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engineering contexts
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Features of the physical model
@ Nonlinear coupled problem
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Features of the physical model
@ Nonlinear coupled problem
@ Thin structures and highly heterogeneous media

@ Scattered fields at high-frequency/small-wavelength

Requirements on the numerical scheme
@ Mesh flexibility for considering any scatterer shape
@ High-order accuracy for a reliable approximation of high-frequency waves

@ Suited to high performance computing

Objective
Development and analysis of a high-order discontinuous Galerkin method on

polytopal grids for the coupled elastic-acoustic wave propagation problem.
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Our contribution

@ Well-posedness of the coupled problem in the continuous setting

@ Detailed analysis of a dG scheme on general polytopal meshes

3/25



Elasto-acoustic coupling: governing equations

pei — div (Ce(u)) =£f. in Q. x (0,77,
Ce(u)ne = pan, on I't x (0,77,
2o —Np = fa in Q, x (0,77,
Op/0n, = u-ne on T'1 x (0,71,

@ u is the elastic displacement, ¢ is the acoustic potential
@ p. and p, are the elastic and acoustic mass densities
@ Ce(u) is the stress tensor (Hooke's law)

@ c is the characteristic acoustic velocity
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Ce(u)ne = pan, on I't x (0,77,
2o —Np = fa in Q, x (0,77,
Op/0n, = u-ne on T'1 x (0,71,

@ u is the elastic displacement, ¢ is the acoustic potential
@ p. and p, are the elastic and acoustic mass densities
@ Ce(u) is the stress tensor (Hooke's law)

@ c is the characteristic acoustic velocity

Interface conditions on I';
@ Continuity of the pressure loads (acoustic pressure p, = pa )

@ Continuity of the normal component of the velocity field (acoustic
velocity v, = =V )




Theoretical and numerical analysis
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Well-posedness

Theorem

Under suitable regularity hypotheses on initial data and source terms, there is a unique
strong solution s.t.

u € C2([0, T, L () n € ([0, T]; Hp (Re)) 0 CO([0, T HE () 0 Hp (),
¢ € C*([0, T]; L*(Q)) n CH([0, T]; Hp () n CO([0, T]; H* () N Hp ()

H (Qe) = {v e L*(Q) : div Ce(v) € L()},
H2(Q4) = {v e L3(Qa) : Av e L2(Q)}
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Well-posedness

Theorem

Under suitable regularity hypotheses on initial data and source terms, there is a unique
strong solution s.t.

u € C2([0, T, L () n € ([0, T]; Hp (Re)) 0 CO([0, T HE () 0 Hp (),
¢ € C*([0, T]; L*(Q)) n CH([0, T]; Hp () n CO([0, T]; H* () N Hp ()

H (Qe) = {v e L*(Q) : div Ce(v) € L()},
H2(Q4) = {v e L3(Qa) : Av e L2(Q)}

Idea of the proof. Rewrite the problem as: find U/(¢t) € H such that

du

T —(t) + AU(t) = F(t), te(0,T],

U(0) = Uo,

and prove that A is maximal monotone, i.e., (AU, U)y = 0 for all Y € D(A) and that
I + A is surjective from D(A) onto H. Then, apply the Hille-Yosida theorem.
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Sketch of the proof

Let U = (u,w, p, ¢) and take w = 10, ¢ = ¢. Consider
H=HL(Q) x L2(Qe) x Hb(Qa) x L2 (Qa),
with scalar product

Uy, Uz2)m = (Ce(ur),e(uz))q, + (pewW1, W2)a, + (Pa V1, Vez)a, + (€ 2pad1, 2)a, -
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Let U = (u,w, p, ¢) and take w = 10, ¢ = ¢. Consider
H=HL(Q) x L2(Qe) x Hb(Qa) x L2 (Qa),
with scalar product
(U, Uz) = (Ce(ur),e(u2))g, + (pew1,w2)a, + (pa Vo1, Vez)a, + (¢ padt, $2), -
Then, we define the operator A: D(A) c H — H by
AU = (—w, —pZtdivCe(u), —¢, —c*Ayp) VU e D(A),
D(A) = {u €H:ueHA(Q), we Hb(Q), pe HA(Q), ¢ € Hb(Q);
(Ce(u) + padl)ne = 0 on I'1, (Ve + w)-ng =0 on FI}.

