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Polyhedral methods for Advection-Diffusion-Reaction

Discontinuous Galerkin (DG)

PDEs with nonnegative char. form [Houston, Schwab, Süli, 2002]
Locally degenerate ADR [DP, Ern, Guermond 2008]

Hybridizable Discontinuous Galerkin (HDG)

Pure diffusion [Cockburn et al., 2009]
Diffusion-dominated ADR [Chen and Cockburn, 2014]

Virtual elements (VEM)

Pure diffusion [Beirão da Veiga et al., 2013]
Diffusion-dominated ADR [Beirão da Veiga et al., 2016]

Hybrid High-Order (HHO)

Pure diffusion [DP, Ern, Lemaire, 2014]
Locally degenerate ADR [DP, Ern, Droniou, 2015]
HHO as HDG on steroids [Cockburn, DP, Ern, 2015]

Link with residual distribution schemes [Abgrall et al., 2014]?
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Features of HHO

Capability of handling general polyhedral meshes

Construction valid for arbitrary space dimensions

Arbitrary approximation order (including k “ 0)

Reproduction of desirable continuum properties

Integration by parts formulas
Kernels of operators
Symmetries

Reduced computational cost after hybridization

Nhho
dof «

1

2
k2 cardpFhq Ndg

dof «
1

6
k3 cardpThq
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Mesh regularity I

Definition (Mesh regularity)

We consider a sequence pThqhPH of polyhedral meshes s.t., for all h P H,
Th admits a simplicial submesh Th and pThqhPH is

shape-regular in the sense of Ciarlet;

contact-regular, i.e., every simplex S Ă T is s.t. hS « hT .

Main consequences:

Trace and inverse inequalities

Optimal approximation for broken polynomial spaces

See [Di Pietro and Droniou, 2015] for functional analytic results
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Mesh regularity II

Figure: Admissible meshes in 2d and 3d: [Herbin and Hubert, 2008, FVCA5] and
[Di Pietro and Lemaire, 2015] (above) and [Eymard et al., 2011, FVCA6] (below)
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Model problem

Let Ω Ă Rd, d ě 1, denote a bounded, connected polyhedral domain

For f P L2pΩq, we consider the Poisson problem

´4u “ f in Ω

u “ 0 on BΩ

In weak form: Find u P H1
0 pΩq s.t.

apu, vq :“ p∇u,∇vq “ pf, vq @v P H1
0 pΩq
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In a nutshell

DOFs: polynomials of degree k ě 0 at elements and faces

Differential operators reconstructions tailored to the problem:

a|T pu, vq « p∇pk`1
T uT ,∇pk`1

T vT q ` stabilization

with

high-order reconstruction pk`1
T from local Neumann solves

stabilization via face-based penalty

Construction yielding supercloseness on general meshes
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Figure: UkT for k P t0, 1, 2u

For k ě 0 and all T P Th, we define the local space of DOFs

UkT :“ PkpT q ˆ

˜

ą

FPFT

PkpF q

¸

The corresponding global space has single-valued interface DOFs

Ukh :“

˜

ą

TPTh

PkpT q

¸

ˆ

˜

ą

FPFh

PkpF q

¸
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Local potential reconstruction I

Let T P Th. The local potential reconstruction operator

pk`1
T : UkT Ñ Pk`1pT q

is s.t. @vT P U
k
T , ppk`1

T vT ´ vT , 1qT “ 0 and @w P Pk`1pT q,

p∇pk`1
T vT ,∇wqT :“ ´pvT ,4wqT `

ÿ

FPFT

pvF ,∇w¨nTF qF

SPD linear system of size

Nk,d :“

ˆ

k ` 1` d

k ` 1

˙

´ 1
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Local potential reconstruction II

k d “ 1 d “ 2 d “ 3

0 2 3 4
1 3 6 10
2 4 10 20
3 5 15 35

Table: Size Nk,d of the local matrix to invert to compute pk`1
T vT
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Local potential reconstruction III

Lemma (Approximation properties for pk`1
T IkT )

Define the local interpolator IkT : H1pT q Ñ UkT s.t.

