Hybrid High-Order methods on general meshes

Daniele A. Di Pietro

Institut Montpelliérain Alexander Grothendieck, University of Montpellier

ZHACM Colloquium, 20 April 2016




Outline

Poisson

Variable diffusion

Locally degenerate diffusion-advection-reaction



Polyhedral methods for Advection-Diffusion-Reaction

Discontinuous Galerkin (DG)

m PDEs with nonnegative char. form [Houston, Schwab, Siili, 2002]
m Locally degenerate ADR [DP, Ern, Guermond 2008]

m Hybridizable Discontinuous Galerkin (HDG)

m Pure diffusion [Cockburn et al., 2009]
m Diffusion-dominated ADR [Chen and Cockburn, 2014]

Virtual elements (VEM)

m Pure diffusion [Beirdo da Veiga et al., 2013]

m Diffusion-dominated ADR [Beirdo da Veiga et al., 2016]
Hybrid High-Order (HHO)

m Pure diffusion [DP, Ern, Lemaire, 2014]

m Locally degenerate ADR [DP, Ern, Droniou, 2015]

m HHO as HDG on steroids [Cockburn, DP, Ern, 2015]

m Link with residual distribution schemes [Abgrall et al., 2014]?



Features of HHO

Capability of handling general polyhedral meshes
Construction valid for arbitrary space dimensions

Arbitrary approximation order (including k& = 0)

Reproduction of desirable continuum properties
m Integration by parts formulas
m Kernels of operators
m Symmetries

Reduced computational cost after hybridization
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Mesh regularity |

Definition (Mesh regularity)

We consider a sequence (7 )rez of polyhedral meshes s.t., for all h € H,
Tr, admits a simplicial submesh T}, and (%) nen is

m shape-regular in the sense of Ciarlet;
m contact-regular, i.e., every simplex S c T is s.t. hg ~ hp.

Main consequences:
m Trace and inverse inequalities
m Optimal approximation for broken polynomial spaces
m See [Di Pietro and Droniou, 2015] for functional analytic results
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Mesh regularity [l
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Figure: Admissible meshes in 2d and 3d: [Herbin and Hubert, 2008, FVCA5] and
[Di Pietro and Lemaire, 2015] (above) and [Eymard et al., 2011, FVCA®6] (below)



Model problem

m Let Q c R, d > 1, denote a bounded, connected polyhedral domain

m For f € L?(Q), we consider the Poisson problem

—Au=f in 0
u =0 on 0N

m In weak form: Find u € H}(Q) s.t.

a(u,v) := (Vu, Vv) = (f,v) Yv e Hy(Q)



In a nutshell

m DOFs: polynomials of degree k > 0 at elements and faces

m Differential operators reconstructions tailored to the problem:

ajr(u,v) ~ (Vpitup, Vphitlos) + stabilization

with
m high-order reconstruction pf}“ from local Neumann solves
m stabilization via face-based penalty

m Construction yielding supercloseness on general meshes
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DOFs

k=0 k=1 k=2

Figure: Q’% for k € {0,1,2}

m For k> 0 and all T € T}, we define the local space of DOFs

Uk = P¥(T) x ( X IP’“(F))

FeFr

m The corresponding global space has single-valued interface DOFs

it~ (x P« x 2n)
TeT FeFy



Local potential reconstruction |

m Let T € Tp. The local potential reconstruction operator
k+1 . prk k+1
pr Uy — PPH(T)

is s.t. Yup € Uk, (ph vy —vr, 1)1 = 0 and Yw € PFH1(T),

(Vphlug, Vw)r = —(vr, Aw)r + Z (ve, Vunrp)r
FEJ:T

m SPD linear system of size

k+1+d
= -1
Niva ( k+1 )



Local potential reconstruction Il

k d=1 d=2 d=3
0o 2

1 3 6 10
2 4 10 20
3 5 15 35

Table: Size Ny, 4 of the local matrix to invert to compute p];flyT



Local potential reconstruction ||

]\+11]\ )

Lemma (Approximation properties for pr.

