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Context and goals

General polygonal/polyhedral meshes
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General polygonal/polyhedral meshes, arbitrary scheme
mimetic finite differences (Brezzi, Lipnikov, Shashkov, Beirdo da Veiga, Manzini .
f|n|te volumes/gradient schemes (Droniou, Eymard, Gallouét, Guichard, Herbin .

virtual elements (Beirdo da Veiga, Brezzi, Cangiani, Marini, Manzini, Russo ...)
Di Pietro, Ern, Lemaire ...)

compatible discrete operator schemes (Bossavit, Bonelle, Em .. .)
mixed finite elements (Kuznetsov, Repin, Jaffré, Roberts, V., Wohimuth .. .)

multi-point flux approximations (Aavatsmark, Eigestad, Klausen, Wheeler, Yotov ...

hybrid high-order/hybridizable discontinuous Galerkin discretizations (Cockburn,

-)
-)
)
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Context and goals

General polygonal/polyhedral meshes, arbitrary scheme
°

Multi-phase, multi-compositional flows
@ unsteady nonlinear degenerate coupled systems of PDEs

@ algebraic constraints, phase appearance/disappearance
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Context and goals
General polygonal/polyhedral meshes, arbitrary scheme
°

Multi-phase, multi-compositional flows
@ unsteady nonlinear degenerate coupled systems of PDEs

@ algebraic constraints, phase appearance/disappearance

@ simple estimates: easy coding, fast evaluation, cosy use
in practical simulations _

e guaranteed a posteriori error estimates on |u;, — u}’|
valid at each step: time n, linearization k, linear solver /

@ distinguishing different error components: full adaptivity
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Linear Darcy flow

Steady linear Darcy flow

—V-(KVp) =f in Q,
p=0 on 012

@ Q c RY d > 1, be an open interval/polygon/polyhedron or
polytope in general

@ f ¢ L?(Q) source term, pw polynomial for simplicity

@ K € [L>*(Q)]9*¢ diffusion-dispersion tensor (pw constant)
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Linear Darcy flow

Steady linear Darcy flow

—V-(KVp) =f in Q,
p=0 on 012

@ Q c RY d > 1, be an open interval/polygon/polyhedron or
polytope in general

@ f ¢ L?(Q) source term, pw polynomial for simplicity

@ K € [L>*(Q)]9*¢ diffusion-dispersion tensor (pw constant)

Unknowns

@ p pressure head
@ u := —KVp Darcy velocity (flux)
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A general polytopal mesh

A general polytopal mesh
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@ nonconvex and non star-shaped elements in 74
@ 7y can be nonmatching
@ maximal number of faces of K € T4 is not limited
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A general polytopal mesh

A general polytopal mesh

@ nonconvex and non star-shaped elements in 74
@ 7y can be nonmatching
@ maximal number of faces of K € T4 is not limited

@ only assumption: existence of a shape-regular simplicial
submesh 7, - e
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Mixed finite elements on general polytopal meshes
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Mixed finite elements on general polytopal meshes

Static condensation

@ local Dirichlet problems
@ reconstruction from Lagrange
multipliers A\, on boundary of K
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Mixed finite elements on general polytopal meshes

7 S\
Static condensation Static condensation
@ local Dirichlet problems @ local Neumann problems
@ reconstruction from Lagrange @ reconstruction from fluxes
multipliers A\, on boundary of K U, on boundary of K
@ k unknowns per face @ Uplk:=arg min 5‘%vhH
VhGVK K
(varm)|o=(U)-
V'Vh:f
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Mixed finite elements on general polytopal meshes

Static condensation Static condensation

@ local Dirichlet problems @ local Neumann problems
@ reconstruction from Lagrange @ reconstruction from fluxes
multipliers A\, on boundary of K U, on boundary of K
@ k unknowns per face @ uplk:=arg vmm ZV”HK
o)
Vvp=f

equivalent to simplicial MFEs
= optimal a priori error estimates
no stabilization, no parameter to tune

@ k unknowns per face plus
1 unknown per element
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Guaranteed and k-robust a posteriori error estimates

Guaranteed bound for any u, < V,, ¢ H(div,Q), V-up = f

1 . _1 1
HK‘E(u—uh)’ = min HK 2uh~|—52VvH
veH}(Q)
| ——
unknown error
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any s, € Vi, C H{(Q)

1 R _1 1 _1 1
|2 u=up)| = min_|K-2up+KEvv| < K 2up+KEVS
veH}(Q)
N———
unknown error computable estimate
o

Efficiency (& robustness wrt polynomial degree k for d < 3)
polytopal MFE suitable

K~ 2un 1 K2 V|| < Ol K. ) [[K2(u — un)|

@ C(kT,, K, d) only depends on the shape-regularity of 7,
the diffusion tensor K, and the space dimension d
°
unified framework
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Multi-phase, multi-compositional flows discussion

Mathematician

@ all ingredients are ready to design an a posteriori error
estimate, let us make it work in the given case
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Multi-phase, multi-compositional flows discussion

Mathematician

@ all ingredients are ready to design an a posteriori error
estimate, let us make it work in the given case

Engineer

@ What is a Raviart—-Thomas space?

@ | do not have a simplicial mesh and cannot/do not want to
build a simplicial submesh.

@ | do not want to implement the Raviart—-Thomas space.
@ | do not want to implement (new) quadrature rules.
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@ My polynomial degree is zero (no interest in
polynomial-degree-robustness).
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Multi-phase, multi-compositional flows discussion

Mathematician

@ all ingredients are ready to design an a posteriori error
estimate, let us make it work in the given case

Engineer

@ What is a Raviart—-Thomas space?

@ | do not have a simplicial mesh and cannot/do not want to
build a simplicial submesh.

@ | do not want to implement the Raviart—-Thomas space.

