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Features of HHO

Capability of handling general polyhedral meshes
Construction valid for arbitrary space dimensions
Arbitrary approximation order (including k& = 0)

Reproduction of desirable continuum properties

m Integration by parts formulas
m Kernels of operators
m Symmetries

m Reduced computational cost after hybridization

1 1
Nibo ~ 5[62 card(Fp,) Ngff A 614:3 card(7p)
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Mesh regularity |

Definition (Mesh regularity)

We consider a sequence (73 )nep of polyhedral meshes s.t., for all
h € H, T, admits a simplicial submesh ¥} and (Tp,)ney is

m shape-regular in the sense of Ciarlet;

m contact-regular: every simplex S < T is s.t. hg ~ hr.

Main consequences:
m Trace and inverse inequalities

m Optimal approximation for broken polynomial spaces
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Mesh regularity |l

Figure: Admissible meshes in 2d and 3d: [Herbin and Hubert, 2008, FVCA5] and
[Di Pietro and Lemaire, 2015] (above) and [Eymard et al., 2011, FVCA®6] (below)
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Model problem

m Let ) denote a bounded, connected polyhedral domain

m For f e L?(f2), we consider the Poisson problem

—Au=f in Q
u=20 on 0N}

m In weak form: Find u e H}(Q) s.t.

a(u,v) := (Vu, Vv) = (f,v) Vv e HY(Q)
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Key ideas

m DOFs: polynomials of degree k£ > 0 at elements and faces

m Differential operators reconstructions taylored to the problem:

ar(u,v) ~ (VP?lHT, VP?FIQT) + stab.

with
m high-order reconstruction pgﬂ from local Neumann solves
m stabilization via face-based penalty

m Construction yielding superconvergence on general meshes
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DOFs

k=0 k=1 k=2

Figure: Q’% for k € {0,1,2}

m For k> 0 and all T € T, we define the local space of DOFs

cﬁ:wmx{XP&w%

FeFr

m The global space has single-valued interface DOFs

m:{xwm}{xwxm}

TeTh FeFy,
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Local potential reconstruction |

m Let T € 7;,. The local potential reconstruction operator
E+1 . 77k k+1
pr Uy — Py (T

is s.t. Yo € UK, (phvp, 1) = (vr, 1)1 and Yw € PEY(T),

(Vplch-‘rlQTa Vw)r = —(vr, Aw)r + Z (vp, Vwnrr)p
FeFr

m To compute pl}“, we solve a small SPD linear system of size

k+1+d
Ny g :=
kd ( k+1 )

m Perfectly suited to GPU computing!
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Local potential reconstruction |l

L+llL )

Lemma (Approximation properties for p7.

Define the local reduction map I% : H'(T) — U% s.t.
B v s (o, (ebo) ).
Then, for all T € T, and all v e H*2(T),

lv = 5+ Lholy + hr |V (v = P i) | S Ay vk,

13 /55



Local potential reconstruction Il

m Since Aw € ]P’s_l(T) and Vw|p-nrr € Pt (F),

(Vpi}“l?v,Vw)T = 7(7717‘17;, Aw)r + Z (77}‘;1), Vwnrp)g
FeFr

= —(v, Aw)r + Z (v, Vwnrp)p = (Vou, Vw)r
FeFr

m This shows that pi Ik is the elliptic projector on P%(T):

(Vph o — Vo, Vw)r =0 Yw e PETY(T)

m The approximation properties follow
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Stabilization |

m The following naive choice is not stable

k+1 k+1
ajr(u,v) ~ (Vpg ur, Vppvr)r
m To remedy, we add a local stabilization term

(Vo lug, Vpktlop)r + sr(ug, vp)

m Coercivity and boundedness are expressed w.r.t. to

1
log | = IVor|F + ) —lvr = vrlE

FeFr
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Stabilization I

m Define, for T € T, the stabilization bilinear form st as

st (ur, vr) Z hp (g (D7 ur — up), 75 (7 or — vp))F,
FG}-T

with pi, pr+L high-order correction of cell DOFs based on kar1

~k+1 . k+1 k_ _k+1
pp "Up i=vUr + (pT U — TP vr)

m With this choice, ar satisfies, for all vy € Ql%,

lvpliz < ar(vp,vp) < v
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Stabilization Il

