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The two-phase Stefan problem I
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Figure: Enthalpy-temperature function β displaying latent phase-change heat

Let β P LippR;Rq be strictly increasing in R´ and R`zp0, 1q
Let Ω Ă Rd, d P t2, 3u. We seek the enthalpy u : Ω Ñ R s.t.

Btu´∇¨p∇βpuqq “ f in Ωˆ p0, T q
up¨, 0q “ u0 in Ω

βpuq “ 0 on BΩˆ p0, T q
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The two-phase Stefan problem II

Assume u0 P L2pΩq and f P L2p0, T ;L2pΩqq, and define the spaces

X :“ L2p0, T ;H1
0 pΩqq, Z :“ H1p0, T ;H´1pΩqq

The weak formulation reads: Find u P Z with βpuq P X s.t.

up¨, 0q “ u0 in Ω,

and, for a.e. s P p0, T q,

xBtup¨, sq, ϕy ` p∇βpup¨, sqq,∇ϕq “ pfp¨, sq, ϕq @ϕ P H1
0 pΩq
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The two-phase Stefan problem III

The quantity ∇βpuq¨nIptq may jump across the phase interface

Iptq :“ tx P Ω : βpuqpx, tq “ 0u
This can hinder the design and analysis of discretization methods

Local time-step and mesh refinement needed to accurately track Iptq
Lack of smoothness can prevent convergence of nonlinear iterations

A common solution consists in considering a regularized problem

β Ð βε with βε P C1pRq and β1ε ě ε ą 0
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The two-phase Stefan problem IV
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Figure: Example of regularized, strictly-increasing enthalpy-temperature function βε

The regularized problem reads: Find uε P Z with βεpuεq P X s.t.

uεp¨, 0q “ β´1
ε pβpu0qq in Ω,

and, for a.e. s P p0, T q,

xBtuεp¨, sq, ϕy ` p∇βεpuεp¨, sqq,∇ϕq “ pfp¨, sq, ϕq @ϕ P H1
0 pΩq
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Numerical resolution

Fix K0 and τ0. Set εÐ ε0 t
0 Ð 0, nÐ 0, u0

h Ð Π0pβ´1
ε0
pβpu0qqq

while tn ď T do
Set nÐ n` 1, Kn Ð Kn´1, τn Ð τn´1, un,ε,0h Ð un´1

h

repeat { Space refinement }

repeat { Balancing the spatial and temporal errors }

repeat { Regularization }

Set k Ð 0 and un,ε,0h Ð un´1,ε
h

repeat { Nonlinear iterations }
Set k Ð k ` 1 and update un,ε,kh “ Ψpun,ε,k´1

h , τn,Knq
until Nonlinear iterations stopping criterion

Adapt the regularization parameter ε

until Regularization stopping criterion

Adapt the time step τn

until Time-space balancing criterion

Locally adapt the space mesh Kn

until Space refinement criterion

Set unh Ð un,ε,kh , and tn Ð tn´1 ` τn
end while

Quadrature adaptation could also be included

6 / 38



A few references

Stefan: Residual-based estimates with space adaptivity [Picasso, 1995]

Stefan: Adaptivity with space-time balancing [Nochetto et al., 1991]

Rigorous a posteriori analysis for nondegenerate parabolic
problems [Verfürth, 1998a, Verfürth, 1998b]

Pioneering work on degenerate parabolic problems [Nochetto et al., 2000]

A posteriori estimates by flux balancing [Prager and Synge, 1947]

A posteriori-based adaptive stopping criteria [Jiránek et al., 2010]
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Error measure

Let uhτ P Z with βpuhτ q P X, and let Rpuhτ q P X 1 be s.t., @ϕ P X,

xRpuhτ q, ϕyX1,X
:“

ż T

0

txBtpu´ uhτ q, ϕy ` p∇pβpuq ´ βpuhτ qq,∇ϕqu psqds

The norm of the residual in the dual space X 1 is given by

‖Rpuhτ q‖X1 :“ sup
ϕPX, ‖ϕ‖X“1

xRpuhτ q, ϕyX1,X

We consider the following problem-specific measure:

‖Rpuhτ q‖X1 ` ‖u0 ´ uhτ p¨, 0q‖H´1pΩq
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General assumptions I

