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p-Multilevel solution strategies
for HHO methods
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Motivation: promote industrialization of high-order methods for CFD
More than second order accurate CFD... using dG and HHO.

2006 (FP6) 2010 (FP7) 2015 (H2020) 2019 (H2020)

ADIGMA IDJHOM TilDA  Hi-Fi Turb

A crucial point is the efficiency of the solution strategy.

{h—p—hp}-multigrid preconditioners for dG discretizations
[Botti, Colombo, Bassi, JCP, 2018; Botti, Colombo, Crivellini, Franciolini, IJCFD, In press]

Incompressible flow problems (hemodynamics, aerodynamics)

Applications: Linear (non-linear) incompressible elasticity (blow molding)

{p}-multilevel preconditioners for HHO discretizations...
[Franciolini, Fidkowski, Crivellini, ECCOMAS 2018 (for HDG);
Antonietti, Mascotto, Verani, ESAIM-M2AN, 2018 (for VEM)]



Computational hemodynamics (dG vs FV, steady, Re=500 [B ea, IJNMBE, 2018])
dG (Bassi ea, JCP, 2006) p-refinement: polynomial degrees 1,2,3,4 on a 134k tet grid
FV (ANSYS Fluent) h-refinement: 134k, 1.1m, 8.6m and 68.5m grids

FV, h-refinement
DG, p-refinement




Validation: convergence study

dG error [cm/s]

FV error [cm/s]

polynomial | £dGk £9GKFVa | esh | gFVidGs  £FV
degree L1(Qpy) L'(Qp) index L'(Qp) L1(Qpy)
k=1 6.73003  6.54353 i=1 13.4277 13.4227
k=2 4.02893 4.12215 [ =2 5.58825 5.30604
k=3 0.88863  1.29241 =3 2.07106  1.47922
k=4 - 0.83734 i=4 0.83734 -
ref. sol. | dG Py(71) FV T4 ref. sol. | dG Py(71) FV T4
Average velocity error on 68.5 cell centroids C € C(73).
D Iveah (C) — V%, (O)] > Ivee, (C) = VR ()l
G, ._ C€C FdGLFV, ._ CeC
L&) - card(C) L&) card(C)



Degrees of freedom and Jacobian non-zeros abacus

polynomial
space

PYTH)
PATH)
PTH)
PHT)

dG

DOFs

JNZs

2.14m
5.35m
10.7m
18.7m

171.2m
1.070b
4.280b
13.11b

JNZs(dG/FV)~3, DOFs(FV/dG)~15

dG best accuracy per DOF
FV best accuracy per JNZ

Which one is faster?

Krylov iteration’s cost scales
linearly with JNZs plus number
of Krylov spaces times DOFs.
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FV
grid | DOFs JNZs
T4 535k 10.7m
To | 4.28m | 85.62m
T3 | 34.2m | 684.9m
Tq4 | 273.9m | 5.48b

= error vs DOFs, dG
& error vs DOFs, FV
- -O-error vs JNZs, dG

-®-error vs JNZs, FV
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Degrees of freedom and Jacobian non-zeros abacus

FV
DOFs JNZs
535k 10.7m
4.28m | 85.62m
34.2m | 684.9m
273.9m | 5.48b

JNZs

card(7s) (card(Fr) + 1) ((d+1)dim(1p>g,))2
card(7p) (card(F7) +1) (d+1)

dG HHO

polynomial | DOFs | JNZs polynomial | DOFs | JNZs | grid
space space

Py(Ti) | 214m | 171.2m | Pl_{(Fy) | 2.67m | 225m | T4
P5(T1) | 5.35m | 1.070b | P5_{(F) | 5.20m | 813m | Tz
P3(T1) | 10.7m | 4.280b | P5_,(Fy) | 8.58m | 2.16b | T3
Pg(T1) | 18.7m | 13.11b | Py_4(Fy) | 12.8m | 477b | T,
[Di Pietro, Krell, JSC, 2018, Botti, Di Pietro, Droniou, JCF, 2019]
JNZs(dG/FV)~3,  DOFs(FV/dG)~15
JNZs(HHO/FV)~0.9 DOFs(FV/HHO)~21

DOFs

dG (d + 1) card(7p) dim(P%)

FV (d + 1) card(Tp)

HHO | d card(F,) dim(PX_,) + card(7p)

HHO: growing interest in high-order discretizations

card(Fp) (2card(Fr)) (d dim(]P>f§,_1)+1)2

growing interest in p-multilevel solution strategies (Poisson, Stokes)