Lemma (High-order consistency of s7)

st preserves the approximation properties of Vp%“.
m For all we H* (1), letting Gy := Lju = (7hu, (thu) per,),
|75ty — r)|r = |7E (Thu + o3ty — mppit iy — mhu) [ F
< |7k (07 r — )l + |75 (v = p5 g |

1 —~
< by PPk gy —

m Recalling the approximation properties of p?’l, this yields

12 :
{1V 0y w0 + srlir,r)} - < B fulisar
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Discrete problem

m We enforce boundary conditions strongly considering the space
Qﬁ,o = {Qh EQ’Z lvp=0 VFEe ]—',';’}

m The discrete problem reads: Find v, € QZ}O s.t.

an(up,vy) = Z ar(ur, vr) = Z (for)r Vo, eUkg
TeTh, TeTh

m Well-posedness follows from the coercivity of ap
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Convergence |

Theorem (Energy-norm error estimate)

Assume u € HF2(T) and let

by, := ((Thw)reT;,, (Thw)Fer,) € Uk o.

Then, we have the following energy error estimate:

max (Juy, = Gnl1n, lun = Gnllan) S 0 ul grez ),

with

T

loalin = D) lor

TeTy,

2
17
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Convergence |l

Theorem (L2-norm error estimate)

Further assuming elliptic regularity and f € H*(Q) ifk = 0,

max ([, — ul, | — un|)) S 12N,

with Ny := | fl ), N = |ul ey ifk > 1, and, ¥T € T,

57 k1 S
Up|T = pp U, uh|T —pT ITu Up|T = UT.
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Convergence for a smooth 2d solution |
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Figure: Energy (left) and L2-norm (right) of the error vs. h for uniformly refined
triangular (top) and hexagonal (bottom) mesh families, u(x) = sin(wz1) sin(7z2)

21 /55



Convergence for a smooth 2d solution Il
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Figure: Assembly/solution time for triangular (left) and hexagonal (right) mesh
families, sequential implementation



Mesh adaptivity: Fichera's 3d test case |

m Let Q:=(—1,1)3\[0,1]3

m We consider the following exact solution:
1
u(@) = (af + 23 + 23)7

corresponding to the forcing term

S

flw) = 3t + o+ ad)

m We consider an adaptive procedure driven by guaranteed
residual-based a posteriori estimators [DP & Specogna, 2015]
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Mesh adaptivity: Fichera's 3d test case |l

Figure: HHO solution on a sequence of adaptively refined meshes
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Mesh adaptivity: Fichera's 3d test case IlI
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Figure: Energy error vs. dim(gﬁ)
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Mesh adaptivity: Fichera’s 3d test case IV

Figure: Estimated (left) and true (right) error distribution
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Variable diffusion |

m Let v : Q — R¥? be a SPD tensor-valued field s.t.
VT € Ty, 0<vp<Av)<vr
m Consider the variable diffusion problem

—V-(vVu) = f in Q
u=20 on 0N}

m We confer built-in homogeneization features to plj‘iﬂ

(VVpi}HQT,Vw)T = (vVour, Vw)r+ Z (vp—vr,vVwnrp)p
FE}-T
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Variable diffusion 1l

k+1lk )

Lemma (Approximation properties of pi.