Let tτnu1ďnďN Ă R˚̀ be a sequence of time steps s.t.

t0 :“ 0, tn :“
n
ÿ

i“1

τ i @1 ď n ď N, T “ tN

Let tKnu0ďnďN denote a family of matching simplicial space meshes

The mesh Kn is used to march in time from tn´1 to tn

For the actual computation of the estimators, we will assume that

for all 1 ď n ď N , Kn´1 and Kn share a common submesh Kn´1,n
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General assumptions II

Assumption (Approximate enthalpy)

The approximate enthalpy uhτ is s.t.

uhτ P Z, Btuhτ P L2p0, T ;L2pΩqq, βpuhτ q P X,
and, for all 1 ď n ď N , uhτ |In is affine in time on In :“ ptn´1, tnq.

Assumption (Equilibrated flux reconstruction)

For all 1 ď n ď N , there is an equilibrated flux tnh PHpdiv; Ωq s.t.

p∇¨tnh, 1qK “ pf̂n ´ Btunhτ , 1qK @K P Kn.
We denote by thτ the piecewise affine in time space–time function s.t.

thτ |In :“ tnh @1 ď n ď N.
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A basic a posteriori error estimate I

Theorem (Basic a posteriori error estimate)

Under the above assumptions, we have the fully computable bound

‖Rpuhτ q‖X1 ` ‖u0 ´ uhτ p¨, 0q‖H´1pΩq ď η ` ηIC,

where, denoting by f̂ the piecewise constant in time projection of f ,

η :“

#

N
ÿ

n“1

ż

In

ÿ

KPKn

`

ηnR,K ` η
n
F,Kptq

˘2
dt

+
1
2

` ‖f ´ f̂‖X1 .

with residual, flux and initial condition estimators given by (CP,K :“ π´1)

ηnR,K :“ CP,KhK‖f̂n ´ Btunhτ ´∇¨tnh‖L2pKq,

ηnF,Kptq :“ ‖tnh `∇βpuhτ p¨, tqq‖L2pKq t P In,

ηIC :“ ‖u0 ´ uhτ p¨, 0q‖H´1pΩq.

11 / 38



A basic a posteriori error estimate II

Inserting ˘
`

pf̂ , ϕq ` pthτ ,∇ϕq
˘

and using Green’s Theorem, we get

xRpuhτ q, ϕyX1,X “
ż T

0

pf ´ f̂ , ϕq

`

ż T

0

!

pf̂ ´ Btuhτ ´∇¨thτ , ϕq
loooooooooooooomoooooooooooooon

:“Tptq

´pthτ `∇βpuhτ q,∇ϕq
)

psqds

Using the equilibrated flux property, we can estimate

Tptq “
ÿ

KPKn
pf̂n ´ Btu

n
hτ ´∇¨tnh, ϕqK

“
ÿ

KPKn
pf̂n ´ Btu

n
hτ ´∇¨tnh, ϕ´Πn

0ϕqK

ď
ÿ

KPKn
CP,KhK ‖f̂n ´ Btunhτ ´∇¨tnh‖L2pKq

looooooooooooooooomooooooooooooooooon

“ηn
R,K

‖∇ϕ‖L2pKq

Conclude using the definition of ‖¨‖X1 and the Cauchy–Schwarz inequality
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Bounding the temperature and enthalpy errors I

In practice, one may want to control more standard error measures

Let uhτ P Z be s.t. βpuhτ q P X. Classically, we have that

Lβ
2
‖pu´ uhτ qp¨, T q‖2

H´1pΩq ` ‖βpuq ´ βpuhτ q‖2
L2p0,T ;L2pΩqq

ď Lβ
2
eT

´

‖Rpuhτ q‖2
X1 ` ‖u0 ´ uhτ p¨, 0q‖2

H´1pΩq
¯

An a posteriori estimate readily follows using the previous theorem

Owing to the factor eT , this estimate is not accurate for large T

A sharper bound can be obtained by a finer analysis
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Bounding the temperature and enthalpy errors II

Theorem (An improved bound for the temperature and enthalpy errors)