: . ._ ok k
HHO for Poisson: Forall ur,vyr € Ut :=P4(T) x {Fex}_ IPd_1(F)}
T
[Di Pietro, Ern, Lemaire, Comput. Meth. Appl. Mat., 2014]

a’(ur,vr) = /T (Vo lur) - (VP *Tvr) + sT(ur, vy)

Define p"*1 : Ut — PE*1(T) such that, Vv € Ut, vwy € PK*(T)
( /TI/ (V,DKHZT) -Vwr = /T vVVvr - VWt + Z /F(VF —vy) vVWr -n7e

& FEJ:T
k+1 /
"4 = |74
\ /Tp =T T T
k

Defining the intepolation by means of L2 projections: Z’}v = (mTV, (wﬁv),_-efT)
It is possible to show that, given v € H'(Q)

/T(Vpk“z’}v —VV)-Vwr=0, Ywre PE(T)



Potential reconstruction p**1 : Ur — PX*1(T), for all ut, vy € Ut

/I/(VPK-HZT)-VWT:/ VVVT°VWT+ Z /(VF—VT) I/VWT-I‘ITF
T T FE]:T F

Bases functions choice:
{¢"} spans IP’%(T)
{v"} spans Fy_1(F)
{pT} spans PX1(T)—PY(T) — vptly = VBjej = BV e
{o} = {¢T,¢F1, ...,wFN} spans Ur — Vpk“@( = P; kV;
/T I/lBj,kaOj -V, = /T I/ng](_ -V + Z /F <¢/€ — gb[) vV -N7E
FE}—T

o if 0 < k< dim(PE(T))
Yp it k> dim(PE(T))

In matrix form the potential reconstruction reads P = K 1B

Note that ¢y = {



The Qotential reconstruction reads P = K1 B, with

/ vV - Vi
_/ ¢/Z vVi-N1F F . F .
B, = F . Yr vVi-Nrp . Yr vVi-N1E
— | ¢kvVe-nrE
L Fn A
| BT Bﬁ B/:N

The local HHO consistent contribution
Jp (V6 '9)) - (Vo) = | (Pve) - (PrmiTom)
= 'Bl,j (/T V- V@m) Pm.i= Isl,jKl,mISm,i
At AtR - ATR,
plp_pte_ptk-1g - | AHT ARF - ARFy

AT AFNFy - AFNF
_ N N™A1 NN




Static condensation
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Multigrid
After static condensation we have a (smaller) system to solve Ajup = by,
MG: speedup the solution process solving coarse problems Ajyuy = by

p-MG: coarse problem by polynomial degree reduction:
L coarse problems indexed as ¢ =0, ..., L with ky,.1 < ky

Kk K K
U¥ =P HT) x x Pt F}, — Aup)=b
YT d() {FEFT d—1() MY 14

Two ways of building A,

non-inherited: Y a/(ur,v7) Yur, VT € L_J’;ﬁ
TreTy

inherited: > ag(li?gr,zgzr) Vur,vr € Ql;g
reTy

Prolongation operatorlg :gl;f — g’} IS an injection, note that g’% C g’%ﬂ
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Inherited p-MG
Inherited operators are computed recursively with Galerkin projections:

0+1 14
App1=Z; Ay Ly,

Iﬁ“ and IEH are the matrix form of restriction and prolongation operators.

Prolongation operator Z%,4Vy.1 = V4,1
Restriction operator

I€+1

Ly Vo=

(7Tl7(-+1 VT,

injection
(me* VE)EeF,)  L® projection

With orthogonal basis functions: simply shrlnk the local matrlx blocks.

Al =

AT=Arr — Apr(Arr) ™!

AT AT
AR T ARF

| ARNT ARF

ATF

~

Al =

AF1 F

AR Fi

AFnFy |
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Multigrid V-cycle: MG/ (¢, by, uy)
if (¢ = L) then
u;=A; b
if (¢ < L) then
1 Pre-smoothing:
uy = GMRES(A@, uy, bg)
dp.1 =Ty (by — Agty)
Cop1 =MGy(€+1,dy,1,0)

