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Outline
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m Let Q ¢ R3 be a connected polyhedral domain with Betti numbers b;
m by = 1 (number of connected components) and b3 = 0 (since d = 3)
® by and b respectively account for the number of tunnels and voids

(bo, b1, ba, bs) = (1,1,0,0) (bo, b1, b2, b3) = (1,0, 1,0)
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A unified tool for well-posedness: The de Rham complex

gra div

HY(Q) 220 H(ewl; Q) < H(div;Q) —1Yy 12(Q) —— {0}

m Key properties:

Im grad c Ker curl,

Im curl c Ker div,
QcR? (b3 =0) = Imdiv=L*Q)
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A unified tool for well-posedness: The de Rham complex

gra div

HY(Q) 220 H(ewl; Q) < H(div;Q) —1Yy 12(Q) —— {0}

m Key properties:

no tunnels crossing Q (b1 =0) = Imgrad = Kercurl
no voids contained in Q (bg =0) = Imcurl = Kerdiv
QcR? (b3 =0) = Imdiv=L*Q)

m When by # 0 or by # 0, de Rham’s cohomology characterizes
H; = Kercurl/lmgrad and %Hs := Kerdiv/Im curl

m Emulating these properties is key for stable discretizations!
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The Finite Element way

m Trimmed FE complexes on a tetrahedron T1: For any r > 1

F=1 ; i\\\ grad; ; i\‘ Curl; z § \ div \ Z s\
F=9 \‘\ grad; “ curl; S div \ \
é N ‘: 4&' 4 X‘

m On a conforming tetrahedral mesh 7}, local spaces can be glued together

HY(Q) 2% Hcwl: Q) -2y H(div; Q) —Y 3 12(Q)

) ) ) )

grad

Pr(Th) —s N7 (Th) —2s RT"(T) —23 P7~1(T3)
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Limitations

m Approach limited to conforming meshes with standard elements

= Local refinement requires to trade mesh size for quality
= Complex geometries may require a large number of elements
= The element shape cannot be adapted to the solution

m The extension to advanced complexes is also not straightforward
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Polytopal approaches

m Key idea: replace spaces and, possibly, operators by discrete counterparts
m Support of polyhedral meshes and high-order

m Higher-level point of view, possibly resulting in leaner constructions

m Several strategies to reduce the number of unknowns on general shapes

m Agglomeration-based techniques? for adaptivity and A-multigrid
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Mesh-related notations |

Figure: Example of polyhedral mesh My, =7, U, U E, UV,

m T, = As(M},) set of polyhedral elements (3-cells)

B 7, = Ay(My,) set of polygonal (flat) faces (2-cells)

m &, = A1 (Mp) set of edges (1-cells)

BV, = Ag(My,) set of vertices (0-cells) .
m Cochain spaces are denoted with an asterisk, e.g., 7, or Aa(Mp)* L\l
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Mesh-related notations |l

Figure: Notations for a polyhedral element. The orientations of a face F relative to T
and of an edge E relative to F are respectively denoted by wrr and wrg.
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Isomorphism in cohomology

Theorem (Complexes with isomorphic cohomologies?)

(V.,d) : > Vi > Visl > e
Eié ,>Ri Ei+1< ,>Rz+1
0;
(W,0) : > Wi > Wi 7 oo

Let the reduction R and extension E maps be s.t., for all i,
B O;E; = Ejy1d; and diR; = Ri410;;
®m R;E; =Idw,;,
® (Eis1Ri11 —Idy,,) Kerd;y; C Imd;.
Then, (V,d) and (W, d) are complexes with isomorphic cohomologies.

