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The de Rham complex and its cohomology

Let Ω ⊂ R3 be a connected polyhedral domain with Betti numbers 𝑏𝑖

The de Rham complex reads

𝐻1 (Ω) 𝐻 (curl;Ω) 𝐻 (div;Ω) 𝐿2 (Ω) {0}grad curl div

The cohomology spaces

H1 := Ker curl/Im grad and H2 := Ker div/Im curl

are s.t.

dim(H1) = 𝑏1 (tunnels) and dim(H2) = 𝑏2 (voids)

Emulating these relations is key to stable mixed discretizations!
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The Finite Element way

Trimmed FE complexes on a tetrahedron 𝑇∗:

𝑟 = 1

𝑟 = 2

grad curl div

grad curl div

On a conforming tetrahedral mesh Tℎ, local spaces can be glued together

𝐻1 (Ω) 𝐻 (curl;Ω) 𝐻 (div;Ω) 𝐿2 (Ω)

P𝑟
c (Tℎ) N𝑟 (Tℎ) RT 𝑟 (Tℎ) P𝑟−1(Tℎ)

grad curl div

grad curl div

∗[Raviart and Thomas, 1977, Nédélec, 1980]
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Limitations

<latexit sha1_base64="bEmNcLJlEsBptCB0lBhDbNSbBPc="></latexit>

Approach limited to conforming meshes with standard elements

Local refinement requires to trade mesh size for quality
Complex geometries may require a large number of elements
The element shape cannot be adapted to the solution

The extension to advanced complexes is also not straightforward
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Polytopal approaches

<latexit sha1_base64="GzLBcwDQxZpl2Yko5S1dUg5IMnY="></latexit>

Key idea: replace spaces and, possibly, operators by discrete counterparts

Support of polyhedral meshes and high-order

Higher-level point of view, possibly resulting in leaner constructions

Several strategies to reduce the number of unknowns on general shapes

Agglomeration-based techniques∗ for adaptivity and ℎ-multigrid

∗[Bassi et al., 2012], [Antonietti et al., 2013]
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Mesh-related notations

Figure: Example of polyhedral mesh Mℎ = Tℎ ∪ Fℎ ∪ Eℎ ∪Vℎ

Tℎ = Δ3 (Mℎ) set of polyhedral elements (3-cells)

Fℎ = Δ2 (Mℎ) set of polygonal (flat) faces (2-cells)
Eℎ = Δ1 (Mℎ) set of edges (1-cells)
Vℎ = Δ0 (Mℎ) set of vertices (0-cells)
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Cohomology of the trimmed FE complex

If Mℎ is a simplicial complex (FE mesh), we have

V∗
ℎ

E∗
ℎ

F ∗
ℎ

V∗
ℎ

P1
c (Tℎ) N1 (Tℎ) RT 1 (Tℎ) P0 (Tℎ)

P𝑟
c (Tℎ) N𝑟 (Tℎ) RT 𝑟 (Tℎ) P𝑟−1(Tℎ)

𝜕0 𝜕1 𝜕2

𝜅0,ℎ
�

grad

𝜅1,ℎ
�

curl

𝜅2,ℎ
�

div

𝜅3,ℎ
�

𝐼1
grad,ℎ

grad

𝐼1
curl,ℎ

curl

𝐼1
div,ℎ

div

𝜋0
ℎ

with 𝜅ℎ de Rham map, 𝐼1•,ℎ interpolator, and 𝜋0
ℎ
𝐿2-orthogonal projector

By de Rham’s Theorem, the first two rows have isomorphic cohomologies

It can be proved that this is also the case for the two bottom rows∗

∗Use, e.g., [Theorem 5, DP, Droniou, Pitassi, 2023]
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Shifting point of view I

Denote by “dofs” the standard FE degrees of freedom

By unisolvency, we have

V∗
ℎ

E∗
ℎ

F ∗
ℎ

V∗
ℎ

P1
c (Tℎ) N1 (Tℎ) RT 1 (Tℎ) P0 (Tℎ)

