ´ xT qqsnT,F

Observe that RT,Fpvhq P pP0
dpT qdqK



A generalization of the Crouzeix–Raviart space II

In the spirit of ccG methods, define Rh : Vh Ñ P1
dpThq s.t.

@PT,F P Ph, Rhpvhq|PT,F pxq “ vF `Ghpvhq|PT,F ¨px ´ xFq

Following [DP, 2012] we introduce the discrete space

CRpThq :“ RhpVhqĂ P1
dpPhq



Continuity of face-averaged values I

Figure: Primal mesh faces (thick lines) and lateral pyramidal faces (thin lines)

Lemma (Continuity of face-averaged values)
Assume η “ d. There holds for all vh P CRpThq and all σ P Σh,

xJvhKyσ “ 0.



Continuity of face-averaged values II

σ T
F1

F2

xσ xT

x2

xσ´x2 xT´x2

xσ´xT

Choice of the starting point: xJvhKyF “ vF “ 0 for all F P Fh

For σ P ΣhzFh, there holds with vh P Vh s.t. Rhpvhq “ vh,

xJvhKyσ “ vh |PT,F1
pxσq ´ vh |PT,F2

pxσq
“ vF1 ´ vF2 ´GT pvhq¨pxF1´xF2q ` α1 ´ α2,

with αi :“RT,Fi pvhq¨pxσ´xiq“´
η
d pvFi´vT´GT pvhq¨pxi´xT qq



Continuity of face-averaged values III

Hence, taking η “ d,

xJvhKyσ “
´

1´ η

d

¯

pvF1 ´ vF2 ´GT pvhq¨pxF1´xF2qq “ 0

since

α1 ´ α2 “ ´
η

d pvF1 ´ vF2 ´GT pvhq¨px1´x2qq



Approximation properties I

Lemma (Approximation in CRpThq)
For v P H 1pΩq let Ihv P CRpThq be s.t.

Ihv “ Rhpvhq with vh “
`

pπ1
hvpxT qqTPTh , pxvyFqFPFh

˘

Then there holds
Π0

hp∇hIhvq “ Π0
hp∇vq.

Moreover, if v P H 1pΩq XH 2pThq, there holds for all T P Th,

}v ´ Ihv}L2pTq ` hT}∇pv ´ Ihvq}L2pTqd ď Ch2
T}v}H2pTq.



Approximation properties II

Proof.
Let T P Th. Using Green’s Theorem and since RT,Fpvhq P pP0

dpT qdqK,

Π0
hp∇hIhvq|T “ GT pvhq “

ÿ

FPFT

|F |
|T | xvyFnT,F

“
1
|T |

ÿ

FPFT

ż

F
vnT,F “

1
|T |

ż

T
∇v “ x∇vyT .

The second point can be proved as in [DP, 2012].



Approximation properties III

Corollary (Divergence approximation)
For v P H 1pΩqd XH1

pdiv; Ωq let vh :“ Ihv and Dhpvhq :“ Π0
hp∇h¨vhq,

i.e.,
@T P Th, Dhpvhq|T “

1
|T |

ÿ

FPFT

|F |vF ¨nT,F .

As a consequence, for all T P Th, there holds

}∇¨v´Dhpvhq}L2pTq ` hT |∇¨v´Dhpvhq|H1pTq ď ChT |∇¨v|H1pTq.
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A locking-free method on general meshes I

´∇¨σpuq “ f in Ω,

u “ 0 on BΩ

We seek an approximation of the displacement u in the space

U h :“ CR0pThq
d

The discrete problem reads

Find uh P U h s.t. ahpuh, vhq “

ż

Ω
f ¨vh for all vh P U h

with

ahpw, vq :“
ż

Ω
2µεhpwq:εhpvq`

ż

Ω
λDhpwqDhpvq`

ÿ

σPΣh

ż

σ

µ

hσ
JwK¨JvK



A locking-free method on general meshes II

Lemma (Coercivity of ah)
There holds for all vh P U h with Csta independent of h and of λ,

ahpvh, vhq “: ~vh~
2
el ě Csta}∇hvh}

2
L2pΩqd,d .

Proof.

Continuity of face-averaged values: }∇hv}L2pΩqd,d is a norm on U h

Discrete Korn’s inequality [Brenner, 2004],

@vh P U h, }∇hvh}L2pΩqd,d ď CK

ˆ

}εhpvhq}
2
L2pΩqd,d ` |vh|

2
J

˙1{2



A locking-free method on general meshes III

Lemma (Weak consistency)
Assume u P U˚ :“ pH 1

0 pΩq XH 2pΩqqd . Then

@vh P U h, ahpu, vhq “

ż

Ω
f ¨vh ` Ehpvhq,

with consistency error

Ehpvhq :“
ÿ

σPΣh

ż

σ

σpuq:JvhKb nF `

ż

Ω
λpDhpuq ´∇¨uq∇h¨vh.