N
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3[DP, Droniou, Pitassi, 2023]



Cohomology of the trimmed FE complex

m If My, is a simplicial complex (FE mesh), we have

60 a1

* \ * \ * \ *
(Vh 4 Sh 4 7:h 4 7;t
Jh

PLT) 225 NY(Th) 2 RTH(Th) —2 PO(T5)

e (Jow (Jan (9

grad

PL(Th) =% N7 (Th) —25 RT"(Th) —2%5 P 1(T,)

02

K

Re
R&L

R

with k; de Rham map, I.l,h interpolator, and 7r2 L2-orthogonal projector
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Cohomology of the trimmed FE complex

m If My, is a simplicial complex (FE mesh), we have

60 a1

* \ * \ * \ *
(Vh 4 Sh 4 7:h 4 7;t
Jh

PLT) 225 NY(Th) 2 RTH(Th) —2 PO(T5)

e (Jow (Jan (9

grad

PL(Th) =% N7 (Th) —25 RT"(Th) —2%5 P 1(T,)

02

K

L
R&L

e

with k; de Rham map, I.l,h interpolator, and 71'2 L2-orthogonal projector

m By de Rham's Theorem, the two top rows have isomorphic cohomologies
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Cohomology of the trimmed FE complex

m If My, is a simplicial complex (FE mesh), we have

60 a1

* \ * \ * \ *
(Vh 4 Sh 4 7:h 4 7;t
Jh

PLT) 225 NY(Th) 2 RTH(Th) —2 PO(T5)

e (Jow (Jan (9

grad

PL(Th) =% N7 (Th) —25 RT"(Th) —2%5 P 1(T,)

02

K

L
R&L

e

with k; de Rham map, I.lh interpolator, and 71'2 L2-orthogonal projector
m By de Rham's Theorem, the two top rows have isomorphic cohomologies

m The two bottom rows fulfill the assumptions of the theorem with
R = interpolators and E = injections \1
'
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Shifting point of view |

m Denote by “dofs” the standard FE degrees of freedom

m By unisolvency, we have

o, d 13}
Vi s s R
AN AN AN AN
KQ"/h K];:/h K2L:h K%\“h
1 grad 1 curl 1 div
PL(Tn) —— NY(Tn) == RT(Th) —— P°(Tn)
AN A AN AN
dofs~1 dofs~1 dofs™1 dofs ™1
RVr R R7n R

m In the previous diagram, we can erase the middle row
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Shifting point of view Il

m Set K}, =k, odofs™ !, ie., V(qh,gh,yh,gh) e RV x R x RFn x R7n,

Kong, (V) =qv VYV eV, K1y, (E) = |Elvg VE € &,
Kg,hmh(F) = |F|VF VF € Fp, K3’hrh = |T|7‘T YT €Ty,

m This graded map induces the following isomorphisms:

(90 61 62

E \ ES \ * \ *

Vi > & > T > T
RVn R®n Rn R

m Can we complete the bottom row to form a complex?

N
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Shifting point of view Il

m Define the following discrete gradient, curl, and divergence operators:
0, ._ -1 0, . p-1 0, ._ -1
G4, = Ky h00Kon,  Cuvy =Ky ,01K1,  Dyw), = Ky },02K s
m Notice that, by construction,

CpoGp=0and D)oCp=0

Hence, we have two complexes with isomorphic cohomologies:

60 Bl 62
* \ * \ * \ *
(Vh 4 Sh 4 7:}1 4 7;1

ke T x T . T x T
0 0 DY

RV 2y gén Sy gR 2y g7

R

3

m Still true with M;, CW complex associated to a polyhedral mesh!
'
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Moral of the story so far

By getting rid of FE spaces, we can now handle
polyhedral meshes!

N
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A closer look at the discrete operators

] Qg, Qi, and 22 are actually the mimetic operators*:

qv, —4qv.
Goq = (Goq = ;)
—hdy Edp |E| Ecé,
1
Chvy, = (C??‘_}F = Z wFE|E|VE)
EESF Feﬁl

1
Dyw, = (DOTET = Il Z wTF|F|WF)
Fe¥fr TeTy

m These operators are polynomially exact and commute with the interpolators
(component-wise L2-orthogonal projectors)

N
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4See, e.g., [Beirdo da Veiga et al., 2014] and [Bonelle and Ern, 2014]



The three-dimensional Discrete de Rham complex
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The arbitrary-order case r > 0

Gr Cr Dr
r Eh r Eh r Zh r
Xgrad,h Xcurl,h Xdiv,h P (7;’)