IkT v “
`

πkT v, pπ
k
F vqFPFT

˘

.

Then, ppk`1
T ˝ IkT q has optimal approximation properties. In particular, for

all T P Th and all v P Hk`2pT q, it holds

}v ´ pk`1
T IkT v}T ` hT }∇pv ´ pk`1

T IkT vq}T À hk`2
T }v}k`2,T .
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Local potential reconstruction IV

Since 4w P Pk´1pT q and ∇w|F ¨nTF P PkpF q,

p∇pk`1
T IkT v,∇wqT “ ´pπ

k
T v,4wqT `

ÿ

FPFT

pπkF v,∇w¨nTF qF

“ ´pv,4wqT `
ÿ

FPFT

pv,∇w¨nTF qF

“ p∇v,∇wqT

This shows that ppk`1
T ˝ IkT q is the elliptic projector on Pk`1pT q:

p∇ppk`1
T IkT v ´ vq,∇wqT “ 0 @w P Pk`1pT q

The approximation properties follow using the Dupont-Scott theory
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Stabilization I

We would be tempted to approximate

a|T pu, vq « p∇pk`1
T uT ,∇pk`1

T vT qT

However, this choice is not stable in general

We remedy by adding a local stabilization term

a|T pu, vq « aT puT , vT q :“ p∇pk`1
T uT ,∇pk`1

T vT qT ` sT puT , vT q

Coercivity and boundedness are expressed w.r.t. to the seminorm

}vT }
2
1,T :“ }∇vT }

2
T `

ÿ

FPFT

1

hF
}vF ´ vT }

2
F
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Stabilization II

For all T P Th, define the stabilization bilinear form

sT puT , vT q :“
ÿ

FPFT

h´1
F pδ

k
TFuT , δ

k
TF vT qF

with face-based residual operator δkTF : UkT Ñ PkpF q s.t.

δkTF vT :“ πkF pp
k`1
T vT ´ vF q ´ π

k
T pp

k`1
T vT ´ vT q

With this choice, aT satisfies for all vT P U
k
T ,

}vh}
2
1,T À aT pvT , vT q À }vT }

2
1,T
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Stabilization III

Key point: sT preserves the approximation properties of ∇pk`1
T

For all v P Hk`2pT q, letting

pvT :“ IkT v “
`

πkT v, pπ
k
F vqFPFT

˘

,

we have

}δkTF pvT }F “ }π
k
F pp

k`1
T pvT ´ π

k
F vq ´ π

k
T pp

k`1
T pvT ´ π

k
T vq}F

“ }πkF pp
k`1
T pvT ´ vq ´ π

k
T pp

k`1
T pvT ´ vq}F

À h
´1{2

T }pk`1
T pvT ´ v}T

Recalling the approximation properties of pk`1
T , this yields

´

}∇ppk`1
T pvT ´ vq}

2
T ` sT ppvT , pvT q

¯1{2

À hk`1
T }v}k`2,T
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Discrete problem

We enforce boundary conditions strongly considering the space

Ukh,0 :“
!

vh P U
k
h | vF ” 0 @F P Fb

h

)

The discrete problem reads: Find uh P U
k
h,0 s.t.

ahpuh, vhq :“
ÿ

TPTh

aT puT , vT q “
ÿ

TPTh

pf, vT qT @vh P U
k
h,0

Well-posedness follows from the coercivity of ah
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Convergence I

Theorem (Energy-norm error estimate)

Assume u P Hk`2pThq and let

puh :“
`

pπkTuqTPTh
, pπkFuqFPFh

˘

P Ukh,0.