@ | do not want to implement (new) quadrature rules.

@ | do not want to solve local problems.

@ My polynomial degree is zero (no interest in
polynomial-degree-robustness).

@ | want the overall procedure to be simple and cheap!
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Linear Darcy flow

Steady linear Darcy flow

-V-(KVp) =f in Q,
p=0 on 09

@ QCRY d>1,polytope
@ f € L2(Q) source term, pw constant for simplicity
@ K ¢ [L=(Q)]9*¢ diffusion-dispersion tensor (pw constant)
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General discretizations

Assumption A (Locally conservative discretization)

@ There is one normal flux (U), € R per face o « £, and one
pressure (P)x € R per element K < Ty,.

@ The flux balance is satisfied, with (F)x := (f, 1)k

Z (U)onkone = (F)k, VK e Ty.

o€k
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General discretizations

Assumption A (Locally conservative discretization)

@ There is one normal flux (U), € R per face o « £, and one
pressure (P)x € R per element K < Ty,.

@ The flux balance is satisfied, with (F)x := (f, 1)k

Z (U)onkone = (F)k, VK e Ty.

o€k

@ any (lowest-order) locally
conservative method

@ how (U), obtained from (P)x
is not important for the a
posteriori error estimate upper

(U)o, bound .
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Saddle-point discretizations

Assumption B (Saddle-point discretization)

The scheme writes: find U := {(U), }oee, € R and
P = {(P)k}keT;, € RI7Al such that

(50)(7)=(?):

-
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Saddle-point discretizations

Assumption B (Saddle-point discretization)

The scheme writes: find U := {(U), }oee, € R and
P = {(P)k}keT;, € RI7Al such that

ABY/UY [0\
B O P/) \F )’
@ A defined by the element matrices A € RIEkIXI€k| of the
given method;

@ B: entries1, —1,0;
o F:= {(F)K}KETH € RITH|.

-
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Saddle-point discretizations

Assumption B (Saddle-point discretization)

The scheme writes: find U := {(U), }oee, € R and
P = {(P)k}keT;, € RI7Al such that

ABY/UY [0\
Bo )\p)=\F)
@ A defined by the element matrices A € RIEkIXI€k| of the
given method;

@ B: entries1, —1,0;
o F:= {(F)K}KETH € RITH|.

@ satisfied by MFDs, HFVs, MVEs, HDGs, HHOs, MFEs ...

-

,,,,,,,,,,, e ‘erc
M. Vohralik & S. Yousef A posteriori error estimates on polytopal meshes 10/ 34



O Introduction
@ Context and goals of the talk
@ Mixed finite elements on general polytopal meshes

e Steady linear Darcy flow
@ Discretizations
@ A posteriori ingredients
@ A posteriori estimate
@ Numerical experiments

O Steady nonlinear Darcy flow
@ Discretizations
@ A posteriori ingredients and estimate

O Unsteady multi-phase multi-compositional Darcy flow
@ A posteriori ingredients and estimate
@ Numerical experiments

O Conclusions




_ Discretizations Ingredients Estimate Numerics
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@ finite element stiffness matrix
(Srek)aa = (KVia, Vi) a,@ € Vgp
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Ingredient 1: element matrices

@ finite element stiffness matrix

(gFl:‘,K)a,a’ = (KVtar, Viha) i a,a e VK h
@ finite element mass matrix

(Mg i )aa = (Yar, Ya)k a,a e VK h
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Ingredient 1: element matrices

@ finite element stiffness matrix

(ng‘,K)a,a’ = (KVtar, Viha) i a,a e VK h
@ finite element mass matrix

(Mpg k)aa = (Yar, Ya)k a,a e VK h
@ mixed finite element local static condensation matrix

AMFE, K
e obtained by local Neumann MFE problem in the polytope K
e MFEs on general polytopal meshes (v. s wonimuth (2013))
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Ingredient 1: element matrices (easily computable)

@ finite element stiffness matrix

(gFt“K)a,a’ = (KVtar, Viha) i a,a e VK h
@ finite element mass matrix

(Mg i )aar = (ar, ta)k a,a’ € Vxn
@ mixed finite element local static condensation matrix
AMl—'l:‘.K
e obtained by local Neumann MFE problem in the polytope K
e MFEs on general polytopal meshes (v. & wohimuth (2013))
@ under Assumption B, AK can be used in place of AMFE K

M. Vohralik & S. Yousef A posteriori error estimates on polytopal meshes 11 /34
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Ingredient 2: pressure vertex values

S%' = {(Sk)a -+

@ Assumption A: (Sk),, local averages of neighbor (P)

-
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Ingredient 2: pressure vertex values

S%' = {(Sk)a -+

@ Assumption A: (Sk),, local averages of neighbor (P)
@ Assumption B: Lagrange multipliers on faces instead

-
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Ingredient 2: pressure vertex values

S%' = {(Sk)a -+

@ Assumption A: (Sk),, local averages of neighbor (P)
@ Assumption B: Lagrange multipliers on faces instead

® (Sk)as = (P)k

-
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Ingredient 2: pressure vertex values

Sk = {(Sk)a }};
S%t = {(SK)Ui 17:1

@ Assumption A: (Sk),, local averages of neighbor (P)
@ Assumption B: Lagrange multipliers on faces instead
® (Sk)a, == (P)k

® Sk = {(Sk)a,}/_ constructed by local averaging

-
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O Steady nonlinear Darcy flow
@ Discretizations
@ A posteriori ingredients and estimate

O Unsteady multi-phase multi-compositional Darcy flow
@ A posteriori ingredients and estimate
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Linear Darcy flow estimate

Theorem (Linear Darcy flow)
Under Assumption A, there holds

1

2
[k 2u—un| <3 >
where KeTy
77% :=(UR") Amre kUK + SkSre, xSk

+2(U)SRt — 2(F)k K| 1tMFEfKSK~

-
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Linear Darcy flow estimate