It holds for all uhτ P Z s.t. βpuhτ q P X,

Lβ
2
‖pu´ uhτ qp¨, T q‖2

H´1pΩq ` ‖βpuq ´ βpuhτ q‖2
L2p0,T ;L2pΩqq

ď Lβ
2

#

p2eT ´ 1q‖u0 ´ uhτ p¨, 0q‖2
H´1pΩq ` ‖Rpuhτ q‖2

X1

` 2

ż T

0

ˆ

‖Rpuhτ q‖2
X1t
`
ż t

0

‖Rpuhτ q‖2
X1s
et´sds

˙

dt

+

,

with, for t P r0, T s, Xt :“ L2p0, t;H1
0 pΩqq.
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Bounding the temperature and enthalpy errors III

Corollary (A posteriori estimate for the temperature and enthalpy errors)

It holds,

Lβ
2

‖pu´ uhτ qp¨, T q‖2
H´1pΩq ` ‖βpuq ´ βpuhτ q‖2

L2p0,T ;L2pΩqq

ď
Lβ
2

#

p2eT ´1qη2
IC`η

2
`2

˜

N
ÿ

n“1

τn
n
ÿ

l“1

pηlq2 `
N
ÿ

n“1

n
ÿ

l“1

Jnl

#

l
ÿ

i“1

pηiq2
+¸+

,

with ηIC and η as above and, for all 1 ď n ď N ,

ηn :“
#

ż

In

ÿ

KPKn
pηnR,K ` ηnF,Kptqq2dt

+
1
2

` ‖f ´ f̂‖X1n ,

where, for all 1 ď l ď N , Jnl :“ ş

In

ş

Il
et´sdsdt.

The term in red can be made as small as needed by refining K0!

15 / 38



Distinguishing the error components I

For 1 ď n ď N , let In :“ ptn´1, tnq and set

Xn :“ L2pIn;H1
0 pΩqq, Zn :“ H1pIn;H´1pΩqq

We localize in time the dual norm of the residual setting

‖Rpuhτ q‖X1n :“

sup
ϕPXn, ‖ϕ‖Xn“1

ż

In

txBtpu´ uhτ q, ϕy ` p∇pβpuq ´ βpuhτ qq,∇ϕqu psqds

Clearly, for any uhτ P Z with βpuhτ q P X, it holds

‖Rpuhτ q‖2
X1 “

N
ÿ

n“1

‖Rpuhτ q‖2
X1n
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Distinguishing the error components II

Let un,ε,khτ the current possibly nonconverged guess for unhτ

The affine in time function un,ε,khτ on Ωˆ In is s.t.

un,ε,khτ p¨, tq “ p1´ ρptqqun´1
h ` ρptqun,ε,kh , ρptq :“ t´ tn´1

τn

We estimate ‖Rpun,ε,khτ q‖X1n distinguishing the various error sources
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Distinguishing the error components III

Assumption (Adaptive setting)

For given 1 ď n ď N , ε ě 0, and k ě 1,

The approximate enthalpy un,ε,khτ is s.t.

un,ε,khτ P Zn Btun,ε,khτ P L2pIn;L2pΩqq, βpun,ε,khτ q P Xn

There exists an equilibrated flux tn,ε,kh PHpdiv; Ωq s.t.

p∇¨tn,ε,kh , 1qK “ pf̂n ´ Btun,ε,khτ , 1qK @K P Kn

ln,ε,kh P rL2pΩqsd is the available linearized approximation of the flux:

ln,ε,kh «∇βεpup¨, tnqq
Πn is an operator used for interpolatory numerical integration.
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Distinguishing the error components IV

To distinguish among error components, we split the flux estimator

ηn,ε,kF,K ptq “ ‖tnh `∇βpun,ε,khτ q‖L2pKq

We identify flux differences representative of each error component

Other components could be estimated besides those considered here
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Distinguishing the error components V

Theorem (A posteriori estimate distinguishing the error components)