We have the following energy error estimate:

}uh ´ puh}1,h À hk`1}u}Hk`2pΩq,

with H1-like norm on Ukh,0 given by

}vh}
2
1,h :“

ÿ

TPTh

}vT }
2
1,T .
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Convergence II

Theorem (L2-norm error estimate)

Further assuming elliptic regularity and f P H1pΩq if k “ 0,

max p}quh ´ u}, }puh ´ uh}q À hk`2Nk,

with N0 :“ }f}H1pΩq, Nk :“ }u}Hk`2pThq
for k ě 1, and

@T P Th, quh|T :“ pk`1
T uT , puh|T :“ pk`1

T IkTu, uh|T :“ uT .
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Numerical examples
2d test case, smooth solution, uniform refinement
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Figure: 2d test case, trigonometric solution. Energy (left) and L2-norm (right) of the
error vs. h for uniformly refined triangular (top) and hexagonal (bottom) mesh families

21 / 54



Numerical examples I
3d industrial test case, adaptive refinement, cost assessment

u = 0V

u = 1V5µm

Figure: Geometry (lef), numerical solution (right, top) and final adaptive mesh (right,
bottom) for the comb-drive actuator test case [Di Pietro & Specogna, 2016]
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Numerical examples II
3d industrial test case, adaptive refinement, cost assessment
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(a) Capacitance vs. ndofs
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(b) Capacitance vs. computing time

Figure: Results for the comb drive benchmark.
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Numerical examples III
3d industrial test case, adaptive refinement, cost assessment
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Figure: Computing wall time (s) vs. number of DOFs for the comb drive benchmark.
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Numerical examples I
3d test case, singular solution, adaptive coarsening

Figure: Fichera corner benchmark, adaptive mesh coarsening [Di Pietro & Specogna,
2016]
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Numerical examples II
3d test case, singular solution, adaptive coarsening
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Figure: Error vs. number of DOFs for the Fichera corner benchmark, adaptively
coarsened meshes
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Variable diffusion I

Let κ : Ω Ñ Rdˆd be a polyomial SPD tensor-valued field

We consider the Darcy problem

´∇¨pκ∇uq “ f in Ω

u “ 0 on BΩ

In weak form: Find u P H1
0 pΩq s.t.

apu, vq :“ pκ∇u,∇vq “ pf, vq @v P H1
0 pΩq

We confer built-in κ-dependence to pk`1
T

pκ∇pk`1
T vT ,∇wqT “ pκ∇vT ,∇wqT `

ÿ

FPFT

pvF ´ vT ,κ∇w¨nTF qF
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Variable diffusion II

Lemma (Approximation properties of pk`1
T IkT )

There is C independent of hT and κ s.t., for all v P Hk`2pT q, it holds
with α “ 1

2 if κ is piecewise constant and α “ 1 otherwise:

}v ´ pk`1
T IkT v}T ` hT }∇pv ´ pk`1

T IkT vq}T ď CραTh
k`2
T }v}k`2,T ,

with heterogeneity/anisotropy ratio

ρT :“
κ7T
κ5T

ě 1.
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Discrete problem and convergence I

We define the local bilinear form aκ,T on UkT ˆ U
k
T as

aκ,T puT , vT q :“ pκ∇pk`1
T uT ,∇pk`1

T vT qT ` sκ,T puT , vT q

where, letting κF :“ }nTF ¨κ¨nTF }L8pF q,

sκ,T puT , vT q :“
ÿ

FPFT

κF
hF
pδkTFuT , δ

k
TF vT qF

The discrete problem reads: Find uh P U
k
h,0 s.t.

aκ,hpuh, vhq :“
ÿ

TPTh

aκ,T puT , vT q “
ÿ

TPTh

pf, vT qT @vh P U
k
h,0
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Discrete problem and convergence II

Theorem (Energy-error estimate)

Assume that u P Hk`2pThq. Then, with

puh :“
`

pπkTuqTPTh
, pπkFuqFPFh

˘

P Ukh,0,

and α as above,

}puh ´ uh}κ,h À

˜

ÿ

TPTh

κ7T ρ
1`2α
T h

2pk`1q
T }u}2k`2,T

¸1{2

.
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Degenerate diffusion-advection-reaction I