Theorem (Linear Darcy flow)
Under Assumption A, there holds

1

3
ltwou < {32
where SETs
nx =(UR") Anire kUR" + SkSke,kSk

+2(U)SRt — 2(F)k K| 1tMFFﬂKSK~

Comments
@ guaranteed upper bound on the Darcy velocity error

@ price: matrix-vector multiplication on each element

-
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Linear Darcy flow estimate

Theorem (Linear Darcy flow)
Under Assumption A, there holds

1

K2 (u—up)| < { > 77;2(}2,

where N KETH
77% ::(U%t)tAMFE,KU%t + StKSFE,KSK
+2(UBY)' S8 — 2(F) x| K|~ 11" Mg Sk
Comments

@ guaranteed upper bound on the Darcy velocity error

@ price: matrix-vector multiplication on each element

° . discrete fictitious Darcy velocity on the submesh T
by a MFE local Neumann problem with matrix

. 1
Up|k = ar min K 2v H ;
h‘K g Vp; (Vpn 1) o= V-Vp=constant II" h K
not constructed in practice, unless in the test cases e
e
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Linear Darcy flow estimate

Corollary (Linear Darcy flow)
Under Assumption B, there holds

K2 u— )| < { > ni}

KeTy
iik? =(UE) AU + StK/S\FE,KSK
+2(U)St — 2(F) x| K|~ 1" Mg xSk

where

Comments
@ guaranteed upper bound on the Darcy velocity error

@ price: matrix-vector multiplication on each element
@ Uy: fictitious Darcy velocity (local Neumann
problem on K) =~ abstract MFD lifting operator of (
); impossible to construct Uy in practice

-
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@ Prager-Synge equality:

w0




_ Discretizations Ingredients Estimate Numerics
Proof (1)

@ Prager-Synge equality:

HK‘%(U - uh)H = veg}fm HK 2uy + K2VVH

@ consequently, for an arbitrary s, € H&(Q):

[K2u—up)|| < |[K2up + KoV

- 14 /j\‘

omas mamemis [0/




| Linear Darcy Nonlinear Darcy Multi-phase-compositional C Discretizations Ingredients Estimate Numerics

Proof (1)

@ Prager-Synge equality:

w0

@ consequently, for an arbitrary s, € H&(Q):
[K2(u—un)|| < [k 2up+ KEVs|

@ choose sy, continuous and piecewise affine wrt simplicial
submesh Tj, given by the nodal values of the vector S

-

,,,,,,,,,,, o ‘erc
M. Vohralik & S. Yousef A posteriori error estimates on polytopal meshes 14 /34



| Linear Darcy Nonlinear Darcy Multi-phase-compositional C Discretizations Ingredients Estimate Numerics

Proof (1)

@ Prager-Synge equality:

w0

@ consequently, for an arbitrary s, € H&(Q):
[K2(u—un)|| < [k 2up+ KEVs|

@ choose sy, continuous and piecewise affine wrt simplicial
submesh Tj, given by the nodal values of the vector S

@ developing for each K < 7
_1 1 2 _1 2 1 2
b v, = bz s s
&,2’7 ,,,,, P— erc
M. Vohralik & S. Yousef A posteriori error estimates on polytopal meshes 1;;34 ‘



@ v s wonmun (2019 for the MFE element matrix Ayer x, there
holds, under Assumption A:

1 2 ~
N




_ Discretizations Ingredients Estimate Numerics
Proof (2)

@ v s wonmun (2019 for the MFE element matrix Ayer x, there
holds, under Assumption A:

1 2 ~
kbl = R Rt

@ use the scheme element matrix A x under Assumption B

- 14 A \
informatics S mothematics JaNaN




_ Discretizations Ingredients Estimate Numerics
Proof (2)

@ s vonimun 013 for the MFE element matrix Ay «, there
holds, under Assumption A:

2 ~
] = 0B

@ use the scheme element matrix &K under Assumption B

@ finite elements assembly:

HK%VShHIZ{ = S'Sre xSk

- r A\

Y v
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Proof (2)

@ v s wionimun 2013 for the MFE element matrix Ay «, there
holds, under Assumption A:

2 ~
[K=2un| = (UR) B U

@ use the scheme element matrix A x under Assumption B

@ finite elements assembly:

2 N
HK%VShHK = Sk'Ske,kSki
@ Green theorem:

(Up, Vsp)k = (UpN, Sp)ok — (V-Up, Sp)k
= (URY)'SR' — (F)klIK| ™ 1tMFE’,KSK

,,,,,,,,,,, e ‘erc
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_ Discretizations Ingredients Estimate Numerics
Numerical experiment

Setting
@ —Ap=f
@ Q=(0,1)?

@ analytic solution 24*x*(1 — x)*y*(1 — y)*, a = 200
o hybl‘ld finite volume (HFV) discretization (Droniou, Eymard, Gallouét,

Herbin (2010))
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Energy error & reference estimate (triangular submesh)

Energy error

Estimate with s,
pw. quadratic
over simplicial
submesh (v. z00s))

,,,,,,,,,, — erc
Oosia— = _7°
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Simple polygonal estimates

Using I&MFE.K

M. Vohralik & S. Yousef



Uniform mesh refinement

Error

—e— energy error

——submesh est.