Under the above assumption, it holds,

‖Rpun,ε,khτ q‖X1n ď ηn,ε,ksp ` ηn,ε,ktm ` ηn,ε,kqd ` ηn,ε,kreg ` ηn,ε,klin ` ‖f ´ f̂‖X1n ,

where, for all K P Kn,

ηn,ε,ksp,K
:“ ηn,ε,kR,K ` ‖ln,ε,kh ` tn,ε,kh ‖L2pKq,

ηn,ε,ktm,Kptq :“ ‖∇pΠnβpun,ε,khτ p¨, tqqq ´∇pΠnβpun,ε,kh qq‖L2pKq, t P In,

ηn,ε,kqd,Kptq :“ ‖∇pβpun,ε,khτ p¨, tqqq ´∇pΠnβpun,ε,khτ p¨, tqqq‖L2pKq, t P In,

ηn,ε,kreg,K
:“ ‖∇pΠnβpun,ε,kh qq ´∇pΠnβεpun,ε,kh qq‖L2pKq,

ηn,ε,klin,K
:“ ‖∇pΠnβεpun,ε,kh qq ´ ln,ε,kh ‖L2pKq,

and the corresponding global versions are obtained setting

pηn,ε,k‚ q2 :“

ż

In

ÿ

KPKn

´

ηn,ε,k
‚,K ptq

¯2
dt.
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An a posteriori-driven adaptive algorithm

Fix K0 and τ0. Set εÐ ε0 t
0 Ð 0, nÐ 0, u0

h Ð Π0pβ´1
ε0
pβpu0qqq

while tn ď T do
Set nÐ n` 1, Kn Ð Kn´1, τn Ð τn´1, un,ε,0h Ð un´1

h

repeat { Space refinement }

repeat { Balancing the spatial and temporal errors }

repeat { Regularization }

Set k Ð 0 and un,ε,0h Ð un´1,ε
h

repeat { Nonlinear iterations }
Set k Ð k ` 1 and update un,ε,kh “ Ψpun,ε,k´1

h , τn,Knq
Compute ηn,ε,ksp , ηn,ε,ktm , ηn,ε,kreg , ηn,ε,klin

until

ηn,ε,klin ď Γlin

`

ηn,ε,ksp ` ηn,ε,ktm ` ηn,ε,kqd ` ηn,ε,kreg

˘

Adapt the regularization parameter ε

until

ηn,ε,kreg ď Γreg

`

ηn,ε,ksp ` ηn,ε,ktm ` ηn,ε,kqd

˘

Adapt the time step τn

until

γtmη
n,ε,k
sp ď ηn,ε,ktm ď Γtmη

n,ε,k
sp

Locally adapt the space mesh Kn

until

ηn,ε,ksp,K1
« ηn,ε,ksp,K2

for all K1, K2 P Kn

Set unh Ð un,ε,kh , and tn Ð tn´1 ` τn
end while
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Efficiency

Assumption (Polynomial potential and fluxes and approximation)

Assume

un,ε,khτ piecewise affine in time, piecewise polynomial in space on Kn´1,n;

ln,ε,kh and tn,ε,kh piecewise polynomial in space on Kn´1,n;

With ηnres,1 and ηnres,2 classical residual-based estimators,

τn
ÿ

KPKn´1,n

‖ln,ε,kh ` tn,ε,kh ‖2
L2pKq À

`

ηnres,1

˘2
`
`

ηnres,2

˘2
.

Theorem (Global efficiency)

Then, under the above assumptions, it holds using the adaptive algorithm

ηn,ε,ksp ` ηn,ε,ktm ` ηn,ε,kqd ` ηn,ε,kreg ` ηn,ε,klin À ‖Rpun,ε,khτ q‖X1n ` ‖f ´ f̂‖X1n .
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Application to a FE-FV discretization I

We apply our strategy to an implicit FE-FV discretization

For 1 ď n ď N , let T n be a matching simplicial mesh of Ω and set

V nh :“  

ϕh P C0pΩq; ϕh|T P P1pT q @T P T n
(

We denote by Πn the usual Lagrange interpolation operator on V nh

Let u0
h P V 0

h be a suitable approximation of β´1
ε pβpu0qq, e.g.,

u0
h “ Π0pβ´1

ε pβpu0qqq
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Application to a FE-FV discretization II

T n

Dn

D

KD

Figure: Primal mesh T n, dual mesh Dn, dual element D and local tercial mesh KD

For all 1 ď n ď N , given un´1
h , T n and ε, we seek un,εh P V nh s.t.

pu
n,ε
h ´ un´1

h

τn
, 1qD ´ p∇Πnpβεpun,εh qq¨nD, 1qBD “ pf̂n, 1qD @D P Dn,i
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Application to a FE-FV discretization III

