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Motivations

Coupled elasto-acoustic wave propagation arises in several scientific and
engineering contexts

Radar and sonar detection

Geophysical exploration

Medical diagnostic

Sound engineering
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Motivations

Features of the physical model

Nonlinear coupled problem

Thin structures and highly heterogeneous media

Scattered fields at high-frequency/small-wavelength

Requirements on the numerical scheme

Mesh flexibility for considering any scatterer shape

High-order accuracy for a reliable approximation of high-frequency waves

Suited to high performance computing

Objective
Development and analysis of a high-order discontinuous Galerkin method on
polytopal grids for the coupled elastic-acoustic wave propagation problem.
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State of the art

Minimal bibliography

[Komatitsch et al., 2000]: Spectral Elements

[Fischer and Gaul, 2005]: FEM–BEM coupling, Lagrange multipliers

[Flemisch et al., 2006]: classical FEM on two independent meshes

[Brunner et al., 2009]: FEM–BEM comparison

[Ghattas et al., 2010]: dG, velocity-strain formulation

[Barucq et al., 2014]: Fréchet differentiability of the elasto-acoustic field

[Barucq et al., 2014]: dG on simplices, curved edges on interface

[Péron, 2014]: asymptotic study, equivalent boundary conditions

[De Basabe and Sen, 2015]: Spectral Elements and Finite Differences

[Mönköla, 2016]: Spectral Elements, different formulations

Our contribution

Well-posedness of the coupled problem in the continuous setting

Detailed analysis of a dG scheme on general polytopal meshes
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Elasto-acoustic coupling: governing equations
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ρe:u´ div pCεpuqq “ fe in Ωe ˆ p0, T s,

Cεpuqne“ ρa 9ϕna on ΓI ˆ p0, T s,

c´2
:ϕ´4ϕ “ fa in Ωa ˆ p0, T s,

Bϕ{Bna“ 9u¨ne on ΓI ˆ p0, T s,

u is the elastic displacement, ϕ is the acoustic potential

ρe and ρa are the elastic and acoustic mass densities

Cεpuq is the stress tensor (Hooke’s law)

c is the characteristic acoustic velocity

Interface conditions on ΓI

Continuity of the pressure loads (acoustic pressure pa “ ρa 9ϕ )

Continuity of the normal component of the velocity field (acoustic
velocity va “ ´∇ϕ )
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Theoretical and numerical analysis
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Well-posedness

Theorem
Under suitable regularity hypotheses on initial data and source terms, there is a unique
strong solution s.t.

u P C2pr0, T s; L2pΩeqq X C
1pr0, T s; H1

DpΩeqq X C
0pr0, T s; H4

C pΩeq XH1
DpΩeqq,

ϕ P C2pr0, T s;L2pΩaqq X C
1pr0, T s;H1

DpΩaqq X C
0pr0, T s;H4pΩaq XH

1
DpΩaqq

H4
C pΩeq “ tv P L2pΩeq : divCεpvq P L2pΩequ,

H4pΩaq “ tv P L
2pΩaq : 4v P L2pΩaqu

Idea of the proof. Rewrite the problem as: find Uptq P H such that

dU
dt
ptq `AUptq “ Fptq, t P p0, T s,

Up0q “ U0,

and prove that A is maximal monotone, i.e., pAU ,UqH ě 0 for all U P DpAq and that

I `A is surjective from DpAq onto H. Then, apply the Hille–Yosida theorem.
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Sketch of the proof

Let U “ pu,w, ϕ, φq and take w “ 9u, φ “ 9ϕ. Consider

H “ H1
DpΩeq ˆ L2pΩeq ˆH

1
DpΩaq ˆ L

2pΩaq,

with scalar product

pU1,U2qH “pCεpu1q, εpu2qqΩe
` pρew1,w2qΩe ` pρa∇ϕ1,∇ϕ2qΩa ` pc

´2ρaφ1, φ2qΩa .

Then, we define the operator A : DpAq Ă HÑ H by

AU “
`

´w, ´ρ´1
e divCεpuq, ´φ, ´c24ϕ

˘

@U P DpAq,

DpAq “
!