4~ Aypg i €st.
—— Ay est

Lol
10*

1l
10%
Number of unknowns

Effectivity index

——submesh est.
4 Aypp i est.
—— Ay est

10*

10°
Number of unknowns

losia— = 7



_ Discretizations Ingredients Estimate Numerics
Adaptive mesh refinement

. —2
1.6 10 2
—e— energy error
14+ ——submesh est. 18l |
12] — Auprk st w
= Ak est. %
1+ £ 16 N
S =
i - , s
w08 § 14l |
06 | w —+— submesh est.
0.4 | 12} + Aumsest ||
0.2} 1 —— Ak est.
) 1 1 1
05 1 15 2 25 05 1 15 2 25
Number of unknowns -10* Number of unknowns 104
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Steady nonlinear Darcy flow

-V-(K(Vp)Vp)=f  inQ,
p=0 on 09Q.




_ Discretizations Ingredients and estimate
Nonlinear Darcy flow

Steady nonlinear Darcy flow
-V(K(Vp)Vp)=f  inQ,

p=0 on 09.
Assumptions
@ invertible nonlinearity
v=-Kww — w=-KWv), v,weR
@ strong monotonicity
cglv— w2 < (v—w)-(Kv)v—Kw)w), vv,wecR?
° Lip;chitz—continuity
K(v)v — K(w)w| < Cglv—w|,  Vv,weR?

@ for simple matrix-vector multiplication:
gV <v-Kw)v,  [K(w)v| < Cglv|, vv,weR?




_ Discretizations Ingredients and estimate
Nonlinear Darcy flow

Steady nonlinear Darcy flow
-V(K(Vp)Vp)=f  inQ,
p=0 on 09.

Weak solution
p € Hj () such that

(K(VP)Vp,Vv) = (f.v) Vv e Hi(Q)
Darcy velocity
u:=—-K(Vp)Vp ¢ H(div, Q)
Inverse relation

4
s AA
2UA—
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Discretization, linearization, and algebraic resolution

Discretization
S (U(P))onkono = (F)x VK € Ty

oelk
@ system of | 7Ty| nonlinear algebraic equations

-
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Discretization, linearization, and algebraic resolution

Discretization
> (U(P)onk oo = (F)k VK € Ty
oelk
@ system of | 7Ty| nonlinear algebraic equations
Linearization (step kK > 1)
> (U (P))onk s = (F)k VK € Ty
oelk
e linearized face normal fluxes U~ (P¥): affine fcts of P
@ system of | Ty| linear algebraic equations

-
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Discretization, linearization, and algebraic resolution

Discretization
> (U(P)onk oo = (F)k VK € Ty
oelk
@ system of | 7Ty| nonlinear algebraic equations
Linearization (step kK > 1)
> (U (P))onk s = (F)k VK € Ty
oelk
e linearized face normal fluxes U~ (P¥): affine fcts of P
@ system of | Ty| linear algebraic equations
Algebraic resolution (step / > 1)
> (U (PR Y)onk oy = (F)k — (R)) VK € Ty
o€k
@ (R)*': algebraic residual vector

-
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Discretization, linearization, and algebraic resolution

Discretization
> (U(P)onk oo = (F)k VK € Ty
oelk
@ system of | 7Ty| nonlinear algebraic equations
Linearization (step kK > 1)
> (U (P))onk s = (F)k VK € Ty
oelk
e linearized face normal fluxes U~ (P¥): affine fcts of P
@ system of | Ty| linear algebraic equations
Algebraic resolution (step / > 1)
> (U (PR Y)onk oy = (F)k — (R)) VK € Ty
o€k
@ (R)*': algebraic residual vector
@ j > 1 additional algebraic solver steps:
> (U PR ) onk o ne = (F)x — (R)E VK € Ty

,,,,,,,,,,, p— ‘erc
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Face fluxes

Discretization face normal flux

(U)s = (U(PK)),
Linearization error face normal flux

(U],?;1I.K)U = (Uk_1(Pk’i))0' - (U(Pk’i))a
Algebraic error face normal flux

(Uk.i K)U — (ka1(Pk,i+j))U . (Uk71 (Pk’i))g

alg,

-
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Face fluxes

Discretization face normal flux

(UL = (U(PR)),
Linearization error face normal flux
(U],?ﬁi.K)U = (Uk_1(Pk’i))O' - (U(Pk’i))a

Algebraic error face normal flux

(Uk.i K)U — (ka1(Pk,i+j))U . (Uk71 (Pk’i))g

alg,

One number per face immediately available
from the scheme on each step k > 1,/ > 1.
&,1/7’ : erc
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Nonlinear Darcy flow estimate

Discretizations Ingredients and estimate

Theorem (Nonlinear Darcy flow)

Under Assumption A, there holds

K,i

K,i k,i Ky | ki
C L2(Q) S nsp Jr )][in + 77;11g+77rem

|Riroj—

‘erc
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Nonlinear Darcy flow estimate

Theorem (Nonlinear Darcy flow)

Under Assumption A, there holds

k,i
— Yn

K,i

K,i K,i K,i
S nsp Jr )][in + 7];[]g+771‘€ln

1
2
%

12(Q)

1
. \2)2
with n' = {ZKETH <nf,’<> } , ® = {sp, lin, alg, rem}

2.
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Nonlinear Darcy flow estimate

Theorem (Nonlinear Darcy flow)

Under Assumption A, there holds

k,i
— Yn

K,i

K,i K,i K,i
S nsp Jr )][in + 7];[]g+771‘€ln

1
2
%

L2(Q)
1
L ki ki \? ) 2 .
withne” = <> keT, <n.”K> , @ = {sp, lin, alg, rem}, and
. 2 , . . .
k, . kyint e K, k,i\tQ k,
() o= (U B U + (S B S
_ i i S ki
207" Ci [(URP)'SIH™ = (P K110 S|,
. 2 . .
kvl P k,’ N k,l
(nhn,K> = (Unn,K)tAMlili.KUlimK,
. 2 . .
K,i L K N\t K,i
(nalg,K> T (Ualg,K) A~\/[]‘L"«,KUalg,K’

