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THE CONTINUOUS PROBLEM

Q C R3 (simply connected) computational domain

given j € (L%(R))3(with divj = 0), and p = p(x) > po > 0
find H € H(curl; Q) and B € H(div; Q) such that:
curlH = j and divB = 0, with B = zH, in Q
with the boundary conditions H An =0 on 9Q
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THE CONTINUOUS PROBLEM

Q C R3 (simply connected) computational domain
given j € (L2(Q2))3(with divj = 0), and p = p(x) > po >0

find H € H(curl; Q) and B € H(div; Q) such that:
curlH =j and divB = 0, with B=uH, in Q
with the boundary conditions H A n =0 on 002

Among the various formulations we chose (see Kikuchi 89)
find H € Ho(curl; Q) and p € H3(Q) such that:
/curlH-curIde+/Vp-ude:/j-curlde Vv € Ho(curl; Q)
Q Q Q

/ Vqg-pHAQ =0 Vg€ H}(Q).
Q
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THE CONTINUOUS PROBLEM

find H € Ho(curl; Q) and p € H3(Q) such that:
/curIH-curIde+/ Vp-uvdﬂz/j-curlvdﬂ Vv € Hy(curl; Q)
Q Q Q

/ Vg -pHdQ =0 Vg€ H3(Q).
Q
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THE CONTINUOUS PROBLEM

find H € Ho(curl; Q) and p € H3(Q) such that:
/curIH-curIde+/ Vp-ude—/j-curlde Vv € Hy(curl; Q)
Q Q Q

/ Vqg-pHAQ =0 Vg€ H}(Q).
Q

For existence and uniqueness we need:

fQVq-v

Inf-Sup Vg € H3(Q) 3v € Ho(curl; Q) :
||V||Ho(curI;Q)

> BlIVall2(q)

Ell-Ker / curlv|® > aHvH%,O(wr,.Q) Vv with divw = 0
o ;
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THE CONTINUOUS PROBLEM

find H € Ho(curl; Q) and p € H3(Q) such that:
/curIH-curIde+/ Vp-ude—/j-curlde Vv € Hy(curl; Q)
Q Q Q

/ Vqg-pHAQ =0 Vg€ H}(Q).
Q

For existence and uniqueness we need:

fQVq-v

Inf-Sup Vg € H3(Q) 3v € Ho(curl; Q) :
||V||Ho(curI;Q)

> BlIVall2(q)

Ell-Ker /Q curlv|® > aHvH%,O(wr,;Q) Vv with divv =0
They both hold true since the following sequence is exact:
R 4 H1(Q) 2% H(curl; Q) &% H(div; Q) 2 12(Q) S 0
Unique solution (H, p) with p =0, curlH = j, divuH = 0.
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TOWARDS THE DISCRETE PROBLEM

Given a decomposition 7j, of  into polyhedra P, we need to define spaces

viede = HL(Q), vedee ¢ Hy(curl; Q), VI ¢ H(div; Q), and V' C 12(Q)
such that:

e they form an exact sequence

R L ymode() B2, yedee() S, face ) A y/vol(q) g

e They have good approximation properties
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TOWARDS THE DISCRETE PROBLEM

Given a decomposition 7j, of  into polyhedra P, we need to define spaces

viode « HI(Q), VeI ¢ Ho(curl; Q), V™ ¢ H(div; Q), and V"' € [%(Q)
such that:

e they form an exact sequence

R L yrode(q) B2, yedse() i yface() A, vol() 2 g

e They have good approximation properties

) the discrete spaces will be defined element-wise on each polyhedron P
and then glued as in the standard Finite Element procedure

2) we will start by defining the traces of these spaces on the faces of each
polyhedron, that is, on a generic polygon
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A 2D SPACE V™%(F) c HX(F)

Let F be a polygon. We define the nodal space as:

Viee(F) = {q e COF) : g € Pa(e) Ve € OF, Ag =0},
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A 2D SPACE V™%(F) c HX(F)

Let F be a polygon. We define the nodal space as:

Vnode(,_—) — {q c Co(f) S Pl(e) Ve € OF, Aq = 0}.