RVℎ REℎ RFℎ RTℎ

𝜕0 𝜕1 𝜕2

𝜅0,ℎ
�

grad

𝜅1,ℎ
�

curl

𝜅2,ℎ
�

div

𝜅3,ℎ
�

dofs−1
�

dofs−1
�

dofs−1
�

dofs−1
�

In the previous diagram, we can erase the middle row
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Shifting point of view II

Set 𝐾ℎ := 𝜅ℎ ◦ dofs−1, i.e., ∀(𝑞
ℎ
, 𝑣

ℎ
, 𝑤

ℎ
, 𝑟ℎ) ∈ RVℎ × REℎ × RFℎ × RTℎ ,

𝐾0,ℎ𝑞
ℎ
(𝑉) := 𝑞𝑉 ∀𝑉 ∈ Vℎ, 𝐾1,ℎ𝑣ℎ (𝐸) := |𝐸 |𝑣𝐸 ∀𝐸 ∈ Eℎ,

𝐾2,ℎ𝑤ℎ
(𝐹) := |𝐹 |𝑣𝐹 ∀𝐹 ∈ Fℎ, 𝐾3,ℎ𝑟ℎ := |𝑇 |𝑟𝑇 ∀𝑇 ∈ Tℎ

This graded (discrete de Rham) map induces the following isomorphisms:

V∗
ℎ

E∗
ℎ

F ∗
ℎ

V∗
ℎ

RVℎ REℎ RFℎ RTℎ

𝜕0 𝜕1 𝜕2

𝐾0,ℎ
�

𝐾1,ℎ
�

𝐾2,ℎ
�

𝐾3,ℎ
�

Can we complete the bottom row to form a complex?
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Shifting point of view III

Define the following discrete gradient, curl, and divergence operators:

𝐺0
ℎ
𝑞
ℎ
:= 𝐾−1

1,ℎ𝜕0𝐾0,ℎ, 𝐶0
ℎ
𝑣
ℎ
:= 𝐾−1

2,ℎ𝜕1𝐾1,ℎ, 𝐷0
ℎ𝑤ℎ

:= 𝐾−1
3,ℎ𝜕2𝐾2,ℎ,

Notice that, by construction,

𝐶0
ℎ
◦ 𝐺0

ℎ
= 0 and 𝐷0

ℎ ◦ 𝐶
0
ℎ
= 0

Hence, we have two complexes with isomorphic cohomologies:

V∗
ℎ

E∗
ℎ

F ∗
ℎ

V∗
ℎ

RVℎ REℎ RFℎ RTℎ

𝜕0 𝜕1 𝜕2

𝐺0
ℎ

𝐾0,ℎ
�

𝐶0
ℎ

𝐾1,ℎ
�

𝐷0
ℎ

𝐾2,ℎ
�

𝐾3,ℎ
�

Still true with Mℎ CW complex associated to a polyhedral mesh!
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By getting rid of FE spaces, we can now handle
polyhedral meshes!
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A closer look at the discrete operators

𝐺0
ℎ
, 𝐶0

ℎ
, and 𝐷0

ℎ
are actually the mimetic operators∗:

𝐺0
ℎ
𝑞
ℎ
:=

(
𝐺0

𝐸𝑞𝐸
=
𝑞𝑉2

− 𝑞𝑉1

|𝐸 |

)
𝐸∈Eℎ

𝐶0
ℎ
𝑣
ℎ
:=

(
𝐶0
𝐹𝑣𝐹 = − 1

|𝐹 |
∑︁

𝐸∈E𝐹
𝜔𝐹𝐸 |𝐸 |𝑣𝐸

)
𝐹∈Fℎ

𝐷0
ℎ𝑤ℎ

:=

(
𝐷0

𝑇𝑤𝑇
=

1

|𝑇 |
∑︁
𝐹∈F𝑇

𝜔𝑇𝐹 |𝐹 |𝑤𝐹

)
𝑇∈Tℎ

These operators indeed mimic their weak continuous counterparts

∗See, e.g., [Beirão da Veiga, Lipnikov, Manzini, 2014] and [Bonelle and Ern, 2014]
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Can we generalize the above construction to
arbitrary dimension and polynomial degree?
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The DDR complex of differential forms