K,i -3 -1 K,i+j
7/1'0111,!( ::CKZCKCFhQ‘K‘ 2‘(R)KI j"

..
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Comments
@ guaranteed upper bound on the Darcy velocity error

@ price: matrix-vector multiplication on each element
° u’,‘,”\K: discrete fictitious Darcy velocity on the submesh Tk

(linear MFE local Neumann problem with matrix KWEK)
(not constructed in practice)




Comments
@ guaranteed upper bound on the Darcy velocity error
@ price: matrix-vector multiplication on each element
@ u’/|.: discrete fictitious Darcy velocity on the submesh Ti

(linear MFE local Neumann problem with matrix KWE*K)
(not constructed in practice)

@ error components distinction




@ definition of u',j”: linear local Neumann problem

; _1
uf |k = ¢ * Crarg min IVall
- Vh; (Vh-n,1)g:(Ulf(")a,V~Vh:c0nstant




_ Discretizations Ingredients and estimate
Some proof ingredients

@ definition of uk”' linear local Neumann problem
|K = c~ 2C arg min IVhll
Vp; (vh-n,1>a:(Ulf<”)U, V-Vp=constant
@ error structure: residual dual norm + distance to HJ (%)
P 1
K,i

2 _ ) 2 _
C U —un @) < S 1 sup (u—uf' V)
VGH ( ) ”K(VV)VVHLZ(Q)
_1 .
+c 2 inf HK h”+Vv‘
B veHl(Q L2(Q)
: ki

UA— .
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Some proof ingredients

Discretizations Ingredients and estimate

@ definition of uk

linear local Neumann problem
* Carg min IVAllx
Vhi (Vp-n 1)0:(Uf(")n, V-vp=constant
@ error structure: residual dual norm + distance to HJ (1)
1

Uh K—C

2
k

ki

<c sup (u—up’.vv)
L2(Q) K veH; (Q), [K(VV)V V] 2(g)=1 !

1 .
+c.2 inf HK h” + Vv’
K veHl(Q) L2(Q)
-3 k.i
< 20K CK Hu —uy

u
Mg
@ error components identification via fluxes
V- (uh + ulm h + ualc )

= K|

ocelk

Z (Uk—1 (Pk’i+j))gnK >N,

Kyi+
= flx — |K| 7" (R)K™
M. Vohralik & S. Yousef

‘erc
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Some proof ingredients

@ definition of uZ”: linear local Neumann problem
min Ivhll

; _1
ul | = ¢’ Cyarg
- - Vp; (Vh-n,1)g:(U,;<'/)U,V-Vh:constant

@ error structure: residual dual norm + distance to HJ (1)

. 1
é ki 3
Cie |[U = Un"|| 2y = Ci sup (u—u' V)
(%) = veH(Q), IK(VV) V] 20, =
_1 , VLY
+c,2 inf HK Z” + Vv’

K veHi(@) L2(Q)
k,i

1
< 2c.2Cy —
*205 CKHU u, 2(9)

@ error components identification via fluxes:
4 (uh + ulm h + udlu |K‘ Z (Uk 1 Pk I+j))UnK,J'na
o€k
= flx — |K| 'R VK e Ty
Cvaza— = =
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@ Context and goals of the talk
@ Mixed finite elements on general polytopal meshes

Discretizations

A posteriori ingredients
A posteriori estimate
Numerical experiments

Discretizations
@ A posteriori ingredients and estimate
° Unsteady multi-phase multi-compositional Darcy flow
@ A posteriori ingredients and estimate
@ Numerical experiments

(]

Q




_ Ingredients and estimate Numerics
Multi-phase multi-compositional flows

Unknowns

@ reference pressure P

@ phase saturations S := (Sp)pep

@ component molar fractions Cp := (Cp.c)cec, Of phase
peP

-
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Multi-phase multi-compositional flows

Unknowns
@ reference pressure P
@ phase saturations S := (Sp)pep
@ component molar fractions Cp := (Cp.c)cec, Of phase
peP
Constitutive laws
@ phase pressure = reference pressure + capillary pressure
Pp:= P+ P.,(S)
@ Darcy’s law
Vp(Pp) := —K(V Py + ppgV2)
@ component fluxes
0c:= Y Opc,  Opc:=0pc(X)=1pCpcVp(Pp)
pPEPc
@ amount of moles of component ¢ per unit volume

k=0 ©SpCrc Ly L
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Multi-phase multi-compositional flows

Governing PDE
@ conservation of mass for components

atlc + Vac = qc, VC S C

@ + boundary & initial conditions

-
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Multi-phase multi-compositional flows

Governing PDE
@ conservation of mass for components

atlc + Vac = qc, VC S C

@ + boundary & initial conditions

Closure algebraic equations
@ conservation of pore volume: >, » Sp =1
@ conservation of the quantity of the matter: > .. Cp.c =1

forallpe P
@ thermodynamic equilibrium (fugacity equations)

-
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Multi-phase multi-compositional flows

Governing PDE
@ conservation of mass for components

atlc + Vac = qc, VC S C

@ + boundary & initial conditions

Closure algebraic equations
@ conservation of pore volume: >, » Sp =1
@ conservation of the quantity of the matter: > .. Cp.c =1
forallpe P
@ thermodynamic equilibrium (fugacity equations)
Mathematical issues

@ coupled system PDE — algebraic constraints
@ unsteady, nonlinear

@ elliptic—degenerate parabolic type

@ dominant advection

4 wirmatis #mahematics erc
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Kyl . ,Koi i _ ki Sk, i ki
X5 = (XY e X = (PR (S0 e, (Cok i )per cecy)




n,K,i
XTH

(U)o

(en,k,i )(7

upw,K,c

(en,k,i )(7

m,K,c

(en,k,i )0

lin,K,c

n,k,i .
(ealg,K,C)a .