Vv E F T
Xiwan R PTUE) PTNE) PTUD)
X —  PUE) RT(F) RT(T)
Xovn  ~ - P(F)  N'(T)
P (Th) - - - P (T)

m Discrete de Rham (DDR) [DP, Droniou, Rapetti, 2020]

m Version with Koszul complements [DP and Droniou, 2023a]

m Cohomology on domains of general topology [DP and Droniou, 2023b]
m Serendipity version [DP and Droniou, 2023b]

N
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An example: The arbitrary-order curl space |

m The DDR curl space reads:

Xewrin = {Kh = ((vr)res,» VF)Fres,, (VE)Ees,) -

vr € RT'(T) for all T € Ty,
viE € RT7(F) for all F € 74,

ve € P (E) for all E € sh}

m The components are interpreted through the interpolator s.t., for all
v : Q — R3 smooth enough,

Lo = (A7 () V)1ed (TRT () Ve F)Fes,, (Rpr ) (V- 1E))Ees,) »

with v, r == np X (vir X np) and 7y L2—orthogona| projector onto X

N
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An example: The arbitrary-order curl space Il

m Tangential traces on edges are the components (vg)geg,

m A face rotor and tangential trace are built mimicking the following IBP:
For all v: F — R? and all ¢ : F — R smooth enough,

/rotpqujv-curlpq— Z wa/(v-tE)q
F F E

Ec&fp

m Similarly, element curl and potential result from mimicking:
For all v,w : T — R? smooth enough,

/Curlv-w=/v-curlw+ Z wTF/vt,F-(wan)
T T F

Fe¥r

N
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An example: The arbitrary-order curl space IlI

m The face rotor R}, : X7 — P (F) is s.t.

—curl,F

/R;\_/quva-curlpq— Z wFE/vK VYq € P (F)
F F E

EESF
m Let RO (F) := (x —xp)P 1 (F), complement of curlg P"+(F)?
m The trace . : X! . — Pr(F)?is s.t., Y(r,w) € P (F) x RS (F),
/V?KF -(curlpr +w) =/R}KFr+ Z a)FE/ vEr+/vF-w
F F Feep E F
m We build the element curl C. : X7, — Pr(T)3 similarly to Rl and set

r ., r r
Ch o Xowrn = Xaiwn

v = (e () Cryvpred,, (REvp)res,)

N
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An example: The arbitrary-order curl space IV

m From CJ and y}., we build an element potential
3
Pt Xewnr = P7(T)

m The local L?-product in X" . . is

. r .
(KT’ ‘_}T)CUTLT = APcurl,TmT Pcurl TVT + stab.

where stab. penalizes I”. P

I . 7Peu .ty — Y in @ least-square sense

m The global discrete L2-product is obtained assemblying element-wise:

(mh’ Eh)curl,h = Z (KT’ ET)curl,T

TeTn

N
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An example of numerical scheme

m Let us consider the magnetostatics problem:
Find (H,A) € H(curl; Q) x H(div; Q) s.t.

,u/H-T—/A'curl‘rzo V1 € H(curl; Q),
Q Q
/CurlH-v+/diVAdivv=/J-v Vv € H(div; Q)
Q Q Q

m A DDR scheme for this problem is obtained with obvious substitutions:
Find (H), Ap) € X{on X X ST

,U(Eha Ih)curl,h - (éh! gzzh)div,h =0 Vzh € &utl,h’
(Chlyvp)div.n + /QDZAh Dyvy, = Lgsy > vi)aivn Vv, € X,
m Stability mimics the continuous argument for well-posedness

N
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The Discrete de Rham complex of differential forms

N
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The DDR complex of differential forms

m The construction extends to the de Rham complex of differential forms®
m Denote by AX(M) the space of k-forms

w= Z aydx A Adx 9k

1<o1<--<0or<n
m When regularity on the a. is required, we prepend it to AK(M), e.g.,

LA (M) = space of k-forms with coefficients a square-integrable on M

P"A*(M) = space of k-forms with coefficients a, in P" (M)

