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The de Rham complex and its cohomology

m Let Q ¢ R3 be a connected polyhedral domain with Betti numbers b;

m The de Rham complex reads

grad

HY(Q) =75 H(ewl;Q) <% H(div; Q) -5 L2(Q) — {0}
m The cohomology spaces
H; = Kercurl/lmgrad and %Hs := Kerdiv/Im curl
are s.t.
dim(H1) = by (tunnels) and dim(Hsz) = by (voids)
m Emulating these relations is key to stable mixed discretizations!
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The Finite Element way

m Trimmed FE complexes on a tetrahedron T*:

r=1 ; Y\ grad; ; Y‘ curl; ; \ \ div \ ; R\
=9 i\\\ grad; \" curl 2 div z\\

m On a conforming tetrahedral mesh 7}, local spaces can be glued together

grad

HY Q) 225 H(cwl; Q) - H(div; Q) —¥ 3 12(Q)

| ] | |

grad

Pr(Th) 2% N™(Th) —22L3 RT"(T) —2s P7=1(T;)
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*[Raviart and Thomas, 1977, Nédélec, 1980]



Limitations

m Approach limited to conforming meshes with standard elements

m Local refinement requires to trade mesh size for quality
= Complex geometries may require a large number of elements
m The element shape cannot be adapted to the solution

m The extension to advanced complexes is also not straightforward
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Polytopal approaches

m Key idea: replace spaces and, possibly, operators by discrete counterparts
m Support of polyhedral meshes and high-order

m Higher-level point of view, possibly resulting in leaner constructions

m Several strategies to reduce the number of unknowns on general shapes
m Agglomeration-based techniques® for adaptivity and A-multigrid
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*[Bassi et al., 2012], [Antonietti et al., 2013]



Mesh-related notations

Figure: Example of polyhedral mesh My, = 7, UF, UER, UV},

m T, = A3(Mp,) set of polyhedral elements (3-cells)

m 7, = Ay(My,) set of polygonal (flat) faces (2-cells)

m &, = A (My,) set of edges (1-cells)

m V, = Ag(M,) set of vertices (0-cells) N
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Cohomology of the trimmed FE complex

m If My, is a simplicial complex (FE mesh), we have

do o1 0

* \ * \ * \ *

(vh 4 Sh 4 ?jh 4 (Vh
1 grad

PLT)

NY(T) -2 RTY(Th) —2 PO(T;)
()

grad,h C />Ic1url,h C jljiv,h g 5”2
grad
Pe(Tn) —> N”

(7;1) curle RTT div

(Tn) ——= P (Tn)

with kj, de Rham map, I}, interpolator, and 7%} L2-orthogonal projector

m By de Rham's Theorem, the first two rows have isomorphic cohomologies

m It can be proved that this is also the case for the two bottom rows*

*Use, e.g., [Theorem 5, DP, Droniou, Pitassi, 2023]
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Shifting point of view |

m Denote by “dofs” the standard FE degrees of freedom

m By unisolvency, we have

o

* \ * \ * \ *
(Vh 4 Sh 4 7:h 4 (Vh
AN AN AN AN
KQ"/h K];:/h K2L:h K%\“h
grad curl di
PUTR) —— N (Th) == RT(Th) —— P°(Tn)
AN A AN AN
dofs~1 dofs~1 dofs™1 dofs ™1
RVr R R7n R

m In the previous diagram, we can erase the middle row
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Shifting point of view Il

m Set Kj, = ky o dofs™, ie., V(g, vy wy,.1;,) € RV X RO X RTH xR,

Ko’hgh(V) =qy YV € Vy, Kl,hﬁh(E) = |E|veg VE € &y,
Kg,hﬂh(F) = |F|VF VF € 7’7,, Kg,hrh = |T|rT VT € 7;,

m This graded (discrete de Rham) map induces the following isomorphisms:

do 01 Do

* \ * \ * \ *

Vi > &, > T >V

Ky T KT k T ks T
RVn REn ¥ R7r

m Can we complete the bottom row to form a complex?
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Shifting point of view Il

Define the following discrete gradient, curl, and divergence operators:

Qigh = Kf,},aoKO,m Chv, = Kg_},alKl,h, D)w, = K:;}lagKQ’h,

Notice that, by construction,

CpoGp=0and D)oCp=0

Hence, we have two complexes with isomorphic cohomologies:

9o 0.