2 Coarse grid correction:
= 7
Up=Up+Z;, 1Cypy

3 Post-smoothing:
u, = GMRES(A,, uy, by)




Performance of FGMRES p-MG, for HHO discretizations of
~V.-Vu =g, in[-1,1]°

Poisson Problem:
u =Uex, onJd[—1,1

o uex= || sin(nmx;)

i=1,...,d
Trapezoidal elements Distorted graded Regular Delaunay
mesh sequence: triangular elems mesh seq:  triangular elems mesh seq:
322, 642, 1282, 256> 2x(322, 642, 1282, 2562) 2x(392,792,1582,3112)
1 |
/) M

el Vol ol P v 4
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FGMRES p-MG/, rtol=1e-10: L=2, 1 smit (GMRES ILU), LU solver,

dG-BR2, k, = 3,2, 1 HHO k, = 3,2, 1
L2 error conv. rate iterations CPU time Eff
Up Gup, Up Gup | ITs ITs; | Sol. Ass. Tot.
trapezoidal elements grid
1k 4.74e-06 0.000702 - - 7 1 0.047 0.04 0.088 -
4k 3.03e-07 8.9e-05 | 397 298 | 7 1 0.22 0.16 0.38 92
16k 1.92e-08 1.12e-05 | 3.98 299 | 7 1 0.98 0.66 1.6 | 92.8
65k 1.2e-09 1.41e-06 4 3 7 1 4.9 2.6 7.5 | 87.6
1k 8.46e-07 0.00011 - - 4 1 0.018 0.1 0.12 -
4k 2.68e-08 6.98e-06 | 498 397 | 4 1 0.11 0.38 0.49 | 96.6
16k | 8.52e-10 4.41e-07 | 498 398 | 4 1 0.68 1.5 2.2 | 88.4
65k | 2.65e-11 2.75e-08 | 5.01 4 4 1 5.1 6.1 11 78.7
delaunay triangular grid
3k 2.24e-08 1.05e-05 - - 11 1 0.19 0.1 0.29 -
13k 1.35e-09 1.29e-06 4 2.99 | 11 1 0.87 0.43 1.3 89.5
50k | 9.03e-11 1.69e-07 | 3.97 298 | 11 1 4 1.8 58 | 90.2
194k | 6.12e-12 2.22e-08 | 3.97 2.99 | 11 1 20 6.8 26 87.1
3k 2.25e-09 7.7e-07 - - 7 1 0.035 0.26 0.3 -
13k | 7.34e-11  4.6e-08 | 4.87 4.01 7 1 0.21 1.1 1.3 93.2
50k | 2.15e-12 3e-09 5.17 4.01 7 1 1.3 4.1 54 | 94.5
194k | 1.46e-13 2e-10 3.97 399 | 7 1 7.9 16 24 89.9
distorted triangular grid
2k 8.71e-06 0.00117 - - 17 1 0.17 0.066 0.24 -
8k 6.68e-07 0.000166 | 3.7 2.82 | 21 1 0.88 0.26 1.1 82.6
33k | 4.19e-08 2.08e-05 4 3 28 1 5 1 6.1 75.7
131k | 2.69e-09 2.63e-06 | 3.96 2.98 | 40 1 31 4.2 35 68.7
2k 2.23e-06 0.000278 - - 9 1 0.025 0.17 0.19 -
8k 7.76e-08 1.88e-05 | 4.85 3.89 | 11 1 0.16 0.67 0.83 | 93.9
33k | 2.41e-09 1.18e-06 | 5.01 4 15 1 1.1 2.7 3.7 | 88.4
131k | 7.62e-11 7.43e-08 | 498 3.99 | 19 1 7.2 11 18 83.6




FGMRES p-MG/, rtol=1e-10: L=2, 1 smit (GMRES ILU), LU solver,

dG-BR2 k, = 3,2, 1

L2 error conv. rate iterations CPU time
Up Gup, Up Gup | ITs ITs; | Sol. Ass. Tot.
trapezoidal elements grid
1k 4.74e-06 0.000702 - - 7 1 0.047 0.04 0.088 -
4k 3.03e-07 8.9e-05 | 397 298 | 7 1 0.22 0.16 0.38 92
16k | 1.92e-08 1.12e-05 | 3.98 299 | 7 1 0.98 0.66 1.6 | 92.8
65k 1.2e-09 1.41e-06 4 3 7 1 4.9 2.6 7.5 | 87.6