The above problem can be rewritten as the nonlinear AE system

MnUn,ε ´ τnKnβεpUn,εq “ τnFn `Gn´1 ´Hn,ε,

where

Fn accounts for the forcing term

pMnUn,ε ´Gn´1
q{τn is the discrete time derivative

Hn,ε accounts for boundary conditions

To solve it, we linearize the second term and approximate

βεpUn,ε,kq « βεpUn,ε,k´1q ` β1εpUn,ε,k´1q`Un,ε,k ´ Un,ε,k´1
˘
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Application to a FE-FV discretization IV

The enthalpy appearing in the estimate (with ub,n,ε
h BC lifting)

un,ε,kh :“
ÿ

EPDn,i
Un,ε,kE φE ` ub,n,ε

h ,

The corresponding linearized flux is

ln,ε,kh :“∇
ÿ

EPDn,i

!

βεpU
n,ε,k´1
E q ` β1εpU

n,ε,k´1
E q

`

Un,ε,kE ´ Un,ε,k´1
E

˘

)

φE
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Application to a FE-FV discretization V

D

KD

Let D be an internal dual cell and set

RTNNpKDq :“ tvh P RTNpKDq; vh¨nF “ ´l
n,ε,k
h ¨nF @F P BKi

Du

We seek tn,ε,kh P RTNNpKDq and qh P P0̊ pKDq s.t.

ptn,ε,kh ` ln,ε,kh ,vhqD ´ pqh,∇¨vhqD “ 0 @vh P RTNN,0pKDq,
p∇¨tn,ε,kh , φhqD ´ pf̂n ´ Btun,ε,khτ , φhqD “ 0 @φh P P0̊ pKDq

Compatible and well-posed problem (cf. [Boffi, Brezzi, Fortin, 2013])

For boundary dual cells, we solve a Neumann–Dirichlet problem
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Numerical examples: Stopping criteria I

2 4 6 8 10

10´7

10´6

10´5

10´4

10´3

10´2

10´1

Number of Newton iterations

space
time

regularization
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Figure: Spatial, temporal, regularization, and linearization error estimators vs. number of Newton
iterations for a fixed mesh, time step, and regularization parameter
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Numerical examples: Stopping criteria II
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Figure: Spatial, temporal, and regularization error estimators vs. ε´1 for fixed mesh and time steps
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Numerical examples: Balancing criteria I
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Figure: Space-time balancing errors vs. space/time overrefinement
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Numerical examples: Balancing criteria II

Figure: Top: error distribution. Bottom: enthalpy distribution. Left: actual. Right: estimated.
User-depedent parameters for stopping criteria: Γlin “ Γreg “ 0.1
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Numerical examples: Balancing criteria III

Figure: Error distribution for Γlin “ Γreg “ 0.1. Left: actual. Right: estimated
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Numerical examples: Overall performance I
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Figure: Error estimator ηn vs. cumulated Newton iterations at each time step (time steps are
identified by markers). Left: global stopping criterion. Right: local stopping criterion
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Numerical examples: Overall performance II
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Figure: Adaptive vs. uniform refinement. Top: dual norm. Bottom: energy-norm. Left: error and
estimators. Right: effectivity indices. Dual norms are approximated solving an auxiliary problem
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A posteriori-driven algorithms for (multi-phase) flows I

DP, Flauraud, Vohraĺık, Yousef (2014).
A posteriori error estimates, stopping criteria, and adaptivity for multiphase compositional
Darcy flows in porous media.
J. Comput. Phys. 274(163–187).

DP, Vohraĺık, Yousef (2014).
An posteriori-based, fully adaptive algorithm for thermal multiphase compositional flows in
porous media with adaptive mesh refinement.
Comput. and Math. with Appl. 68:12(2331–2347).

DP, Ern, Granet, Kazymyrenko, Riedlbeck (2016).
Stress and flux reconstruction in Biot’s poro-elasticity problem with application to a
posteriori-driven adaptive resolution.
In preparation.
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A posteriori-driven algorithms for (multi-phase) flows II
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Figure: A posteriori-driven adaptive resolution for the compositional Darcy model. Cumulated
linear solver iterations as a function of stopping criteria
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