N
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Exterior derivative

m The exterior derivative d is the (unbounded) graded operator s.t.

dk s L2AR (M) — L2AMY (M)

n
0ay,

W Z Zax. Axf Adxt Ao A ik

1<oi<--<or<n i=1

which satisfies
dkodkt =0

m When M = Q domain of R3, through vector proxies we can identify
d0 = grad, dt = curl, d? = div
m In what follows, we define the domain of the exterior derivative
HA (M) = {w e L*A¥(M) : dw e L*AMN (M)}

N
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The continuous de Rham complex

m The de Rham complex for a domain Q of R" reads

0 40 dk71 k dk dan-1
HAY Q) —Ls o 2 gak(Q) —5 . 4 gAnQ) —— {0}

m For n = 3, the following isomorphisms are provided by vector proxies:

HAY(Q) —Y 5 HANQ) —Y 5 HA2(Q) — HA(Q) — {0}

grad

HY(Q) =% H(cw; Q) % H(div; Q) — L?(Q) — {0}

N
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Local Koszul differential and complements |

m Given d € [0,n], let f € Ag(My) denote a d-face of My, and fix xy € f
m The Koszul differential k¢ : A“1(f) = AC(f) is s.t.

(Kfw)x(Vi,...,ve) = Wi (X —Xf,V1,...,V¢)

for all x € f and vq,..., v, tangent vectors to f

m We define the Koszul complement space
«r,f(f) = Kfpr—lA{’+1(f)
m Assuming d > 1, for any integers £ € [0,d] and r > 0, we have

PTAY(f) = POA°(f) @ KO (f).
PrAf(f) =d7)r+1/\€_1(f)697(r’[(f) ife>1

N
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Local Koszul differential and complements Il

m Lowering the first polynomial degree yields trimmed polynomial spaces

PIA(f) = P A°(f).
PrAC(S) =dP AT e KN ifex>1

m The L?-orthogonal projector onto P"A¥(f) is s.t.

Yw € L2AK(f), /fnmk(f)wA*p ='/fw/\*,u Yu € PTAK(f)

N
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Local Koszul differential and complements Ill

Example (Trimmed spaces in dimensions 2 and 3)

Let n=3. For T = f3 € A3(My) = T, the vector proxies for trimmed spaces are
the Nédélec and Raviart—Thomas spaces:

PTAL(f3) = grad P (T) & (x — x7) X PTH(T)3 = N'(T),
PrA%(f3) = curl P (T)? @ (x — xp)P"~N(T) = RT"(T).

For F = fo € Ay(Mp), we have

PrAL(fo) = curlp PT(F) @ (x — xp)P" " H(F) == RT" (F).

N
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Discrete spaces and interpolators

m The discrete HAK(Q) space, 0 < k <n, is
n
0= X PINTR)
d=k feAq(Mn)
m Its restrictions to f € Ag(My), k <d <n, and f are _}’k and X:,’;
m The components are interpreted as L?-orthogonal projections of traces:
r.k . ~0OAk/ 7 r.k
IR CON() - X7
W = (Tpr nari () K8 @) pren, (), arelka

with trace operator try pullback of the inclusion f" — f

N
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Discrete potential and exterior derivative |

mletdeNbest 0<d<n, feAyz(Myp), and notice that
tras : A(f) = A% (D))

m Stokes formula: For w € AK(f) and u € AY"%=1(f) smooth enough,

/dw/\,u:(—l)’”l/a)/\dy+/ tror w Atrar p
S f of

m Local reconstructions are obtained emulating this formula

N
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Discrete potential and exterior derivative Il

m For d = k, we set
P ke
f =r

m Ford=k+1...n, wefirst let, for all . € X}’k and g € PTATKL(f),

=x"w; e PTAY(S)

/dr A= (= 1)k+1/*_1wadu+/ Pg’;gaf/\traf,u
S of
then, for all (u,v) € K+1Ad=k=1(f) x K"4=k(f),
(—1)k+1/fP}’kgf A(dp+v) = /dr Koo Ap

—/ Pg’fgaf/\traf,u+(—1)k+1/*_1wf/\v
of f

N
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Consistency of the local reconstructions |

Lemma (Polynomial consistency)

For all integers 0 < k <d <n and all f € Ag(My,), it holds
P}’k(L}’kw) =w Yw € PTAR(f),
and, ifd >k +1,
d;k(g;;kw) =dw VYo e PTHARF).

r+1,0

There also exists P ) consistent up to degree r + 1.