Finally, let 7 = (0, pg 'f.,0, 2 fa).

For F € C([0,T];H) and Uy € D(A), find U € C1 ([0, T]; H) nC°([0, T]; D(A)):

i—i{(t) + AU(t) = F(t), te(0,T],

U0) = Uy.
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Discrete setti mesh assumptions

FeF

Fert

o Nonconforming polytopal mesh 7;, = 7, U T,%
e Generalized shape regularity:
d|nf|.
|F|
i (J ®"cx

Fcok

(i) VF < 0k, hye <

e Possible presence of degenerating faces
e Shape regularty of the mesh covering

e hp-local bounded variation

Consequences [Cangiani et al. 17]

e Trace-inverse inequality on polytopal elements
e Approximation results in & (k)
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Semi-discrete problem (SIP dG)

Vi = {vn € L*(Qe) : vhj € [Ppe o (W], pes = 1 Vi€ Ty,
Vit = {un € L*(Qa) : Ui € ?pw(ff),p“ 1Vke T}

Find (un, ¢n) € C2([0,T]; V&) x C2([0,T]; V;¢) s.t., for all (vp,,¥5) € Vi€ x V2,

(petin(t), vn)a, + (¢ 2padn(t), Yn)a, + A (un(t), vn) + Aj (en(t), ¥n)
+Cf (1 (8), o) + CRL (@ (8),¥n) = (Fe(t), vh)a, + (Pata(t), ¥r)e,
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Semi-discrete problem (SIP dG)

Vi = {vn € L*(Qe) : vnjn € [Ppe (W], pes > 1 VR E Ti0),
Vi = {gn e L2( >wme}pw(m) Pa =1k € T}

Find (up, pp) € C2([0,T]; Vi¢) x C2([0, T]; Vi) s.t., for all (vp,, ) € ViE x V)&,

(peitr (t),vr)a, + (¢ 2paPn(t), ¥r)a, + A5 (wn(t), v) + AL (en(t),n)
+Cp, (6n (), vn) + Ch(un(t), ) = (Fe(t),vr)a, + (Pafa(t),¥n)a,

A (1w, 0) = (Cep (), en(0))a, — {Cen(w)}, o] e
— ([l ACen (@)D + ol [0De Vv e Vi,

Ap (0, 9) = (pa Ve, Vid)a, — {paVieh [VD £a
- <|[50]I7 {pavh'l/)}>]:}fi + <X[<p]7 [¢]|>fg V%l/) € V}?v
C;(Q/}*'U) = (pa'l/)nsn'u)l"l = <pa1»““)ne-,v>f}1.1 V(U'U) € ‘/)il X Vhe

Ch(v,¥) = (pavmna,¥)r; = —Ci (¥, v) V(v,9) € Vi x Vit



Penalization functions

The stabilization functions 7 € L*(F5) and x € L®(F}) are defined as follows

@{’PZ‘H - e,i 5 o+ A -
a  max VFeF,, FCSOr™ nok™,
re{kt k™ } Ay
nr=
Crp2,, L
~Pe.r VF € F;“'b, F c 0k;
hx b
Pa,nDe :
max —LEran VFeF,, Fcokt nok,
re{rt,k—} hi
X|F=
Pa,xPa
7“2 L VF e F"®, Fcor.
K

where o and 3 are positive constants to be properly chosen.