Degrees of freedom

® : values at the vertices
(imply global continuity
when gluing spaces
on adjacent polygons)

(easy to check unisovence of the d.o.f.s)

DONATELLA MARINI (PAviA) MacNETIC VEM POEMS 2019

6/ 43



A 2D SPACE V™¥(F) c H(F)

Let F be a polygon. We define the nodal space as:

Vnode(,_—) — {q c Co(f) S Pl(e) Ve € OF, Ag = 0}.

Degrees of freedom

® : values at the vertices
(imply global continuity
when gluing spaces
on adjacent polygons)

(easy to check unisovence of the d.o.f.s)
o the functions in V™°%(F) are known on dF but not inside
o P1(F) C Vd¢(F) (good for approximation)
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WHAT CAN WE COMPUTE IN V104¢(F)?

The functions in V2°4¢(F) are not known inside F. How can we compute
relevant quantities needed in the approximation?

We can compute the average of Vg:

/quF:/ gnds Vg € V™U*(F)
F oF

What about the average of g7

/qu:??

F

1 1

- divxpdF = = — -xpdF -nd
2/FqlvxF 2( /FquF —|—/8quFns)

where xp = x — bg, with bg = barycenter of F.
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A NEW 2D SPACE V™ (F) c HY(F)

VnOde(F) = {q € CO(I?) : qle € P1(e) Ve € OF, Aq € Py,

and / Vq-xpdF = o}.
F
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A NEW 2D spAcE V™%(F) c HY(F)

veode(F) = {q € C°F) : gje € Pay(e) Ve € OF, Aq € P,

and/Vq~x|:dF:0}.
F

Degrees of freedom

@ : values at the vertices
Note that still P1(F) C V7 ode(F)!

(easy to check unisovence of the d.o.f.s)
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A NEW 2D spAcE V™%(F) c HY(F)

veode(F) = {q € C°F) : gje € Pay(e) Ve € OF, Aq € P,

and/Vq~x|:dF:0}.
F

Degrees of freedom

@ : values at the vertices
Note that still P1(F) C V7 ode(F)!

(easy to check unisovence of the d.o.f.s)

1 1
/qdivdeF:(/Vq-deF+/ qu-nds>
2 JF 2\ JF OF
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A 2D SPACE Vedge(F) C H(rot, F)

vedse(F) .= {v| divv = 0, rotv € Po(F), vj. - te € Po(e) Ve € 8":}'

Degrees of freedom

—> : value of the tangential component

(imply global continuity of the
tangential component when gluing
spaces on adjacent polygons)

(easy to check unisolvence)

e the tangential components are known

o [Po(F)]2 C Vedse(F)  and also N@st(F) C Vedse(F)
Recall: N3st(F) = span{(1,0), (0,1), (y, —x)}

NOTE: for v € N}(F) we have / v-xpdF =0

F
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A NEW 2D SPACE V°%°(F) C H(rot, F)

Vedee( ) ::{v\ div € Po(F), rotv € Po(F), v - te € Po(e) Ve € OF,

/Fv-deF:O}.

Degrees of freedom

—> : value of the tangengial component

still N3*t(F) C Vedee(F)
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INTEGRALS AGAINST LINEAR POLYNOMIALS

Vedee () ::{v\ divv € Po(F), rotv € Po(F), v - te € Po(e) Ve € OF,

/Fv-deF:O}

Observe that any p; € [P1(F)]? can be written as

P1 = rotp2 + poxf

Hence, Vv € V°¢(F) we can compute

/V'P1=/V'(r0tP2+PoXF)
F F

/rotVPz +/ (v-t)p2+po/v-xF
F oF F
— —

——
computable computable 0
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THE 2D EXACT SEQUENCE

Exact sequence R 4 VnOde(F) ﬂ Vedge(F) rot, Po(F) %0

vnede(Fy .= {q e CO(F) qje € P1(e) Ve € OF, Aq € Py,

and / Vq-xpdF = o}.
F

D.O.F: Vertex values (uniquely identify g on OF)

Vedee(F) i=qv| divv € Po(F), rotv € Po(F), v - te € Po(e) Ve € OF,
|

/Fv-deF:0}.