delaunay triangular grid

3k
13k
50k

2.24e-08
1.35e-09
9.03e-11

194k

6.12e-12

distorted triangular grid

1.05e-05
1.29e-06
1.69e-07
2.22e-08

3.97
3.97

2.99
2.98
2.99

11
11
11
11

— etk

0.19
0.87

20

0.1
0.43
1.8
6.8

0.29
1.3
5.8
26

89.5
90.2
87.1

2k
8k
33k

8.71e-06
6.68e-07
4.19e-08

131k

2.69e-09

0.00117
0.000166
2.08e-05
2.63e-06

3.7

3.96

2.82

2.98

17
21
28
40

— )tk

0.17
0.88
S
31

0.066
0.26

4.2

0.24
1.1
6.1
35

82.6
75.7
68.7




FGMRES p-MG/, rtol=1e-12: L=2, 1 smit (GMRES ILU), LU solver,

dG-BR2 k, =6, 3, 1 HHO k, =6, 3, 1
L2 error conv. rate iterations CPU time Eff
Up Gup, Up Gup | ITs ITs; Sol. Ass. Tot.
trapezoidal elements grid
1k 6.58e-07 0.00014 - - 11 1 0.43 0.28 0.71 -
4k 552e-09 2.33e-06 | 6.9 591 | 11 1 1.8 1.1 29 | 97.5
16k | 4.44e-11 3.73e-08 | 6.96 5.96 | 11 1 7.4 4.5 12 98.4
65k | 9.67e-13 5.79e-10 | 552 6.01 | 11 1 31 18 49 97
1k 4e-07 0.000113 - - 7 1 0.046 0.44 0.486 -
4k 1.68e-09 9.4e-07 79 6.91 6 1 0.211 1.76 1.97 | 98.8
16k | 6.71e-12 7.49e-09 | 797 6.97 | 7 1 1.19 7.03 8.22 | 95.7
65k | 3.9e-13 6.22e-11 | 4.11 6.91 6 1 6.91 28 349 | 94.3
delaunay triangular grid
810 | 2.54e-06 0.000477 - - 18 1 0.41 0.18 0.59 -
3k 2.75e-08 9.84e-06 | 6.71 5.75 | 18 1 1.6 0.7 2.3 102
13k | 2.01e-10 1.47e-07 | 6.97 5.97 | 19 1 7.3 2.9 10 91.9
50k | 1.89e-12 2.39e-09 | 6.77 5.97 | 20 1 31 11 43 95.1
810 | 3.57e-06 0.000901 - - 10 1 0.019 0.332 0.351 -
3k 1.72e-08 8.51e-06 | 792 6.91 | 10 1 0.097 1.19 1.29 | 81.8
13k | 6.05e-11 6.09e-08 | 8.01 7.01 | 11 1 0512 487 5.39 | 95.6
50k | 1.56e-12 4.92e-10 | 5.31 6.99 | 11 1 2.55 19.4 22 73.6
distorted triangular grid
512 | 0.000463 0.0418 - - 27 1 0.36 0.12 0.48 -
2k 2.96e-06 0.000563 | 7.29 6.22 | 34 1 1.8 0.46 2.3 | 834
8k 3.39e-08 1.2e-05 | 6.45 556 | 44 1 9.5 1.8 11 80.5
33k | 2.7e-10 1.9e-07 | 6.97 5.98 | 55 1 49 7.3 56 81.2
512 | 0.00076 0.104 - - 12 1 0.0129 0.197 0.21 -
2k 3.38e-06 0.000948 | 7.81 6.78 | 12 1 0.0679 0.782 0.85 | 98.8
8k 2.02e-08 1.04e-05 | 7.38 6.52 | 14 1 0.361 3.12 3.48 | 97.6
33k | 7.4e-11 7.79e-08 | 8.09 7.05 | 25 1 2.7 12.5 15.2 | 91.7




FGMRES p-MG/, rtol=1e-12: L=2, 1 smit (GMRES ILU), LU solver,

HHO k, =6, 3, 1
L2 error conv. rate iterations CPU time
Up Gup, Up Gup | ITs ITs; Sol. Ass. Tot.

trapezoidal elements grid

1k 4e-07 0.000113 - - 7 1 0.046 0.44 0.486 -
4k 1.68e-09 9.4e-07 7.9 6.91 6 1 0.211 1.76  1.97 | 98.8
16k | 6.71e-12 7.49e-09 | 797 697 | 7 1 1.19 7.03 8.22 | 95.7
65k | 3.9e-13 6.22e-11 | 4.11 6.91 6 1 6.91 28 349 | 94.3