@:(\Cl/ﬂg)m Vk e Ty, Pay = Paj VK €Ty



Semi-discrete stability and error estimate

Define the following energy norm for (vy,,¢y,) € C([0,T]; V§) x CH([0,T]; V,2):

/2. ¢ /o . y .
v, wr)IE = lpe“Vald, +1C2en(W)IR, + I [V1IF:

— 1/2 & 1 5
+ e pd dnlid, + lod* Vvl + IXV21¥1I3%,



Semi-discrete stability and error estimate

Define the following energy norm for (vy,,¢y,) € C([0,T]; V§) x CH([0,T]; V,2):

2. e /2 p /2 :
v, wr)IE = lpe“Vald, +1C2en(W)IR, + I [V1IF:

— 1/2 & 1 5
+ e pd dnlid, + lod* Vvl + IXV21¥1I3%,

Stability of the semi-discrete formulation

For sufficiently large stabilization parameters o and 3, we have

7
I(an (), n®)le < [(un(0), pn(0)le + fo (Ife(Mloe + Ifa(m)la,) d
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Semi-discrete stability and error estimate

Define the following energy norm for (vy,,¢y,) € C([0,T]; V§) x CH([0,T]; V,2):
Ivh ¥R)IZ = [ *Vil, +1Cen ()G, + In' 11

+ e o, + lod*Vrld, + IxV2[¥1 15,
Stability of the semi-discrete formulation

For sufficiently large stabilization parameters o and 3, we have

I(an (), en®)le < [[(un(0), vr(0)[e Jrf:(llfe(T)Hne + [ fa(m)laq)

Energy-error estimate

Provided (u, ) € C2([0, T]; H™(2)) x C2([0,T]; H*(R)), m = pe + 1, n = pa + 1
y B Pe hPa
sup [[(u(t) — un(t), ¢(t) — en(t))le S Cu(T)
te[0,T1]

—n5z T Co(T)

s m—3/2
])63 ch
Proof. Properly use discrete trace inequality to bound interface contributions
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Time discretization

Algebraic semi-discrete problem. Let U and ® be two vectors containing the
unknown expansion coefficients for u, and ), respectively. Then, one can obtain

M U(t) + AU(t) + Cod(t) =
Mo D(t) + Ag®(t) + CoU(t) =

+ initial conditions.

(1), te(0.T],
ot), te(0,T],



Time discretization

Algebraic semi-discrete problem. Let U and ® be two vectors containing the
unknown expansion coefficients for u, and ), respectively. Then, one can obtain

M U(t) + AU(t) + Cod(t) =
Mo D(t) + Ag®(t) + CoU(t) =

+ initial conditions.

(1), te(0.T],
ot), te(0,T],

Leap-frog method. Subdivide the time interval [0,T] into Np subintervals of
length At. For any n =0, ..., Ny — 1 solve

Me  StCe||untt|  |Ae?F? ] M atc, | |un—t
—&tCT M, | [ontl] | AR —&CT Mg | [on !

N 2Me — At2A, 0 un
0 2M, — At?A, | |7

e Explicit and second order accurate with respect to the time step At

12/25



Numerical experiments
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2D verification: [Monkola, 20

e homogeneous isotropic elastic material
eT=08sand At =10"%s
e analytical solution:

u(z, y;t) = <cos (40”) cos (i””)) cos(4t),

D
p(z,y; t) = sin(4rx) sin(4rt),

A+ 2p
cs—,/
e
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e homogeneous isotropic elastic material
eT=08sand At =10"%s
e analytical solution:

Cp Cs
p(z,y; t) = sin(4rx) sin(4rt),

A+ 2p
cs—,/
e

u(z, y;t) = <cos (4”)7 cos (4”)> cos(4t),

10 o lu — w|g
——lle—ullg
—o WP
10"
B“
10? 4“
"D”
107
3 005 01 Ot 01 016 018 02 02202026
. ——[u—w¢
- “Piv’:/vug

H'LL Up Hu e and ”30 @h”f a VS. h
(top) and p (bottom) at T" = 0.8



e nonconforming mesh
o for T = 0.1s, At = 10765
e analytical solution

4
ug(z,y, z;t) = cos (—I) cos(4mt),

uy(z,y, z;t) = cos (

4mx
uz(z,y,2,t) = cos (
Cs

) cos(4rt),

p(z,y,z;t) = sin(4rx) sin(4nt).