U P H : u P H4
C pΩeq, w P H1

DpΩeq, ϕ P H
4pΩaq, φ P H

1
DpΩaq;

pCεpuq ` ρaφIqne “ 0 on ΓI, p∇ϕ`wq¨na “ 0 on ΓI

)

.

Finally, let F “ p0, ρ´1
e fe, 0, c2faq.

For F P C1pr0, T s;Hq and U0 P DpAq, find U P C1pr0, T s;HqXC0pr0, T s;DpAqq:

dU
dt
ptq `AUptq “ Fptq, t P p0, T s,

Up0q “ U0.
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Discrete settings: mesh assumptions

‚ Nonconforming polytopal mesh Th “ T eh Y T ah

‚ Generalized shape regularity:

piq @F Ă Bκ, hκ À
d|κF

5
|

|F |
;

piiq
ď

FĂBκ

κF5 Ď κ

‚ Possible presence of degenerating faces

‚ Shape regularty of the mesh covering

‚ hp-local bounded variation

Consequences [Cangiani et al. 17]

‚ Trace-inverse inequality on polytopal elements
‚ Approximation results in Pppκq
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Semi-discrete problem (SIP dG)

V e
h “ tvh P L2pΩeq : vh|κ P rPpe,κ pκqs

d, pe,κ ě 1 @κ P T eh u,

V ah “
 

ψh P L
2pΩaq : ψh|κ P Ppa,κ pκq, pa,κ ě 1 @κ P T ah

(

Find puh, ϕhq P C
2pr0, T s;V e

h q ˆC
2pr0, T s;V ah q s.t., for all pvh, ψhq P V e

h ˆ V
a
h ,

pρe :uhptq,vhqΩe ` pc
´2ρa :ϕhptq, ψhqΩa `Aehpuhptq,vhq `Aahpϕhptq, ψhq

`Cehp 9ϕhptq,vhq ` Cahp 9uhptq, ψhq “ pfeptq,vhqΩe ` pρafaptq, ψhqΩa

Aehpu,vq “ pCεhpuq, εhpvqqΩe ´ xttCεhpuquu, rrvssyFe
h

´xrruss, ttCεhpvquuyFe
h
` xηrruss, rrvssyFe

h
@u,v P V e

h ,

Aahpϕ,ψq “ pρa∇hϕ,∇hψqΩa ´ xttρa∇hϕuu, rrψssyFa
h

´ xrrϕss, ttρa∇hψuuyFa
h
` xχrrϕss, rrψssyFa

h
@ϕ,ψ P V ah ,

Cehpψ,vq “ pρaψne,vqΓI
“ xρaψne,vyFh,I @pψ,vq P V ah ˆ V e

h ,

Cahpv, ψq “ pρav¨na, ψqΓI
“ ´Cehpψ,vq @pv, ψq P V e

h ˆ V
a
h
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Penalization functions

The stabilization functions η P L8pFehq and χ P L8pFah q are defined as follows

η|F“

$

’

’

’

’

’

&

’

’

’

’

’

%

α max
κPtκ`,κ´u

˜

Cκp2
e,κ

hκ

¸

@F P Fe,ih , F Ď Bκ` X Bκ´,

Cκp2
e,κ

hκ
@F P Fe,bh , F Ď Bκ;

χ|F“

$

’

’

’

’

&

’

’

’

’

%

β max
κPtκ`,κ´u

˜

ρa,κp
2
a,κ

hκ

¸

@F P Fa,ih , F Ď Bκ` X Bκ´,

ρa,κp
2
a,κ

hκ
@F P Fa,bh , F Ď Bκ.

where α and β are positive constants to be properly chosen.