Let us start with the following 1d problem:

β “ 1

Ω1

ν “ ε

Ω2

ν “ 1

As εÑ 0`, a boundary layer develops at x “ 1{2

When ε “ 0, it turns into a jump discontinuity

This was already observed in [Gastaldi and Quarteroni, 1989]

33 / 54



Degenerate diffusion-advection-reaction II
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Figure: Solutions for different values of ε
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Degenerate diffusion-advection-reaction III

I`ν,β

β

I´ν,β

β

ν “ π

ν “ 0

Figure: Example of degenerate diffusion-advection-reaction problem in 2d from
[Di Pietro et al., 2008]. The diffusive/non-diffusive interface is Iν,β :“ I´ν,β Y I`ν,β.

35 / 54



Degenerate diffusion-advection-reaction IV

Define the diffusive/inflow portion of BΩ

Γν,β :“ tx P BΩ | ν ą 0 or β¨n ă 0u

Consider the possibly degenerate problem

∇¨Φpuq ` µu “ f in ΩzIν,β,
Φpuq “ ´ν∇u` βu in Ω,

u “ g on Γν,β,

with β P LippΩqd s.t. ∇¨β “ 0, µ ą 0

On Iν,β, we enforce the interface conditions

JΦpuqK¨nI “ 0 on Iν,β and JuK “ 0 on I`ν,β
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Key ideas

Discrete advective derivative satisfying a discrete IBP formula

Weakly enforced boundary conditions

Extension of Nietsche’s ideas to HHO
Automatic detection of Γν,β

Upwind stabilization using cell- and face-unknowns

Independent control for the advective part
Consistency also on I´ν,β, where u jumps
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Features

Polyhedral meshes and arbitrary approximation order k ě 0

Method valid for the full range of Peclet numbers

Analysis capturing the variation in the order of convergence in the
diffusion-dominated and advection-dominated regimes

No need to duplicate interface unknowns on I´ν,β (!)
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Advective derivative I

The discrete advective derivative Gk
β,T : UkT Ñ PkpT q is s.t.

pGk
β,T vT , wqT “ ´pvT ,β¨∇wqT `

ÿ

FPFT

ppβ¨nTF qvF , wqF

for all vT P U
k
T and all w P PkpT q

For advective stability, we need a discrete IBP mimicking

pβ¨∇w, vqΩ ` pw,β¨∇vqΩ “ ppβ¨nqw, vqBΩ
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Advective derivative II

Lemma (Discrete IBP)

For all wh, vh P U
k
h it holds

ÿ

TPTh

`

pGk
β,TwT , vT qT ` pwT ,G

k
β,T vT qT

˘

“
ÿ

FPFb
h

ppβ¨nF qwF , vF qF

´
ÿ

TPTh

ÿ

FPFh

ppβ¨nTF qpwF ´ wT q, vF ´ vT qF .
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Diffusion I

We modify the diffusion bilinear form to weakly enforce BCs

The new bilinear form aν,h reads (after setting κ “ νIdq,

aν,hpwh, vhq :“
ÿ

TPTh

aν,T pwT , vT q ` sB,ν,hpwh, vhq

with, for a user-defined parameter ς,

sB,ν,hpwh, vhq :“
ÿ

FPFb
h

ˆ

´pνF∇pkT pF qwT ¨nTF , vF qF `
ςνF
hF
pwF , vF qF

˙
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Diffusion II

Lemma (inf-sup stability of aν,h)

Assuming that

ς ą
C2

trNB
4

it holds for all vh P U
k
h

aν,hpvh, vhq “: }vh}
2
ν,h »

ÿ

TPTh

νT }vT }
2
1,T `

ÿ

FPFb
h

νF
hF
}vF }

2
F .
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Advection-reaction I

For all T P Th, we let

aβ,µ,T pwT , vT q :“ ´pwT ,G
k
β,T vT qT ` µpwT , vT qT ` s

´
β,T pwT , vT q

with local upwind stabilization bilinear form s.t.