delaunay triangular grid

810 | 3.57e-06 0.000901 - - 10 1 0.019 0.332 0.351 -

3k 1.72e-08 8.51e-06 | 7.92 6.91 | 10 1 0.097 119 129 | 81.8
13k | 6.05e-11 6.09e-08 | 8.01 7.01 | 11 1 0.512 487 5.39 | 95.6
50k | 1.56e-12 4.92e-10 | 5.31 6.99 | 11 1 2.55 19.4 22 73.6

distorted triangular grid

512 | 0.00076 0.104 - - 12 1 0.0129 0.197 0.21 -

2k | 3.38e-06 0.000948 | 7.81 6.78 | 12 1 0.0679 0.782 0.85 | 98.8
8k | 2.02e-08 1.04e-05 | 7.38 6.52 | 14 1 0.361 3.12 348 | 97.6
33k | 7.4e-11  7.79e-08 | 8.09 7.05 | 25 1 2.7 125 152 | 91.7




Performance of FGMRES p-MG, for HHO discretizations
~V.-Vu =g, in[-1,1]9

Poisson Problem: , Uex= sin(nmx;)
Hexahedral elements Tetrahedral elements Prismatic elements
mesh sequence: mesh sequence: mesh sequence:

64, 512, 4k, 32k 24,192, 1536, 12k 128, 1024, 8k, 65k
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FGMRES p-MG/ rtol=1e-12: L=2, 1 smit (GMRES ILU), GMRES solver, rtol = 1.e-3

dG-BR2 k, = 3,2, 1 HHO k, = 3,2, 1
L2 error conv. rate iterations CPU time Eff
Up Gup Up Gup | ITs ITs; Sol. Ass. Tot.

hexahedral elements grid
64 0.00083 0.0326 - - 7 5 0.013 0.024 0.037 -
512 5.32e-05 0.0042 | 3.97 296 | 8 9 0.131 0.203 0.334 | 88.2
4K 3.35e-06 0.00053 | 399 299 | 8 17 1.15 1.65 2.8 | 95.3
32k 2.09e-07 6.61e-05 4 3 7 33 9.27 13.6 22.8 | 98.1
64 0.00064 0.0194 - - 5 6 0.0153 0.072 0.087 -
512 1.83e-05 0.0011 512 41 5 9 0.125 0.575 0.7 | 99.9
4k 5.42e-07 6.77e-05 | 5.08 4.06 | 5 19 1.09 4.6 5.69 | 984
32k 1.65e-08 4.13e-06 | 5.04 403 | 5 36 10.1 36.8 46.8 | 97.2
tetrahedral elements grid
24 0.0061 0.153 - - 10 5 0.0045 0.0068 0.011 -
192 0.00050 0.0222 3.6 278 | 13 9 0.046 0.055 0.101 | 89.6
1536 | 3.2e-05 0.0028 | 3.98 297 | 14 14 0.481 045 0.931 | 87
12k 2e-06 0.00036 4 299 | 14 22 4.2 3.64 7.83 95
24 0.0146 0.269 - - 9 5 0.0039 0.022 0.026 -
192 0.00040 0.0155 | 5.18 4.11 | 10 9 0.030 0.185 0.215 | 974
1536 | 1.23e-05 0.00097 | 5.03 4 10 15 0.286 1.37 1.66 | 104
12k 3.78e-07 5.99e-05 | 5.02 4.02 | 10 27 2.68 11 13.7 | 971
prismatic elements grid
128 0.00054 0.0247 - - 8 6 0.023 0.042 0.066 -
1024 | 3.41e-05 0.00316 | 3.99 297 | 8 11 0.228 0.353 0.582 | 90.6
8k 2.14e-06  0.00039 4 299 | 8 21 2.01 2.88 4.9 95
65k 1.34e-07 4.95e-05 4 3 9 19 20.4 23.2 43.5 90
128 | 0.000354 0.013 - - 8 9 0.028 0.132 0.16 -
1024 | 1.07e-05 0.00079 | 5.04 4.04 | 8 14 0.26 1.05 1.31 | 97.8
8k 3.27e-07 4.8e-05 | 504 4.04 | 8 31 2.48 8.42 10.9 | 95.9
65k 1e-08 2.95e-06 | 5.03 4.02 | 8 57 27.3 67.2 945 | 92.3




FGMRES p-MG/ rtol=1e-12: L=2, 1 smit (GMRES ILU), GMRES solver, rtol = 1.e-3

dG-BR2 k, =6, 3, 1 HHO k, =6, 3, 1
L2 error conv. rate iterations CPU time Eff
Up Gup, Up Gup | ITs ITs; | Sol. Ass. Tot.