01
* \ * \ *
(v% 4 8h 4 72

> N (‘Gj

RVe —5 R& =1y R —5 R

m Still true with M;, CW complex associated to a polyhedral mesh!
4
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By getting rid of FE spaces, we can now handle
polyhedral meshes!
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A closer look at the discrete operators

= GY, C), and D) are actually the mimetic operators*:

qv, —4qv,
GVq = (Goq = ;)
=hZn EZe |E| Eecé&y,
1
Chvy, = (ngF =-—— wFE|E|VE)
|F| E;S:F FeFy,
1
Dyw, = (DOTET = il Z wTF|F|WF)
Fefr TeTn

m These operators indeed mimic their weak continuous counterparts
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*See, e.g., [Beirdo da Veiga, Lipnikov, Manzini, 2014] and [Bonelle and Ern, 2014]



Can we generalize the above construction to
arbitrary dimension and polynomial degree?
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The DDR complex of differential forms

Introduction of DDR [DP et al., 2020, DP and Droniou, 2023]

DDR complex of differential forms [Bonaldi, DP, Droniou, Hu, 2025]
Poincaré inequalities [DP, Droniou, Hanot, Pitassi, 2024-2025]
Conforming lifting and adjoint consistency [DP, Droniou, Pitassi, 2025]
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Differential forms and exterior derivative

m Denote by L2AX(M) the space of k-forms with L?-coefficients a.,

w= Z aydx A Adx 9k

1<o1<---<0or<n

m The exterior derivative d¥ : L2AK(M) — L2A**1(M) is s.t.

n

oa :
d*w = Z Z—(de’/\dx‘rl/\---/\dx‘r"
< 6x,-
1<oi1<--<0or<n i=1
and it satisfies
dfodkt =0

m Its L2-domain is

HAY(M) = {w e L*A*(M) : dw e L*AM (M)}

N

15/33



The continuous de Rham complex

m The de Rham complex for a domain Q of R" reads

0 do dk71 k dk qn-1
HAY(Q) —s o 2 gak() —5 o 2 gAn(Q) —— {0}

m For n = 3, the following isomorphisms are provided by vector proxies:

HAY(Q) — HAY(Q) —L s HAZ(Q) —5 HA3(Q) — {0}

HYQ) 2% H(ewl; @)~ H(div; Q) — 12(Q) —— {0}
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Koszul complements |

m Given d € [0,n], let f € Ag(My,) denote a d-face of My,
m With «f : AY(f) = AY(f) Koszul differential on f, we let

(](r,f(f) = Kfpr—lA{’+1(f)
m Ford>1, ¢€[0,d], and r > 0, trimmed polynomial spaces are given by

PTA(f) = PA°(f),
PrAC(S) =dP AN H e KN ifex1

m We denote by mprpx(f) the L?-orthogonal projector onto P” AX(f)
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Koszul complements Il

Example (Trimmed spaces in dimensions 2 and 3)

Let n =3. For T = f3 € A3(Mp) = T, the vector proxies are

PrAL(f3) = grad PT(T) + (x —x7) x PT"H(T)3 = N™(T),
PrA%(f3) = curl P (T)3 + (x — xp)P""Y(T) = RT"(T).

For F = f5 € As(Mpy), we have

PTAL(fo) = curlp PT(F) + (x —xp)P " Y(F) = RT" (F).
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Discrete spaces and interpolators |

m The discrete HAF(Q) space, 0 < k <n, is

n
5= XX i
d=k feAa(Mn)

m lts restrictions to f € Ag(My), k <d <n, and 8f are X;’k and Xg’jf

m The components are interpreted as L?-orthogonal projections of traces:

ko &
L w = (Tprparr (o A0 ) pren (), arepia) € X

with trace operator try pullback of the inclusion f” <— f
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Discrete spaces and interpolators |l

vV E F T
Xtoan R PTUHE) PTOUF) PTUT)
X, - PUE) RTT(F) RT(T)
Xvn  ~ - PI(F)  N'(T)
P (Th) - - - P7(T)

Table: Components of discrete spaces for n = 3 and arbitrary r > 0

\%4 E F T

0 ~ PV _ _ —
Xgrad,h =R R

X0 . =R& - PUE) - -

Zcurl,h —

Xy =R = = PUR) -

P(T)=RT - - - PD)

Table: Components of discrete spaces for n =3 and r =0
A
N
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Discrete potential and exterior derivative |

mletdeNbest 0<d<n, feAs;(Myp), and notice that

trar 1 A(f) = AK(df)

m Stokes formula on f: For smooth w € A¥(f) and u € AT *=1(f),

/deuz(—l)k+1/wAdu+/ trof w Atros p
S f of

m Emulating this formula, we obtain local reconstructions for

m the discrete exterior derivative d;’k

m the corresponding discrete potential P;’k

N
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Discrete potential and exterior derivative Il

m For d = k, we set

P;;’@ ;= wf € *1PTAL(f)

m Ford=k+1...n, wefirst let, for all 0, € K;’k and p € PTAYTRL(F),
r, _ k+1 -1 r.k
/d A= (-1) /* wf/\du+/ Pafgaf/\traf,u
S of
then, for all (u,v) € K™14=k=1(f) x K47k (f),
08t [Pt nuen = [ata,nn
f
- /af Pg’;gﬁf Atrgppu+ (—1)k+1 /f*_lwf %
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Consistency of the local reconstructions |

Lemma (Polynomial consistency)

For all integers 0 < k <d <n and all f € Ay(My,), it holds
P}’k(l;’kw) —w Yw € PTAR(f),
d;:"(g;;"w) =dw VYoeP AN ifd>k+1.