L Kol Kol WK, ki
= (X kers X = (PR, (S Do (Cp ok )pep cecy)

L t— tn_1 o Pn,k,i " —t o Pn—1
T n Z Tk’ p,K’Jr N Z Tk’ o k1
K’eSk K'eSkt
n,k,i n,k,i ANk, i n,k,i
= ec,K,a(XTH ) — Z (VpJ( Cp7c,K)9p,K,c(XTH )
pPEPe
=t MG o RIKI) _ynton1 g L xn=t
oo Z Vp.K “p,e,k'pK.a (A, Ypk “pe,kVp.Ko\ R )|
pPEPc
nk,i n,k,i
= QC’K,U - 67c,K,cr(X77_, )»
_ pMk,it+f n.k,i
- ec,K,o _GC,K,O'



_ Ingredients and estimate Numerics
Face fluxes

Kol .k, Kol Skl K, i ki
X5 = (X ke, X = (PR (SER oer, (Cotipem cecy)

nkiy b= =1 nk,i " —t n—1
(Ukp o = n Z Tk Polki + n Z Tk Pokcr
K’eSk K'eSkt

n,k,i n,k,i n,k,i ANk, i n,k,i

(eup\\.KAC)U = GCvK,U(XTH )_ Z (VP,K Cp,C,K)evaﬁo'(XTH )’
pPEPe

n,k,i . "n—t n,K,i ~An,k,i n,k,i n—1 ~n—1 n—1

(O o i=— D [“p,K Cocklpko X7,) = ok Cprenlpk.c Xy, ] ;
PEPc

ki ki ki
(O k oo = 0Ky = Vo ko (XT,),

n,k,i . pnk,i+j nk,i
(@.\]g.K.C)“ T 00,K,0 - QC,K,U

One number per face immediately available from the scheme
oneachstepn>1,k>1,i>1.

&’zmmmﬁ"'"”" &k [



spatial estimators

. X 2] 2
nk,i . nk,i n,k,i
nsp,K,c T nupw,K,c + Z (nNC K,c p) ’
PEPe
upwinding estimators

: 2 . o .
n,k,i L n,k,i t n,k,i
(nupw,K,c) T (eupw,K,c) AMFEvK(eupw,K,c)’
nonconformity estimators
2 .
k, Kyi ALK, K, ,k K, K,
(ko) = (oK 'cgc;() [(u” ) B kUK + (SRT) Sre kSl

2(U n’k’l) Sk e 2%, ce, (URp ) o | K~ g, Ksn’k,’}
temporal estimators

n,k,i L t 5!
ntm,K,c) = ( tm K c) Amre K@‘m K,c’
linearization estimators
ki _ n,K,i U n n,k,i n,K,i
Mhin,K ¢ * {( lin, K, C) MFE Kelm K, C} + hK(T ) (X ) n IC:K | [_Z(K)7

algebraic estimators

n ki nk,i Nt 1 nk,i m—1 || n.k,i+j n,k,i

alg K,c - {(ealg,K,C) AMFE,K}E ealg,K,c + hK(T ) IC,K - IC,K 12(K) ’
algebraic remainder estimators

nkio_ o -3 e
Nrem K.c = mln{Cthc5 Jh}HK| ™2 ‘RC,K | . N

losra. £
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Multi-phase multi-compositional Darcy flow estimate

Theorem (Multi-phase multi-compositional Darcy flow)
Under Assumption A, there holds

1

2
n,kK,i n,k,i n,k,i n,k,i n,k,i n,k,i\2
N = {Z (nSPyc +77th +7711nc +77a1g c+r/1cm C) }

ceC
‘

Wlthnnk'. {/Z nfllzlc }o:sp,tm,lin,alg,rem, de=2/4.

"KeT"

v

-
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Multi-phase multi-compositional Darcy flow estimate

Theorem (Multi-phase multi-compositional Darcy flow)
Under Assumption A, there holds

n,kK,i n,k,i n,k,i n,k,i n,k,i n,k,i\2
N S Z (nsp,c + T]tm (o] + nhn c + na]g c+’/lun C)
ceC

1

2
with nk'. nk' , =sp, tm, lin, alg, rem, 6o =2/4.
Te, noKC P g
"KeT"

Comments

@ immediate extension of the results of the steady case

@ still matrix-vector multiplication on each element

@ same element matrices Srr x, M, and Aype x OF Ax

@ input: normal face fluxes, reference pressure P/, phase
saturations S:*, and component molar fractions (Cp) "’
same physmal umts of estimators of all error components
@ naturally relative stopping criteria bosiai 2
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_ Ingredients and estimate Numerics
Two-phase flow: porosity & permeability (10th SPE)

Porosity Permeability X,¥

4.000e-01 1.974e-11

°
e

o
1

'
?
=

rr b
°
~

°
'
&

mm il m\m
- e
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Two-phase flow: water saturation, adaptive mesh, 400
days and 1100 days

Water saturation Water saturation

1.990e-01 0.45 0.6 7.999¢-01 1.992¢-01 0.45 0.6 8.000e-01

[ AT [ vy

‘erc
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Two-phase flow: uniform vs adaptive mesh refinement

m’)

Cumulated oil rate (

10* 108
N T ] 3 T i T ]
—— fine mesh
—— adaptive (submesh)
i ) = ——  adaptive (A)
% 2l == coarse mesh )
g |
L —e— fine mesh ‘;U
—— adaptive (submesh)
—— adaptive (Ak)
‘ | coarse mesh 0r ‘ ‘ ‘ ‘ |
0 0.5 1 1.5 0 0.5 1 1.5
Time (seconds) 108 Time (seconds) -108
Resolution | AMR | Estimators evaluation | Gain factor
Fine mesh 603s - - -