hexahedral elements grid
8 8.84e-05 0.00276 - - 7 3 0.023 0.098 0.122 -
64 7.63e-07 4.72e-05 | 6.86 5.87 | 10 5 0.327 0.852 1.18 | 82.8
512 | 6.07e-09 7.53e-07 | 6.97 5.97 | 10 9 3.08 7.15 10.2 | 92.2
4K 4.76e-11 1.18e-08 | 6.99 599 | 10 17 26.7 57.7 844 | 96.9
8 0.00014 0.00447 - - 6 3 0.017 0.22 0.237 -
64 5.26e-07 3.46e-05 | 8.05 7.01 | 8 6 0.168 1.74 191 | 99.6
512 1.96e-09 2.56e-07 | 8.07 7.08 | 8 11 1.37 139 152 | 100
4K 7.54e-12 1.96e-09 | 8.02 7.03 | 8 20 11.2 111 122 | 99.6
tetrahedral elements grid
24 4.2e-05 0.00136 - - 16 5 0.10 0.24 0.35 -
192 3.4e-07 2.31e-05 | 6.95 5.88 | 21 8 1.15 2.04 3.19 | 87.6
1536 | 2.72e-09 3.7e-07 | 6.97 5.97 | 22 12 10.2 166 26.8 | 954
12k | 2.14e-11 5.82e-09 | 699 599 | 22 14 84.5 132 217 | 98.9
24 7.01e-05 0.00312 - - 11 5 0.029 0.57 0.60 -
192 | 3.39e-07 2.98e-05 | 769 6.71 | 14 10 029 456 4.86 | 99.3
1536 | 1.21e-09 2.35e-07 | 8.13 6.98 | 14 19 242 36.5 38.9 | 99.9
12k 45e-12 1.82e-09 | 8.07 7.01 | 14 32 20.1 292 312 | 99.9
prismatic elements grid
16 5.14e-05 0.00176 - - 9 3 0.049 0.18 0.23 -
128 4.5e-07 2.97e-05| 6.84 5.88 | 11 6 059 1583 213 | 86.2
1024 | 3.62e-09 4.73e-07 | 6.96 5.97 | 11 10 54 12.8 18.2 | 93.6
8k 2.85e-11  7.41e-09 | 6.99 6 11 15 46.1 103 149 | 97.3
16 7.81e-05 0.00295 - - 9 4 0.029 0.41 0.44 -
128 | 2.95e-07 2.35e-05 | 8.05 6.97 | 12 10 0.31 3.25 3.56 | 99.1
1024 | 1.12e-09 1.82e-07 | 8.04 7.01 | 12 18 252 26.1 28.6 | 99.7
8k 429 -12 1.41e-09 | 8.02 7.01 | 12 36 21 208 229 | 99.9




—Au+Vp =f in Q,
] V-u =0 in Q,
HHO for Stokes: U - U on 5%p,
—Vu-n+pn = —VUg-N+pexn 0N OQ.
Foralluy,vr € (gr)d and all p1,qT1 € IP”&(T), the HHO residual reads:
d

ropm = a (Ut vr)+b(pr. V1) — /f VT
=1

rent = bur, qr)
[Agh/l/ Boyaval, Di Pietro, CM. Appl. Mat, 2015, Botti, Di Pietro, Droniou, JCP, 2019]

b(ur, qr): /VUTQT"‘Z/ ur — ur) - nTFQT'*'Z/ Ur — Uex) - NTF QT

FeFp FeF?
b(PT,KT)i—/PTV Vr+ Z /PT Vi—VEe)-N7e + Z /PTVT N7F+ Z /PexVT N7e
FeF? FeF? FeF?

a'(ur,vr): / (Vo ur) - (VP vr) + sT(ur, vr)
T

£y / (—=VP'* ur - nreve + he'(Up — Uex) VF) —

/ VUex - NTEVE
FeF? FeFy
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Static condensation (local contribution)
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Keep Ur, P$ as globally coupled unknowns.
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Performance of FGMRES p-MGV for Stokes HHO discretizations

{“ = |—€*(y cos(y) +sin(y))i, € (y sin(y)) ] Q=[-1,1F
p =2e*sin(y), |

= [2 sin(m x)i, —7 y cos(w x)}, —m z cos(m x)K]
p = sin(m x) cos(w y) sin(w 2)