Introduction of DDR [DP et al., 2020, DP and Droniou, 2023]

DDR complex of differential forms [Bonaldi, DP, Droniou, Hu, 2025]

Poincaré inequalities [DP, Droniou, Hanot, Pitassi, 2024–2025]

Conforming lifting and adjoint consistency [DP, Droniou, Pitassi, 2025]
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Differential forms and exterior derivative

Denote by 𝐿2Λ𝑘 (𝑀) the space of 𝑘-forms with 𝐿2-coefficients 𝑎𝜎

𝜔 =
∑︁

1≤𝜎1<· · ·<𝜎𝑘≤𝑛
𝑎𝜎d𝑥

𝜎1 ∧ · · · ∧ d𝑥𝜎𝑘

The exterior derivative d𝑘 : 𝐿2Λ𝑘 (𝑀) → 𝐿2Λ𝑘+1(𝑀) is s.t.

d𝑘𝜔 :=
∑︁

1≤𝜎1<· · ·<𝜎𝑘≤𝑛

𝑛∑︁
𝑖=1

𝜕𝑎𝜎

𝜕𝑥𝑖
d𝑥𝑖 ∧ d𝑥𝜎1 ∧ · · · ∧ d𝑥𝜎𝑘

and it satisfies
d𝑘 ◦ d𝑘−1 = 0

Its 𝐿2-domain is

𝐻Λ𝑘 (𝑀) ≔
{
𝜔 ∈ 𝐿2Λ𝑘 (𝑀) : d𝜔 ∈ 𝐿2Λ𝑘+1(𝑀)

}
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The continuous de Rham complex

The de Rham complex for a domain Ω of R𝑛 reads

𝐻Λ0 (Ω) · · · 𝐻Λ𝑘 (Ω) · · · 𝐻Λ𝑛 (Ω) {0}d0 d𝑘−1 d𝑘 d𝑛−1

For 𝑛 = 3, the following isomorphisms are provided by vector proxies:

𝐻Λ0 (Ω) 𝐻Λ1 (Ω) 𝐻Λ2 (Ω) 𝐻Λ3 (Ω) {0}

𝐻1 (Ω) 𝐻 (curl;Ω) 𝐻 (div;Ω) 𝐿2 (Ω) {0}

d0

�

d1

�

d2

� �

grad curl div
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Koszul complements I

Given 𝑑 ∈ [0, 𝑛], let 𝑓 ∈ Δ𝑑 (Mℎ) denote a 𝑑-face of Mℎ

With 𝜅 𝑓 : Λ
ℓ+1( 𝑓 ) → Λℓ ( 𝑓 ) Koszul differential on 𝑓 , we let

K𝑟 ,ℓ ( 𝑓 ) := 𝜅 𝑓P𝑟−1Λℓ+1 ( 𝑓 )

For 𝑑 ≥ 1, ℓ ∈ [0, 𝑑], and 𝑟 ≥ 0, trimmed polynomial spaces are given by

P𝑟
−Λ

0 ( 𝑓 ) := P𝑟Λ0 ( 𝑓 ),
P𝑟
−Λ

ℓ ( 𝑓 ) ≔ dP𝑟Λℓ−1 ( 𝑓 ) ⊕ K𝑟 ,ℓ ( 𝑓 ) if ℓ ≥ 1

We denote by 𝜋P𝑟−Λ𝑘 ( 𝑓 ) the 𝐿
2-orthogonal projector onto P𝑟

−Λ
𝑘 ( 𝑓 )
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Koszul complements II

Example (Trimmed spaces in dimensions 2 and 3)

Let 𝑛 = 3. For 𝑇 = 𝑓3 ∈ Δ3 (Mℎ) = Tℎ, the vector proxies are

P𝑟
−Λ

1 ( 𝑓3) � gradP𝑟 (𝑇) + (𝑥 − 𝑥𝑇 ) × P𝑟−1(𝑇)3 ≕ N𝑟 (𝑇),
P𝑟
−Λ

2 ( 𝑓3) � curlP𝑟 (𝑇)3 + (𝑥 − 𝑥𝑇 )P𝑟−1(𝑇) ≕ RT 𝑟 (𝑇).