N
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Consistency of the local reconstructions Il

Example (The case (n,d) = (3,3))

The above properties translate as follows for (n,d) = (3, 3):

m For k=0,
Porad lgraard = 4 Vq € P"(T),
Grlgaard = gradq Vg € P"H(T);
m For k=1,
Porlowry =V Vv € P(T)?,
Crl v = curly Vv e NTHU(T);
m For k =2,

Pl rLlaiy 7w =W Yw € P(T)?,

DLLL . pw=divw  Yw e RT(T).

N
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Consistency of the local reconstructions Il

Theorem (Consistency for smooth functions)

Let s > 4 and set, Vw € H™&{r+LsIAk(£),

lwlgr+1pk () ifs<r+1,

w r+l,s = :
laeasnnp) {Zf=r+1h}_r_1|a)|HtAk(f) otherwise.

Then, for any 0 < m < r + 1, it holds, for all w € H™@>{r+Ls} Ak (£,
|P}’k£}’kw = a)leAk f) < h;+1_m|a)|H(r+1,s)Ak )"

If, moreover, dw € H™ax{r+Lsk Ak+1( )

|d},k£;’kw - dw|HmAk+1(f) s h?l_m|dw|H<r+1-S)Ak“(f)'

N
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Global discrete exterior derivative and DDR complex

m The spaces XZ’k are connected by the global discrete exterior derivative
r.k | yr.k r,k+1
(_1]1 . Xh - Xh
r,k
Wy = (”PrAd*H(f) (*df Qf))feAd(Mh),de[ku,n]

m The DDR sequence then reads

r,0 r.n—-1

d d
r,0 =h r,1 r,n—1 =h r,n
X > X > > X, > X, > {0}

m For n = 3, we recover the DDR complex discussed in the first part

N
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Algebraic properties |

Theorem (Complex property)
Forall 0 <k <d<nandall feA;(My), it holds,

r,k r,k—=1 _ r,k-1
Pyodg™ =dpm,

and, ifd >k +1,
r,k r,k—1 _
dif it =0,

so that the DDR sequence defines a complex.

Theorem (Cohomology)

The cohomology of the DDR complex of differential forms is isomorphic to that
of the de Rham complex.

N
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Algebraic properties |l

e A (M) = A (My) — -

Kk Kk+1

k
=0,h

0,k > 0,k+1
> &h ) Kh % e

Rk Ek

k+1 k+1
—h h Eh Eh

k
=r.h

5 ggz,k > N 2gz,k+1 N

Key point: design of the extension cochain map £, O

N
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Discrete L?-products |

m We define the global discrete L2-product s.t., V(gh,/ih) € X;’k xg;’k,
(Wps 1, Db = Z (RTINS
fEAn(Mh)

— r,k r,k
(@ B ks -—/fPf Wy AP+ sk (@pa )
m s 7 is a stabilization ensuring positivity and polynomial consistency s.t.

Jk pr.k
sk (@p i) = Sk (L Prlos—wp. 1P He=H),

with S ¢ scaling in &z like the L2A*(f)-product
m For any d € [k,n] and any f € Ay(M},), we define the norm s.t.

k
”wf”kf = ((,Uf, f)kf va € X;

N
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Discrete L?-products I

Theorem (Consistency of the local discrete L2-products)

Let f € A,,(Mp). Then, for any integers s > % and 0 <m <r+1 and all
(w.pt,) € Hoax{r+Lsy Ak (f) x g}’k, it holds,

(I o iy - /f w A *Pp

; < h}+1_m|dw|H(r+1,s>Ak+1(f) ||Ef||k,f-

N
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Discrete Poincaré inequality