Proof.
Integrate by parts the volumic terms and use ´∇¨σpuq “ f a.e. in Ω.



A locking-free method on general meshes IV

Theorem (Convergence)
Assume u P U˚. Then the method satisfies the locking-free estimate

~u ´ uh~el ď CNelh.

Proof.
Strang’s Second Lemma yields

~u ´ uh~el À inf
vhPU h

~u ´ vh~el ` sup
vhPU hzt0u

|Ehpvhq|

~vh~el
:“ T1 ` T2.

T1: approximation properties of Ih;
T2: continuity of face-averaged values.



Numerical example I

u “ p1, 0q

Figure: Closed cavity [Hansbo and Larson, 2003] (λ « 1.666 ¨ 106, µ « 333)



Numerical example II

Figure: Meshes for the closed cavity



Numerical example III
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Figure: Closed cavity problem, coarse meshes



Numerical example IV
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Figure: Closed cavity problem, fine meshes



Inf-sup stable discretization I

´4u `∇p “ Ψ´∇ϕ in Ω,
∇¨u “ 0 in Ω,

u “ 0 on BΩ,
xpyΩ “ 0

We consider the following discrete spaces:

U h :“ CR0pThq
d , Ph :“ P0

dpThq X L2
0pΩq, Xh :“ U h ˆ Ph

The discretization of the diffusion term is based on the bilinear form

ahpw, vq :“
ż

Ω
∇hw:∇hv

The velocity-pressure coupling is based on the bilinear form

bhpv, qq :“ ´
ż

Ω
p∇h¨vqq



Inf-sup stable discretization II

Lemma (Stability)
There exist a reals β ą 0 independent of h s.t., for all qh P Ph,

β}qh}L2pΩq ď $ :“ sup
whPU hzt0u

bhpwh, qhq

}∇hwh}L2pΩqd,d
.

Proof.
With vqh velocity lifting of qh, ξh :“ Ihvqh , there holds

}qh}
2
P “

ż

Ω
∇¨vqh qh “

ż

Ω
Π0

hp∇¨vqh qqh “ ´bhpξh, qhq

ď $}∇hξh}L2pΩqd,d À $}vqh}H1pΩqd À $}qh}L2pΩq.



Forcing term I

At the continuous level there holds for all v P H 1
0 pΩqd ,

ż

Ω
pΨ´∇ϕq¨v “

ż

Ω
Ψ¨v `

ż

Ω
p∇¨vqϕ

We discretize the source term accordingly,

lhpvq :“
ż

Ω
Ψ¨v ´ bhpv,Π0

hϕqL2pΩq

The discrete problem reads: Find puh, phq P Xh s.t.

ahpuh, vhq ` bhpvh, phq ´ bhpuh, qhq “ lhpvhq, @pvh, qhq P Xh



Forcing term II

Proposition
Denote by puΨ,h, pΨ,hq the solution with ϕ ” 0. There holds

uh “ uΨ,h, ph “ pΨ,h ´Π0
hϕ.

Proof.
Owing to the choice of the right-hand side there holds

ahpuh, vhq ` bhpvh, ph `Π0
hϕq ´ bhpuh, qhq “

ż

Ω
Ψ¨vh.

The conclusion follows since the discrete problem is well-posed.



Error estimate

Theorem (Error estimate for the problem with ϕ ” 0)
Assume puΨ,h, pΨ,hq P X˚ with X˚ :“ X XH 2pΩqd ˆH 1pΩq. There
holds with NΨ :“ }uΨ}H2pΩqd ` }pΨ}H1pΩq

}∇hpuΨ ´ uΨ,hq}L2pΩqd,d ` }p ´ pΨ,h}L2pΩq ď CNΨh.

Corollary (Error estimate)
There holds

}∇hpu ´ uhq}L2pΩqd,d ď CNΨh,
}p ´ ph}L2pΩq ď C

`

NΨ ` }ϕ}H1pΩq
˘

h.



Numerical example I

We consider the following exact solution:

u1 “ ´expy cospyq` sinpyqq, u2 “ exy sinpyq, pΨ “ 2ex sinpyq´C ,

with Ψ ” 0 and potential

ϕ “ χ sinp2πxq sinp2πyq, χ ą 0

The parameter χ allows to vary the magnitude of the irrotational
body force



Numerical example II

103 104

10´3

10´2

χ “ 1
χ “ 10
χ “ 100

(a) }∇hpu´uhq}L2pΩqd,d vs. cardpVhq
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(b) }p ´ ph}L2pΩq vs. cardpVhq

Figure: Depedence of the velocity and pressure approximations on the
magnitude of the irrotational body force
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