For 𝐹 = 𝑓2 ∈ Δ2 (Mℎ), we have

P𝑟
−Λ

1 ( 𝑓2) � curl𝐹 P𝑟 (𝐹) + (𝑥 − 𝑥𝐹)P𝑟−1(𝐹) ≕ RT 𝑟 (𝐹).
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Discrete spaces and interpolators I

The discrete 𝐻Λ𝑘 (Ω) space, 0 ≤ 𝑘 ≤ 𝑛, is

𝑋
𝑟 ,𝑘

ℎ
:=

𝑛?
𝑑=𝑘

?
𝑓 ∈Δ𝑑 (Mℎ )

P𝑟
−Λ

𝑑−𝑘 ( 𝑓 )

Its restrictions to 𝑓 ∈ Δ𝑑 (Mℎ), 𝑘 ≤ 𝑑 ≤ 𝑛, and 𝜕 𝑓 are 𝑋𝑟 ,𝑘

𝑓
and 𝑋𝑟 ,𝑘

𝜕 𝑓

The components are interpreted as 𝐿2-orthogonal projections of traces:

𝐼
𝑟 ,𝑘

𝑓
𝜔 :=

(
𝜋P𝑟−Λ𝑑

′−𝑘 ( 𝑓 ′ ) (★ tr 𝑓 ′ 𝜔)
)
𝑓 ′∈Δ𝑑′ ( 𝑓 ) , 𝑑′∈[𝑘,𝑑 ] ∈ 𝑋

𝑟 ,𝑘

𝑓
,

with trace operator tr 𝑓 ′ pullback of the inclusion 𝑓 ′ ↩→ 𝑓
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Discrete spaces and interpolators II

𝑉 𝐸 𝐹 𝑇

𝑋𝑟
grad,ℎ R P𝑟−1(𝐸) P𝑟−1(𝐹) P𝑟−1(𝑇)
𝑋𝑟
curl,ℎ – P𝑟 (𝐸) RT 𝑟 (𝐹) RT 𝑟 (𝑇)
𝑋𝑟
div,ℎ – – P𝑟 (𝐹) N𝑟 (𝑇)

P𝑟 (Tℎ) – – – P𝑟 (𝑇)

Table: Components of discrete spaces for 𝑛 = 3 and arbitrary 𝑟 ≥ 0

𝑉 𝐸 𝐹 𝑇

𝑋0
grad,ℎ � RVℎ R – – –

𝑋0
curl,ℎ � REℎ – P0 (𝐸) – –

𝑋0
div,ℎ � RFℎ – – P0 (𝐹) –

P0 (Tℎ) � RTℎ – – – P0 (𝑇)

Table: Components of discrete spaces for 𝑛 = 3 and 𝑟 = 0
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Discrete potential and exterior derivative I

Let 𝑑 ∈ N be s.t. 0 ≤ 𝑑 ≤ 𝑛, 𝑓 ∈ Δ𝑑 (Mℎ), and notice that

tr𝜕 𝑓 : Λ
𝑘 ( 𝑓 ) → Λ𝑘 (𝜕 𝑓 )

Stokes formula on 𝑓 : For smooth 𝜔 ∈ Λ𝑘 ( 𝑓 ) and 𝜇 ∈ Λ𝑑−𝑘−1( 𝑓 ),∫
𝑓

d𝜔 ∧ 𝜇 = (−1)𝑘+1
∫
𝑓

𝜔 ∧ d𝜇 +
∫
𝜕 𝑓

tr𝜕 𝑓 𝜔 ∧ tr𝜕 𝑓 𝜇

Emulating this formula, we obtain local reconstructions for

the discrete exterior derivative d𝑟 ,𝑘
𝑓

the corresponding discrete potential 𝑃𝑟 ,𝑘

𝑓
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Discrete potential and exterior derivative II

For 𝑑 = 𝑘, we set

𝑃
𝑟 ,𝑘

𝑓
𝜔

𝑓
:= 𝜔 𝑓 ∈ ★−1P𝑟Λ𝑑 ( 𝑓 )