D.O.F: Midpoint tangent values (uniquely identify v -t on OF)
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THE 3D spAace V™4 (P) c HY(P)

Let P be a generic polyhedron of the decomposition of Q.
The nodal space is:

vrode(P) := {q € CO(P) : qp € V™¥(F) VF € 9P, Aq = 0}

e clearly P;(P) C V2ode(P)

Degrees of freedom
e . value at the vertices
—
global space V/°4¢(Q) c HY(Q)
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THE 3D spPACE V°4¢(P) C H(curl; P)
The edge space is:

Vedee(P) := {v € H(curl; P) : (V| )tang € V°¥(F) VF € 0P,
v - t continuous on each edge e € P
divv = 0, curl(curlv) € [Po(P)]?,

/P(CUHV) . (Xp AN p()) =0Vpg € [PO(P)]S}

o clearly [Po(P)]’ € V*U5(P), and N}*(P) = po + xp Ay C VE5<(P)

Degrees of freedom
value of the tangential component
(constant) on each edge
—
global space V{*#°(Q)  H(curl; Q)
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A LOCAL PROJECTION ON CONSTANT VECTOR FIELDS

Out of the above d.o.f. we can compute the (L2(P))3-orthogonal
projection MMy from V¢4&¢(P) to (Po(P))3.
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A LOCAL PROJECTION ON CONSTANT VECTOR FIELDS

Out of the above d.o.f. we can compute the (L?(P))3-orthogonal
projection My from V4&¢(P) to (Po(P))3.
Indeed, since pg = curl(xp A qq) with gy = —%po,

/ Mov - podP := / v - podP = / v - curl(xp A qg)dP
P P P
= / curlv - (xp A qg)dP + / (vANn)-(xp Agqg)dS
P P
= 0 +/ (n/\(xP/\qo))-vdS
opP

= ;/F (n A (xp A qO))T -v'dF
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THE 3D spAcE V#°(P) C H(div; P)

The face space is:

viace(p) .= {w e H(div; P) : (wp - np) € Py(F) VF € OP,
divw € Po(P), curlw € [Po(P)]?,

/ w - (xp A po) = 0 Vpo € [Po(P)]*}
P
e clearly [Po(P)]? C Vf¢(P), and RTo(P) = po + xpao C Vace(P)

Degrees of freedom
% value of the normal component
(constant) on each face

—
global space V/(Q) C H(div; Q)
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THE GLOBAL SPACES

e T, = decomposition of Q into polyhedra P, i constant on each P
The global spaces are defined as in FEM:
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THE GLOBAL SPACES
e T, = decomposition of Q into polyhedra P, i constant on each P
The global spaces are defined as in FEM:
Viede .= {g € H3(Q) : qp € V™U(P) VP € T}
Vi = {v € Ho(curl; Q) : vjp € V*I(P) VP € Ty}
Ve .= {w € H(div; Q) : wpp € VP(P) VP € Ty}
Vil = {p € 1%(Q) : @pp € Bo(P) VP € T}
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THE GLOBAL SPACES
e 7, = decomposition of €2 into polyhedra P, i constant on each P
The global spaces are defined as in FEM:
vpode .— fg e H3 () : qp € viode(p) vP e T}
Vi = {v € Ho(curl; Q) : vjp € V*I(P) VP € Ty}
Ve .= {w € H(div; Q) : wp € VP(P) VP € Tp}
Vicl:i={p e [2(Q) : gp € Po(P) VP € Ty}

One can prove [Beirdo da Veiga, Brezzi, Dassi, M, Russo, CMAME 2018]

EXACT SEQUENCE
The sequence

grad

R _> Vnode Vedge curl Vface div Vvol %0

is exact
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DISCRETE PROBLEM. WE WOULD LIKE TO WRITE:

(given j € H(div; Q) (with divj=0in Q), and u = pu(x) > o >0,
find Hy, € Vﬁdge and pj, € V/°% such that:

/ curlH,, - curlv dQ +/ Vpp - pvdQ = /j ccurlvdQ W e Vﬁdge
Q Q Q

/Vq-uthQ:O Vg e Vjpode,
Q
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DISCRETE PROBLEM. WE WOULD LIKE TO WRITE:

(given j € H(div; Q) (with divj=0in Q), and u = pu(x) > o >0,
find H, € V79 and pj, € V{9 such that:

/ curlH,, - curlv dQ +/ Vpp - pvdQ = /j ccurlvdQ W e V,‘fdge
Q Q Q

/ Vg -uHpdQ =0 Vqe V,?Ode.
Q

Instead we will write

find Hy € VS and pj, € VP such that;
[curlHy, curlv]gce + [V ph, iv]edge = [ir, curlv]iaee Vv € Vﬁdge
[qu:UHh]edge =0 \V/q € Vl?Ode-

after defining a suitable j; € foace and approximate [?-scalar products.
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SCALAR PRODUCT IN V&

We saw that in each element P we can project onto constants.

Then we can define an edge scalar product [v,w]%dge ~ / v - wdP:
P

[v, w]eree ::/PI_IOVI'IOWdP+
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SCALAR PRODUCT IN V&

We saw that in each element P we can project onto constants.

Then we can define an edge scalar product [v,w]%dge ~ / v - wdP:
P

[v, w]elee .= / MovMPwdP + sp(v — %, w — T1w)
P
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SCALAR PRODUCT IN V&

We saw that in each element P we can project onto constants.

Then we can define an edge scalar product [v, w]S'&® ~ / v - wdP:

P

[v, w]elee .= / MovMPwdP + sp(v — %, w — T1w)
P

where sp(v,w) is a symmetric and positive definite bilinear form.
For instance:

F#edges
sp(v,w) = [P| ) DOF;(v)DOF;(w)

i=1
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SCALAR PRODUCT IN V&

We saw that in each element P we can project onto constants.

Then we can define an edge scalar product [v, w]S'&® ~ / v - wdP:

P

[v, w]elee .= / MovMPwdP + sp(v — %, w — T1w)
P

where sp(v,w) is a symmetric and positive definite bilinear form.
For instance:

F#edges
sp(v,w) = [P| ) DOF;(v)DOF;(w)

i=1

(Note: the face scalar product is handled analogously)
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CONSISTENCY AND STABILITY
CONSISTENCY: For all P, and for all v € V°¢(P) and po € [Po(P)]?

[v, po]i’:,dge = / N%M°podP + sp(v — 11, pg — 11%pg)
P

2/ M° - podP = (v, po)o,p
P
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CONSISTENCY AND STABILITY
CONSISTENCY: For all P, and for all v € V°¢(P) and po € [Po(P)]?
[v, po];dge = /P N%M°podP + sp(v — 11, pg — 11%pg)
Z/P M% - podP = (v, po)o,p
STABILITY: under suitable mesh assumptions
clvllge < sp(v.v) < cflvlgp v e VeiE(P)

for some constants ¢* > ¢, > 0 independent of hp. Thus,

clvide < v vIp® < cviRp e vele(p)
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THE DISCRETE PROBLEM

Given a decomposition7, of Q into polyhedra, the final discrete problem is

find H, € Vﬁdge and py € VPO such that:
[curlHy, curlv]gce + [Vph, piv]edge = [ir, curlv]faee Vv € Vﬁdge
[Vq, uHpledge = 0 Vg € Viode.

where

@ the face and edge scalar products are built as shown above
@ j; is the standard DOF-interpolant of j in V,face

The exact sequence property guarantees existence-uniqueness of the
solution (Hp, pp) with p, = 0.
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CONVERGENCE RESULTS

Let:
IIZg = /Q v W e [L2(QP

and assume that

o all the elements are (uniformly) star-shaped with respect to a ball of
radius > ~vhp, for some positive y

@ every face is star-shaped with respect to a ball of radius > ~hp, and
every edge has length > ~vhp

The following estimate holds:

. 1/2
IH = Hyllo.o + leurl(H — Hy)oq < Ch( 3 HE» + i)
12
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NUMERICAL RESULTS (u = 1)

PROBLEM 1 The domain is a truncated octahedron, and the exact
solution is

sin(my) — sin(wz)

sin(mz) — sin(7x)

sin(mx) — sin(my)