Adaptive mesh 242s 46s

27s 1.9

M. Vohralik & S. Yousef

erc

A posteriori error estimates on polytopal meshes 31 /34



| Linear Darcy Nonlinear Darcy Multi-phase-compositional C

Ingredients and estimate Numerics

Three-phases, three-components (black-oil) problem:

permeability

Permeability X,¥

4.910e-12 te-11 20-11
L

M. Vohralik & S. Yousef

Permeability z

vt

-

&Z’7 ,,,,, — ‘erc

A posteriori error estimates on polytopal meshes 32/ 34



| Linear Darcy Nonlinear Darcy Multi-phase-compositional C Ingredients and estimate Numerics

Three-phases, three-components (black-oil) problem:
gas saturation and a posteriori estimate

Gas saturation
AMRError

1.209e-01 0.31 0.5 0.68 8.709e-01 5.0000400 0.25 s .75 1.000e800,
LU L -000e+00 0. o. .75 1.000e+0!
i LU

i
dotaliees:

=

RS S0,
A

P
o
v

<

R

b
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Three-phases, three-components (black-oil) problem:
solver & mesh adaptivity

0 ! ! E %) . B
10 esmssne, 5 800 —e—standard resolution
-1 N = A . I .
» 10 MM""’V‘\ ‘ standard stopping criterionE g adapive resolution
< 5 i = 600 il
o 10~ E Q
5 A &
Q. —3 -
10 8 400| |
2104 e —— J @
9 £ adaptive stopping criterio S
W 105 |- total estimator f 8 200
o ——algebraic estimator ad bl E
107° |+ rel. alg. residual E z L ‘ ‘ ‘
Il Il L1
0 10 20 30 40 50 60 0 0.5 1 1.5
BiCGStab iteration Time (seconds) 108

-
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Three-phases, three-components (black-oil) problem:
solver & mesh adaptivity

0 T T - . |
10 “Norsenngy § 800 —e—standard resolution
— ’ ¢ N = A . I .
@ 107" &w“"ﬂ,‘\ ‘standard stopping criterionE g adaptive resolution
T 19-2 A . 2 600 |
% 10 ] g
1 n
Qo —3 -
g10 S 400 | |
104 e ] @
S £ adaptive stopping criterio %Q E| ‘S
W 10-5 | e total estimator A‘“‘Q!% f & 200 -
s ——algebraic estimator % 1 %
107° |+ rel. alg. residual E z L ‘ ‘ ‘
Il Il L
0 10 20 30 40 50 60 0 0.5 1 1.5
BiCGStab iteration Time (seconds) 108
Linear solver | Resolution| AMR |Estimators| Gain
steps time time | evaluation|factor
Standard resolution 66386 1023s - - -
Adaptive resolution 20184 201s 42s 26s 3.8
4 wermatcs J manematics erc
Crsia
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Conclusions

Conclusions
@ simple estimates on polygonal/polyhedral meshes (only
matrix-vector multiplication in each element)
@ a posteriori error control

o full adaptivity: linear solver, nonlinear solver, time step,
space mesh

B

-
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Conclusions

Conclusions

@ simple estimates on polygonal/polyhedral meshes (only
matrix-vector multiplication in each element)

@ a posteriori error control
o full adaptivity: linear solver, nonlinear solver, time step,
space mesh

[4 VOHRALIK M., YOUSEF S., A simple a posteriori estimate
on general polytopal meshes with applications to complex
porous media flows, Comput. Methods Appl. Mech. Engrg.
331 (2018), 728-760.

&’1/7,, erc
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| Linear Darcy Nonlinear Darcy Multi-phase-compositional C

Conclusions

Conclusions

@ simple estimates on polygonal/polyhedral meshes (only
matrix-vector multiplication in each element)

@ a posteriori error control

o full adaptivity: linear solver, nonlinear solver, time step,
space mesh

[4 VOHRALIK M., YOUSEF S., A simple a posteriori estimate
on general polytopal meshes with applications to complex
porous media flows, Comput. Methods Appl. Mech. Engrg.
331 (2018), 728-760.

Thank you for your attention!

&’1/7,, erc
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Two-phase flow in porous media

Two-phase flow in porous media

Ot($Sa) + V-Uy = Qa, a € {o,w},
—a(Sw)K(VPa + pagVZ) = u,, a € {o,w},
So+Sw =1,

Po — Pw = pc(sw)
+ boundary & initial conditions

-

,,,,,,,,,,,,,,,,,,,,,, erc
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|
Two-phase flow: global and complementary pressures |

Global pressure

Xo(@)

(@) 1 (e Pe(Ada

Sw
P(Sw, Pw) = Pw + /0




Two-phase flow: global and complementary pressures

Global pressure

Sw
Sw; Pw) = W+/ N (A 0\ A)
PlSwpw) =Pt | 5

Complementary pressure

S AR COL G
q(Sw) = _/0 mpc(a)da

,,,,,,,,,,,,,,,,,,,,, erc
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Two-phase flow: global and complementary pressures

Global pressure

Sw
SW7 w) = W+/ N (A N (A
PlSwpw) =Pt | 5

Complementary pressure

S AR COL G
q(Sw) = _/0 mpc(a)da

Comments
@ necessary for the correct definition of the weak solution

@ equivalent Darcy velocities expressions
U (Sw: Pw) = — K(Aw(8w) Vi(Sw, Pw) + Va(Sw) + Aw(Sw)powgV 2),
UO(SW,,DW) = K()‘O(SW)VP(SWHDW) - VL‘I(SW) + /\O(Sw)pogVZ)

,,,,,,,,,,,,,,,,,,,,, erc
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Energy space

X = [2((0, T): H())




Two-phase flow: weak formulation

Energy space
X := L%((0, T); H(Q))

Definition (Weak solution (Arbogast 1992, Chen 2001))
Find (sw, pw) such that, with s, := 1 — s,

Sw € C([0, T]; L3(Q)), Sw(-,0) = &2,

OrSw € L2((0 T); (Hp(2))"),
p(Sw )
Q(Sw

T
/ 81‘ ¢Sa (u(l(sW7pW)7v90) qon }dt -
Vo € X, a € {o,w}.