For 𝑑 = 𝑘 + 1 . . . 𝑛, we first let, for all 𝜔
𝑓
∈ 𝑋𝑟 ,𝑘

𝑓
and 𝜇 ∈ P𝑟Λ𝑑−𝑘−1( 𝑓 ),∫

𝑓

d𝑟 ,𝑘
𝑓
𝜔

𝑓
∧ 𝜇 = (−1)𝑘+1

∫
𝑓

★−1𝜔 𝑓 ∧ d𝜇 +
∫
𝜕 𝑓

𝑃
𝑟 ,𝑘

𝜕 𝑓
𝜔
𝜕 𝑓

∧ tr𝜕 𝑓 𝜇

then, for all (𝜇, 𝜈) ∈ K𝑟+1,𝑑−𝑘−1( 𝑓 ) × K𝑟 ,𝑑−𝑘 ( 𝑓 ),

(−1)𝑘+1
∫
𝑓

𝑃
𝑟 ,𝑘

𝑓
𝜔

𝑓
∧ (d𝜇 + 𝜈) =

∫
𝑓

d𝑟 ,𝑘
𝑓
𝜔

𝑓
∧ 𝜇

−
∫
𝜕 𝑓

𝑃
𝑟 ,𝑘

𝜕 𝑓
𝜔
𝜕 𝑓

∧ tr𝜕 𝑓 𝜇 + (−1)𝑘+1
∫
𝑓

★−1𝜔 𝑓 ∧ 𝜈
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Consistency of the local reconstructions I

Lemma (Polynomial consistency)

For all integers 0 ≤ 𝑘 ≤ 𝑑 ≤ 𝑛 and all 𝑓 ∈ Δ𝑑 (Mℎ), it holds

𝑃
𝑟 ,𝑘

𝑓
(𝐼𝑟 ,𝑘

𝑓
𝜔) = 𝜔 ∀𝜔 ∈ P𝑟Λ𝑘 ( 𝑓 ),

d𝑟 ,𝑘
𝑓

(𝐼𝑟 ,𝑘
𝑓
𝜔) = d𝜔 ∀𝜔 ∈ P𝑟+1

− Λ𝑘 ( 𝑓 ) if 𝑑 ≥ 𝑘 + 1.

Theorem (Consistency for smooth functions)

Let 𝑠 ≥ 𝑑
2 . Then, for all 0 ≤ 𝑚 ≤ 𝑟 + 1 and all 𝜔 ∈ 𝐻max{𝑟+1,𝑠}Λ𝑘 ( 𝑓 ) s.t.

d𝜔 ∈ 𝐻max{𝑟+1,𝑠}Λ𝑘+1 ( 𝑓 ), it holds

|𝑃𝑟 ,𝑘

𝑓
𝐼
𝑟 ,𝑘

𝑓
𝜔 − 𝜔|𝐻𝑚Λ𝑘 ( 𝑓 ) ≲ ℎ𝑟+1−𝑚𝑓 |𝜔|𝐻 (𝑟+1,𝑠)Λ𝑘 ( 𝑓 ) ,

|d𝑟 ,𝑘
𝑓
𝐼
𝑟 ,𝑘

𝑓
𝜔 − d𝜔|𝐻𝑚Λ𝑘+1 ( 𝑓 ) ≲ ℎ𝑟+1−𝑚𝑓 |d𝜔|𝐻 (𝑟+1,𝑠)Λ𝑘+1 ( 𝑓 ) if 𝑑 ≥ 𝑘 + 1.
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Consistency of the local reconstructions II

Example (The case (𝑛, 𝑑) = (3, 3))
The above properties translate as follows for (𝑛, 𝑑) = (3, 3):

For 𝑘 = 0,∗

𝑃𝑟
grad,𝑇 𝐼

𝑟
grad,𝑇𝑞 = 𝑞 ∀𝑞 ∈ P𝑟 (𝑇),

𝐺𝑟
𝑇 𝐼

𝑟
grad,𝑇𝑞 = grad 𝑞 ∀𝑞 ∈ P𝑟+1 (𝑇);