There is C independent of hy and v s.t., for all v € Hk+2(T), it
holds with oo = % if v is piecewise constant and o = 1 otherwise:

o — k+1ITUHT + hy|V (v — k+1IT’U)HT CPTthrQHUHkJrZ T

with local heterogeneity/anisotropy ratio

29 /55



Variable diffusion Il

Theorem (Energy-error estimate)

Assume that u € H**2(T,) and modify the bilinear form as

ay 1 (Ur,vy) = (VVPI;’-HﬂTv VP?FIQT)T + su,7(Ur,v7)

where, setting vrp := |nrp-vipnrE|por),

vVrr
sv,17(Up, V) = Z 7(ﬁ§(ﬁ§“+1@T - UF)W?«“@]%HET —vFp))F.
FE]:T

Then, with u;, and « as above,

1/2

A~ — 2(k+1

I8n =l = { Y, Trop hy )Iuli+2,T} :
TeT,
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Local conservation and numerical fluxes |

m A highly prized property in practice is local conservation

m At the discrete level, we wish to mimick the local balance

(vVu, Vo)r— Z (virVunre,v)rp = (f,v)r Yve HY(T)
FE]:T

where, for all interface F' € Fr, n Fr,,
Vi Vunmrp+ V|T2V’LL-’I’LT2F =0

m This requires to identify numerical fluxes

31/55



Local conservation and numerical fluxes Il

m Define the face residual operator R% : Pk(Fr) — PX(Fp) sit.
Rioip = mf (o1p =7 (0,9) + 7 (0, )

m Denote by R;’k its adjoint and let 757 and ugr be s.t.
Za
ToT|F = ﬁ and UoT|F = UF VI e ]:T

m The penalty term can be rewritten in conservative form as

sr(up,vr) = Y (B3 (ror RY-(uar — ur)),vr — vr))F
FeFr
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Local conservation and numerical fluxes IlI

Lemma (Flux formulation)

The HHO solution w,, € Q,}io satisfies, for all T € Tj, and all vr € PX(T)

(v Vi ur, Vor)r — Z (®rr(ur),vr)r = (f,v7)T,
FE]'-T

with numerical flux
A k+1 %,k k
Orr(ur) :=vipVor urnrr — Ry (tor Ry (uor — ur)),
s.t., for all interface F' € Fp, n Fr,,

&1, r(ur,) + @1,r(ug,) = 0.
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Link with HDG

m The flux formulation shows that HHO = HDG on steroids

m Smaller local problems to eliminate flux unknowns:
VPE(T) vs. PE(T)4

m Superconvergence of the potential in the L?-norm

hk+2 hk-‘rl

VS.

m HHO can be adapted into existing HDG codes!
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Continuous setting

m Consider the linear elasticity problem: Find u: Q — R? s.t.

—Vo(u)=f in Q,
u=0 on 0f)

with real Lamé parameters A = 0 and p > 0 and
o(u) =2uVeu + A\(V-u)l

m When A — +00 we need to approximate nontrivial
incompressible displacement fields

36
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Rigid body motions

m Applied to vector fields, the operator V yields strains
m Its kernel RM(Q2) contains rigid-body motions

RM(Q) := {ve H'(Q)® | Jo,w e R®, v(z) = a + w@z}
m We note for further use that

PY(Q)¢ = RM(Q2) < PL(Q)?
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DOFs and reduction map |

Figure: U% for k € {1,2}
m For k > 1 and all T € T}, we define the local space of DOFs
- vy { X Py
FE]‘—T
m The global space has single-valued interface DOFs

m:{xmw@x{XMAmﬁ

TeTh FeFy,
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Displacement reconstruction |

m Let T € T},. The local displacement reconstruction operator
k+1 k41 d
: Uk — PHY(T)

is s.t., for all v; = (vr, (VF)per,) € Uk and w e PETY(T)4,

(Vsphit ' op, Vaw)r = —(vr, V-Veaw)r + Y. (vp, Viwnre)r
FG}—T

m Rigid-body motions are prescribed from v setting

1
J plchlvT :J vr, f VSSP§“+1QT — Z j i(nTF@)vp—vF@nTp)
T T FeFp VF
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Displacement reconstruction Il

k+11k )

Lemma (Approximation properties for p/;

There exists C > 0 independent of hp s.t., for all v € Hk+2(T)d,

lv — pi ' bl + by |V (v — phit ' Tho) | < ChlfrHHU”HH?(T)d'

Proceeding as for Poisson, one can show that
(Vsph ' v — Vv, Vaw)r = 0 Vw e PEY(T)4,

and the approximation properties follow.
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Stabilization |

m Define, for T € T}, the stabilization bilinear form st as

~k ~k
st(ur, vr) : Z h PTHUT up), W?(PTHQT—UF»R
FeFr

with displacement reconstruction karl Uk — IPZH(T)d s.t.