M. Vohralik & S. Yousef A posteriori error estimates on polytopal meshes 37 /34
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Two-phase flow: error <» dual norm of the residual

Dual norm of the residual on the time interval /,

\737”7pw(sw,h7—>pw,h7—)::{ Z { sup {<at(¢sa)_at(¢5a,h7')7§0>
ac{ow}\?

EXn, llellx=1/In

nl=

2
- (ua(SW7 pw) - uoz(sw7h~rva,h7')7 Vgp)}dt} }

erc
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Two-phase flow: error <» dual norm of the residual

Dual norm of the residual on the time interval /,

jsz,pw(sw,hmpw,hT)::{ Z { sup {<at(¢sa)_at(¢5a,h7')7§0>
ac{ow}\?

€Xn, llllx=1In

nl=

2
- (ua(SW7 pw) - uOé(SW,hT7pW,hT)7 V@)}dt} }

Theorem (Link energy-type error — dual norm of the residual)
Let (sw, pw) be the weak solution.

‘erc
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Two-phase flow: error <» dual norm of the residual

Dual norm of the residual on the time interval /,

\737”7pw(sw,h7—>pw,h7—)::{ Z { sup {<at(¢sa)_at(¢5a,h7')7§0>
ac{ow}\?

€Xn, llllx=1In

nl=

2
- (ua(SW7 pw) - uOé(SW,hT7pW,hT)7 V@)}dt} }

Theorem (Link energy-type error — dual norm of the residual)

Let (sw, pw) be the weak solution. Let (Sy hr, Pw,n-) be arbitrary
such that p(sy p,. Pw.pr) € X and q(s,, ».) € X (and satisfying
the initial and boundary conditions for simplicity).

erc
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Two-phase flow: error <» dual norm of the residual

Dual norm of the residual on the time interval /,

\737”7pw(sw,h7—>pw,h7—)::{ Z { sup {<at(¢sa)_at(¢5a,h7')7§0>
ac{ow}\?

€Xn, llllx=1In

nl=

2
- (ua(SW7 pw) - uoz(sw7h~rva,h7')7 Vgp)}dt} }

Theorem (Link energy-type error — dual norm of the residual)

Let (sw, pw) be the weak solution. Let (Sy hr, Pw,n-) be arbitrary
such that p(sy p,. Pw.pr) € X and q(s,, ».) € X (and satisfying
the initial and boundary conditions for simplicity). Then

[Sw — Sw.hrll2((0,7):H-1()) T+ la(Sw) — a(Sw.ar)ll 2(2x(0,7))
+ [P (Sw> Pw) = p(Sw,trr P, )l 20, 7): 1 ()

1

N 2
< C{ Z jsr;,pw(sw,h’ra pw7h’r)2 }

n=1

erc
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-
Multi-phase multi-compositional flow: weak solution

Function spaces

X = L2((0, t); H'(Q)),
Y := H'((0, tr); L3(Q))

Zia—



Multi-phase multi-compositional flow: weak solution

Function spaces

X = [2((0, ); H'(Q)),
Y = H'((0, t); L3(Q))

Weak solution — we assume that

leeY Vecec,
PP(P’S)EX VPEP,
0. € [L2((0, ); L2(Q))]Y Vcec,

lid tr
[ 40 ) — (0. V) at = /0 (G p)dt Ve X, Veed,

the initial condition holds,
the algebraic closure equations hold

,,,,,,,,,,,,,,,,,,,,, erc
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Multi-phase multi-compositional flow: error measure

Localized space
X" := [2(I,; H'(Q)) with

_ 1 2
||90H§(n = th ”90||§2 Ky T+ [|[K2Vp dt
(K) 12(K

-

,,,,,,,,,,,,,,,,,,,,,,, ‘erc
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Multi-phase multi-compositional flow: error measure

Localized space
X" := [2(I,; H'(Q)) with

loloi= [ 3

n K Tn
Localized error measure

{2 el + i

bat
L2(K)

wmi={s w:w}; > w:’“f};a

ceC
where
NDKE— sup / {(at/c
eeX™lpllxn=11
and

nk/ _
e 2 {2
ceC, KeTj

M. Vohralik & S. Yousef

peP

TR ) - (0 0232;’,ch>}dt

nk/an/

ok Cocic) | nkI+Kv‘5PH

K2 L2(K)
erc

&'V'W
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|
Fully adaptive algorithm

Set n:= 0.
while t" < tz do {Time}
Setn:=n+1.
loop {Spatial and temporal errors balancing}
Set k := 0.
loop {Newton linearization}
Set k := k + 1; set up the linear system; set j := 0.
loop {Algebraic solver}
Perform an algebraic solver step; set / =i+1; evaluate the estimators.
Terminate (algebraic solver) if 771lg . '<A /ﬂlgnspl .
end loop ‘ ‘
Terminate (Newton linearization) if nl’i’;"f[” < wnng;ﬁ".
end loop '
Terminate (spatial & temporal errors balancing) if

k, k,i
e nax {nfp W YKET,

m (nSP’«,lA’ ) < nlm.x, S rlm (’V]:D’;f’i);

else refine the cells K € 7,7 such that nfpkK’l > G MaXyr e 7 {”sp 2 nY

Derefine the cells K € T/} such that 77:' kK’t < (dcm maXx: c7s {nsp W b

Refine Iy if n’ > Tl derefine if vmnl" > k.

end loop
end while
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