Define the local interpolator Iy : HY(T) — U% s.t.
l%” = (7T§U7 (W]frv)FefT)-

Then, (p7 L of%) has optimal approximation properties. In particular, for
all T e ’E and all v e H**2(T), it holds

lo = p3" vl + bV (0 = p3H I70) | < hy'? vl
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Local potential reconstruction IV

m Since Aw € PP7(T) and Vw p-nrp € PF(F),

(Vpk+1lkv Vw)r = —(mhv, Aw)r + Z (r}v, Vw-nrp)p
FeFr

= —(v,Aw) + Z (v, Vwnrp)p
FeFr
= (Vu,Vw)r
m This shows that (p&™ o I%.) is the elliptic projector on P**+1(T):

(V1w —v), Vw)r =0 Vw e PFH(T)

m The approximation properties follow using the Dupont-Scott theory



Stabilization |

m We would be tempted to approximate

ajr(u,v) ~ (VphHtug, VpktHo)r

m However, this choice is not stable in general

m We remedy by adding a local stabilization term

a|T(u,v) ~ ar(ur,vy) 1= (Vp?l@T, VP’%HQT)T + s7(up, vp)

m Coercivity and boundedness are expressed w.r.t. to the seminorm

1
lorlir = [Vorld+ > —lvr —vrl%
FG.FT
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Stabilization I

m For all T € T}, define the stabilization bilinear form

st (Up, vr) 2 hp 5TFUT’5TFUT)F
FeFr

with face-based residual operator 0% : U — P*(F) s.t.
0ppor = g (ppt op — vp) — 1R (pp oy — o)

m With this choice, ar satisfies for all v, € U%.,

lonli r < ar(vr,vr) < gl o

16
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Stabilization IlI

m Key point: sp preserves the approximation properties of Vka’“

m For all v e H**2(T), letting

Up = lkT’v = (ﬂ'l%v, (WfrU)Fe]-‘T)a

we have
~ A : k(o kt+ln k
“5§“F2T“F = ”W??(P;HET - W%“) - 7rT(IOTHQT — 1) P
= 755 Or — v) — 7 (p5 B — v)|F

_1 ~
< hy /2||PI:7“+1QT —vfr

m Recalling the approximation properties of p?’l, this yields

1/2 )
(IV @50 = )5 + 570, 87)) < WG follksar
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Discrete problem

m We enforce boundary conditions strongly considering the space

QZ,O = {QhEQZ|UFEO VFe]-"}f}

m The discrete problem reads: Find u,; € QZ,O s.t.

an(up,vp,) = Z ar (ur, vr) = Z (f,vr)r

TeTh TeTh

k
Vo, € Up o

m Well-posedness follows from the coercivity of ay,



Convergence |

Theorem (Energy-norm error estimate)

Assume u € H**2(Ty,) and let

Uy, = ((Wéu)TETM (WgU)Fe}'h) € Qﬁ,(r

We have the following energy error estimate:

lun = Anllin < B ul e @),

with H'-like norm on Qﬁ,o given by

HQhHih = Z HQT”%,T'
TeTy



Convergence |l

Theorem (L?-norm error estimate)

Further assuming elliptic regularity and f € H*(Q) if k = 0,

max (| — ul, [|Gn — unl) < KN,

with No := | fl 1), Nk = |u|gr+2(r,) for k=1, and

VT € T,

<7 o k+1 ~ . k1R o
Up|T =P Up, UpT =Dy lpu, uUp :=ur.



Numerical examples

2d test case, smooth solution, uniform refinement
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Figure: 2d test case, trigonometric solution. Energy (left) and L2-norm (right) of the
error vs. h for uniformly refined triangular (top) and hexagonal (bottom) mesh families
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Numerical examples |

3d industrial test case, adaptive refinement, cost assessment

Figure: Geometry (lef), numerical solution (right, top) and final adaptive mesh (right,
bottom) for the comb-drive actuator test case [Di Pietro & Specogna, 2016]
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Numerical examples Il

3d industrial test case, adaptive refinement, cost assessment
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(a) Capacitance vs. ndofs (b) Capacitance vs. computing time

Figure: Results for the comb drive benchmark.
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Numerical examples IlI

3d industrial test case, adaptive refinement, cost assessment
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Figure: Computing wall time (s) vs. number of DOFs for the comb drive benchmark.
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Numerical examples |

3d test case, singular solution, adaptive coarsening

Figure: Fichera corner benchmark, adaptive mesh coarsening [Di Pietro & Specogna,
2016]
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Numerical examples Il