Cκ “ p|C1{2|22q|κ @κ P T eh , ρa,κ “ ρa|κ @κ P T ah .
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Semi-discrete stability and error estimate

Define the following energy norm for pvh, ψhq P C
1pr0, T s; Ve

hq ˆ C
1pr0, T s;V ah q:

}pvh, ψhq}
2
E “ }ρ

1{2
e 9vh}

2
Ωe
` }C1{2εhpvq}

2
Ωe
` }η

1{2rrvss}2Fe
h

` }c´1ρ
1{2
a

9ψh}
2
Ωa
` }ρ

1{2
a ∇hψ}

2
Ωa
` }χ

1{2rrψss}2Fa
h

Stability of the semi-discrete formulation
For sufficiently large stabilization parameters α and β, we have

}puhptq, ϕhptqq}E À }puhp0q, ϕhp0qq}E `

ż t

0
p}fepτq}Ωe ` }fapτq}Ωa q dτ

Energy-error estimate

Provided pu, ϕq P C2pr0, T s; HmpΩeqq ˆ C2pr0, T s;HnpΩaqq, m ě pe ` 1, n ě pa ` 1,

sup
tPr0,T s

}puptq ´ uhptq, ϕptq ´ ϕhptqq}E À CupT q
hpe

p
m´3{2
e

` CϕpT q
hpa

p
m´3{2
a

Proof. Properly use discrete trace inequality to bound interface contributions.
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Time discretization

Algebraic semi-discrete problem. Let U and Φ be two vectors containing the
unknown expansion coefficients for uh and ϕh respectively. Then, one can obtain

$

’

&

’

%

Me
:Uptq ` AeUptq ` Ce 9Φptq “ Feptq, t P p0, T s,

Ma
:Φptq ` AaΦptq ` Ca 9Uptq “ Faptq, t P p0, T s,

` initial conditions.

Leap-frog method. Subdivide the time interval r0, T s into NT subintervals of
length ∆t. For any n “ 0, ..., NT ´ 1 solve

«

Me
∆t
2

Ce

´∆t
2

CT
e Ma

ff«

Un`1

Φn`1

ff

“

«

∆t2Fne
∆t2Fna

ff

`

«

´Me
∆t
2

Ce

´∆t
2

CT
e ´Ma

ff«

Un´1

Φn´1

ff

`

«

2Me ´∆t2Ae 0

0 2Ma ´∆t2Aa

ff«

Un

Φn

ff

‚ Explicit and second order accurate with respect to the time step ∆t

Ilario Mazzieri (PoliMi) POEMS-2019 12 / 25



Time discretization

Algebraic semi-discrete problem. Let U and Φ be two vectors containing the
unknown expansion coefficients for uh and ϕh respectively. Then, one can obtain

$

’

&

’

%

Me
:Uptq ` AeUptq ` Ce 9Φptq “ Feptq, t P p0, T s,

Ma
:Φptq ` AaΦptq ` Ca 9Uptq “ Faptq, t P p0, T s,

` initial conditions.

Leap-frog method. Subdivide the time interval r0, T s into NT subintervals of
length ∆t. For any n “ 0, ..., NT ´ 1 solve

«

Me
∆t
2

Ce

´∆t
2

CT
e Ma

ff«

Un`1

Φn`1

ff

“

«

∆t2Fne
∆t2Fna

ff

`

«

´Me
∆t
2

Ce

´∆t
2

CT
e ´Ma

ff«

Un´1

Φn´1

ff

`

«

2Me ´∆t2Ae 0

0 2Ma ´∆t2Aa

ff«

Un

Φn

ff

‚ Explicit and second order accurate with respect to the time step ∆t

Ilario Mazzieri (PoliMi) POEMS-2019 12 / 25



Numerical experiments
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2D verification: [Mönköla, 2016]

‚ homogeneous isotropic elastic material

‚ T “ 0.8 s and ∆t “ 10´4 s

‚ analytical solution:

upx, y; tq“

ˆ

cos
´4πx

cp

¯

, cos
´4πx

cs

¯

˙

cosp4πtq,

ϕpx, y; tq“ sinp4πxq sinp4πtq,

cp “

d

λ` 2µ

ρe
, cs “

c

µ

ρe

}u´ uh}E,e and }ϕ´ ϕh}E,a vs. h
(top) and p (bottom) at T “ 0.8
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3D verification

‚ nonconforming mesh

‚ for T “ 0.1s, ∆t “ 10´6s

‚ analytical solution

uxpx, y, z; tq “ cos
´4πx

cp

¯

cosp4πtq,

uypx, y, z; tq “ cos
´4πx

cs

¯

cosp4πtq,

uzpx, y, z, tq “ cos
´4πx

cs

¯

cosp4πtq,

ϕpx, y, z; tq “ sinp4πxq sinp4πtq.