= [0,1P3




FGMRES p-MG, rtol=1e-13: L=2, 1 smit (GMRES ILU), LU solver,

dG [Bassi ea, JCP, 2006] k, = 3, 2, 1

HHO [Aghili ea, CMAM, 2015] k, = 3,2, 1

L2 error conv. rate ITs CPU time Eff
Up Gup, Ph Dup, Up Gun,  pp ITs | Sol. Ass.  Tot.

trapezoidal elements grid

3e-07 5.23e-05 1.09e-05 0.000215 - - - 14 | 0.76 0.085 0.85 -
1.94e-08 6.67e-06 1.42e-06 28e-05 | 395 297 294 | 14 | 364 033 3.97 | 855
1.24e-09 8.46e-07 1.84e-07 3.55e-06 | 3.97 298 295 | 14 | 188 135 20.1 | 79
7.74e-11  1.06e-07 2.29e-08 4.41e-07 4 3 3.01 | 14 | 106 566 111 | 72.3
4.74e-09 7.13e-07 4.85e-07 1.68e-06 - - - 7 0.15 0.16 0.31 -
1.49e-10 4.54e-08 3.07e-08 1.05e-07 5 3.97 398 | 7 0.73 064 1.37 | 92
4.72e-12 2.88e-09 1.95e-09 6.39e-09 | 498 398 397 | 8 3.77 253 6.29 | 87
2.72e-13 1.8e-10 1.22e-10 4e-10 412 4 401 | 8 19.5 101 29.7 | 85
delaunay triangular grid
6.72e-07 9.79e-05 3.6e-05 0.000849 - - - 20 | 0.59 0.055 0.65 -
4.45e-08 1.25e-05 4.84e-06 0.00011 | 4.02 3.05 298 | 21 | 264 020 285 | 91.7
2.64e-09 1.5e-06 5.68e-07 1.3e-05 | 4.01 3.01 3.04 | 21 124 0.87 13.3 | 85.9
1.68e-10 1.9e-07 7.12e-08 1.66e-06 4 299 3.01 | 21 | 594 3.63 63 | 84.1
1.26e-08 1.63e-06 1.42e-06 5.72e-06 - - - 15 | 0.098 0.10 0.20 -
4.16e-10 1.05e-07 9e-08 3.83e-07 | 5.05 4.07 409 15 | 044 037 0.81 | 98
1.23e-11 6.24e-09 5.38e-09 2.31e-08 | 4.99 4 4 16 | 218 152 3.7 88
5.3e-13 3.98e-10 3.44e-10 1.45e-09 | 456 399 399 | 16 | 104 6.11 165 | 90
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FGMRES p-MG, rtol=1e-13: L=2, 4 smit (GMRES ILU), LU solver,

dG [Bassi ea, JCP, 2006] k, = 3, 2, 1

HHO [Aghili ea, CMAM, 2015] k, = 3,2, 1

L2 error conv. rate ITs CPU time Eff
Up Gup, Ph Dup, Up Gup, Ph ITs | Sol. Ass. Tot.

distorted triangular grid
8.01e-06 0.000563 0.000267 0.00558 - - - 9 | 042 0.038 0.46 -
4.28e-07 6.32e-05 2.85e-05 0.000585 | 4.23 3.15 323 | 10 | 2.16 0.14 2.3 | 80.8
3.27e-08 8.95e-06 4.27e-06 8.5e-05 |3.71 282 274 | 12 | 11.2 059 118 | 77.9
1.99e-09 1.11e-06 5.3e-07 1.06e-05 | 4.04 3.01 3.01 | 23 | 85 2.32 87.3 | 54.1
2.81e-07 1.77e-05 1.47e-05 5.75e-05 - - - 11 | 0.08 0.066 0.14 -
7.48e-09 9.56e-07 8.1e-07 3.27e-06 | 523 421 418 | 27 | 0.82 026 1.08 | 54
distorted quadrilateral grid
7.47e-07 9.94e-05 2.19e-05 0.000367 - - - 7 | 079 0.084 0.88 -
4.75e-08 1.26e-05 2.79e-06 4.64e-05 | 3.97 298 2.97 8 | 419 034 453 779
3.04e-09 1.59e-06 3.97e-07 5.81e-06 | 3.96 299 2.81 8 20 1.39 21.4 | 84.5
7.33e-10 2.05e-07 5.59e-07 1.03e-06 | 2.05 295 -0.49 | 8 108 548 113 | 75.6
1.48e-08 1.72e-06 1.12e-06 3.42e-06 - - - 5 {019 0.16 0.35 -
4.73e-10 1.09e-07 7.3e-08 2.25e-07 | 4.97 3.97 3.94 7 1.1 0.65 1.75 | 81
2.51e-11  9.18e-09 8.38e-09 2.1e-08 | 424 358 3.12 | 21 | 109 263 135 | 52
8.99e-08 0.000217 0.00022 0.0012 -11 -14 -14 | 45 | 88.6 104 99.1 55
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FGMRES p-MG, rtol=1e-12: L=2, 1 smit (GMRES ILU), GMRES solver, rtol=1.e-3