Theorem (Consistency for smooth functions)

Let s> 4. Then, forall0 <m <r+1 and all w € H*>*{+LsIAK(f) st

dw € ™ {r+Lsk Ak+1( £y it holds

IP}’kl}’kw — wlgmak () S W0l e sk )

Sk 1.k = .
|d; !; w — d‘U|HmAk+1(f) < I’l;c+1 mlda)lH(r+1,s)Ak+1(f) Ifd > k +1.
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Consistency of the local reconstructions Il

Example (The case (n,d) = (3, 3))

The above properties translate as follows for (n,d) = (3, 3):

m For k=0,
Pgrad,TI;rad,Tq =q Vq P’ (T)9
Grlyaarqd =gradg  Vqe PIH(T);
m For k=1,
P(r:url,TI(r:url,TV =V Vv e Pr (T)S»
Cpllyg v =culv Vv e N*Y(T);
m For k =2,
Py rliiy. 7w =W Yw € P7(T)?,
DyILow=divw  Yw e RTN(T).
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*There also exists Pgrr’fald + consistent up to degree r + 1



Global discrete exterior derivative and DDR complex

m The DDR spaces are connected by the global discrete exterior derivative

Jk _ Jk
Ay @y = (Tprad-ior () * A0 1)) ren oMy, delketn]

m The DDR sequence then reads

r,0 r,n—-1

d d
r,0 =h r,1 r,n—1 =h r.,n
X, > X, > e > X, > X, > {0}

Theorem (Cohomology of the DDR complex)
It holds

g},k Ogrfk—l = Q,

so that the DDR sequence defines a complex. Its cohomology is isomorphic
to that of the de Rham complex.
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Discrete L?-products

We define the global discrete L?-product s.t., V(Qh,ﬁh) € X;’k x&rj’k,

(@ 1, )k = Z (W kg

feAn(Mp)

. r.k r.k
(Qfaﬁf)k,f ._-/fPf ‘ﬁf/\*Pf Ef"'sk,f(ﬂf,ﬁf)

r,k — 3
with s ¢ stabilization penalizing If Pf Wp— W, We let || - llk.n = (-, )zh

Theorem (Consistency of the local discrete L2-products)

Let f € Ay(My) and s > 4. Then, for all (w, K€ Heax{r+Lsy Ak (f) xg;’k ,

- AxPRy | <
-/fa) f Ef

h;_“ Idle(r+1,s)Ak+1(f) “ﬁf”k’f'
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An example of numerical scheme

m Let us consider the magnetostatics problem:
Find (H, A) € H(curl; Q) x H(div; Q) s.t.

/.l/H‘T—/A'CUI‘lT=O V1 € H(curl; Q),
Q Q
/curlH-v+/divAdivv=/J-v Vv € H(div; Q)
Q Q Q

m A DDR scheme for this problem is obtained with obvious substitutions:

Find (H,,A,) € X", X X"

curl,h iv,h s.t.

M(Eha zh)curl,h - (éha g;zh)div,h =0 VTh € Xcurl h>

(g;,ﬂh,Kh)div,h + (QZéh’QZKh)L,h = (Lrnv,hJ’ Kh)div,h Yy, € Xdiv,h

m Stability mimics the continuous argument for well-posedness
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Discrete Poincaré inequality

Theorem (Discrete Poincaré inequality*)

For all w,, € XX,

min lw, + 4, e S lldy “wplles1.n-
EheKerg:l’k

Corollary (Discrete Poincaré inequality on the orthogonal complement)

For all w, € (KerQZ’k)l with orthogonal taken w.r.t. to (-, -)k.p, it holds

leollen < 1d5 @llis1,n-

A
*See [DP, Droniou, Hanot, Pitassi, 2025] and the precursor work [DP and Hanot, 2024] L\
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Adjoint consistency

The following results estimates the error on the global Stokes formula

/a)/\dy+(—1)k / dwAu =0 Y(w, 1) € AF(Q)x A" *1(Q), tragw =0
Q Q

Theorem (Adjoint consistency)

0Nk (O 20k _ n—k-1
Let w € COA®(Q) N H"*2A*(Ty,) be s.t. trggw = 0. Then, Vu, € X" ,

r,n—k—1 _1\k rnkl
‘/Qa)/\dh Eh+( 1) /dw/\P H,

2, e + 15701 o g 1 i) -

€A (Mp)

1 ,n—k—1
A (v [
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Convergence: Energy error vs. meshsize

£ I I I I
10*0.8 IO*OAG 10*0.4 10*0,2
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