s´β,T pwT , vT q :“
ÿ

FPFT

ppβ¨nTF q
´pwF ´ wT q, vF ´ vT qF ,

Including weakly enforced BCs, we define

aβ,µ,hpwh, vhq :“
ÿ

TPTh

aβ,µ,T pwh, vhq `
ÿ

FPFb
h

ppβ¨nq`wF , vF qF
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Advection-reaction II

Lemma (Stability of aβ,µ,h)

Let η :“ minTPThp1, τref,Tµq with τref,T :“ maxp}µ}L8pT q, Lβ,T q
´1. Then,

@vh P U
k
h, η}vh}

2
β,µ,h ď aβ,µ,hpvh, vhq,

with global advection-reaction norm

}vh}
2
β,µ,h :“

ÿ

TPTh

}vT }
2
β,µ,T `

1

2

ÿ

FPFb
h

}|β¨nTF |
1{2vF }

2
F ,

and, for all T P Th,

}vT }
2
β,µ,T :“

1

2

ÿ

FPFT

}|β¨nTF |
1{2
pvF ´ vT q}

2
F ` τ

´1
ref,T }vT }

2
T .
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Discrete problem I

Define the following RHS linear form accounting for BCs:

lhpvhq :“
ÿ

TPTh

pf, vT qT `
ÿ

FPFb
h

ˆ

ppβ¨nTF q
´g, vF qF `

νF ς

hF
pg, vF qF

˙

The discrete problem reads: Find uh P U
k
h s.t., @vh P U

k
h,

ahpuh, vhq :“ aν,hpuh, vhq ` aβ,µ,hpuh, vhq “ lhpvhq
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Discrete problem II

Lemma (Stability of ah)

There is γ%,ς ą 0 independent of h, ν, β and µ s.t., for all wh P U
k
h,

}wh}7,h ď γ%,ςζ
´1 sup

vhPU
k
hzt0u

ahpwh, vhq

}vh}7,h
,

with ζ :“ τref,Tµ and stability norm

}vh}
2
7,h :“ }vh}

2
ν,h ` }vh}

2
β,µ,h `

ÿ

TPTh

hTβ
´1
ref,T }G

k
β,T vh}

2
T .
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A modified interpolator

I`ν,β

β
I´ν,β

β

ν “ π

ν “ 0

Let F P F i
h be such that F Ă I´ν,β

The trace of u is two-valued on F

We interpolate the face unknown from the diffusive side
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Convergence I

Theorem (Error estimate)

Assume that, for all T P Th, u P Hk`2pT q and

hTLβ,T ď βref,T and hTµ ď βref,T ,

Then, there is C ą 0 independent of h, ν, β, and µ s.t.

}puh ´ uh}7,h ď C

˜

ÿ

TPTh

”

pνT }u}
2
k`2,T ` τ

´1
ref,T }u}

2
k`1,T qh

2pk`1q
T

` βref,T minp1,PeT qh
2pk`1{2q

T }u}2k`1,T

ı

¸1{2

,

with local Peclet number PeT :“ maxFPFT
}PeTF }L8pF q.
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Convergence II

This estimate holds across the entire range for PeT

In the diffusion-dominated regime (PeT ď hT ), we have

}puh ´ uh}7,h “ Ophk`1q

In the advection-dominated regime (PeT ě 1), we have

}puh ´ uh}7,h “ Ophk`1{2q

In between, we have intermediate orders of convergence
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Numerical example I

Let Ω “ p´1, 1q2zr´0.5, 0.5s2 and set

νpθ, rq “

#

π if 0 ă θ ă π,

0 if π ă θ ă 2π,
βpθ, rq “

eθ
r
, µ “ 1 ¨ 10´6

We consider the exact solution

upθ, rq “

#

pθ ´ πq2 if 0 ă θ ă π

3πpθ ´ πq if π ă θ ă 2π
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Numerical example II
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Figure: Energy (left) and L2-norm (right) of the error vs. h
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