k ~k+1 k+1 k+1
Vvr e Ur, pr vri=vr + (p; vr — 7rTPT vr)

m Stability can be proved in terms of the discrete strain norm

lorl2r = IVsvrlz + ), hitlvelw
FeFr
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Stabilization I

Lemma (Stability and approximation)

Let T € T;, and assume k > 1. Then,

k
|lvr| g,T = HVSpT—HQTH% + s7(vr, vr) S |7 E,T'

Moreover, for all v e H**2(T)¢, we have

1/2
{IV(Lho = o)} + 57 (Lo, o)} < W5 0l grsaye.

Generalization of a classical result: Crouzeix—Raviart does not
meet Korn!
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Stabilization Il

m For all F' € Fr one has, inserting +m&p5t o,

~ _1 X R
lvp—vr|r < |Th(@r—PE ) |p+hp " [Ph og —mhph tog

m For any function w e H'(T)? with rigid-body motions wgay,
|w — mpw|r = (0 — wrn) — TH(w — wrm) |7 S hr|Vew|r
where 7T!j’LUR1\,[ = wprM requires k = 1 to have
RM(T) < PX(T)?

m Clearly, this reasoning breaks down for k = 0
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Divergence reconstruction

m We define the local local discrete divergence operator
Dy - Ul — Py(T)

s.t., for all vy = ('vT, (’UF)FE}‘T) € Ql% and all g € IP’Z(T),

(Divr, @)1 = —(vr, V)r + Y, (venrr,q)r
FE]:T

m By construction, we have the following commuting diagram:

HY(T) ¥ LA(T)
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Discrete problem

m We define the local bilinear form ar on Q? X Q’% as

ar(up, vy) = 2u(Vsph tup, Vipho)r

+ A(Dfup, Djvr) + (2p)sr(up, vr)

m The discrete problem reads: Find u;, € QQO s.t.

an(up,vy) = 2 ar(ur, vy) = Z (f,or)r Vo, EQQ,O
TeTh TeTh

with on incorporating boundary conditions
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Convergence |

Theorem (Energy-norm error estimate)

Assume k > 1 and the additional regularity
ue H2(T;) and V-u e H* ().
Then, there exists C > 0 independent of h, 1, and X s.t.
(2)Y* |1y, — gl < CHB(u, ),

with
B(u, k:) = (2u)|‘uHHk+2(7-h)d T )\HVuHHk+1(7—h)
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Convergence |l

Locking-free if B(u, k) is bounded uniformly in A

m For d = 2 and 2 convex, one has using Cattabriga's regularity

B(u,0) = [u]g2 9 + A V-u|go) < Cul ]

More generally, for k = 1, we need the regularity shift

B(u, k) < Cul £l mr @)

m Key point: commuting property for Dlj‘l
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Convergence Il

Theorem (L2-error estimate for the displacement)

Let ey, € P’j(ﬁl)d be s.t.
en|T = UT — ﬂ:]ﬁu YT €Ty,
Then, assuming elliptic regularity for Q) and provided that
u e H’”Q(ﬁl)d and V-u e Hkﬂ(ﬁ),
it holds with C>0 independent of A\ and h,

len| < Ch*?B(u, k).
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Numerical examples |

m We consider the following exact solution:
u(x) = (sin(rzy) sin(raa)+(2X) " 21, cos(mzy) cos(maa)+(2A) ')

m The solution u has vanishing divergence in the limit A — +oo:

Vu(x) = %

49 /55



Numerical examples Il

’+k=1+k=2+kz=3+k=4

1071 F

10t ]
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103

L L L
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Figure: Energy error with A = 1 (above) and A = 1000 (below) vs. h for the triangular
(left) and hexagonal (right) mesh families
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Numerical examples Il
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Figure: Energy (above) and displacement (below) error vs. Tiot (s) for the triangular
and hexagonal mesh families
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