Theorem (Discrete Poincaré inequality®)

1
Let || - lx.n = ()2, Then, for all w, € X;l’k, there exists u_ € X;,’k s.t.
Jk
4", = wy, and g, llen < Nd), Ko llks1.n-
Equivalently,
min - (lw, + 4 [len S I @, 1,
M, eKerd

Corollary (Discrete Poincaré inequality on the orthogonal complement)

For all w,, € (KerQZ’k)l with orthogonal taken w.r.t. to (-, )k.p, it holds

lwllin < Idy @lliss.n-

A
6See [DP, Droniou, Hanot, Pitassi, 2025] and the precursor work [DP and Hanot, 2024] L\
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Adjoint consistency

The following results estimates the error on the global Stokes formula

/ w A dp+ (-1 / doArp=0  Y(wp) e AFQ)x A" 1(Q)
Q Q

Theorem (Adjoint consistency)

Let w € COAK(Q) N H"*2AX(Tp) be s.t. traggw = 0. Then, for all K, € Xt
it holds

/ wAd R 4 (~1)F Z /dw A P}’"‘k‘lp
Q —h f —f
feA(Mp)

1 n—k-1
Sh™ (|w|Hr+1Ak(‘771)”Q2n ﬁh”n—k,h + |dw|Hr+1Ak+1(7;,)||ﬁh||n—k—1,h) .

See J. Droniou’s presentation for the relevance and proof of this result |\1
4
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Outline

Restoring function spaces

N
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Restoring function spaces

m Key difference with respect to FEEC”: no conforming function spaces
m Virtual function spaces can be devised®
m Alternative construction based on harmonic extensions in FES®

m Computable conforming FE liftings on a submesh?®

"[Arnold, 2018]

8[Beirﬁo da Veiga, Dassi, DP, Droniou, 2020]

9[Christiansen and Rapetti, 2025] N
1O[DP, Droniou, Pitassi, 2025]
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Virtual function spaces

unisolvent:

m We can construct a complex of virtual spaces for which the DDR DOFs are
Hl(Q) grad

2% H(cwrl; Q) —y H(div;

Q) —5 L2(Q)
rad cur iv
ngrad,h = : Vckurl,h l 1 Vcll(iv,h . : Pk((];‘)
dofs ™ 1T dofs” 1T dofs” 1T
) Gk - ck -
k —h s k
Xgrad,h X

Dk I
curl,h

o Ky~ PE)
m The spaces V.kh are finite-dimensional but not polynomial in general

m This is the key idea of the Virtual Element Method (VEM)!!

2022] for the present construction

See [Beirdo da Veiga et al., 2016 and 2018a] and [Beirdo da Veiga, Dassi, DP, and Droniom
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An example: The virtual curl space |

m For X € 7, U F, let P¥Hk+1(X) be a complement of P¥~1(X) in PF+1(X)

m The curl space on a face F € ¥, is
vk (F) = {v € L2(F)41 . divpv € PKL(F), rotp v € PX(F),
v-tg € PK(E) for all E € &,

/(v —pk(pyV) - (x —xp) p=0forall p e pr-tlik+t py }
F
m The curl space on a mesh element T € 7j, is

VE (T) = {v € LXT)? : nyr x (v X npr) € VE (F) for all F € Fr,

curl

/(curlv = Tpk(rya curlv) - (x7 X w) =0 for all w € pk=tlk(T)d,
T

/(v — Rp(pyav) - (x —x7) p = 0 for all p € PFHR(T) }
T 7
N
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An example: The virtual curl space Il

m The global curl space is defined setting

l(7;,) = {v € H(cwrtl; Q) : vir €V, 1(T) forall T € 77,}

C'llr cur

m The degrees of freedom are:
m For each edge E € &,

Vi (T) 2 v = /(V'IE)p eR VpePHE)
E
m If k > 1, for each face F € 7,

Vi (Tn) 2 v - / virp-weR VweRTH(F)
F

m If k > 1, for each element T € 7},

(ﬁ)BVH/V weR VweRTKT)

curl
N
4
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