H(x, y, z) :==

s

The data j and H A n are set accordingly.
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NUMERICAL RESULTS (u = 1)

PROBLEM 1 The domain is a truncated octahedron, and the exact
solution is
sin(my) — sin(wz)
H(x, y, z) := — | sin(mz) — sin(mx)
sin(mx) — sin(my)

The data j and H A n are set accordingly.
PROBLEM 2 Q = [0,1]3, and the solution is

where

((x, ¥, 2) = (= x)(y* —y)(2* - 2)

The data j is set in accordance to the solution. The boundary conditions
are “of Neumann type” pH-n =0 on 09Q.
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VORONOI MESH FAMILIES

Centroidal: each
Structured: structured Random: random
R element seed C .
seed distribution seed distribution
corresponds to the

element barycenter

(PAvIA) MAGNETIC VEM



CONVERGENCE GRAPHS
We compute the L?-relative error on H as

|[[H — MoHallo,0
|[H|

0,Q

PROBLEM 1 PROBLEM 2

L? error L? error

100 .

L? error
L? error

> Structured > Structured
—£-CVT —£-CVT

—%— Random —j— Random
i T

107! 10° 107" 100
h n

The multiplier py vanishes up to machine precision
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A SIMPLE BENCHMARK (WITH KNOWN SOLUTION)

, _ Source conductor (Qi )
Source conductor (£2; )

e constant electric current (of same
intensity) in the two conductors

Magnetic material(€,)
e permeability:

to in Q}, U 93
B 10%uo in Qu

e boundary conditions uH -n =20

[C. T. A. Jhonk, 88]

DONATELLA MARINI (PAVIA) MaGNETIC VEM POEMS 2019 26 / 43



A SIMPLE BENCHMARK PROBLEM (KNOWN SOLUTION

L
oA
R R e
N S A A
YRR ARSI A

B
S

VAN TAVAY =

O~ voro-extrusion

P> tria-extrusion
- Rt

102

102




A FAMILY OF NEDELEC SECOND KIND VEM

Local spaces on the faces of polyhedra
Let kK > 1. For each face f of P, the edge space on f is defined as

V,fdge(f)::{ve[L2(f)]2: divw € Pk(f), rotv € Py_1(f), v-teePk(e)Vecaf}
with the degrees of freedom
e on each e C 9f, the moments [ (v -te)pxds Vpx € Pi(e),

e the moments [ v-x¢ pedf Vpi € Pi(f),
e [rotv p) ,df Vp) , €P) ((f) (only for k > 1)),

where xf = x — by, with by = barycenter of f.

e Note: with the serendipity version the d.o.f. ffv - xf px df can be
reduced

o Note: N2Md(f) C ViU5°(f)
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EXAMPLE OF D.O.F. FOR k=1
Original VEM

Degrees of freedom

—> : value of the tangential component

o:/v-xfpldf
f
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EXAMPLE OF D.O.F. FOR k=1

Original VEM

Degrees of freedom

—> : value of the tangential component
o= /v - xf prdf
f
Serendipity VEM

Degrees of freedom

—> : value of the tangential component

N2rd(£) C VEUEe(f)
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A FAMILY OF NEDELEC SECOND KIND VEM

For each face f of P, the nodal space of order k + 1 is defined as
Vpode(f) = {q € H(F) : qe € Pyia(e) Ve C Of, Aq € ]P’k(f)},
with the degrees of freedom

e for each vertex v the value g(v),

o for each edge e the moments [ gpx_1ds Vpe_1 € Pr_1(e),
o [((Vq-xf)pdf Vpi € Py(f).

e Note: with the serendipity version the d.o.f. [.(Vq- x¢) px df can be
reduced
o Note: Pyi1(f) C V2o°(f)
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EXAMPLE OF D.O.F. FOR k=1
Original VEM

Degrees of freedom

@ : values at vertices and midpoints

0= /f(VQ'Xf) p1
Serendipity VEM

Degrees of freedom
@ : values at vertices and midpoints

Po(f) C V3ote(f)
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LOCAL SPACES ON POLYHEDRA

Let P be a polyhedron, simply connected with all its faces simply
connected and convex.