3D verification

e —mlg
100 ==l — pullg
-0 h?

e nonconforming mesh
o for T = 0.1s, At = 10765

[~o=Tu=wilg

e analytical solution ° —°—L\f*~fn”g
-0 I
Amx X
ug(z,y, z;t) = cos (—) cos(4mt), i T
cp e
4mx
uy(x,y, z;t) = cos (—) cos(4mt),
Cs

4z
uz(z,y,2,t) = cos (—) cos(4mt),
Cs

p(x,y,z;t) = sin(4rx) sin(4nt). .

v —wupleeand ¢ —¢ple,q vs b forp =2
(top) and p = 3 (bottom) at T' = 0.1




verification: Scholte waves [Wilcox et al.

acoustic

elastic

Scholte waves propagate along elasto-acoustic interfaces.
We consider Q. U Q4 = (—1,1) m x (—1,1) m x (—20,20) m
he = he =041 m, T = 0.1 5, and At = 1076 s, with

ui(z,y,z;t) = L(Bgekbzl’z — ngr_)sekb‘lﬂ)cos(kw — wt),
uz(x,y,z;t) =0,

uz(z,y, z;t) = k(Babapett2r® — B3ekb2s%) sin(ka — wt),
cp(:t Y, z;t) = wB1e k1pZ cos(ka — wt),

z < 0;

z> 0.

Wave amplitudes By, B2 and B3 have to satisfy a suitable eigenvalue problem of
the form AB = 0 stemming from the transmission conditions on I'f, and the speed

of a Scholte wave is such that det A = 0.

16 /25




3D verification: Scholte waves [Wilcox et al. 2010]

We choose A = ;1 = 1 N/m? and p. = 1 kg/m? for the elastic medium;
c=1m/s and p, = 1 kg/m? for the acoustic medium. This yields

csen = 0.7110017230197 m/s, and we choose B = 0.3594499773037,
By = 0.8194642725978, and Bz = 1.

102G ——|u-wlg |3
——|lo -l g

L
2 25 3 35 4 45 5 55 6

|w—wupleeand [ —nleq vs. pat T =0.1



Scattering by a point source

Solution at t =0.23

y
001 Qe ] I Qa
tes Juas;t)] and ¢ fio(a;b)]
c q R . . -1 0 1
Point source in the acoustic domain (Ricker wavelet):

72 £2(4_30)2
fa(a,t) = —fo (1= 202 f2(t — t0)2) e ™ I2 (7100 (2 — ag)
zo € Qq, to € (0,77,
xo = (0.2,0.5), to=0.1

18/25



Underground acoustic cavity

Vertical point source at = (200.0,300) m

fo(z,t) = f(t)e.d(x — xo),

f(t) = fo (1 — 27T2fz(t _ t0)2) e*ﬂsz(tfto)?"
to =0.25s, fo=10"'N, f, = 22Hz

Geometry & Material properties
Qo ={xeR®: |z| <R}, R=30m

Qe = (=Ls,Lz) x (—Ly, Ly) X (=L, L,)\Qa

Discretization parameters Ly = Ly = 600m, L.=300m
e he =20m, ha =5m Region | p(kg/m?) | cp(m/s) | cs (m/s)
o pe =4,py =4 Qe 2700 3000 1734

o Af—10-5s Q 1024 300 -




Underground acoustic cavity

pHnisnnnm
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round acoustic cavity: elastic monitors

8
t — u, (P, t) for monitored
elastic points P from A to 3
B, (top) and from C to D 5

(bottom)

0 0.1 0.2 0.3 0.4 0.5 0.6 07
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Conclusions & perspectives

Conclusions
@ The elasto-acoustic problem is well-posed in the continuous setting
@ hp-convergence for a dG method was proven on polytopal meshes
@ Verfication by 2D and 3D numerical experiments

@ Application to realistic test cases

Perspectives

@ Inferring error estimates for the fully discrete problem
@ Consider elastic-nonlinear acoustic models (Westervelt equation)

@ Enriching the elastic model by considering a viscoelastic material response
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