3d test case, singular solution, adaptive coarsening
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(a) Energy-error vs. ndofs (b) L2-error vs. ndofs

Figure: Error vs. number of DOFs for the Fichera corner benchmark, adaptively
coarsened meshes

26 /54



Poisson

Variable diffusion

Locally degenerate diffusion-advection-reaction

27 /54



Variable diffusion |

m Let k: Q — R%*9 be a polyomial SPD tensor-valued field

m We consider the Darcy problem

—V-(kVu) = f in
u=0 on 0}

m In weak form: Find u € H}(Q) s.t.
a(u,v) == (kVu, Vo) = (f,v)  Yve H} Q)

m We confer built-in x-dependence to ph'™!

(ﬂVp?’“lyp Vw)r = (kVor, Vw)r + Z (vp — v, KVwWNTE)E
FE]:T




Variable diffusion 1l

Lemma (Approximation properties of p"T’“f})

There is C independent of hr and k s.t., for all v e H**2(T), it holds
with o = % if K is piecewise constant and o = 1 otherwise:

v — P 5wl + he| V(0 — D5 I50) | < CpFhEH [v]ese,r,

with heterogeneity/anisotropy ratio

i
K

PT = TT 21
iy
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Discrete problem and convergence |

m We define the local bilinear form a, r on Q? X Q’% as

a1 (Up, v7) 1= (KVPE  un, VpE T v )1 + s, 7 (up, vr)

where, letting kp 1= |[nrp-knre|Lop),
. KF o ok k
Sk,r(Up, V) = Z T(éTFQTvdTFQT)F
FE]'_T

m The discrete problem reads: Find u; € Qﬁ’o s.t.

an(wyvy) = Y awrlupvg) = ) (for)r Vo, € Upg
TeTs, TeTh




Discrete problem and convergence I

Theorem (Energy-error estimate)

Assume that uwe H**2(T,). Then, with

iy, := ((Thw)reT,, (Thw) Fer, ) € Uk o,

and « as above,

1/2

2(k+1

@, — wp e < (Z K 2o R >||u||i+2,T> :
TeTh
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Degenerate diffusion-advection-reaction |

m Let us start with the following 1d problem:

B=1
—_
| V=c¢ . v=1 |

92 Qs

m As e — 0", a boundary layer develops at = = 1/2
® When € = 0, it turns into a jump discontinuity

m This was already observed in [Gastaldi and Quarteroni, 1989]



Degenerate diffusion-advection-reaction |l
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Figure: Solutions for different values of €



Degenerate diffusion-advection-reaction Il

v=>0

Figure: Example of degenerate diffusion-advection-reaction problem in 2d from
[Di Pietro et al., 2008]. The diffusive/non-diffusive interface is Z,, g := 7, 5 u I;rﬁ.
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Degenerate diffusion-advection-reaction IV

m Define the diffusive/inflow portion of 02
Igi={xed|v>0o0rBn <0}

m Consider the possibly degenerate problem

V-®(u)+ pu=f in N\Z, g,
®(u) = —vVu+ Bu in Q,
u=gqg onT', g,

with B8 € Lip(Q)? s.t. V-8 =0, p >0
m On Z, 5, we enforce the interface conditions

[®(uw)]nr=00nZ, 5 and [u] =0o0nZ],

36
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Key ideas

m Discrete advective derivative satisfying a discrete IBP formula
m Weakly enforced boundary conditions

m Extension of Nietsche's ideas to HHO
m Automatic detection of I'), g

m Upwind stabilization using cell- and face-unknowns

m Independent control for the advective part
m Consistency also on 7, 5 where u jumps
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Features

m Polyhedral meshes and arbitrary approximation order k > 0
m Method valid for the full range of Peclet numbers

m Analysis capturing the variation in the order of convergence in the
diffusion-dominated and advection-dominated regimes

m No need to duplicate interface unknowns on 7 ; (!)
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Advective derivative |

m The discrete advective derivative GBT (UK — PH(T) is sit.

(G pvp, w)r = —(vr, B-Vw)r + Z (Bnrp)vr,w)rp
FeFr

for all v € U% and all w e P*(T)

m For advective stability, we need a discrete IBP mimicking

(B-Vw,v)q + (w,B3-Vv)a = ((Bn)w,v)sn
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Advective derivative |l

Lemma (Discrete IBP)
For all w,,,v,, € UY it holds

Z ((GZ,T&T,@T)T + (U)T;G]E-LTQT)T) = Z ((Bnp)wp,vp)p

TeTh FeF?