For 𝑘 = 1,
𝑃𝑟
curl,𝑇 𝐼

𝑟
curl,𝑇𝑣 = 𝑣 ∀𝑣 ∈ P𝑟 (𝑇)3,

𝐶𝑟
𝑇 𝐼

𝑟
curl,𝑇𝑣 = curl 𝑣 ∀𝑣 ∈ N𝑟+1 (𝑇);

For 𝑘 = 2,

𝑃𝑟
div,𝑇 𝐼

𝑟
div,𝑇𝑤 = 𝑤 ∀𝑤 ∈ P𝑟 (𝑇)3,

𝐷𝑟
𝑇 𝐼

𝑟
curl,𝑇𝑤 = div𝑤 ∀𝑤 ∈ RT 𝑟+1 (𝑇).

∗There also exists 𝑃𝑟+1
grad,𝑇

consistent up to degree 𝑟 + 1
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Global discrete exterior derivative and DDR complex

The DDR spaces are connected by the global discrete exterior derivative

d𝑟 ,𝑘
ℎ
𝜔

ℎ
=
(
𝜋P𝑟−Λ𝑑−𝑘−1 ( 𝑓 ) ★ d𝑟 ,𝑘

𝑓
𝜔

𝑓
)
)
𝑓 ∈Δ𝑑 (Mℎ ) , 𝑑∈[𝑘+1,𝑛]

The DDR sequence then reads

𝑋
𝑟 ,0
ℎ

𝑋
𝑟 ,1
ℎ

· · · 𝑋
𝑟 ,𝑛−1
ℎ

𝑋
𝑟 ,𝑛

ℎ
{0}

d𝑟,0
ℎ

d𝑟,𝑛−1
ℎ

Theorem (Cohomology of the DDR complex)

It holds
d𝑟 ,𝑘
𝑓

◦ d𝑟 ,𝑘−1
𝑓

= 0,

so that the DDR sequence defines a complex. Its cohomology is isomorphic
to that of the de Rham complex.
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Discrete 𝐿2-products

We define the global discrete 𝐿2-product s.t., ∀(𝜔
ℎ
, 𝜇

ℎ
) ∈ 𝑋𝑟 ,𝑘

𝑑
× 𝑋𝑟 ,𝑘

𝑑
,

(𝜔
ℎ
, 𝜇

ℎ
)𝑘,ℎ :=

∑︁
𝑓 ∈Δ𝑛 (Mℎ )

(𝜔
𝑓
, 𝜇

𝑓
)𝑘, 𝑓 ,

(𝜔
𝑓
, 𝜇

𝑓
)𝑘, 𝑓 :=

∫
𝑓

𝑃
𝑟 ,𝑘

𝑓
𝜔

𝑓
∧★𝑃𝑟 ,𝑘

𝑓
𝜇
𝑓
+ 𝑠𝑘, 𝑓 (𝜔 𝑓

, 𝜇
𝑓
)

with 𝑠𝑘, 𝑓 stabilization penalizing 𝐼𝑟 ,𝑘
𝑓
𝑃
𝑟 ,𝑘

𝑓
𝜔

𝑓
− 𝜔

𝑓
. We let ∥ · ∥𝑘,ℎ := (·, ·)

1
2

𝑘,ℎ
.

Theorem (Consistency of the local discrete 𝐿2-products)

Let 𝑓 ∈ Δ𝑛 (Mℎ) and 𝑠 ≥ 𝑑
2 . Then, for all (𝜔, 𝜇 𝑓

) ∈ 𝐻max{𝑟+1,𝑠}Λ𝑘 ( 𝑓 ) × 𝑋𝑟 ,𝑘

𝑓
,����(𝐼𝑟 ,𝑘ℎ

𝜔, 𝜇
𝑓
)𝑘, 𝑓 −

∫
𝑓

𝜔 ∧★𝑃𝑟 ,𝑘

𝑓
𝜇
𝑓

���� ≲ ℎ𝑟+1𝑓 |d𝜔|𝐻 (𝑟+1,𝑠)Λ𝑘+1 ( 𝑓 ) ∥𝜇 𝑓
∥𝑘, 𝑓 .
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An example of numerical scheme

Let us consider the magnetostatics problem:

Find (𝐻, 𝐴) ∈ 𝐻 (curl;Ω) × 𝐻 (div;Ω) s.t.