dG [Bassi ea, JCP, 2006] k, = 4,2, 1

HHO [Aghili ea, CMAM, 2015] k, = 4, 2, 1

L2 error conv. rate ITs CPU time Eff
Up Gup, Ph Dup, Up Guy,  pn ITs ITs; | Sol. Ass. Tot.
hexahedral elements grid (up to 4k)
0.00065 0.0215 0.0074 0.346 - - - 10 4 0.05 0.02 0.07 -
2.1e-05 0.0014 0.00054 0.0237 | 495 3.95 3.77 | 13 9 0.73 0.18 0.91 | 60.2
6.4e-07 8.7e-05 3.4e-05 0.00149 | 5.04 399 398 | 14 18 | 734 15 8.84 | 82.1
1.9e-08 5.5e-06 2.1e-06 9.3e-05 | 5.03 4 403 | 14 42 1 66.2 124 786 | 90
0.00069 0.015 0.0131 0.49 - - - 8 4 0.06 0.08 0.14 -
8.3e-06  0.00026 0.00024 0.0082 | 6.37 583 575| 10 15 | 0.62 063 1.26 | 86.9
1.1e-07 54e-06 5.2e-06 0.00015 | 6.15 562 555 | 10 30 55 496 10.5 ]| 96.2
1.7e-09 1.2e-07 1.2e-07 3.2¢e-06 | 6.06 543 537 | 10 72 | 544 39.1 93.5 | 895
tetrahedral elements grid (up to 12k)
0.00115 0.0337 0.0136 0.591 - - - 18 7 0.21 0.05 0.26 -
3.6e-05 0.00199 0.00077 0.0246 | 499 409 412 | 22 13 | 232 042 275 | 76
1.1e-06 0.000123 4.8e-05 0.00147 | 493 4.02 401 | 23 17 21 3.44 245 | 89.7
3.8e-08 7.6e-06 3.0e-06 9.2e-05 | 4.96 4.01 4 24 55 | 191 275 219 | 895
0.00030 0.0068 0.0061 0.255 - - - 18 11 | 0.11 0.16 0.26 -
4.7e-06 0.00022 0.00018 0.0059 | 599 497 51 | 23 24 | 136 1.16 252 | 84.5
6.9e-08 6.2e-06 4.4e-06 0.00013 | 6.09 512 531 | 23 48 | 134 9.09 225 | 89.5
1.0e-09 1.8e-07 1.2e-07 3.4e-06 | 6.05 5.06 513 | 23 108 | 153 722 225 | 80
prismatic elements grid (up to 8k)
0.00045 0.0148 0.0067 0.231 - - - 13 5 0.11 0.03 0.14 -
1.42e-05 0.00094 0.00042 0.0147 5 398 401 |15 10 | 133 032 1.64 | 70.2
4.3e-07 5.8e-05 2.4e-05 0.00089 | 5.03 4 4.1 15 17 | 125 266 151 | 87
1.3e-08 3.6e-06 1.4e-06 5.4e-05 | 5.02 4 408 | 15 45 | 112 21.8 134 | 90.2
0.00035 0.0074 0.0077 0.51 - - - 14 11 | 0.11 0.14 0.25 -
4.6e-06 0.00016 0.00014 0.0082 |6.23 552 57 |16 32 |133 111 24 | 829
6.3e-08 3.8e-06 3.2¢e-06 0.00016 | 6.2 54 551 |17 59 | 139 8.86 228 | 855
9.1e-10 9.8e-08 8.1e-08 3.5e-06 | 6.1 53 5383 | 16 193 | 202 711 273 | 66.8




Conclusions

1. p-MG FGMRES performance is satisfactory for HHO discretizations of
Poisson problems. Single grid solvers (ILU CQG) are outperformed.

2. p-MG performance is satisfactory for HHO discretizations of Stokes
problems on isotropic meshes.
p-MG FGMRES is a valuable alternative to LU.

Future works

1. Investigate the convergence degradation on anisotropic meshes.

2. Evaluate other preconditioners.
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