- Z Z (Bnrr)(wr —wr), vF — V7).

TeTn FEFR



Diffusion |

m We modify the diffusion bilinear form to weakly enforce BCs

m The new bilinear form a, ;, reads (after setting k = v1,),

ayn (W, ) = Y avr(We,vy) + so.0n(w,,v,)
TeTh

with, for a user-defined parameter g,

SVF
80,00 (Why V) 1= Z (—(VFVP’%(F)UJT'”TF,UF)F + h(wF>'UF)F>
FeFp F
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Diffusion 1l

Lemma (inf-sup stability of a, p)

Assuming that

. CaNe
4
it holds for all v, € UF

Qy, h(vh’ Uh) - thHu h = Z

TeTh Fe]—'b

e}




Advection-reaction |

m Forall T € Ty, we let

ag,u,r(Wr, vy) 1= —(wr, GIE—},TQT)T + p(wr,vr)T + SE,T(MT,QT)

with local upwind stabilization bilinear form s.t.

S,E,T(MT&T) = Z (Bnrr)” (wp —wr),vF —vr)F,
FeFr

m Including weakly enforced BCs, we define

ag,uh(Wh,0p) 7= Z ag.ur(Wh,vp) + Z ((Bn) wp,vp)F

TeTh FeFpP
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Advection-reaction |l

Lemma (Stability of ag . »)

Let 1) := minre7;, (1, Tref, 7 ft) With Trer,7 1= max(|u| Lo (1), L;a,T)_l. Then,

l23,u,h < ag,u,h (Vg V),

k
Vo, € Up, nlvy|
with global advection-reaction norm

1 1
lonlBun = 3 lerlaur+5 X l1Bnrelvr|f,
TeTh FeFP

and, for all T € Ty,

. 1 _
[or =5 Y, NBnre"@e = vr)lf + 7ech ozl
FeFr



Discrete problem |

m Define the following RHS linear form accounting for BCs:

h(vy) = Y, (fion)r+ ), (((ﬁ’nTF)_g’vF)F + %(97 ’UF)F)

TeTh FeFp

m The discrete problem reads: Find u;, € U} s.t., Vv, € U},

Lan(up, 04) = avnlup, o) + apn(up, ) = () |




Discrete problem Il

Lemma (Stability of ay)

There is vy, > 0 independent of h, v, B and i s.t., for all w,, € U¥,

ap (why Qh)
lt,n

fh S ’Yg,<<.‘71 sup

lwp,|
weUi\er 12n

9

with ¢ := Tyt 74 and stability norm

2 2 2 -1 k 2
lonlin = lwalZn + lenlBun + Y, hrBetr|Ge ru, -
TeTy,
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A modified interpolator

V=T
ﬁ —
j IJ/,B

T, )

B
v=>0

m Let F e F) besuchthat Fc 7
m The trace of u is two-valued on I

m We interpolate the face unknown from the diffusive side



Convergence |

Theorem (Error estimate)

Assume that, for all T € Ty, u € H**2(T) and

hrLgr < Bret,r  and  hrp < Bref T,

Then, there is C > 0 independent of h, v, 3, and p s.t.

h < C( > [(VTHUHiH,T + Toet.

TeTh

2(k+1
4y 7)Y

@,

1/2
+ Brot,r min(1, Per)hg " ||u|%+1,T]) :

with local Peclet number Per := maxpcr, |Perr| e (r).



Convergence |l

m This estimate holds across the entire range for Perp

m In the diffusion-dominated regime (Per < hr), we have
@, = wplls = OB

m In the advection-dominated regime (Per > 1), we have
|, — wpllen = O(RF*7)

m In between, we have intermediate orders of convergence
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Numerical example |

m Let O = (—1,1)%\[-0.5,0.5]% and set

if
y(&,r)_{ﬂ ifo<0<m, =)

0,r)=—, p=1-10"°
0 ifr<o<ar POV

m We consider the exact solution

(1) = O—-7m)?2 ifo<b<m
" 3r(0—7) ifr<6<2r



Numerical example |l
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