𝜇

∫
Ω

𝐻 · 𝜏 −
∫
Ω

𝐴 · curl 𝜏 = 0 ∀𝜏 ∈ 𝐻 (curl;Ω),∫
Ω

curl𝐻 · 𝑣 +
∫
Ω

div 𝐴 div 𝑣 =

∫
Ω

𝐽 · 𝑣 ∀𝑣 ∈ 𝐻 (div;Ω)

A DDR scheme for this problem is obtained with obvious substitutions:

Find (𝐻ℎ, 𝐴ℎ) ∈ 𝑋𝑟
curl,ℎ × 𝑋

𝑟
div,ℎ s.t.

𝜇(𝐻ℎ, 𝜏ℎ)curl,ℎ − (𝐴ℎ, 𝐶
𝑟
ℎ
𝜏
ℎ
)div,ℎ = 0 ∀𝜏

ℎ
∈ 𝑋𝑟

curl,ℎ,

(𝐶𝑟
ℎ
𝐻ℎ, 𝑣ℎ)div,ℎ + (𝐷𝑟

ℎ𝐴ℎ, 𝐷
𝑟
ℎ𝑣ℎ)L,ℎ = (𝐼𝑟div,ℎ𝐽, 𝑣ℎ)div,ℎ ∀𝑣

ℎ
∈ 𝑋𝑟

div,ℎ

Stability mimics the continuous argument for well-posedness
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Discrete Poincaré inequality

Theorem (Discrete Poincaré inequality∗)

For all 𝜔
ℎ
∈ 𝑋𝑟 ,𝑘

ℎ
,

min
𝜇
ℎ
∈Kerd𝑟,𝑘

ℎ

∥𝜔
ℎ
+ 𝜇

ℎ
∥𝑘,ℎ ≲ ∥d𝑟 ,𝑘

ℎ
𝜔

ℎ
∥𝑘+1,ℎ .

Corollary (Discrete Poincaré inequality on the orthogonal complement)

For all 𝜔
ℎ
∈ (Ker d𝑟 ,𝑘

ℎ
)⊥ with orthogonal taken w.r.t. to (·, ·)𝑘,ℎ, it holds

∥𝜔∥𝑘,ℎ ≲ ∥d𝑟 ,𝑘
ℎ
𝜔∥𝑘+1,ℎ .

∗See [DP, Droniou, Hanot, Pitassi, 2025] and the precursor work [DP and Hanot, 2024]
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Adjoint consistency

The following results estimates the error on the global Stokes formula∫
Ω

𝜔∧d𝜇+(−1)𝑘
∫
Ω

d𝜔∧𝜇 = 0 ∀(𝜔, 𝜇) ∈ Λ𝑘 (Ω)×Λ𝑛−𝑘−1 (Ω), tr𝜕Ω 𝜔 = 0

Theorem (Adjoint consistency)

Let 𝜔 ∈ 𝐶0Λ𝑘 (Ω) ∩ 𝐻𝑟+2Λ𝑘 (Tℎ) be s.t. tr𝜕Ω 𝜔 = 0. Then, ∀𝜇
ℎ
∈ 𝑋𝑟 ,𝑛−𝑘−1

ℎ
,������

∫
Ω

𝜔 ∧ d𝑟 ,𝑛−𝑘−1
ℎ

𝜇
ℎ
+ (−1)𝑘

∑︁
𝑓 ∈Δ𝑛 (Mℎ )

∫
𝑓

d𝜔 ∧ 𝑃𝑟 ,𝑛−𝑘−1
𝑓

𝜇
𝑓

������
≲ ℎ𝑟+1

(
|𝜔|𝐻𝑟+1Λ𝑘 (Tℎ ) ∥d

𝑟 ,𝑛−𝑘−1
ℎ

𝜇
ℎ
∥𝑛−𝑘,ℎ + |d𝜔|𝐻𝑟+1Λ𝑘+1 (Tℎ ) ∥𝜇ℎ∥𝑘,ℎ

)
.
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Convergence: Energy error vs. meshsize
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