videe(p) = {v € [L*(P)]? : divv € P_1(P), curl(curlv)) € [P (P)]3,

Vs € V,fdge(f) V face f C 9P, v - t. continuous on each edge e C 3P},

node

Vpode(p) = {q € CO(P) : q € VI¥(f) V face f C 9P, Aq e Pk,l(P)},

Vface(p):= {we [L2(P)] : divw € Py_1, curl w [P, w-ng € Py (£) Vf}.
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Internal d.o.f. in V,fdge(P):
o /(V'XP)Pk—l dP  Vpx_1 € Pr_1(P),
P
. / (curlv) - (xp A p)dP  Vpy € [Pu(P)P.
P

We can compute the [L(P)]*-projection M9 from V{*€°(P) to [Px(P)]?.
Hence we define a u-dependent scalar product

[V, Wedge = (uMv, MW)o.p + hppuo ¥ _(dofi(I — NY)v), dofi(/ — NY)w),

1

Stability there exist two positive constants ., @™ independent of hp:

6p < IVll2gee < @*pallvllop Vv e VE(P).

Q[0 ”V edge

Consistency:

[V, Pi]edge = / pMQv-pedF W e VI (P), py € [P(P)]°.
P
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Internal d.o.f. in VP94e(P):

e the moments / Vq-xp px_1dP  Vpx_1 € P_1(P).
P

These, together with the d.o.f. on the faces, allow to compute
L?(P)-projection from V39¢°(P) to Px_1(P).
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For V{2¢(P) we have the degrees of freedom

e V face f: /(w ‘ne)px—1df  Vpx—1 € Pr_1(f),
f'
° / w - (grad p_1)dP Vpir_1 € Pc_1(P), fork > 1
P
. / w-(xp ApK)dP  Vpy € [Pu(P).
P

From the above d.o.f we can compute the [L?(P)]*-projection M2 from
Viace(P) to [Ps(P)]? with s < k + 1.

16.¢ = [IvI[5

i ce = IMG_yvlIp + e D II(1 = MG _y)v - ny
f
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THE GLOBAL SPACES

Virde = Virde(@) i= {a € H3(9) such that qp € ViS1°(P) vP € Ty },
Vit = Vit(Q) i= {v € Ho(curl; Q) such that vp € Vi (P)vP € T,

VIS = Vi1 (Q) = {w € Ho(div; Q) such that wip € V2 (P)VP € T },

EXACT SEQUENCE
The sequence

R vpgde B2, ypdee G, face AV, ol 0

is exact
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THE DISCRETE PROBLEM

find Hy € VS and pj, € VE2J° such that:
[curlHy, curlv]toce + [Vpp,V]e = [ir; curlv]ymce Vv € vodee

[Vq,Hple,, = 0 Vg€ Vose

THEOREM

The discrete problem has a unique solution, and we have

IH = Hyllog < € (IH = Hylloq + INZH = Hllo.0 + [l1H — M (uH) o),

with C a constant depending on . but independent of the mesh size.
Moreover,

|eurl(H — Hp)llo.0 = [li —iillo.o-
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Q =[0,1]*. EXAMPLE OF MESHES
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NUMERICAL RESULTS

Problem 1: Q = [0,1]3, u = 1. Exact solution

sin(ry) — sin(7z)
H(x, y, z) := - sin(mz) — sin(7x)
sin(mx) — sin(my)

We compute the error
IH — M H4lo.0
[H

0,0
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CONVERGENCE CURVES

L?error k=1
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NUMERICAL RESULTS

Problem 2: Q = [0,1]3, u(x, y, z) := 1 + x + y + z. Exact solution

1 sin(my)
H(x, y, z) := sin(mz)
T+ x+y+2) \ gn(mo)
We compute the error
IH — M H4lo.0
Hllo.0
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CONVEGENCE CURVES
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CONCLUSIONS

e We presented a lowest-order Virtual Element for magnetostatic
problems which can be seen as the extension to polyhedral
decompositions of the lowest-order Nédélec element of first type

e The element proved robust to element distortions

e A whole family of elements of the Nédélec second type has been
constructed ([Beirdo da Veiga, Brezzi, Dassi, M., Russo, SINUM
2018))
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