}u ´ uh}E,e and }ϕ ´ ϕh}E,a vs. h, for p “ 2
(top) and p “ 3 (bottom) at T “ 0.1
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3D verification: Scholte waves [Wilcox et al. 2010]

Scholte waves propagate along elasto-acoustic interfaces.
We consider Ωe Y Ωa “ p´1, 1q mˆ p´1, 1q mˆ p´20, 20q m,
he “ ha “ 0.41 m, T “ 0.1 s, and ∆t “ 10´6 s, with

u1px, y, z; tq “ kpB2e
kb2pz ´B3b2se

kb2szq cospkx´ ωtq,

u2px, y, z; tq “ 0,

u3px, y, z; tq “ kpB2b2pe
kb2pz ´B3e

kb2szq sinpkx´ ωtq, z ă 0;

ϕpx, y, z; tq “ ωB1e
´kb1pz cospkx´ ωtq, z ą 0.

Wave amplitudes B1, B2 and B3 have to satisfy a suitable eigenvalue problem of
the form ΛB “ 0 stemming from the transmission conditions on ΓI, and the speed
of a Scholte wave is such that det Λ “ 0.
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3D verification: Scholte waves [Wilcox et al. 2010]

We choose λ “ µ “ 1 N{m2 and ρe “ 1 kg{m3 for the elastic medium;
c “ 1 m{s and ρa “ 1 kg{m3 for the acoustic medium. This yields
csch “ 0.7110017230197 m{s, and we choose B1 “ 0.3594499773037,
B2 “ 0.8194642725978, and B3 “ 1.

}u´ uh}E,e and }ϕ´ ϕh}E,a vs. p at T “ 0.1
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Scattering by a point source

t ÞÑ }upx; tq} and t ÞÑ |ϕpx; tq|

Point source in the acoustic domain (Ricker wavelet):

fapx, tq “ ´f0

`

1´ 2π2f2
p pt´ t0q

2
˘

e´π
2f2p pt´t0q

2

δpx´ x0q,

x0 P Ωa, t0 P p0, T s,

x0 “ p0.2, 0.5q, t0 “ 0.1
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Underground acoustic cavity

Discretization parameters

‚ he “ 20m,ha “ 5m

‚ pe “ 4, pa “ 4

‚ ∆t “ 10´5 s

fepx, tq “ fptqezδpx´ x0q,

fptq “ f0

`

1´ 2π2f2
p pt´ t0q

2
˘

e´π
2f2p pt´t0q

2

,

t0 “ 0.25 s, f0 “ 1010 N, fp “ 22Hz

Geometry & Material properties

Ωa “ tx P R3 : }x} ă Ru, R “ 30m

Ωe “ p´Lx, Lxq ˆ p´Ly, Lyq ˆ p´Lz, LzqzΩa

Lx “ Ly “ 600m, Lz “ 300m

Region ρ pkg{m3q cp pm{sq cs pm{sq

Ωe 2700 3000 1734

Ωa 1024 300 –

Ilario Mazzieri (PoliMi) POEMS-2019 19 / 25



Underground acoustic cavity
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Underground acoustic cavity: elastic monitors

A

B

C

D

A'

B' D'

C'

t ÞÑ uzpP, tq for monitored
elastic points P from A to
B, (top) and from C to D
(bottom)
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Conclusions & perspectives

Conclusions

The elasto-acoustic problem is well-posed in the continuous setting

hp-convergence for a dG method was proven on polytopal meshes

Verfication by 2D and 3D numerical experiments

Application to realistic test cases

Perspectives

Inferring error estimates for the fully discrete problem

Consider elastic-nonlinear acoustic models (Westervelt equation)

Enriching the elastic model by considering a viscoelastic material response
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